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I!Y7GJtfjllJA 

"'Jv'"7- · Y A '7 7~ ~ 

t l5 l1) t: 

r5~B'-J ~1TJV~f±~1PI$ t 1i;tx$O)~ <O)g:~F~-C£*B'-J~£~tE itll. -J-C 

,~ . .:c-nGO)-) i:>O)v' <-'Jip ~- t.:.. t ;U;;[' Sp(n) - f±lm5CtX1TJVO)li+ 

: L -cJE~T ~ ~ Gfi'ji b ${;%E!'-J ~% -C:j:~t~T ~ .:: t 7,)'i:-C ~ ~. L 7,)" L 1m5C 

H~:!±PTt~-CI±~v'O)-C, *9E/t~1i;tx$O)v' <-'J7,)"0)1*;f§i~~~ L~~ttLt;f' 

t G~ v'. !f¥ 1=, l!-g5CtX~.L0)1TJU 0)1TJV;i:\ i t<O) J: -) ~=JE~T ~ 7,)" 1= -'J v' 

': I±£'f' L b ~ El t t± i§ ;t ~ v'. 1PI:if. 1= bot.:.. -J -c1PIA. b 7,)'i:~~ -J t':"JE~ i 
¥-;t -c ~ t.:... .:: O)~ifH5f "el±':: n G0) v' <-'J7,)" i ~~ t ~ .:: t ~=T ~. 

iTfrs66~=, lm5Ctx~=-'Jv'-cO)£*E!'-J~$1fjiv' <-'J7,)"]lli«.J: -). lm5Ctx 
±1843 :if. 10 fj 16 B ~= r) 1 1) 7.b. . 0 - ry / . }\ ~ }v r / lj»p ~= J: -J -c 96~ 

~nt.:... (~G~~lft!1:~=-'JV'-cf±, [19], [31], [47] i3J:"lF[48] i1i66~.) .:c­
'LG 1±~tx1* ffi. .L0)~~PTt~-C*5~B'-J~~5C~i%nlGT ~. [)]5Ctx~l± 

lliI = {a + ib + jc + kd I a, b, c, d E ffi.} 

c-cb-J-c, *1:t~=-'Jv'-c 

·2 ·2 2 . . k _ .. 
~ =) =k =-1, ~)= --)~, jk = i = -kj, ki = j = -ik 

r ii1iUt.:..T. it.:.. z E lliI i z = x + jy, x, y, E C O)%-C b ~-{i- ~ 7,)'i:, .:: O):J;~ 

~, y E C ~=M L -c yj = jfj --ecb~':: t iSn -cI±~ G~v'. it.:.. lliI I± C 

l::O)~5C~-CI±tj:v'':: t ~=1£~L-ctl Lv'. ~~~, lliI O)$IL,I±*~= ffi.-Ccb 
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~. lmJC~:m IHI ~::.t3 ~t ~ 3:H!iHt, a + ib + jc + kd = a - ib - jc - kd -C-JE 

~~n, uv=iW :a:-ij';ilJt-:t". ~~~:: ib+jc+kd, b,c,dEIR. O)%O)lmJtix:a:­

flHlmJC~ C: O¥~ .:: C: ~:: t" ~ . 

:m R ~::M L -C, R X -C- R O)¥Jt, t" i'j:b 1:>, R 0)1!JJJE:5C0).%:a:- *t". 

b L R iJ~~>t1*-C-jty~i'jGIJ, R X = R- {O} -C-jty~. -lt1 A'iJ~ n x n-C-JilG 

5tiJ~ R ~::~t" ~ J: -J i'jiT)1iJ~1*0):m:a:- M(n, R) C: ~t". i t-: R .L0)1!JJJE: 

i'j n x n iT)1UO)~%:a:- GL(n,R) c:~t". (~Jt~O)I*q::li'::o) M(n,IHI) -C-O) 

1!JJJE:'t~ 0) JE~ ~:: "':) v' -C 1n: ~:: i'j ~ A iJ~ v' ~ iJ> b L n i'j v' . 1:cJJE: Jt C: JbJJE:5C 0) Fa' 
~:: ~v 'iJ~jty ~ 0) -C-li i'j v' iJ>? 1&-C-J! ~ J: -J ~::, .:: 0) J: -J i'j rQ~m li~ L:: i'j v'. 

it-.: [15] C: [32] :a:-~~R~nt-:v,.) 

1;-1 1) ­

lmJt~iT)1UO)iT)1U;A::a:-JE~LJ: -J c:t"~ C:~, llib~$1n:7j?7°0-f-li 

:im1lt0)%;A::a:- ffl v' ~ .:: C: -C- jty 0 -J. L iJ> L -f O)jJJi%~::li~rQ~iJ~~ L:: ~. :im1lt0) 

%;A:c:v'-Jo)lic:~ni'jO)iJ>?t-.:C:'zLf, 2x2iT)1iJ;A:O)jJJi%, al1a22-a12a21 

(iifJJO)iT~::~t"~~OO) C: iJ> al1a22 - a21a12 (iifJJO))1iJ~::~t"~MOO), jty 

~ v' li:im1lt 0)%;A:0) rzg-=f :a:-ftlJiJ>JJU 0) JII~~~:: t" ~ C: iJ>. m1tO)ix~~~:: C: -? -C 

Ii, AA"13)ji'j-? I') jJiJ~:?\.kt-Cv,~ C: v' -J .:: C: Ii, .:: niJ~JE Lv'? 7°0 -f--C-li 

tJ l, \ C: v' -J .:: C: ~:: i'j ~. L iJ> L, -f n -C- b EHQ~ L t-.: <i'j ~ iJ> b L n i'j v' . b 

L .:: n GO)%;A:O) 1 "':):a:- ~J\J7- nLf, 1jjJiJ~~':: ~ 0) t! 0 -J ? 

1845~, J\ ~ )v ~ /~:: J: ~ lmJtixO)JeJ!O):bfiJ> 2 ~1&~::, ? - -It- . I;­
11 ) - [10,35] Ii i ~~::.:: n:a:-~iT Lt-.:. 1Btli b C: O)iT)1iJ C: t"~-CO)IJ'\iT)1U 

0) ~OO;A::a:-llifJJ O))1iJ (jty ~ v' Ii, 1BtO) B -J *Il0) iT) ~:: r{i-? -CiT -J .:: C: :a:-~ 

Iv -C- J7- t-.:. .:: 0) 1;-1 1) - 0) iT)1iJ;A::a:- Cdet C: if <.:: C: ~:: L J: -J. -f -J t" n I;f, 

bl)
Cdet a1 = al b2 - a2bl 
( a2 b2 

.t3 J: rJ' 
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a l bl CilCdet a2 b2 C2 = a I (b2 C3 - b3 C2) - a2 (bl C3 - b3 cd + a3 (bl C2 - b2 cd 
( 

a3 b3 C3 

iJ{f~ GtL~ . .:: tLL:!: J: V)1£~-r~ is -J iJ)? 71 1) - 13 ~iJ{f§'1f,iJ l-Cv) ~ J: -J 

~=, b l 2 x 2 iT:JU-r, 2 -:::>O)iTiJ{[Pj t -r~tL~;f' 

( 
b)a ,Cdet = ab - ab = 0 

a b 

-r~~iJ{, b l2 -:::>O):JUiJ{~ l~ttLLf 

Cdet (: :) = ab - ba 

-r~-::>-C, ~~~=.::tLli 0 -c'ljv). 1ilJGiJ)0):@.ffiiJ)G, 71 1) -li.::tL:a:~ 

1= l -C v) t,,:1.*-T Ii Ij <, .:: O)fJf l v) ~tj( 1= -:::> v) -ct~ li!ffi~-f: Ij <~ G1= 2 ~­
V':a:. ~ m'Ht-Cv) ~. l iJ) lft4 1= li~l= Ij ~ . 

.:: 0) ~* ¥Jr. :a: Ii -::> ~ VJ ~ -tt J: -J c t" ~ rrn= , i -r iT :JU :~\:l= c~ 0) J: -J Ij '11. ~ 

:a: f~ t..: -tt t..: v) iJ) :a: i:k:1£ l J: -J. tel ~ iT:JH= -:::> v) -C 0) iFf,1Mu= £ -:1 v) -C, ~ it 
d : M (n, lHI) ~ lHI iJ'i:j(0) 3 -:::> 0) 1}:@. :a: ~i*J t..: t" c ~ 1= iT:JU J:\: c U;y-t;f -J . 

~!, 1. d(A) = 0 ~ A lilE~U-rljv). 

~!, 2. d(AB) = d(A) d(B) (A, B E M(n, lHI)). 

~!, 3. A' iJ{ A iJ) G, ~ ~ iTO)ft A 1J 7 -{:g::a:{iliO)iTI=:JJOx.. ~ iJ\ ~ ~ :JiJO) 

:tJA 1J 7 -{:g::a:{iliO):JiH=:JJox.. ~.:: c 1= J: -::> -C1~G tL~ Ij Gl;f', d(A' ) = 

d(A) -r~~ . 

