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INTRODUCTION 

Let cm,n be the vector space of m x n complex matrices and 'P(cm,n) be the algebra 
of complex-valued polynomials on cm,n. Let GLm x GLn act on 'P(cm,n) by pre- and 
post-multiplication as follows: 

(91) 92)f(x) = f(9~lX92)' 

where x E cm,n, (91,92) E GLmx GLn, f E 'P(cm,n). We choose a system of coordinates 
on cm,n as follows: 

Xll X12 X1njX21 X22 x2n 

[ 
X m 1 X m 2 x mn 

It is easy to describe the infinitesimal action of the Lie algebra glm Ell gIn of GLm X GLn 

on 'P(cm,n). Let 

n 8 
L jk = LXi'~' 1:5 j,k:5 m, 

,=1 UXk, 
(1) 

m 8 
R jk =LX'i~' 1:5 j,k:5 n. 

',=1 uX,k 

Then 

g[m = span{Ljk, 1 :5 i, k :5 m}, 
g[n = span{Rjk, 1:5 i,k:5 n}. 
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~''''. r, 
We have the Cartan decomposition 

glm = Om EB P, 

where Om is the Lie algebra of Om sitting in GLm , and 

Om = span{Ljk - Lkj , 1 ~ j < k ~ m}, 
(2) 

p = span{Ljk + Lkj , 1 ~ j ~ k ~ m}. 

Fix a reductive group G and a maximal unipotent subgroup U of G. For any 
rational representation V of G, let P(V) be the algebra of polynomials functions on V. 
The ring of U invariants in P(V) will be called the ring of G highest weight vectors in 
P(V). Our problem can be stated simply as follows: 

Problem: Describe the ring Rm,n of Om X GLn highest weight vectors in p(cm,n). 

For small m, this is easy. 

Proposition 1 (aJ R1,n is the polynomial algebra in XII' 

(b) R2.1 is the polynomial algebra in XII and X21' 

(c) If n 2: 2, R2,n is freely generated by 

xul.XII, X2],	 and XII 
X21 X22I

Let 

6. jk = L
m 

8	 
82 
8 ' 1 ~ j ~ k ~ n, and 

3=1 Xsj X"k 
m	 (3) 

r;k =L X,jX,k, 1 ~ j < k < n. 
3=1 

Define the space of harmonics 

'H = {f E p(cm,n) l6. j d = 0, 1 ~ j ~ k ~ n}, (4) 

and let 

I = p(cm,n)Om 

be the ring of Om invariants. It is known [6] that 

p(em,n) = I· 'H. (5) 

The description of Rm,I follow easily from the theory of spherical harmonics. It 
says that 'H is Om stable and the Om highest weight vectors in 'H (with respect to an 
appropriate choice of a positive system of roots, which we will elaborate in the next 
section) are z~ for k = 0,1, ... , where 

ZI = XII - iX21' 

\ 
: '	 Furthermore, I is generated by r~1 as an algebra. The ring of Om highest weight vectors 

in P( Cm ,l) is thus 
j ; 
1~,' i 

r:i	 ch, r~I]' 

For n > 1, the GLn-stucture of I and in particular its Om X GLn highest weight 
vectors are well-known from classical invariant theory (see Theorem 1 in Section 3). In 
[6], Kashiwara and Vergne generalised the theory of spherical harmonics to give the set 
of Om X GL highest weight vectors in the space 'H. These give partial informationn 
on Rm,n, and to get a complete picture, one has to understand how the highest weight 

vectors multiply as in (5) above. 
We had determined the ring Rm ,2 and also found a set of generators for Rm •3 , 

along with some relations. Beyond n = 3, the situation gets too complicated. This 
is understandable, because Rm,n contains in particular information on the restriction 
of GL representations (with depth at most min(m,n)) to its subgroup Om, which is 

m 

known to be a difficult problem. 

HARMONIC POLYNOMIALS 

We recall some results from Kashiwara and Vergne [6]. We choose Om so that its
 
Lie algebra Om is described by (2). Now choose a Cartan subalgebra (different from the
 

one in Section 2) for Om as follows:
 

~'~{H~[A' ~,o] Aj~Pkj i:lkjEC'I~j~[';']} (6) 

and also a Cartan subalgebra for gIn: 

(7)~R ~ { [~ :.1 dj E C}'. • 

Define the following linear functionals on ~L: 

(8)ej(above H) = hj, 1 ~ j ~ [;]. 

The roots of Om are 

if m is odd,6. = {{±ej ± ek,j f= k} U {±ed (9) 
{±ej ±ek,j f= k} if m is even. 

