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Abstract

Let R be an indecomposable root system. It is well known that any root is part of a Basis
of R. But when can you extend a sét, of two or more roots to a basi® of R? A z-system is a
linearly independent set of roots such thakifind 8 are inC, thena — 8 is not a root. We will
use results of Dynkin and Bourbaki to show that with two exceptignsC B, and A7 C Eg, an
indecomposable -system whose Dynkin diagram is a subdiagram of the Dynkin diagramRcah
always be extended to a basisrf
0 2005 Published by Elsevier Inc.

1. Introduction

Let R be an indecomposable root system in a Euclidean spade subsetB of R is
called a basis oR if B is a vector space basis &f and each root oft can be written
as a linear combination of roots iB with integral coefficients that are all nonnegative
or all nonpositive. It is well known that any root is part of a baBiof R. But when
can you extend a sef;, of two or more roots to a basiB of R? A w-system [3,4] is
a linearly independent set of roots such tha&ifind 8 are inC, theno — g is not a
root. (It is not assumed to be linearly independent in [4].) A subset of a basis will be
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a -system, and a-system will be a basis of a subsystem. We can associate a Dynkin
diagram to ar-system, and in order to extend to a basikothe Dynkin diagram of the
m-system must be a subdiagram of the Dynkin diagrank oBy a subdiagram we mean

a diagram obtained by deleting some nodes and their corresponding links. We will assume
that the nodes corresponding to short roots are marked, and that the subdiagram preserves
the marking. Hence two orthogonal short roots do not form a subdiagradiy, efhile two
orthogonal long roots do. We will use results of Dynkin [3] and Bourbaki [2] to show that
with two exceptionsAsz C B, andA7 C Esg, an indecomposable-system whose Dynkin
diagram is a subdiagram of the Dynkin diagramsRofan always be extended to a basis

of R. Our techniques can easily handle the decomposable case, too, but the results become
more tedious to state, and we feel that it would distract from the main ideas of the paper.

2. Resultsfrom Dynkin and Bour baki

If C is a set of roots, thepC] denotes the set of all roots iR that are linear combi-
nations of the roots irC. Let IT be anx-system, and lefl’ be ax-system obtained by
adjoining the lowest root to one of the indecomposable components ahd then re-
moving one root from that component. We will say that is obtained from/T by an
elementary transformation.

We will first state three results due to Dynkin [3, Theorems 5.1-5.3].

Proposition 1. Let C bea w-systemin aroot system R. Then [C] isa root subsystem of R
with basis C.

Proposition 2. Let C be a 7-system in an indecomposable root system R of rank . Then
C can be extended to a r-system, D, with n elements.

Proposition 3. Let D be a w-system with n elementsin an indecomposable root system R
of rank n. Then D can be obtained by a sequence of elementary transformations of a basis
of R.

This shows that extending will not always give us a basis &, but that the extension
can be obtained by a sequence of elementary transformations of a b&sis of

The next three propositions are due to Bourbaki [2, Chapter 6, Section 1, Corollary to
Proposition 4, Corollary 4 to Proposition 20 and Proposition 24].

Proposition 4. Let V' be a subspace of V and let V" be the subspace spanned by R’ =
RN V'.Then R" isaroot systemin V”.

Proposition 5. If B” a subset of a basis B of R and V' the subspace of V spanned by B’,
then B’ isa basis of theroot syssem R" = RN V',

Proposition 6. Let B’ beabasisof R = RNV’, where V' isa subspace of V. Then B’ can
be extended to a basis B of R and R’ isthe set of rootsin R that are linear combinations
of elements of B’.
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Then next result is a simple combination of Propositions 1-6.

Theorem 7. Let C bea w-systemin R and let V'’ the subspace of V spanned by C. Then
[C]isaroot subsystemof R" = RNV’, C can be obtained froma basisof R’ by a sequence
of elementary transformations, and C can be extended to a basis B of R if and only if C is
abasisof R’,i.e,[C]=R'.

3. Extension results

It follows from Theorem 7 thaf will extend to a basis oR unless there is a root system
R’ such that

[ClC R CR,

where rankC] = rankR’ < rankR, [C] # R’ and C can be obtained from a basis &f

by a sequence of elementary transformations. We are for simplicity assumingCthat
is indecomposable, and hengé is also indecomposable. The next lemma is proved by
inspection of the extended Dynkin diagrams.