.:: tL G0)1}:@.1= -:::> v) -C v) <-:::> iJ) 0) :J ;J. / l' :a: l -C j3 .:: -J. b l d iJ{1jt 1= 0 iJ) 

1 cV)-J1~:a:c~0)-rIj~ttLl;f', 1}:@.2iJ)G, t"~-CO)lE~IJ-rljv)iT:JU A 1= 

Ml-C d(A) = 0 iJ{lF~tL~ ([7] ~~R). It..:iJ{-::>-C, lE~lJljiT:JUI=Ml-C 

iT:JiJ J:\: :a: 1£~ t" tL l;f J: v). 

1}:@. 3 -rliA 1J 7 -{:g:l= -:::>v)-C, ft c :tJ0)1R5J1J:a: l-Cv) ~ .:: c 1=1£~ l-C 

tilv). ~it T(v) = cv :a:~x..J: -J. '::O)c~, f E lHI I=Ml-C, 

mailto:1}:@.2iJ)G
mailto:tLG0)1}:@.1
mailto:1ilJGiJ)0):@.ffiiJ)G


lr'
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T(fv) = c(fv) 

~;J:, -~~=I;J: 

fT(v) = f(cv) 

tl;J:~tj~iJ'i', 1m)] 

T(vf) = c(vf) = (cv)f = T(v)f 

-c'cb ~. ~ tLiJ~ G, ~~~~tlO)1*tjO;J:*9~~~Fa~0) A 7J '7 -1-tfO)flfm-c'fflv\~ 

0) t I;J: ~ 0)1R~ ~= :;:iJ~ tj 't tL ~!'tj Gtj V\ ~ t iJ'i'b iJ~ ~. ~ O)~ffilm -c' ~;J:1T J"IJ O)J"U 

t *9~~~ra~0)"" 7 r)v t ~ [P]-t~ L, *~~~tl~1TJ"UO):tLiJ~ G0)fJ: t [P]-t~ 

T ~. L iJ~ L*9~~~Fa~ ~= ~;J:Tr( -c:tiiJ~ GA 7J '7 - iJ'i'1"FfflT ~ b 0) t T ~. 

-j}JJ. 3 I;J:1TJ"1J 0)*11 ~= J: -::> -c b ~ ~ tL~. j: f eij ~ (i, j) mt7J-~= tDt 1 

iJ'i'A~, 1~~~;J:Tr(-c 0 iJ'i'A-::>-cv\~1TJ"UtT~. *~= 

Bij(b) = In + beij (i i= j) 

tJE~T~. 1TJ"U A ~= Bij(b) ~:tLiJ~GtiHttL~!', A O)~ i 1T~=~ j 1T(7) 
:tLiJ~ G0) b 1-tf ~no;t ~ ~ t ~= tj ~, tiiJ~ GtiHt ~ t, A O)~ j J"H=~ i J"U 
O)tiiJ~ G0) b 1-tf ~ no;t ~ ~ t ~= tj ~ . L t.:iJ'i' -::> -C, (-j}JJ. 2 ~1t;t ~!') -j}JJ. 3 

I;J: d(Bij(b)) = 1, 1 :::; i,j :::; n, i i= j t v\ -) ~ t t [P] t: -c'cb~. 

?&£ ~= biJ~~ J: -) ~=, 

Bij(b)-l = Bij (-b) 

-c'cb~iJ~G, Bij(b) (1 :::; i,j :::; n,i i= j) t.:i::>O)fJ:-c' GL(n,IHI) 0):g:~7J-~ 

~~mtT~~t~=tj~. ~0):g:~7t~~ SL(n,IHI) t~T. 1*K ~=ML-cI;J:, 

SL(n,K) ~1TJ"UJ:tiJ'i' 1 -c'cb~1TJ"IJ~1*0)~t L-cJE.T~. LiJ~L, ~I;J: 

1TJ"UJ:tiJ'i'j:t!JE~~tL-cv\tjv\iJ~G, j:f SL(n,IHI) ~JJljo)%-c'JE~Ltj't 

tLI!'tj Gf, m~b <~!', {£-c'1TJ"UJ:tiJ{JE~~tLt.: t 2- ~= SL(n,IHI) iJLfO)if~-c' 

cb ~ ~ t ~~ u ~ t ~= tj ~. L t.: iJL? -c, -j}JJ. 3 ~ SL(n, IHI) O)1TJ"U O)1TJ"U 
J:tiJ'i' 1 -c'cb ~ t is v\@:T ~ t iJ'i'-c' 2- ~ iJ~ G, j: f~;J:~cb ~ tv' -) ~ t ~= tj ~. 

gJtiwO)F~~~I;J:, :Wd.: L-c ~ 0) J: -) tj1TJ"UJ:tiJ{:ff1:ET ~ iJ~ t'-) iJ~-c'cb ~. j: 
-}!' ~ M; 1. f{Ir.~ -t-. '* " l- ~ 
~ -1"-n"r. ~ I'.!f!- t=I '<!: :rD:. ~ d- J . 
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ttl! 1. 1T5U:A: d iJr#iET ~ t1R5ET~. Tl;tbi:>, '¥{~ d: M(n,lliI)---7lliI 

iJr...t (7) 3 -:J (7)1}:£.1 ~ii1iUt-:T t T ~. ::.- (7) t ~, d (7){~ d(M (n, lliI)) f± lliI (7) 

PJ~ I;t ~~5]-~ir"C' 2b ~ . 

::'-(7)5E:f.liJr*:1~J9f=~",,",,~ t ~0L;t, lZ95CiJ1T51j:A:~5E~LJ: -J tT~ t, -f 

tLfi~*iJ1WH=I;t G~' ~ ~1~1;t v\ t v\ -J ~ t"C'2b ~. J: -:> l, 71 1) - (7)5E 
~fijfHtG:tL~::.- t f=I;t~. ~~~, Cdet fi lliI 0)...t"",,<7)~{~"C'2b~. 

5E:Jl.1 (7)~iEl3jJfi*<7) 2 -:J(7)1mWJ5i:Jl.f=J: -:>lV\~. iT Bij(b) O)5E~f=fi 

iltf= 2 -:J0)?~;z* LiJ\~b-:> lv\l;tv\::'- t f=1i~ L J: -J. Lt-:iJr-:> l, n = 2 

t 1R5ET ~ ~ t iJrtp. V\iJr-fiN:tl: ~ ~b I;t v\. Milt I;t ~t$f"C' *(7)1mWJ5E:Jl.iJr~iE 

~~:tL~. 

:nlHlJJ:tE:l! 2. 1T5U:A: d t a E lliI, a i= 0 f=M L l :}(iJrpj(: l) fL.-:J : 

a (1 (1 a-I) (1 a-I - 1)0) = 0) 0) (1
( o a-I -a- I 1 0 1 1 1 0 1 

13 J: {j' 

d ( (~ a~')) = 1. 

:}(0)1mWJ5E:f.liJriR:5EB9"C' 2b ~. 

MWJ:tE:l! 3. M GL(n, IHI) (7)~* A f±~'T:}(<7) J: -? f=~ ~:tL~ : 

A = D(x)B. 

t-: t!. L x E lliI f=j;j L l 

1 

D(x) = 
1 

x 

"C' 2b l), B E SL(n, lliI) "C' 2b ~ .
 

~iHljL 1T5U A f±~1T 5U ~ t#-:J iJ\ G, m11T(7) pj(:5]-<7) fi:l f= 0 "C' I;t V\ ~ (7) iJr
 

j
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y~ <c t 1 "Jlj:~~tnlJ~ G~\;~. -t-O) 1 "J ~ alj # 0 c J..., J: -J. ~ 1 

JH:~ j JU 0);;b7J" GO) ali (1 - all) {-if ~1Jo;Z. --c, (1,1) pX:)J-7J{ 1 '"(' 2b ~ 

1TJIJ7J{1~ Gn~. *\;~'"('m I1TO){iJ!O)JU 0)pX:5t~, m 1 JIJ 0);;b7J" G0) A 11 

7 ~f-if~1Jo;Z. --Ct"~--C 0 I:t" ~.:: c 7Jf.'"(' ~ ~. *I:m 21TI:f.$ ~, (iX¥B9 
1w*P3itl: J: 0 --C) *c\t)~*5*7Jq~Gn~. 

i±:ij*\;~~n~Lt.:: O)73'M A = D(x)B 7J{ 1 jj IJ !:~l~ 7J" c~-J 7J"~!: ~ ~ t! 