We choose a positive system as follows: 

if m is odd,6.+ = {{e j ± ek,j < k} U {ed (10) 
{ej ± ed < k} if m is even. 

For GLn, we choose the Borel subalgebra of upper triangular matrices to fix a positive 

root system for gIn. 
We could use the theory of highest weights to parametrize irreducible finite-dimensional 

representations of SOm by tuples of integers (al, a2,··· ,a[T]) satisfying 

if m is odd,a1 2: a2 2: 2: arT] 2: ° 
if m is even, { a1 2: a2 2: 2: la[T] I 

3 



---

and likewise an irreducible finite-dimensional representation of GL by an n-tuple of Theorem 1 (a) The space of Om-invariant polynomials in P(C...•.. ) is ge"erated 6Vn 
integers (0'1,0'2•... ,an) with 0'1 2: 0'2 2: ... 2: an' rJk 

l 
1 ~ j ~ k ~ n. The sullring of 0 ... x GLR highest weight vectors in Z is 

Ifm = 21+ 1, 0 21+1 is isomorphic to a direct product 8021+1 XZ2. A representation generated freely by
of 0 21+1 can then be parametrized by 

"'Ii>'" • "'I"'iR({t] ... ),
(al, ... ,a,;e) Z! (0'1,. •• ,a,) 0.::, 

where (all'" ,0'1) E 8021+1 and e is a one-dimensional representation of Z2 trivial or 
nontrivial according to e = 1 or -1. 

If m == 21, 0 21 is isomorphic to a semi-direct product 802, )Q Z2. If (ai, . " ,a,) E 
~ and 0'1 of: 0, then 

Ind~821 (0'1, •.• ,ad 

is irreducible and we denote this by (all'" ,alj 0). If aj == 0, then there are two ways 
to extend (al,' .. , ad to a representation of 0 21 , namely 

(a), ... ,alje)Z! (a),.,. ,a,)0e, 

where.:: == ±1. A representation of 0 21 can then be parametrized by 

(a), .. , ,aljO) if 0'1 of: 0, 

or 

(a), ... ,al;±l) if a, = 0. 

Now define 

Zjk == X2j-I,k - iX2j,k (11) 

for 1 ~ j ~ [~], 1 ~ k ~ n, and the following txt determinants for 1 ~ t ~ 
min([lf],n): 

Zu ZI2 ... Zit 

(12)at =/ 
Zn Zt2 ... Ztt 

r~1 r;2 ... r;t 
"'It=/ : (13) 

r:1 r:2 ... r~t 

It is not difficult to check that with respect to the positive systems for Om and g[n, each 
at is an Om X GLn highest weight vector of weight 

(1, ... ,1,0, ... ,OJ(-1)t)0(1, ... ,1,0, ... ,0), (14)
"---v---' '--v--' 

t copies t copies 

and each "'It is an Om X GLn highest weight vector of weight 

(0, ... ,0;1)0(2, ... ,2,0, ... ,0). (15)
"---v---' 

tcopiea 

The following results are well known, and can be found in [6] and [8]: 

(b)	 Assume that m ~ 2n. The ring of 0 ... x GL" highest weight vectors in 1{. is 
generated freely by 

0'1,··· ,O'n­

(c) 'P(C""") == 1i.. Z. 
I 

Remarks. Analogous results hold for the cases where m < 2n and they can be found 
in (6). It turns out that there are more generators in 1i. for m < 2n. In this paper, 
we will only discuss the cases when m ~ 2n to facilitate exposition. In fact, the cases 
where m < 2n could be treated in a similar fashion, but it is more messy, and so we 
will only present the results for m ~ 2n. 

STRUCTURE OF Rm •2 AND APPLICATIONS 

We have already described RI,z and Rz,z. We treat the case when n == 2 and m ~ 4, 
and simply state the result for Ra,z. First, we have a simple result about tensor products 
of GL 2 representations. Let 

g(z == span{Ru , Rzz , R1Z , Rn }, 

with the usual commutation relations 

[Rij,R.t] == bj.Rit - btiR,j. 

We wil1se1ect R12 to be the positive root vector in g(z. As usual, if V is a representation 
of GL2 , we say that v E V is a GLz highest weight vector if R1av = °and v is an 
eigenvector for Ru and R22. The following lemma is easy. 