L emma 8. The only indecomposable roots systems [C] € R’ where C can be obtained by
a sequence of elementary transformations of a basis B’ of R’ arelisted below; D4 C Fy is
obtained by using two elementary transformations, while all the other only require one:

A3 C B3, D,CB, fornx=4, A7 C E7,
Ag C Eg, Dg C Es, By C Fg, Dy C Fa, As C Go.
Since our pairs must sit inside a root systgtnof higher rank, and the diagram 6f
must be a subdiagram of the diagram Rf there are only two cases that satisfies our
conditions,A3 C B3 C B, and A7 C E7 C Es. We must also be able to tell whethér

really sits inside the extended diagram®f In that case we can get outside [6f] by
taking linear combinations of the roots@h as described in the next theorem.

Theorem 9. An indecomposable 7-system C in R can be extended to a basis B of R,
unless [C] C R ison of the following two cases:

1. A3C B, for n > 4 and C = {r1, r2, r3} has Dynkin diagram

rn r2 3
o——c—0

and (r1 + 2rp +r3)/2isaroot in By,.
2. A7C Egand C = {r1, ..., r7} has Dynkin diagram

r r r3 rg rs g ry
O O
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and either

(r74+ri+2ro+3r3+4rs+3rs+ 2rg) /2 OF
(r1+r7+2r6+3r5+4r4+3r3+2r1)/2

isarootin Eg.

Proof. We cannot use the pairs in Theorem 8 involvifig F, andG2, because we cannot
fit them into any bigger root systems. We also cannot fifaliagram insideB,,, so we are
left with A3 C B3 C B, andA7 C E7 C Eg.

We will use the bases for the root systems listed in [2] and denote the lowest regt by
The only wayC can fail to extend is ifC is obtained from &’ diagram by an elementary
transformation, in which case we can get outsid@f by taking linear combinations of
the roots inC.

For A3 C B, eitherAs is be the Y-branch at the end of the extended diagraB®gasr
Agz is part of the diagram oB,,. In the first caser, = a2 and eitherr; or r3 must be the
lowest root— (a1 + 202 + 23) and the other must bey. In either casey1 +2r2+1r3) /2 =
—a3 = —e3, Which is a root ofB,,. SoV’ is the span ofe1, e2, e3}, and R’ = B3 while
[C] = As. HenceC cannot be extended to a basisRyfby Theorem 7.
ri
az 1 ©

r3
O

However, ifC = {1, a2, a3} corresponds to aA 3 that is a subdiagram of the diagram
of B,, then(r1 + 2r» + r3)/2 is not even a root afi,. In this casé/’ does not contain any
short roots, s’ = [C] andC can be extended to a basisByf.

For A7 C Eg, the A7 is either part of the diagram dfg or is part of the extended
diagram ofE. We can assume that s either of the form

C={a1,...,ag} —{e2} or C={ag,o1,...a7}—{e2},

whereag = —2a1 — 202 — 303 — 4ag — 3as — 206 — a7 is the lowest root of£7. In the
second case we do not know whetheror r7 is the extended root, but by an argument
similar to above, either

(r1+r1+2r24+3r3+4rg+ 3r5+ 2rg) /2 OF
(ri+r7+2r6+3rs+4ra+ 3r3+2r1)/2

will be equal to—a2, while in the first case neither will be a root. The reason why we need
to look at both expressions is because we do not know the orientation df,tHe&agram
inside the extended7 diagram. It follows that in the first cagé can be extended to a
basis ofEg, while in the second cagg can only be extended to a basisA¥. O

Notice thatC = {a1, a2, ag, } = {e1—e2, e2 —e3, —e1 —e2}, Wherexg is the lowest short
root in C,, is not a w-system inC,,, sincee; — ex — (—e1 — e2) = 2eq is a root inC,,. We
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initially considered linearly independent sets of roots with nonpositive inner products, i.e.,
linearly independent, admissible sets of roots instead-sjstemsx -systems are always
admissible, and for simply laced root systems, indecomposaisiestems are admissible,
since the only way the difference between two roots can have the same length as the two
roots is if the angle between themsg3. However,C C C,, shows that this is false for
multiply-laced root systems. In particular, [4, Exercise 34, p. 177] appears to be incorrect.
(They do not requirer-systems to be linearly independent, but that does not make any
difference.)

Notice thatD, C By is listed in Lemma 8, whileD, C Cy is not. There are two stan-
dard ways of constructing equal rank inclusions of root systems. One is to use elementary
transformations and is used by Borel and de Siebenthal [1]. The other is to consider the
set of short and long roots in multiply-laced root systemgs.forms the long roots irBy
and the short roots i, but only the B, inclusion can be obtained by an elementary
transformation.

Notice also that we only talk about root systems, and not about Lie subalgebras. Unless
we know something about the Cartan subalgebras, inclusions of root systems and inclu-
sions of Lie algebras will not necessarily correspond. The fact Bhatt C; does not
imply thatso(2n) C sp(2n).
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