~ -J. J..., 7J" J..." 5E:J]! 1 O)~iEgg 0)1J7Jf.~r91-c" ~ ~ . 

tEl! 1 O)~iHl}t 1fJ.f~ f : IHI ---+ IHI ~ 

f(x) = d(D(x)) 

!: J: 0 --C5£~t" ~. *ift!IJJ5£:J]! 3 7J" G, f (IHI) = d( M (n, IHI)) '"(' 2b ~. ~G~ ~ 

Ml:jH:9l1J!!.t" ~ t.: c\t)!:, n = 2 C t" ~. .:: 0) c ~ , 

d(~ ~) =d((~ x~') G:)) =f(x) 

7J{~J!!. 2 c*ift!IJJ 5£J!!. 2 7J" G1~ Gn ~. -t- -J t" ~ c 

f(X)f(Y)=d((~ ~) (~ ~)) ~d(~ ~)
 

=d (G ~) (~ ~)) = f(y)f(x) 

'"('2b ~, f(IHI) = d(M(n,IHI)) 7J{PJft'"('2b~':: C7Jf.b7J"~. 

2 -C .:: .:: -c"'i"1 1) ~ O)5Eift7J{':: n c c~O) J: -J !:~ir J..., -C It~ ~ 7J" ~ t~~1 J..., J: 

-J. fBlO)5EiftLt 3 -:J O)~:J]! ~ t"A:: -Ci1dlJt.:t"b ~t-c"Lt ~It~. ¥~ c l-C l;t, c~ 

0) 1 -:J b i1dlJ t..: l -C It ~ ~ It ~! 1TflJ 

M= G~) 
~ If31.1J lJf' J: -J. ~~!: ~iE~~ -c" ~ ~ 0) t!7J\ b l 

M (~) = (~) 
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-c' ~ n Lt x = y = 0 -c' ~ :6. J: -:> -C M Lt PIi2! -c' ~ :6 . t::.. '0 iJ~ 

tM(~l) = (~) 

-c'~~, tM fiPIi2!-c'ljv'. t::.t!.L, tM fi M C)$ii!:1T9U-c'~:6. LiJ~:6~:, 

Cdet M = 0, Cdet tM = 2k -c'~:6. J: -:> -C0~ 1 fiif.il1t::. ~ nljv'::" t iJ~:b 

iJ~:6. ::.. C)fJtl fi 1 t::.$ii!:1T9U iJ~lm 7Gt5c*9~~1tt5c~: t -:> -C fi;ff ffllj t C) -c' fi Ij 

v'::" t ~7F L -cv':6. -fnfi 1J:fJ~~{~-c' t RIJ:fJ~~{~-c' t Ij v' ! (L iJ~ L, J.. 

}v ~ - r Etjlj M* = tM fiRIJ:fJ~~{~-c'~:6. -tlj:b-S, (MN)* = N*M* 

-c'~~.) 1J:fJ:f*1j~El3iJ~G, ~~t5cC)1il1~t t -:> t1:j*-c'~:6. 1J9Ull~t5cfift1T 

~~t5c t -~X-t:6 iJ\ -fn Gfi£'T L t ft9U ~~t5c (::.. nfi1J1T~~t5c t ~ Lv') 

t ii-~X Lljv' ([12]). 1 t::. 

Cdet (G :) (~ ~)) = 2 - 2k 

-c' ~:6 iJ~
 

1
 i) (k j).
Cdet j k Cdet i 1 = 0( 

-c'~:6::..t~:¥l~-t:6t, 0~2 tif.il1t::.~nljv,::..t~:Ij:6. 

0~ 3 ~:-:Jv'-Cii, 

ab b)Cdet a 1 = 0( 

-c' ~:6 iJ~, ::.. C)1T9U C) 2 iJ} § C)1T ~ftiJ~ G b iff L -C 1 iJ} § C)1TiJ~ G51 < t 

A' = (ab: ba ~) 
t Ij ~, Cdet(A') = ab - ba -c' ~:6 iJ~, ::.. nii£'T L tot ii~i GIj v'. 

::.. c)::.. t fi, Cdet iJ~;ftk C) t :6 -"Z ~ Ji-c' ii Ij v'::" t ~ ~7F L -C 1.1':6. t-:> 

I t J: ~ -f -) Ij i3-=f-*iJqmWriE~3 ~: ~ :6. 1&-c'::" n ~ ~:6 ::.. t ~: L J: -) . 

::"C)~n~*~:b:6~:~t::.-:>-C, JE~l ~:-:Jv'-CC)¥l:f":~L-Ci3::"-). ::"C)JE 

~fi!\m~~~-c't5c~~-c' t~:6 7 1) -7:/ . J . )'''1'):/ [21] ~: J: -:> -C 1972 

if. ~:~iE~ ~ nt::.~Jt-t:6 JE}llH:~!I!~ ~ nt::. t c)-c'~:6. 1~fiJJIjC)0~ 3' ~ ffl 
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v' t::.. 

~}.! 3'. [QJC~X1T7U A = (aij), B = (bij ), C = (Cij) ~=:iJv'--C, 1:> l2b.:6 

1TO)¥~'z* r ~=-:::>v'--C 

. aij = bij = Cij (i i- r), arj + brj = Crj 

--C' 2b .:6 ~ Gtf', 

d(A) + deB) = d(C) 

--e2b~. 

Bv'~.:Z.nLf', ~{t d ti1Tt=~L--c:JJo¥tl¥J"C'0~ CT~;b't"C'0~. of­

L --ct~ ti d ;6{0:fj[1, 2, 3' ~?ili1J t::'T ~ GIiof- O){~jiTIT~ "C' 0 ~ ~ c ~ ~lE~ 

L t::.. 0~ 1, 2, 3' ;6-, G0:f.l3 ;6{1~ Gn~ ~ c li?6~ ,=~ --C Cn~. ~~, 

d(Bij(b)) = 1 ~~lE!IJjTnLr+5t"C'0 ~. of- ~ "C' B' ~ Bij(b) O)~ i 1= § 0) 

MftJp..x:5t~ 0 "C'Ii: ~~.:Z. -c1~ GtL~ 1T71J c TnLf', ~ ntiTITJJ!"C'ij v'. J:--::> 
-C, 0:fj[ 3' ;6-, G d(Bij (b)) = 1 ;6{1~ GtL ~ . 

L t::.;6{ --::> -c, 1~ 0)1T71J:r'\: 0)5£~ ti:fj(;4 0) t 0) J: ~ t jlJlj ~ll¥J"C' 0 ~ . L;6-, L, 

~~JR~= tijIJUI3l1¥J ,=~~' ~. 1~0) 3 -:::>0)0:fj[ ~ ~t::'T J: -) ij1T91J:r'\:ti*~ ti 1m 

5Gi5Ct. "C' ti1¥1:E L ij v' ! . ij-jf;6-,? 0:fJ. 2 ;6-, G d(In) = 1 "C' 0 ~. of- ~ "C' 

1
\ 

D(x) = 
1 

x 

~~.:Z..:6. 1T91J In +D(-l) = 2D(O) tiTITJJ!"C'tiijv'O)"C', 0:fj[1 C 3' ;6-,G, 
d(D(-l)) = -1 iJ{;b;6-'~. -7J, -1 = iji-1j-l -c'0~;6-'G, D(-l) = 

D(i)D(j)D(i)-lD(j)-l "C'0~, D(-l) ti GL(n,IHI) O)x~-=t-M'=~ L-c 
v'~. J: --::>-C0:fJ. 2 c5£:fJ.l iJ-,r; d(D(-l)) = 1 c ij~;6\ ~nti~~"C' 

0~. 
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~.:z.. t'-rjT:., 

1195Gijc1T~UA~=~ L"( Ii, Jr1 1) -f:&(J) 75 if~= b t::. --:::>"( liM t *- L t::. -: c 
liJES-: !? t:t.iJ"--:::> t::.. W.R. J\ ~}v r-./(J)~ff rt2~7Cijc(J)~*j (Elements of 

Quaterniuns)[24] (J)~ 2 Jt&:iJ{1]f(J):§)tf:&(J) 1889 if~=tfjJt&: 2 n, ~i~:%fiJ{f'H* 

~~ ~tt::.iJ{, .:c-nliJr1 1) - (J)~iint~ j~U=:p}~* Lt::. t (J)-c' a; --:::> t::.. ~ t::. 1899 

if(J) 3.M. J\-A(J)~iint [38] liJr1 1) -(J)1T~UA~=~It,"((J)li!t:t.~#~'It!fL 

~ t:t. It ,~~~ -c' a; --:::> t::. . LiJ" L 1920 if ~=..I. F ry 7 }v r- . Y;I. r- ry T' -{ (J) t:t. iJ" t:t. 

iJ,,~p*(J)a; ~ ~Jt [44] iJ{;mnt::.. (t -J y Llf,*J1.:i6lvt!~~*Bl~=~It'"( Ii, [16], 

[23] ;J3 J: [J [46] ~~p.~.) 1]f(J) 71 T'71i n x n l297Cijc1T~1j ~ 2n x 2n *l* 
1T~U ~=W2~ L"(1T~UA ~ c ~ t (J) -c' a; --:::> t::.. 