Lemma 1 Let V(~l'~') be an irreducible finite-dimensional representation of GLa with 
highest weight (>'ll >'2)' Then 

if >'1 of: >'z,V(~1'~') 0 V(I,O) Z! {V(~1+1''''') EB V(>'1,>.,+1) 
V(~1 +1,>',) if >'1 == >'a, 

and if >'1 of: >'21 the highest weight vector of V(>'1,~,+1) is given (up to a scalar) by 

v == R2I Vp",>.,) 0 V(I,O) - (>'1 - >'2)V(>'1.>.,) 0 Rzlv(l,o» 

where V(>.,,>..) and V(I,O) are the highest weight vectors in V(~,,~.) and V(1.0)' respectively. 

~.
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From now on, we restrict our discussion to vectors in p(cmln). Consider the map 

1r : I0 H --+ p(cm,n) 

by polynomial multiplication. Theorem l(c) says that the map is onto. To find the 
Om X GLn representations appearing in p(cm,n), consider 10 171 appearing in I and 
p 0 172 appearing in H. Since 

(10 17t) 0 (p 0 172) ~ p 0 (17t 0172) 

as Om X GLn representations, it suffices to understand the projection of p0a under 1r, 

where iT is a GLn subrepresentation of 17t 0 172. 

Let < f > denote the GL2 module in P(Cm ,2) generated by the polynomial f. 
From the discussion above, we are to find the GL 2 highest weight vectors in the tensor 
product 

< a~a~ > 0 < ,~/; > . 

Since 12 and a2 each r~nerates a one-dimesional representation of GL
2 

, it suffices to 
consider 

< a~ > 0 < I~ > . 

Observe from Lemma 1 that if VI and V2 are two GL2 highest weight vectors of 
weights p;, .\;) and (.\~, .\~), then the highest weight vectors of 

< at > 0 < VI V2 > 
are atVtV2 and 

(R2t (VI V2))al - p~ +.\~ -.\~ - .\~)Vlv2(R2Iat} 

= [(R2Ivt}a l - p~ - .\~)Vt(R2Ial)]v2 (16) 
+ [(R21v2)al - p~ - .\~)v2(R2tat}]vl' 

Now using Lemma 1 on < al > 0 < II >'we get 

fil = I'':;~I Z~21 
r ll r l2 

of Om X GL2 weight (1,0, ... ,OJ-I) 0 (2,1). Another application of Lemma 1 on 
< al > 0 < fil > gives 

° ZII ZI2 
fi2 = IZII ril rr2 

ZI2 ril ri2 

of Om X GL2 weight (2,0, ... ,OJ 1) 0 (2,2). Since fi2 transforms under GL2 by the 
determinant representation, 

We also have the relation 

i by a direct computation. 
'i.' 
I,'
I'I

1\ 

< al > 0 < fi2 > = < alfi2 > . 

a;/2 +fir + II fi2= ° 

Theorem 2 (Roger Howe) 

(a) The ring RI,2 is the polynomial algebra crXII] while R 2,2 is freely generated by 

aI, al> and IZII ZII/.
ZI2 ZI2 

(b) The ring Ra,2 is freely generated by aI, II and 8 where 

8 = ,XII XI2/.
X2t X22 

(c) If m :::: 4, R m ,2 is generated by aI, a2, fil' fi2' II and 12 with one relation: 

ai,2 + fi; +lIfi2 = 0. 

Proof. We have already shown (a). We will prove (c). Because 

< a~ > 0 < I~ >~< al > 0(< a~-I > 0 < I~ », 

we can use equation (16) and a straightforward induction to conclude that all a2, fil> fi2, 
It and 12 generate Rm ,2' It is not difficult to compute that the Krull dimension of Rm ,2 

is 5. It is also simple to see that a), a2, fi2' II and 12 are algebraically independent. The 
ideal of relations among aI, a2, fil' (32, II and 12 will therefore have to be a principal 
ideal. Since the polynomial 

(l ;,2 + fi~ + II fi2 

is irreducible, it generates this ideal. 0 

A consequence of the above result is a branching law for Om representations ap­
pearing in a GLm representation with depth at most two. 

Corollary 1 We have the fol1owing formula for the restriction of a representation 
(a,b,O, ... ,0) ofGLm to Om: 

(a,b,O, ... ,0)1 = L)X6,Y6,0, ... ,0;(-1),) 
Om 6ES 

where 

S = {8 = (a),a2.bI, b2,CI,C2) E Z~ I X6 == at + a2 +bl +2~, Y6 = a2, 

al + a2 +2bl +2~ +2cI +2C2 = a, c = al +bl , 

a2 +bl +2b2+2C2 = b, bl = 0, I} 

GENERATORS FOR Rm,a 

We proceed to stj1dy the case n = 3 and m :::: 6. As in the previous section we use 
Theorem 1 to reduce our study to tensor products of the form 

< a~a~a; > 0 < ,~/;,£ > . 

