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INTRODUCTION

Let F be a field of characteristic 0, let M (n,m) = M(n,m, F) denote the set of n x m
matrices over F' and let W = W(n,m, F) be the vector space of m-tuples of n x n
matrices over F. Let V C W be a vector space on which a group G C GL(n, F) acts
by simultaneous conjugation. We will denote the polynomial functions on V by P(V)
and the G invariants by P(V)°.

We will first consider affine invariants, i.e., invariants under the general linear group.
Expressions of the form tr A’ B2AB are invariant, since

tr(gAg Y2 (9Bg ')’ gAg 'gBg ™! = trgA’B*ABg~! = tr A’B*AB.
The following theorem is due to Gurevich [6], Sibirskii [14] and Procesi [12].

Theorem 1 Let G = GL(n, F) act on W(n,m,F) by conjugation. The invariants are
of the form tr P(A,,...,A,), where P is a noncommutative polynomial in m matriz
variables.

We will next consider invariants under the orthogonal group. The conjugation action
is now the same as the congruence action (gMg~! = gMg'), and we see that in additions
to the affine invariants, expressions of the form tr A'B are now also invariants. Namely,

tr(gAg')gBg' = trgA'g'gBg' = tr A'B.
The next theorem is due to Sibirskii [14] and Procesi [12].

Theorem 2 Let G = O(n, F) act on W(n,m, F) by conjugation. The invariants are
of the form tr P(Ay,... ,An, AL, ..., AL), where P is a noncommutative polynomial in
2m matriz variables.
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We can similarly consider invariants under the unitary group. If we set M* = M,
then we get the following theorem due to Sibirskii [14] and Procesi [12].

Theorem 3 Let G = U(n) act on W(n,m,C) by conjugation. The invariants are of

the form tr P(A,,..., Ay, A},... ,A}), where P is a noncommutative polynomial in
2m matriz variables.

We can also consider symplectic invariants. If n = 2k, we let

{0 =L
and define the symplectic involution by
M =J M, = -J .M,

then we can state the following theorem due to Procesi [12].

Theorem 4 Let G = Sp(k, F) act on W(2k,m, F') by conjugation. The invaridnts are

of the form tr P(A,...,An, A,... ,AL), where P is a noncommutative polynomial in
2m matriz variables.

Unfortunately, these theorems give infinite sets of generators for the invariants. We
will outline how to find finite sets of generators.
For n = 2 the Cayley-Hamilton Theorem says that

A — Atr A4+ 1/2I[(tr A —tr A% =0
or in its polarized version
AB+BA—-AtrB—-BtrA+ Itr Atr B—tr AB] = 0.

It is well known (see for example [5] or [11]) that the polarized Cayley-Hamilton Theo-
rem implies that any product of three 2 x 2 matrices is reducible. That is, ABC can be
written as a linear combination of matrix products with fewer factors and coeflicients
expressible in terms of traces. Writing

tr(A,B) = tr AB —tr Atr B,

we have

2ABC = A(BC + CB)+ (AB + BA)C — [B(AC) + (AC)B|
= ABtrC+ ACtr B+ Atr(B,C)+ ACtrt B+ BCtr A
+ Ctr(A,B) — ACtr B — Btr(AC) — Itr(AC, B)
=ABtrC+ ACtr B+ BCtr A
+ Atr(B,C) — Btr(AC) + Ctr(A, B) — Itr(AC, B).

More generally, it follows from the work of Procesi [12] and Razmyslov [13] that the
product of n? — 1 matrices of order n is reducible. For 3 x 3 matrices the product of
6 matrices is reducible [5]. Using these results, we get finite sets of generators for the
algebras of invariants.

SPECIAL ORTHOGONAL GROUP

We will now try to generalize these results to other classical groups. We will start V\.Iith
SO(n), where n = 2k. Recall that if M is a skewsymmetric matrix, then det M 1sha
square and is 0 if the size of M is odd (see for example [8]). We can thus define the
Pfaffian of an n X n skewsymmetric matrix by

(pf M) =det M,  pfJn=1.
The Pfaffian satisfies the relation
pf(gMg") = pf M.

For an arbitrary matrix, we let Ef M denote the Pfaffian of the skewsymmetric projec-
tion,

pf M = pf(M — M").
This is clearly an SO(2k, F) invariant. By abuse of notation we will refer to pf as the

Pfaffian, too. We have
£ AR b—c
Plic d] = )

For G = SO(2, F), the invariants P[W(2,11,F)]G were determined in [1]. They are
generated by the invariants tr P(4, AY) and pf P(A, A') where A € W(2,m,F) and P
is a noncommutative polynomial. '

We will see that for n odd we do not get any more invariants when we restrlf:t Of(n, F)
to SO(n, F). In the even case we have the following crucial Lemma that indicates why
the Pfaffian appears.