"* f, l295G~, *l*ijc, ;J3 J: rY, ~~(J)1T~U (J) Fa' (J) It' <~iJ"(J)m:~ t:t.YfIPJ 
~~f~(J)~~tiJ"!? ~B~ J: -J. -tT 1 :J.'iJ{ n x n (J)*l*1T~ljli It'Tn t 2 ~ (J)~ 

n x n 1T~U C, D ~ ffllt'"( N = C + iD (J)%~=t::.t! 1 jj ~ ~=*2 n~ -: c ~ 

,!f!.l,It'tfj.:c--J. -:n~ffllt'"(li!M(J)*I$IPJ~~f~4>: M(n,C) ---7 M(2n,JR) iJ{ 

q,(C+iD) ~ (~ ~~) 

-c'1E~-c'~~. .:c--:-c' 

(0 -In)J = 

In ° 
cUtC ~jt~~ra' cn -c'(J)"{jiJ"!?(J) i 11r~ R i c LJ: -J. Mj;[)T~1T~Uli iI 

-c', J = 4>(iI) = 4>(Ri) -c'a; ~. (c ~ c L"(, *j7jt~W2~c .:c-(J)f~I$B"Jt:t.1T~1j 

*$ c ~ [PJ-1J!T ~.) -: (J) J ~= J: --:::>"( JR2n J:~=*l*;fIJiIiJ{-9-'z!?n, J: < 
9;o!?n"(It'~ J: -J 1=, P E M(2n,JR) iJ{1l**j7jt~~~CMj;[)T~t::,~(J)£,~ 

-t7t~ftj:li, P iJ{ -: (J)*l,*;fIJiI ~ -9-,Z ~ J c QJ~ -c' a; ~ -: c -c' a; ~. L t::. 

iJ{ --:::>"(, 

4> (M(n, C)) = {P E M(2n, JR) I JP = PJ} 

t 
-c'a;~. 

1 [PJttJH=, l295GijcJ:(J) n X n 1T~ljlic'nt*l* n X n 1T~1j A,B I=J: --:::>"(t::.

I 
j
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t.:: 1 :im ~ ~= M = A + j B c 3'R ~ n ~. (:: :: -c' j :a:1£ ~= Ii <(7) !j:;t]*l~~rJJ t 
~it -C\,t>~iI~G-C'j;~.) L,f..::iI~-:::>-C, i$/jjj~¥f~ 'l/J: M(n,lHI) --+ M(2n, C) 
iI~ 

( 
-f3)A'l/J(A + jB) = B A 

"t"%:~"t" ~ ~. c ~= iI~ <~-:::> iEw[~= -? -:::> -cqT~t!;f, :: (7)¥f~iI~~~/jjj~¥f~ 

"t"lj!~t"t"j; ~ :: c iI~~ ~ n ~. [:: (7) :: c iI~ G~~ ~=, GL(n, lHI) "t"lj:1£~5t c 

;t]~5t (7) IR ~u lj:£'~ 7'j \,t>:: c iI{;f) iI~ ~ .J 
~ -C, Rj :a: JHIn ""'(7);t]iI~ G(7) j 1-1f c T ~. ¥.iJtT/'( ~ :: eeL-c, IHI-*,~ 

~~tl!j: c'n ~ R j c 1iJtl"t"j; ~ iI~, R j El ~lj: lHI-*v~~~tl-r:lj: ~ l, \. Lt-: 

iI~ -:::> -C, R j c Mr.tT ~ 1T~1j lj: 7'j \,t> L, 'l/J(Rj) 7'j c~ c 3'RTJtP,{dj: 7'j \,t>. L iI~ 

L-tn"t"~ c 2n ..t"t"lj: Rj cMr.tT~¥f~ Rj(x,y) ~ (-y,x) iI~~itGn 

~. ::(7) Rj lj:, if J :a::fiHt, -tnil~Gm~~1!i:a: c ~ c \,t>-):: c cMr.t 

L -C\,t> ~:: c iI{;f)iI~~. :: n~= J: -:::> -C C2n ..t~=IZQ5t~Xm::@:iI~A ~, J: <mG 

n-c\,t>~ J: -) ~=, N E M(2n,C) iI~IZQ5tt:fc*v'R~~tlcMr.tT~t-:cl6(7)£,~--t 

5t~dHj:, N iI~:: (7) IZQ JC~xm::@: :a: -9- it ~ Rj c 1iJtl-r:~ ~ :: c "t" ~ ~. ~~, 

fl~~1!i~="J\,t>-C!j: NJv = NJv "t"j;~iI~G, NJv = JNv "t"j;~t-:cl6(7) 

£,~--t7t~dtj:lj:, N J = J N "t" j; ~. J: -:::>-C 

'l/J (M(n,IHI)) = {N E M(2n, C) I IN = NJ} (1) 

-Cj;~. ::nlj: JHI (7)rp"t"(7) z E C ~=MT~0~jz = zj (7)lj!7'j~-~11::-c' 

j; ~:: c :a:l.iJt L -C:J3 <. 
::(7) (1) iI~GW[tj~= detc'l/J(M) E lR ilq~Gn~iI~, T('f&"t", $~c L 

-C, dete 'l/J( M) ~ a :a: ~T. (c ~ ~=r.t t -c, ~qT~U 7'j \,t> L !j:fl~qT~ti (7)1T~IJ 

~"t" j; ~ :: c :a: ~m~ L -C detR c iI~ dete c 3'RT.) 

..t(7) n = 1 (7)jJJyg.(7)i$/jjj~¥f~ </>1 : C rv M(l, C) --+ M(2, lR) :a: M E 

M(n, C) (7)43-JJX:5t~='lJiI~-tt-C, ~f~ ¢ : M(n, C) --+ M(2n, lR) iI~1'{} Gn~. 

[..t (7) </>(N) !j: 4 1fQl (7) n- 7" 0 '/ 7 iI~ G-C ~ -C \,t> ~ iI~, ¢(N) (7)11 lj: n 2 1fQl (7) 

2-7'0'/ 7 iI~ G7'j -:::> -C\,t> ~.J :::: "t":m:~7'j:: c !j: ¢(N) (7) 2-7"0 '/ 7 (7)11i1~ 

</>(N) (7) n-7"0 '/ 7 J: ~ ~:f&\,t>£\,t> c \,t> -) :: c"t"j; ~. ~ C !j:1iJtl"t"j; ~, 

</>1 !j: /jjj~~f~"t" j; ~ iI~ G, ¢(N) (7) 2- 7"0 '/ 7 t-: tj !j:1i \,t> ~= 1iJtl-c j; ~. :: 
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0) ~ t n\ C:J, ,*0) J: <~O C:J nt,::fElJ.n{1~.z ~. [2:. O)5ElJ.I;;l:~~ t ~ <¥HsJ! 
2nt.::n{, tJ,.o)~OIDlO);&~nlHl1:5C:a-t.::t~n!;f,M.H. -1/7"7)\]" [26] I.: 

~ --C' 2n\0) If~ .] 

tEJ14. if1J7"D';J 71T9U A = (Aij) 0) (i,j) JIX:5t Aij n{T~-C1iv\~:UJ 

~~ m x m 1T9U1:&06 ~~, ~nC:JO) Aij i-~*~J!~ Lt.:: A O)1T9U 
:t\;1:* ~ n 6 m x m 1T91J i- B t Tn~;t', A 7J :7 ~ J:.1: 0)1T91J:t\;~: "J v\ 

-C det A = det B n{JIX: IJ JI. "J . 

t.::t.z!!', lE1.fffJU An,AI2,A21,A22 n{.fn-f'nliv\!:"BJ~1:.::b~~ 

C:J Ii', 

An A12) A A )det = det(Au A22 - 12 21
( A21 A 22 

1:.::b ~. BV\~.zn!!', r1T9U5t:a- 2 @] t -:::> -c J l3t.1: ~ ~ :b!t1:.::b ~ . 
. fftJU:a-~:~I:H:Anf#.z -c, detlR</>(N) = detlR4)(N) nq~C:Jn, ,*!:5ElJ. 

4 :a-~fflTn!!', N E M(n, C) !:t-j- L- -C 

detlR </>( N) = det]R 4)(N) = detlR (</>1 (detc N) ) 

Re detc N -1m dek N) (2)= detlR ( 1m detc N Re detc N 

= IdetcNI2 

n{1~ C:J n ~ [6]. ~ 0)~~!: J: -:::> -C '*O):m:~ ~ 5ElJ.n{1~ C:J n ~ . 

:IE!I 5. 1l*iE:n1T9U N ~:~t l-C 

det]R </>(N) = Idek NI 2 2: 0 (3) 

n{JIX: IJ JI."J. ~ t.::, lmJGitiE:n1T9U M ~:~t l-C 

detc 'l/J (M) = Jdet]R </> ('l/J (M)) 2: 0 (4) 

n{JIX: IJ JI."J. 