7 



Since < Q3 > and < 13 > each generates a one-dimensional representation of GL3 , it 
suffices to study 

< Q~Q~ > 0 < ,~,t > . 

Because 

< Q~Q~ > 0 < ,~,t ><-+< QI > 0« Q~-IQ~ > 0 < ,~,~ » 

if a i 0, and 

< Q~Q~ > 0 < ,~,g ><-+< Q2 > 0 « Q~Q~-I > 0 < ,~,g » 

if b i 0, we shall first consider decompositions of the GL3 modules 

< QI > 0V and < Q2 > 0V 

for an arbitrary irreducible GL3 module V. 
Let us introduce some notations. Recall our selection of the set of diagonal matrices 

~" ~ m~ J,J d, E C) 
as the Cartan subalgebra in g[3. Define the functionals 

Cj([~1	 J ~])=dj, j=I,2,3.2 

o 0 dJ 

The non-zero rooLs of g[3 are 

6. = {±(c, - c)) II:::; i < j :::; 3}, 

where the root vectors of Cj - Cj and -(Cj - Cj) are the matrix units Eij and Eji 

respectively. These root vectors act on P(Cm ,3) as Rij described by (1.1). Select a 
positive system as follows 

:=: = { el = CI - C2. f2 = C2 - C3 }. 

If h is a GL3 highest weight vector in p(cm.3), we shall denote by < h > the GL3 
module generated by h. If V; and V2 are two GL3 sub-modules in p(cm,3), we have the 
multiplication map 

~ : VI 0 V2 --+ p(cm,3). 

~(VI 0 V2) = VIV2, VI E VI,V2 E V2. 

If V,x, and V,x, are GL3 modules of highest weight Al and A2, respectively, standard 
representation theory says that 

V,x, 0 V,x, = L m,xV,x,+,x,-,x = L W,x,+,x,-,x, 
,xeP ,xeP 

where P is the set of sums of positive roots (including the zero sum), m,x is the mul­
tiplicity of the representation V,x,+,x,-,x in the tensor product, and W,x,+,x,-,x is the 
V,x,+,x,_,x-isotypic component. For A E·P, let 

1I",x : V,x, 0 V,x, --+ W,x,+,x,-,x 

i,
r

be the projection onto the V,x,+,x,_,x-isotypic component, and define another map 

F,x : V,x, 0 V,x, --+ ~(W,x'+A'-,x), 

F,x = ~01l",x. 

Thus, if V; =< VI > and V2 =< V2 >, then 

Fo(vi 0 V2) = VIV2, 

and so 

Fo(Vi 0 V2) =< VJ V2 > . 

The following lemma is straightforward. 

Lemma 2 Let VI =< VI > and V2 =< V2 > be irreducible GL3 modules generated by 
highest weight vectors VI and V2 of weight (Al, A2, A3) and (Ill, 1l2, 1l3) respectively. We 
have the following formulae. 

(a) F., (VI 0 V2) = (AI - A2)VI(R2IV2) - (Ill - 1l2)(R2IVdv2, 

(b) F.,(VI 0 V2) = (A2 - A3)VI(R32V2) - (1l2 - 1l3)(R32Vdv2, 

(c) F.,+.,(QI 0 vd = QI(R2I R32 Vd - (A2 - A3)QI(R3I vd 

- (AI - A3 + 1)(R2I QI)(R32Vd + (A2 - A3)(AI - A3 + I)(R3I Qdvl, 

(d) F.,+.,(Q2 0 VI) = Q2(R21 R32Vd - (AI - A2 + I)Q2(R3I vd 

- (AI - A3 + I)(R32Q2)(R2Ivd + (AI - A2)(AI ­ A3 + I)(R3I Q2)vI' 

Proposition 2 Let V; =< VI > and V2 =< V2 > be irreducible GL3 modules generated 
by highest weight vectors VI and V2 of weight (Al,A2,A3) and (IlI,1l2.1l3)" respectively. 
We have the following formulae. 