Lemma 5 Let z1,... ,%o € F% and let [z,,... , 2] denote the determinant of the
matriz with columns x,,... ,Tx. Then
[371)- o am2k] = H(Iﬂ; +-- 4+ IZk—lztzk)~
Proof. Let X be the matrix with columns z1,... , %2 and set
0 1
-1 0
J=
0 1
-10
Then

pi(z12h + - - + T;roaaly) = pHXTXY) = det X pf J = det X.
O
When k > 1 the Pfafian will no longer be linear. Instead we will consider the
polarized Pfaffian, which we will denote by pl. Thus pl(A,, ..., Ay) is the coefficient of
t; ++ -t in the expansion of pi(t Ay +- - +txAg). Itisa symmetric, multilinear function
of k matrices and satisfies pl(4,... , A) = k! pf(4). '
When proving our main theorem about the invariants of SO(2k, F) we will use
classical invariant theory and consider decomposable matrices of the form A; = u;v}.
Notice that rank u;v! < 1. We will need the following simple Lemma about the polarized
Pfaffian.




Lemma 6 Let A,..., A be of the form A; = uiv}. The polarized Pfaffian is alternat-
ing in the A;, i.e.,
pi(Ai,...,A,) =0

if two of the A;; are equal. Hence
pl(AL +-+-+ Ar) = pl(4y, ..., A).

Proof. Set A = t1A; + -+ teAy,. Then pl{Aj, ..., As,) is the coefficient of ¢y -+ 2
in the expansion of pf(A). But if the A;, are not all distinct, the rank of A will be at
most k — 1. But then the rank of A ~ A’ will be at most 2k — 2, so det(4 — A') = 0.
1t follows that

pi(A) = pf(A - 4Y) =0,

and hence pl(A;,..., Ai,) = 0 if two of the A; are equal. Combining this with the
multilinearity of pl, we get

a(A1+"‘+Ak)=pl(A1+--~+Ak,... yAL -+ AR R = DU AL .-, Ag)s
)

We can now prove our main theorem.

Theorem 7 When G = SO(2k+1, F), the invariants PIW (2k+1,m, F)| are the same
as the O(2k + 1, F) invariants, When G = SQ(2k, F), the invariants P[W(2k,m, F)¢
are generated by traces and polarized Pfaffians of the A; and AL, i=1,...,m, t.e.,

trP(A,A") and pl(Pi(AAY),... P4, AY),

where P, Py,... , Py are noncommutative polynomials and A € W(2k,m, F).

Proof. The proof will follow from classical invariant theory. We can first reduce the
problems to finding the multihomogeneous invariants of order (d;,... ,d;) in m matri-
ces, and then reduce further to studying multilinear invariants of dm matrices where
d= Y1, d;, We will identify F" ® F™ and M(n, F) using

u® v — uvt

We can assume that A; = 4;®v; (the symbolic method). The invariants of (F* ® F" )®d’"
are generated by inner products and determinants, i.e., invariants of the form

(1@ ® Tadm)
= [xlv v 11'1:] ree [In(l—l)-H’ v axnl](znl-ﬂa J3nl+2) Tt (Ide—la Ide)

where (z;,z;) = ziz; and [21,...,2,] denotes the determinant of the matrix with
colurnns y,... ,Zn.

We first observe that if n is odd, we must have an even number of determinants.

But then the whole expression will be an O(n, F) invariant. This proves the first part
of the theorem.

We can therefore assume that n = 2k. We observe that
(ziy7;) = 2%a; = trzizh = t%‘ z; Q.
If w; is u; or v; and w] the other one, then a product of the form

(wil » wf,)(“’ia’ w;;) e (w\'r’ ‘UJ:])
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is equal to
tr By - B,

where B; equals A; or A! depending on whether w; is u; or v;.
We will now show that ¢ can be written in terms of traces and polarized Pfaffians
of the A; and the AL .
Since the product of two determinants is an O(2k, F) invariant and hence e{xpresmble
in terms of scalar products, we can assume that we have only one determinant. By
reordering the A; and replacing A; by Al ie., interchanging u; and v;, we can assume
that