~iEa~. §tr.f.~;;!: (2) n\ C:J fJt -). ~ t.:: , (1) n\ C:J detc 'l/J (M) E IR -c: &0 IJ, ~ C:J 

~: det]R </>( GL(n, lli[)) I;;!: IR O)Jlfffl:g:~51#:1r ~:~ L -C v\6 n\ C:J, lmJG~~1T91j 
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M ~:j;J l, '"C 1;:1: det]R ¢ (~( M)) ~ 0 "C' a;.Q . LJ':7J~ -:J '"C, (4) 1:1 (2) 7J" G14 
Gn.Q. 

~h~l~~<~~~~~1~~~~~cl~~.~.Q~t#~~.Q: 

Sdet M = dete ~(M). 

~i:J ~:3~U: ~.Q rr:t~~1:1, ~ ~ ~ ~ ~ ~ ~ 1 ~1T~Ij~7J{ t~~-03]! ~TIliUt':~7J\ 

t\;\-) ~t~00-). ~~ ~ ~T·11T~Ij~I±-03£2~iiliUt.:~. t\;\~~f±, ~ 

I±~[PJ~~{tt':7J"G~0.Q. :jO=-0:f--' 1 7J{TIliUt.:~h.Q ~ t ~~i-~. (~~ 

~ t ~~iEl3)j t l-C.:c- ~ /' . L . 7J - T 1 A [16] 0) 2 -:::>~J:&~:0.Q b O)I±, 

\;\fh b rs~Jl0 -C\;\.Q ~ t ~¥EJll-C:B <. ~ h~ ~~'tlJ1~~*I±~J*~0 

.Q.) ~ fib7J"0 -C\;\.Q ~ t t l-C, b l Sdet M = dete ~(M) i= 0 ~0.Q 

~GLf, ~(M) I± M(2n,C) ~9=I~1iJ~~0.Q. l7J"l, i-(7)~5C7J{~~ 

~: ~(M(n, JH[)) I=-e;- ~ h -C\;\.Q 7J" t~~ 7J"~ ~~ 'thlJ~ G ~ \;\. i- ~ ~-0~ 

J ~(M) = ~(M) J ~~5C0)~1~ ~ t hlJ, J ~(M)-l = ~(M)-l J 7J{1~ 

Gh.Q. It':7J{0-C, (1) I:l0-C, ~(M)-l 7J{~(M(n,JH[)) I:-e;-~h-C\;\ 

.Q ~ t 7J{ib 7J".Q . 

-03£ 3 7J{TIliUt..: ~ h -C \;\.Q ~ t ~ ~~ t..: &I)~: I±, Sdet Bij (b) = 1 ~~iEl3)j~ 

hlJ-t5t~0.Q. ~-C, b=b1+jb2, b1 ,b2 EC t~.Qt, 

~ (Bij(b)) = (In + b1eij -b2: ij ) 
b2eij In + b1eij 

~0.Q. t..:t!.l, eij I± (i,j) nX:5ttDt7J{l ~i-0)1t!!~nX:5tl±~/'(.-COo) nxn 

1T~Ij~00 t..:. t ~ 07J{, i i= j ~ GLf' eijeij = 0 --C'0.Q 7J"G, ~3£ 4 ~: l0 

-C det (~(Bij(b))) = det(In ) = 1 7Jq~Gh.Q. 

~ ~ l ~ ~:, ~ ~ ~ ~ 7" 11T~Ij~I±~k 0)-03£ ~ ~/'(. -ciililJ t..: l, 1~5t~1iiJ 

~:Bl '(fl) -:f--'~JfB~lfJlIJffl\;\Gh-C\;\.Q[23] . -t5t~='["1~-Cii:7J"~'th 

IJ~ G ~\;\~ t I±, ~ hl±nX:7t~ 2 ~X~~~0 ~, :tm~~1TJIj~ t I±~~ 0 

-c, 1T t 7J"JU ~=~ l-C~~J,,)t~~I± ~ \;\. 

~ O)~PO)trif&l) < < ~ f=, 2 -:::>0) ':J.;I- / ~ ~ft't1JDx. -C:B ~ ~. ~ ~ ~ ~ 7"1 

1TJIJ~~.L~I± JH[ ~ C2 t\P]-rll-C~.lt..:. i-h~I± JH[ ~ ~4 t[PJ­

rl~hfJt'~ 7:t.Q7J"? *!fijJO)t ~0, JH[ 0)9=I,[.,I± ~ ~00-C C ~I±~\;\7J" 
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G, lm5GixI;t IR-?f5G~~mffl(;T~. lm5GiX1-r:>71J ME M(n,IHI) ~ n x n ~ 

1-r:>71J Ao, AI, A2 , A3 ~ fflv''l M = Ao + iA I + jA2 + kA 3 c-~H9 ':~T 

.:: ciJ{-c'~, ~[I'f]~1J:{~ p,: M(n,IHI) --+ M(4n,IR), 

Ao -AI -A2 -A3 

A Ao -A3 A2
p,(Ao + iA I + jA2 + kA 3 ) = I I 

A2 A3 Ao -AI 

A 3 -A2 Al Ao 

~~fflT~. ~~l, a~l'lE<C 

Ao -A2 -AI A 3 

A Ao A 3 Al
¢'ljJ(Ao + iA I + jA2 + kA3 ) = I 2 

Al -A3 Ao -A2 

-A3 -AI A2 Ao 

=1= p,(Ao + iA I + jA2 + kA3 ) 

-c' J; ~ iJ\ v' < -J iJ~0)1-r, :>71J, E J: Lt, r~% ~ }dl_f# X. 'l, ~:r\ 

det]Rp,(M) = det]R¢('ljJ(M)) = Sdet(M)2 

iJ{~H~d:1~Gn~ ([4] c [30] <b~~BO)':: c) . 
<b -) -,¢,i: ~1t~ l 'l E <C, -~,:, 

t A tB ) (tA tB ) t'ljJ(tM) = 'ljJ(tA + jtB) = 
( 

tB t- =1= t- t- = 'ljJ(M)
A -B A 

-c' J; ~ iJ{, 1~1J, 

'ljJ(M*) = 'ljJCA + jtB) = 'ljJCA - tBj ) 

t - Bt-)
= 'ljJCA -lB) =

( 
~ t = 'ljJ(M)*

-B A 

iJ{ffl(; fJ rr.. -J. l t::. iJ{ -:J 'l, Sdet M* = Sdet M = Sdet M -c' J; ~. l iJ~ lkJ, 

-§in: :tt1:tjij l t::. J: -) ':, M iJ{PJ ~ -c' , l iJ~ <b tM iJ{PJ ~ -c' tj v' .::' c iJ{ J; ~ iJ~ 

G, -~,: l;t, Sdet tM =1= Sdet M -c' J; ~. 
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T:J. 1" '* 
~.:J.. r '7 T'1 0) ~1t~: l21l :7GfX1T7U;i:\;:a-~~ l t.: 0) I;tt~~: ~l-:> t.::b ~t "f 1;;1: ~ 

'/P-:>t.:. ®C< 10iFO)-J t?t:, A. A..17'"1 './7, KH. L-7, O. :t-y, .i3 

J: 71, A.R. 1) 7 -'I' - 1":1 './ iJt:: O)~i5m~: -::J lv' -ci!flv, -c lv' ~ [25, 34, 36, 42, 

43]. :r..1 A~1 './. :t-yO)iiifU)( [36] I;;I:~~"fj;~. tlv'-JO)I;;I:, ::::"f 
;jF1lJ1l~~:7tl-cffijO)~O)~~:a-~Al-clv'~ iJ~ G--r-j; ~. lip l1T7U;i:\;0) 
1l't¢.i:ipGI;;I:, ~b~~~*lv'O)iJt A.R. 1) 7-'1'- 1":1 './O)wu)( [42, 43] "fj;~. 

(:: nl;;l: 1) r)v '7 'J 1"_1) 7 -'I' - 1":1 './:mJWO) 1) 7 -'I' - 1" '.J './--r-j; ~ iJt, 1) r 
)v'7'J FO)jJI;;I:J\-T'1- 1) r)v'7'J 1"0)1) r)V'7'J Ftl;;l:,'5UA--r-j;~.) 1t.0) 
.:E ~ ~ ~-9-I;;I:, Xf~-TiJ~.:E~tj1~~U :a-~~ t ~ :: t :a-~ GiJ~~: l t.::: t ...C'~-:> 

t.:. 1t.0)~ifU)( I;;I:x1l-T~: I*lT ~ 0;i:\;--r-J-'.cY)~ <~ n -c lv' ~ . 
0' tiT SL(n, JHI) o)~~~:JL t?~-:> -c, *iU}nE:JJ. 3 t: ~ Gt:Y.:E § l J: -J. 

~ SL(n, JHI) iJt GL(n, JHI) O)lEm1'!i~7t~--r-j;~:: t I;;I:~£~:~iJ~cY) Gn~ l, 

-fniJt GL(n, IHI) O)x1l-T~--r-j; ~:: t b IF~ n~ [1, 15, 17,40]. 

ffIHljJJE}! 6. SL(n,IHI) = [GL(n,IHI), GL(n,IHI)]. 