(a) F., (QI 0 (VI V2)) = VI F., (QI 0 V2) + V2 F., (QI 0 vd, 

(a) F.,(Q2 0 (VIV2)) = vIF.,(Q2 0 V2) + V2 F.,(Q2 0 vd, 

(c)	 F., +.,(QI 0 (VI V2)) 

[F., (F., (QI 0 V2) 0 vI) + (A2 + 112 - A3 - 113 + l)vIF.,+.,(QI 0 V2)] 
(1l2 - 113 + 1) 

[F.,(F., (QI 0 vd 0 V2) + (A2 + 112 - A3 - 113 + l)v2Fe,+e,( QI 0 VI)] 
+ . (A2 - A3 +1)	 , 

(d)	 F.,+e,(Q2 0 (VIV2)) 

[Fe, (Fe,(Q2 0 VI) 0 V2) + (AI + III - A2 - 112 + l)v2 Fe,+e,(Q2 0 VI)] 

CUI - 112 +1) 
[F., (Fe,(Q2 0 V2) 0 VI) + (AI + III - A2 - 112 + l)vIFe,+.,(Q2 0 V2)]

+ (	 ..,\\, - A2 + 1) 

Proof. The first two formulae follow directly from Lemma 2. It is not difficult to verify 
(c) and (d). The difficult part is to believe such a formula holds and then to find it. 
For full details, please refer to [1]. 0 

Define 

IZIl ZI2I 
/31 = r~1 d2 

,j 
9 ,~ 

..4&'~ 
8 
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IF 
!~" 
:~r r-

° ZII ZII Z12 ZI31 Z12 Z131Z~21	 IZII/32 == IZII r~1 r l2 /33 == Z21 Z22 Z23 /3. == r~1 r~2 r~3 
Z12 dl r~2 rr~1 r~2 r~3 n r~2 ri3 

ZII ° ZI2 ZI3 ° ZlI Z12 ZI3 ° ZII ZI2 Z13 

°	 Z22 Z23 °	 Z21 Z22 Z23Zu r~1 r~2 r~3/35 == (21 /36 == /37 == 
Z12 r~1 r?2 r~3 ZII r~1 r~2 r~3 

° ril r?2 r~3 °	 ril ri2 r~3 
ZI3 r;1 r;2 r1 Z12 ril d2 ri3 

ZII 

,88 == 1°° 
I'; 

Z12 

Z13 

"I 

° ZII Z21 ZI3Z21 

° ZII° ZI2° ZI3° ° ° Z21 Z22 Z23 

° r~1 r~2 r~3 Zu° Z22 r~1 r~2 r~3/39 == 
Z22 r?1 r?2 r?3 Z12 Z22 r?1 r?2 r~3 

2ZI3 Z23 r~1 r52 r 33Z23 r51 r52 r53 

The Om X GL3 weights of the above polynomials are given in the following table. 

"I 
Om weight GL3 weight 

al (1,0, ... ,0;-1) (1,0,0) 
a2 (1,1,0, ... ,0;1) (1,1,0) 
a3 (1,1,1,0, ... ,OJ-I) (I, I, I) 

II (0, ... ,OJ I) (2,0,0) 

12 (0, ... ,0;1) (2,2,0) 
13 (0, ... ,OJ I) (2,2,2) 
,81 (1,0, ... ,0;-1) (2,1,0) 

/32 (2, 0, ... , OJ 1) (2,2,0) 
/33 (1,1,0, ... ,Ojl) (2,1,1) 

/34 (I,O, ... ,Oj-1) (2,2,1) 
/35 (1,1,0, ... ,Ojl) (3,2, I) 

/36 (2,0, ... , OJ I) (2,2,2) 
/37 (2,1,0, ... ,0;-1) (2,2,1) 

/38 (2,1,0, ... ,OJ-I) (3,2,2) 
/39 (2,2,0, ... ,0;1) (2,2,2) 

Theorem 3 If m ~ 6, the ring of Om X GL3 highest weight vectors in P(Cm ,3) is 
generated by 

ai, i == 1,2,3, /3j, j == I, ... ,9, Ik, 

Remarks. We also have an (incomplete) set of relations: 

(I)	 /3~ + /3211 + a~'2 == 0, 

(2)	 /3~ +/361~-/32'Y3 == 0, 

(3)	 /3~ + a~,I'Y3 +13;,2 - /391112 

(4)	 /3~ + /32139 - a~/36 == 0, 

(5)	 /3~ + a~/3913 +/36/3911 -/35/36 

(6)	 /31/33 -/3711 - al/35 == 0. 

k == 1,2,3. 

== 0, 

== 0, 

These relations are some of those that were found using computer algebra software [2] 
I 

and [9] and the methods of [7].t 
1	 

Proof. By Proposition 2, it suffices to find a set of highest weights S that are closed 
under Fe) and F,,, i.e., x, yES implies that Fe;(x 12) y) is generated by elements in S. 
This can be done, after some tedious computations (see [1]). 0 
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