¢ = :t['U-],'U[,. ey UL UL Uy yu2k—l]
(Vi 1> Y2kmt1) {V2ko 141, Unkoig2) ** * (Vab-t4dy  Vis2)
(viga, Uokmitdy41) - - - {vak—t4d; +da0 Vita)
fes ('Uzk—l—lv Uzk-l+d;+~-.+dg_,_1+"1) N (U2k-l+d1+---+d,=_” UZk—l)Q-
where @ only involves scalar products of u; and v; for i > 2k—{+4dy+---+di_y. But this

can be expressed as the trace of a polynomial in A; and Alfori > 2k—Il+d+-- A dp_y.
We can now apply Lemma 6 and we get that

v t t
[ur,o1,- -« v L - :u’lk—-l] =pf(Ar 4 At wpiye + Ugk—j—1Uhk_1)
¢ t
= pl{A1y. -+ s Al BupiUyyg, y Ul e Wiy ) (1)

But since the function pl is multilinear, we can combine

(Vigr, Uzkote1 ) {V2k—ta1, Uzk-t42) -~ {V2k—tddr Vi4a)
with w1uf,, to get

vt o gl ”
UL ULV 41 Y2k =141V (41 U2k-142 2k —1+d; VI+2

t Lt t
= W1V Uk 1 V1 UBk= 142 * " Vi tdy V1428042

= Ay Azk—tgr - Azk-tid, Alyz.
Repeating this for each of the last k — [ terms in (1), we get that

$/Q = pl(Ar,- .. , A, Ay Askorar - - Azk-tvds Al

t
coo s Agptot Ak Ldy b bdpaa £1 Aktpdy ot di A2k—t)

This shows that ¢ is of the required form. 0
For similar results for the case of SO(p, ¢), see [4].

CLASSICAL GROUPS

1t turns out that we can use our results about SO{n) invariants to deduce similar results
for all the other classical groups. Let us first define what we mean by a classical group.
Let’ F be either R or C and let D be a division algebra over F with involution @ — a*.
Let V be a vector space over D and let (,) be a nondegenerate sesquilinear form on
V that is Hermitian or skew-Hermitian relative to #. (If the involution is the identity
we get bilinear symmetric and skewsymmetric forms.) Let G be the isometry group of

(,). We will call such groups classical isometry groups.
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Table 1
R C H
bilinear and symmetric O(p,q) | O(n,C) ~
bilinear and skewsymmetric Sp(k,R) | Sp(k,C) -
sesquilinear and Hermitian | — Ulp,q) | Sp(p,q)
sesquilinear and skew-Hermitian - Ulp,q) | Sp(k, H)

If the involution is either the identity or complex or quaternionic conjugation, we
can describe the classical isometry groups by Table 1. (We are assuming that n = p+g¢
or n = 2k when appropriate.) A “—” means that there are no such forms. Helgason [7]
writes SO*(2k) for the group we have called Sp(k, H).

The remaining classical groups are the general and special linear groups GL(n, F)
and SL(n, F) and the special isometry groups, i.e., the intersections of SL(n,F) and
the classical isometry groups. .

As explained in the introduction, Sibirskii [14] gave a set of generators of P[W]%
when G equals GL(n, F), O(n, F) or U(n). His proof for the case of U(n) is essentially
Weyl’s unitary trick, which can easily be adapted to work for U(p,q). These results were
also proved independently by Procesi [12], who also solved the problem for Sp(k, F).
His proof for the O(n,R) case can also easily be modified for the case of O(p, q). For
the special isometry groups, all the cases are trivial except for the special orthogonal
groups.

It therefore remains to discuss the quaternionic groups Sp(k,H) and Sp(p, q). This
is discussed in [4].

QUIVERS

We are often interested in more general situations. We might be interested in invariants
under block diagonal subgroups like GL(m) x GL(n) or O(m) x O(n). It turns out that
again the invariants can be expressed in terms of traces of certain products of matrices.
In order to express which products, we can form a quiver, and the allowed products

will correspond to cycles in the quiver. For details, see [2, 9, 10], but we will outline
one example here.

Consider the action of GL(m) x GL(n) on M(n + m) given by

o 0\ (A B\ (s 0\ _ (045" g:Bg;’
0 g/ \C D 0 ¢ !72091_1 92D92—'1 '
We can think of this as an action on
V =M(m,m)® M(m,n)® M(n,m) ® M(n,n) = My, @ M, & My, & M,,.

We will represent this action by the following quiver.

-————

1 2

The invariants are now given by
tr Aix .i7A"zJ'3 B Ail—]yin

where ;,... ,4; is a cycle in the quiver and A4;; € M, ;.

For a classical group, its Levi subgroups are usually products of general linear,
orthogonal or symplectic groups. Their invariant theory is useful in understanding the
invariant theory in universal enveloping algebras [2].
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