--:Jlv' "f~ iJt Gfl!tj¥j l-C:J3 < t, 1* k ~:M l-c, GL(n, k) O)x1l-T~I;;I:, 

n = 2 --r- k = Z2 iJ~ k = Z3 O)j~%J;J.j}I;;I:, lv'Tnb SL(n,k) --r-j;~ [15]. 

*ilH~jnE:JJ. 3 iJt~~"f j; ~:JJ.ffi O).:E~ ~ t :: ~ 1;;1:, ft4 iJt1T7U;i:\;:a-JE~T ~ 

j~%~:, 1T7U D(x) ~:Ml-c-f-J Tnlj'-t7t"fj;~::tiJ~lF~n~iJ~G--r-j; 

~. l iJ~ l:: :: -c'*ilH~}JJE:JJ. 3 O)7tmO)--~'~~U:JL t?* G~ lv' t WJL-::J~n~ b 
~lv't!.~ -J. ~ SL(n,IHI) iJt GL(n,JHI) O)lEm1'!i~7t~"fj;~iJ~G, Fp~~I;;I:* 

O)J: -J ~:~~. t~O)J: -J tj x E JHI ~:Ml-c D(x) 1;;1: SL(n,IHI) ~:-e;-itL~ 

iJ~? WV~H;;I: * 0)*IU}J JE:JJ. --c: -9- it Gn ~ . 

mM:AE}! 7. jt%31T71J 

1 

D(x) = 
1 

x 



• <i:' +Jf~-::r co <F CO~~+CO$~ '~+I1' *1..2-~ (~d:fh,l;t¥n~.fb '+1 (JHI 'u)78 

<i:' r :::at~ CO q-~ '<:t- Cpj + '<i:' df (f}l;t ::r :' <i:' ~ J- (JHI 'u)78 >1 ~ *}l;t~:!, 

CO~ '~~~~ >~~bI:lJ}l;t~:, '..2-c- r:::1 L if~[RHt!i 's:- r1~~..2-c- r:::1 

[xlHI 'xlHI] x = (g(X)a)+8p = V t 8 p 

~ ¥ nkfJ 'f ,'~ -c ,,of j.. *::r (2 +IJ- :':' '..2- C- }l;t -:j. 1 . <i:' ~ Cj if!:::1<:t-]1 Cj 

'<l;t L ::r £ if~C(g!t!i+l~:' '+I~~+CO lHI = )[ CO q-~ '<i:' +~~::r <i:' +:F!:il}l;t 

~}:§;@[gJ <F ..2-1 f~:::1 )[ ;tH:~~ S:- r CO 

,.::( '+lif~~CO~! 's:- et';L <i:' ~'<l;t::r fu}Jl~~<:t-*f:::1 [xJHI' xlHIJ/ xlHI ~~n¥..2­

c-}l;t-:j.1 '1 S:- et';L <i:':I ~}l;t~'7.f.c*f~~} :::1~~l!! ~¥n~fb 'Cj ~ S:- ~1 '<l;t 1 

.G~) ~ap = G~)~ap 
:s:-et';L 

<i:' ~ >-:j.1 ¥Hfi::r c~ CJ 2.\Y}l;t¥~CO* . -:j. C- ~ J- ::r :' +~ ~ '<l;t <i:' t!:~ ~ 1M* 

:::1 S:- r co,.::( J-~~ CO~~}l;t~n~fb '+rijtr~ § CO~b '-:j. C- ~J-::r :' CO:' :::f3I+' 

CO-:j.tt)&J- [L1] 4~C03:7 £'1761 CO~hl;t'f ,'~ -c~..f. ' -<.\- r; '-:j. c-'<l;t(f}l;t '::r:, 

~ <£f J..~*-+' [xJHI' xlH[J/ xlHI :1 [xlHI' xlHI] x ~~n¥l '<l;t 1 '::r:, ttl ~ +1J-~ 

*-<F..2-tt)c:::1 g <F..2- tt)C:::1 x +1 g(x)a=V-MIi..fL/ 'Cj'<l;tllff~C(g!t!iCO:' 

•<i:' ~~::r ::r :::1<t' + ~f~~ ~ tfrfl*!-II ~ ~¥ G? 
Cj~:':::1.g:¥~ '+I..2-tt)c:::lII1*i~ '<t'~'<l;t~:::1~~Cj'<l;t*WG? [0'17] +ltt)<t'~ 

[L 1] 1[1] 4~~ '..2- c.}l;t -:j.1 '<i:' ~ J- ~~[gJ:::1 Cte &j; ~::r ::r :' +~ ~ ::r :' <i:' ~ ~ 

~~ >~mfbI:lJ}l;t~n~fb'f ~~ -c ,,of +l~:' 'tt) ~ +1 >1 ~+l f!:JU:f~]g '1 df·1 

. <t' ~ J- B'E ij +1..2- t t) c :::1[J~¥CO U:~ "[{!:In 

'<t'~J-::r:, <t'~J-±T&~G? xJHI ;m*0~}1f. x '+ltpj~..fL/+~ 

''3'G? ~ -:.;. [<i:' ~ *~:::1 (lHI 'u)78 '<:t- (f ~ + ] <t' ~ J-±wf~ CO (lHI 'u )7D }l;t 
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.t .::. 0'IJ{'::' n:r M(n, IHI) ~= ~ '"("fJ.t~ L J: -J t -t 6 ~ t? !;f, 1TJUA:!±-t­
i@::r~i5-IHIx/[IHIX,IHIX] u {O} ~=t6.::.t~=~-Q. L'IJ"L, '::'(J)~15-!±iilJ~ 

(J) ~ (J)'IJ"? *(J)1fllWJ1E3J.'IJ{£'~'"(' ~ 6. 

fiflM)t}! 8. 3t~-=f~ [IHIX,IHIX] 1±ffi:~'IJ{l (J)l21JJCi5c(J).£-t/SJ~'"("~-Q. 

~iEj:i~. .:..:. '"(", l21J:7Ci5c x = a + ib + jc + kd,. a, b, c, d E JR (J)ffi: ~ Lt Ixl = 
-J"ti = Ja2 + b2 + c2 + d2 '"(" c1tJ -::J t::.. 3t~-=f I±-t"'" --C ffi: ~ 'IJ{ 1 '"(" c1tJ 6 ::. 
t I±~ t? 'IJ"'"("c1tJ 6. -1J, ffi: ~ 'IJ{ 1 (J)l21JJCi5cl± 3.:xJCfj(OO 8 3 t \P]-fl-c: 
~, 'ljJ(8 3 ) = SU(2) '"("c1tJ6. t ':'0'IJ{, SU(2) (J)JCI±-t""'--Cxtftj1TJUt 
~1~ '"(" c1tJ 6. J: -::J --C, 83 (J) JC I±-t"'" --C 8 1 , -t t:t ;b "0, C C IHI (J) q:t (J).ill: 
Pi, (J)JC t ~1~'"(" c1tJ 6. (.:. nl± ~ t::.:t~ - :Y' - -A ::J v - A (J)JE:@.'IJ" t? b1~ 

t? n-Q.) -f"':' '"(" z E 8 3 'IJ{l:};z t? nnLf, -f" n:r z = xyx-l, Y E 8 1 t 
£{t" .:. t 'IJ{'"(" ~ 6 . 

.:x~=, IlgJCi5cI±t"""'--C 2 ~(J)~l21JJCi5c(J)flt L--C£{~n6':' t :rJ!-Q . 
. ~l21JJC~ ib+jc+kd, b,c,d E JR ~1*:r JR3 t/SJ-f!t"6. ~--C, p,q E JR3 

~=xt L --C I±, p-1 = p/lpl2 = _p/lpI2 '"("c1tJ ~, ~ t::., 

pq = -(p, q) + p x q 

'"(" c1tJ -Q. t::. t!. L, (, ) I± JR3 (J) Jm1jt (J) I*JfJ '"(" c1tJ l), x I± JR3 '"(" (J)«:; f­

}l/ fl '"(" c1tJ 6. .:. n 'IJ" t?, l21J JC i5c I±t""'" --C 2 ~ (J) ~ l21J JC ~ (J) fJ t L --C £( ~ n 

-Q .:. t 'IJ{~:~H=1~ t? n-Q. 

~ --C, J:.(J) J: -J ~= z E 83 :r z = xyx-1, y E 8 1 t £{t". .:..:. '"(" y I± 
2*l~i5c1." c1tJ 6'IJ" t?, y = w t ~ 6 wEe :r J!~ ~t 6 .:. t 'IJ{1." ~ 6. -f"':' 

1." 2 ~(J)~l21JJCi5c p, qE JR3 :r t ~, w= pq t £(t". it::. Iwl = Iyl = 1 

t!.'IJ" t?, Ipl = Iql = 1 t L--c J: It). Lt::.'IJ{-::J --C, P = -p, if. = -q 1."c1tJ l), 

p-1 = _p, q-1 = -q 1."c1tJ6. t ':'0'IJ{':'(J)t~, 

z = xpqpqx-1 = xpq( -p)(_q)x-1 = xpqp-1 q-1 x -1 

= (xpx- 1)(xqx-1)(xpx-1)-1(xqx-1 )-1 

1." c1tJ ~, z 'IJ{3t~-=f1." c1tJ 6 .:. t 'IJ{JF ~ nt::.. 

mailto:J)JE:@.'IJ
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~IHiE~:-:::>v,-cL:J:, [9], [17] ,;J3J:rY[50] ~~PR:~nt-:v •. '::O)fIIH!V7EJlipG, 

lHfx /[lHl X ,lHI X ] lilE0)~tt~1*t 1J5]~ -c' &; .0 .:: t lJ~b lJ'.0. .:c-'::-c' 

w : IHI x /[JIJJX, lHI X ] -t ~+, w(x [IHI X, IHI X]) = Ixl 

t1E~ L, c)c~-ClEm1t~nt-:T' J. Fi'1T~UA~ 

Ddet(M) = w (det(M)) 

t1E~T.0. T'J. Fi' [17] Ii, ft.l(0)3-:::>0)0l]:!~111iUt-:T1T~UAlkjttdliv' 

Tn b 1PIlJ'&;.0 ~tt r E ~ ~: J: -:::J-C 

d(M) = DdetT(M) (5) 

O)%~:* ~ n.0 .:: t ~:lF L t-:. ~~~:*O)7EJl ~ M.ij. ~:iitlJ'~.0 .:: t lJ~-c' ~ .0. 

;E:l:' 9. L-c'J!t-=1T~UA~:-:::>v'-c*lJ~nx:f)JL-::>: 

Sdet M = detc ('l/J( M)) = Ddet2 (M), (6) 

detJRfL(M) = detJRcP('l/J(M)) = Ddet4 (M). (7) 

0A (6) lJ' G, ~ J. l' '7 T' 11T~UAli*'ffi~/ )1/),. (reduced norm) t MJZ, 
L -c v'.0 .:: t b jilt L -c,;J3 < [15]. 
~A (5) Ii L.E. ~f=rl) /' [52] I: J: -:::J -c -~1t ~ nt-:. $1J5]~~f~ v : lHI -t 

M(s,C) lJ~4;tGnt-:t L, .::nl:J:-:::J-cMr.GT.0$IJ5]~~f~v:M(n,IHI)-t 

M(ns, C) ~7E~T.0 t ~, detc v(M) = DdetS(M) 1:&;.0. 

ft.l(O) 3 -:::>0)0l]:!~:1Jo;t -C, T'J. Fi,1T~UAliv. <-:::>lJ'0)'11~~111iUt-:T [1, 

17, 40]. 1T~U In - 2ejj Ii In 0) j 1!t§O)M~fflG5t~ 1 lJ'G -1 ~:fi:~~;t 

t-: b 0) 1:&; f), .:: n ~ 1£lJ' GfiH t .0 t ~ j 1T t.:l t lJ~ -11~ ~ n.0. L t-: lJ~ -:::J 

-c, 1T~U Pij = (In - 2ejj)Bij(1)Bji(-1)Bij(1) ~1£lJ'G:Jirlt.0 t, i 1!t§ 
0)1T t j ilH3 0)1T t ~ An~;t.0 .:: t ~: ~.0. t.:: '0 lJ~ -1 E [IfJIX, IHIX] 1: 

&;.0lJ'G, detPij = 1 [lHIX,IHIX] 1:&;.0. T~bi?, 2-:::>0)1T~An~;t-c 

b T' J. Fi'1T~UAli~bG~v'. 

t-: t ;t l:f n = 2 O)t~il-, a =J 0 ~ GI:f 

det (a b) = det (a b) = (ad _aca-1b) [lHI x , lHI x ] 
c dOd - ca-1b 
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-ccli.>IJ, 

del (~ :) = del (~ :) = cb[Er 
x 

,Er
X

] = -belEr
x 

,ErX
] 

l"cli.>~ . 

tt.::, cli.>~iT~tctpG m115T~, cli.>~v)Lt, 2b~~IJ~:titpG m115T~c, 
iT~IJ5:\; ~i m [JEIx , ll:JIX] -m: ~ n~. (~1&O)tIHt~ ~itc;6~ Gl" ~ :titp Gl" ~ J: v). 
Cv)-) O)~i, JEIx /[JEIx,JEIX] ~i1'iJ~l"2b~;6~Gl"2b~.) 1i:B1J, 

det (1 a) = (ab _ ba) [JEI x , JEIX]
b ab 

l" 2b ~ ;6"', 

X
blEr ,ErX

] del G:) ~ a 

l" 2b IJ, iTO):ti;6~ G0) A iJ 7 -115 ~it151J ili-tt 7':t v). 

L;6~ ~, 130t!~: I$€l L"( ~i :: O)iT~U5:\;~i -) t <1*~. -:::> "( <n7':t v). iT~U5:\; 

~ ~ liT v 0) I$€l~)( c J!"(, 1tBO)qT!i1l:~ "(13 <. :: O)I$€l~j( ~ m(v) c:l=:: -) . 

*~ #{JF JEIX / [JEI x , JEI X] ~: 130 t! ~ 

a [JEI X, JEIX] +b[JEIX,JEI X ] = {ak1 +bk2 \ k1 ,k2 E [JIP,JEIxn 

"'C5E~ L J: -). :: 0) c ~ , 

m(vl + V2) C m(vl) + m(v2) 

~ 7FT:: c ;6"'"'C ~ ~ [1]. ~ L det 0)1i::b IJ ~: Ddet ~ ffl v), Mr.t,T ~ ~ 1 

iTO)~~j(~ M(v) c:l= <7':t GLf, -~iO)-=jff1~~5:\; 

M(VI + V2) ~ M(Vl) + M(V2) 

;6"'1~Gn~. 
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1>.-7 

flt4Ii'i"1 1) -O)iT:9U:r\;-rfiiJiI'i'i fv'O)iI"~ ~~.:. t iI" G~f3d)t::.. lil" l, 

t ~~=~i~nil'i'-) i <f!BJJ<. -~l=~i~~O):r\;li~P*~~~~v'':' til'i'bil"-J 

l"v' ~ tv' -) 0) l=, d.> ~l!O)iT:9U l=M l-c ~i~P* ~1~-:=> t v' -) O)iI"? ~ X. ~i, 

b lI.Jv ~ - 1'89 ~ tzg5G~tiT:9U (M* = M) ~:f!JU~.i l-C l i x.l:f, ~ffl ~ ~ 

~til,q~ Gn~. t::.t-: l, jk~:r\;O)5fDo) n! 1~0)JJi:0) ~-T-l=d.> ~)II~]f; ~~~T ~ 

£,~iI'i'd.>~ . .:.n~:-:=>v'-cliI.l) 7-:f-1>.· ""1 AT1 /~fA" 1>.-7 (~~~= 

I*lT ~{~~c89~'I1f¥lili [37] ~~~R) iI'i'fJJd)-ct§€~;J It::.. 1~O)iT:9U:r\;~ Mdet 

t :t: <.:. t ~= T ~ . 
*~nO) (T~btnX*O))~~(T~t~. ~n~~@x*~~~~ 

v,~@J~~O)*ft l-c£(T. ~n~'nO)~@J~~~=:mn~~t*~~@J89~=j1J 

iI" l -C, ~O) q:t 0) 1 :i=/J'\ ~ v'~t*iI'i'JNfJJ ~=* ~ J: -) ~= T ~. -:=> v' "CT.rZ -c 0) 

~@J~~~~O)JNfJJO)~t*iI'i'*~ v,jjil" G)II~~=* ~ ~ ~=1tE -J -Cill2..rZW!T. ~ 

v,~x.nl;f, 

(T = (nll ... nIh) (n21 ... n2l2) ... (nrl ... nrlJ 

-r, ~ i ~=M l-c nil < nij (j > 1) "Cd.> ~, iI"-:=> nll > n21 > ... > nrl 

t T ~. ~ 0)1:"C, Moore iT:9U:r\; ~ 

MdetM = L 1(Tlmnlln12" ·mnlllnllmn21n22·· ·mnrlrnrl 

aESn 

~=J:-J-c~~T~. b l H iI{I.Jv~-1-89~iT:9U"Cd.>nl;f, MdetH ~i~ 

~t"C d.> ~. .:..:. "C li~~*m ~= liJE'~h.j6 i ~ v'iI\ 1>. - 7, :; -'V :1 7· '/ /, Y'1 

'//, ;)--7, TJ../, r)Y/' f7-:~;l:J3J:Lft:"'JT/'::'0)~X[5,11, 12, 

20,21,27,28,32,33,34,39,49, 50] ~~~,R~nt::.v'. tliv'x., v'< Gil" 
0):1;) / 1-~l-c:J3':'-). 

-~ ~= Ii, tzg5G~tiT:9U0) ~ ~{@: ~= -:=> v' -c~.rZ ~ 0) Ii ffi ~ -r d.> ~ [13, 29]. 

ft4 ~i;:b*"lt~~Fa~~1.&-J -c v' ~ iI" G, ;:b~~{@: ~~ x. ~ ~tnl;f~ G~ v'. ~ 

.:. -r, 

MX=XA 
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t -t 6 C, q i- a ~=:M L -C 

M(xq) = XAq = (Xq)q-l Aq 

~ 1~ 6. L t-: iJ{ -:J -C, A 0) -t,r( -C 0) ~{~7C t ~:ff ml" cb 6 . 

-f-:'l"~1)t~~=-:::>v'-CYLlf'~#:i6Ivl"Jil..J: -? lm7CtX q E IHI ~=ML-c, J;. 

it p(q) ~. p(q)(x) = qxq-l l"JE~T 6. -:. 0) C ~, p(q) Lt~tx~ ~~~ 

~= 1* t:>, 11!xr£~ l" cb 6 iJ> G, ~1ITl7C~O)~ra~ IR3 "f/JUmtT 6 -:. CiJ'r-c" ~ 6. 

~~ ~= ibiJ>6 J: -? ~= [18], q = qo + q', qo E IR, q' E IR3 C7tM-T 6 C, p(q) 

Lt IR3 O)@]!/!il", ~Lt q', ~BHt 2arctan(lq'l/qo) l"cb6. -:.niJ>G, t L 

x iJ'r~tx-c" cb tu::t', x 0)~1)t~ Ltll! ~= {x} -c" cb 6. c -:. 0 iJ'r X E 8 3 - {±1} 

~=Jt L -C Lt, -f0)~1)t~I:t~~~iln=11!~T 6 8 2 0) ~ t! - -c"cb -:J -C x ~-B­

u t 0) l" cb 6. ~ -C A = AO + A', AO E IR, A' E IR3 C L J: -? -:. 0) c ~, 

qAq-l = Ao+qA'q-l l", A' 0)~1)t~I:t i!MIc ±1A'!i 0) 2,9:-c"xib6. L 

t-:iJ'r -:J -c, ~txtJ,j1.O) ~:ff~0)~1)t~I:t t:> J: -? C' 21fm O)~*~ ~-e;-#, -fh 

Gl:tliv' ~=~1)t l" cb 6. 

*,1n~tx P c v = u + jw ~=M L -C l:t, M v = vp -C' cb 6 t-: 66 0)£,~-t7t~ 

i4: l:t, 

1P(M) (:) = (:)p 
l"cb ~, ~ t-: 1P(M) 0)~:ff~I:t~1)t~*~O)Jt c L -C:ffl.n6 -:. CiJ'r, ~~t8 

1ffi'*l13tEI=J: -:J-C~jf~-c"~ 6 [29]. Lt-:iJ'r-:J-C, 1P(M) 0)~:ff1@:I:tt:> J: -? C' 2n 

1fm0)1l*tXAl, ... ,An c Al, ... ,An -c"cb~, -:.n~=J;tJZL-C M 0)~:ff1@: 

l:t Al, ... ,An 0)~1)t~0)~*-c'cb6. t:.t!.L, ~ Ai l:t Ai l"ti~~;t-ct 

mib~v,. 

-:. -:. ~ -c'*nl::t'*~5FTo)I:t~~l"cb6 [29]. 1-r~U M l:t=~1-r~U c:,,- / 

7°v 7 T 1 '/ 7 ~=;f§1.[;A -c"cb ~, J;t~J$t:fr di l:t Ai iJ> Ai I=~ Lv' J: -? ~=l" ~ 

6. lm7CtX1-r~1J0)1~il~~::-:::>v'-C0)~G~6'IIUIH:t [27], [29], [41], [45].t:JJ: 

[1' [51] ~ ~~~ ~ nt-: v'. 

~-C, ~Wf~.I.)v~ - r1-r~U H ~=~.i0-? -:'O):J;~iI, H 0)~:ff1@:I:tT,r( 

-C~~l" cb 6. (L t-:iJ'r -:J -c, ~~1)t~~:t t-: t!. 1 -:::> O)~~iJ> G~ -:J -C v' 6 iJ> G, 

1lQ1tx t t:>J: -? c' n 1lQ1l" cb 6.) ~ G~=, 1-r~1J l:t Y /7° v 7 T 1 '/ 7 ~=M~1~l" 
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~:6. T1J:vi?, tp = p-l :a:?~t':T J: --) 1J:1TJU p E GL(n,JH[) :a:J.@::?:!3~:~ 

"Lt', 
PHtp = D 

-r, D ;6{;% 0) MjFj1TJU ~: 1J: -0 J: --) ~: -r ~ -0. 

-:. tL -r L, ~ 71TJU:A: t 1iJ! 0)1TJU:A: :a: ~ 1* -::1 ~ t -0 *0) JEJlI! :a: mE ~ T -0 -:. t ;6{ 
··e~-0. 

:tEll 10. [gJC~5c.I.)v ~ - r- iE:JJ1TJU H ~:j;j L -c, 

I:Mdet HI = Ddet H J3 J: U' Mdet H [JH[x, JH[X] = det H (8) 

;6{][x: ~ .lL-:::>. '1 t.: t~O) J: --) 1J:[gJC~5ciE:JJ1TJU M ~:j;j L -c?b, 

SdetM = Mdet(MM*) (9) 

;6{][X: ~ .lL -:::> • 

~iEl'lf.l. .I.)V ~ - r-1T JU ~:j;j L -C Lt, A - 71TJU:A: Lt [1!!] iffW: 0) UU:: ~ L" ) -:: 

tihF%-0. J:~-C MdetH ~±;%f:HW:-c'ib-0. fiJ!:JJ, j;jjFj1TJUO)iE!JH~ 

T'::L F:r,1TJU:A:~±MjFj][x:5tO)fI0).J )VA-c'~-0. J: ~-c (8) ;6{1~GtL-0. 

*~: (9) :a:~iE~T -0 ~:I±¥~: MM* O)[1!!]iffW:7J{iE-c'~-0-:: t ~:¥£E1 L-c, 
fIO)y*~ljt (6) ~ffl")tL~;fJ:"). 

~1&~:, H ;6{.I.)v ~ ~ r-1TJU-c';itytLLf, 

t(J'ljJ(H)) = - t'ljJ(H)J = _Jt'ljJ(H) = -J'ljJ(H) 

l:;ity ~, L t.: ;6{ ~ -C, J'ljJ (H) I±iliM~~ l: ;ity -0 ;6" G, .:c- 0) J '\ 7 %J:\::a: t -0 -:: t 
;6{l: ~ -0 [:1.4]. t -:. 7:J ;6{, 

pf (-J'ljJ(H))2 = detc (-J'ljJ(H)) = Ddet2 H = Mdet2 H 

l:;ity ~, J: ~ -C 

Mdet(H) = pf (-J'ljJ(H)) 

;6{1~ GtL -0. J'\ 7 %J:\:0)1iJ! 0) );[)fiIH: oJ") -C ~± [2] t [3] :a: ~~R ~ tL t.:"). 
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SP(n) 

friH6< < ~ C l-c, ::tLG0)71T'70)Nf*Ij:);tJtH=-:::>v'-C~!l!tL~.rl±t 
YJ~=J "("~-"Zt-=J: -) ~=, tf SP(n) I± n:rrn LO)r*J~~1:lf!:-:::>~~tfc l-cJE~T 

~:: ciJ{'''(''~~. liJ~ l::O)tfO)Jm-m-O)~c~"(,,I±, 'IjJ ~=J: ~-f0) M(n,C)"" 

O)f~c l-c~itGtL-cv,~. ::tLG0)1T71j0)1T71j~1±, ~~~=~iJ~YJGtL~ 

J: -) ~=, ±1 ,,(,,&iJ ~. $~ c l-c I±, :: 0)1T71j~1± 1 -c'&iJ ~, v' <-:::>iJ~O)~iEl¥J 

1t:iJ{'&iJ~iJ{', ::tLI±L~CO)*5*iJ~G blF~tL~. c v'-) O)I±, 'IjJ(GL(n,lliI)) 

~=~ 1 tL~ 1T71j I± -t-"Z -c iE0)1T71j~ ~f~"? -c It' ~ iJ~ G"(" &iJ ~. 

;f5~* c l-c, 7')v 7 7 /' ~ - V:$' 7 ~= J: ~ JiiJlIO)~~Jt [22] b 1§'ilii l-C J3 <. 
J~%1j: iJ{' G, -f 0) r*J?iH=1L t A ~ :: c I±:: O)~~mO)t~ ~ ~ it -c It' ~. 
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