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LAWS OF TRIGONOMETRY ON SU(3)

HELMER ASLAKSEN

ABSTRACT. The orbit space of congruence classes of triangles in SU(3) has
dimension 8. Each corner is given by a pair of tangent vectors (X,Y), and
we consider the 8 functions tr X2, jtrX3, trY?, itrY3, v XY, itr X2Y,
itrXY? and tr X2Y2? which are invariant under the full isometry group of
SU(3). We show that these 8 corner invariants determine the isometry class of
the triangle. We give relations (laws of trigonometry) between the invariants at
the different corners, enabling us to determine the invariants at the remaining
corners, including the values of the remaining side and angles, if we know one
set of corner invariants. The invariants that only depend on one tangent vector
we will call side invariants, while those that depend on two tangent vectors will
be called angular invariants. For each triangle we then have 6 side invariants
and 12 angular invariants. Hence we need 18 — 8 = 10 laws of trigonometry.
If we restrict to SU(2), we get the cosine laws of spherical trigonometry. The
basic tool for deriving these laws is a formula expressing tr(exp X expY) in
terms of the corner invariants.

1. INTRODUCTION

Given a triangle in R®, we associate to each corner the s.a.s. data (side,
angle, side) at that corner. This determines the congruence class of the triangle,
and knowing the s.a.s. data at one corner, we can use the laws of trigonometry
to determine the s.a.s. data at the remaining corners. Another way of looking
at this is to say that to each triangle we associate 6 invariants, the 3 sides and
the 3 angles. The s.a.s. congruence axiom tells us that the space of congruence
classes only depends on 3 invariants. Hence, there must be 6 — 3 = 3 relations
between these 6 invariants given by, for instance, the 3 cosine laws or one cosine
law and 2 sine laws.

There are classical generalizations of this to $* and H* (spherical and hyper-
bolic trigonometry). The generalization to the other simply connected constant
curvature spaces, i.e., R", S" and H", is immediate, since given any triangle
A in R" (resp. S", H"), we can find a totally geodesic submanifold N with
AC N and N isometric to R’ (resp. St H? ).

Received by the editors May 25, 1988.

1980 Mathematics Subject Classification (1985 Revision). Primary 53C35, 15A72, 20G20.

Key words and phrases. Invariants, trigonometry, Lie groups, symmetric spaces.

Partially supported by a grant from the Norwegian Research Council for Science and Humanities
(NAVF) and NSF grant DMS 87-01609.

© 1990 American Mathematical Society
0002-9947/90 $1.00 + $.25 per page

127



128 HELMER ASLAKSEN

The classical geometries (R", S”, and H") can be characterized by being
2-point homogeneous and satisfying the s.a.s. (side, angle, side) congruence
condition. If we try to do trigonometry on the other 2-point homogeneous
spaces, we will therefore need more invariants than the size of the angles and
the length of the sides.

The trigonometry of P"(C) was studied by Wilhelm Balschke and Hans Ter-
heggen [BT] in 1939, after partial results by J. L. Coolidge [Co] in 1921. (Since
any triangle in P"(k) lies in a totally geodesic submanifold isometric to Pz(k) ,
it is sufficient to study the trigonometry of Pz(k) .) A different approach was
taken by P. A . Sirokov [Sir], who obtained more complete results. Sirokov died
in 1944, but the results were found among his papers, and published in 1957
by A. P. Sirokov, A. Z. Petrov and B. A. Rozenfeld. Using H. C. Wang’s
classification of the 2-point homogeneous spaces from 1952 [Wa], B. A. Rozen-
feld [Ro] generalized Sirokov’s results to all the compact 2-point homogeneous
spaces, i.e., quaternionic projective space and the Cayley projective plane. In
1986, Wu-Yi Hsiang [Hs] independently developed the trigonometry of all the
2-point homogeneous spaces, using a unified geometric approach which applies
equally well to the noncompact case. In 1987, Ulrich Brehm [Br] modified
Hsiang’s results, using an approach similar to [BT].

Hsiang’s approach is to associate to each corner a set of four invariants, the
length of the two adjacent sides and two angular invariants. He shows that
this “s.a.s. data” determines the congruence class of the triangle, and since we
get a total of nine invariants (three sides and six angular invariants) we need
9 —4 =5 laws of trigonometry relating the invariants at the different corners.

The 2-point homogeneous spaces are precisely the symmetric spaces of rank
1. The rank of a symmetric space can be thought of as the minimal number of
invariants for the isometry class of a pair of points. It is therefore natural to
start looking at symmetric spaces of rank > 1. When we went from the constant
curvature case to the other 2-point homogeneous spaces, we had to include more
angular invariants than the size of the angle. When going to rank > 1, we will
also need more invariants for each side. Given a symmetric space of rank »n , we
would like to find a minimal complete set of invariants corresponding to each
corner, and a minimal set of relations between the invariants at the different
corners.

Among the most fundamental symmetric spaces are those obtained by putting
a bi-invariant metric on a compact simple Lie group of rank ». In this paper,
we will study the trigonometry of the rank 2 group SU(3).

This paper is a shortened version of my Ph.D. thesis, written under the
supervision of Professor Wu-Yi Hsiang. I am grateful to him and Hsueh-Ling
Huynh for many helpful suggestions.

2. THE INVARIANTS OF SU(3)

The Lie algebra of SU(3) is denoted by su(3), and the (standard) maximal
torus by 7. We will use the identification TgSU(3) = (lg)*su(B), and the
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bi-invariant metric induced by (X,Y), = —$tr(XY). (The reason for the

1 factor is to make SU(2) c SU(3) isometric to S3(1) .) Since the metric

is bi-invariant, the geodesics are left- and right-translations of one-parameter
subgroups. Since we have chosen to identify 7,SU(3) = (l 2).5u(3), we will
write geodesics in the form

c(t)y=gexptX, where g € SU(3), X €su(3) .

Consider a triangle A = (A4, B, C). Since we are only interested in the isometry
class of A, we can assume that C = I;.

B=exp Z=exp X exp Y

c(t)=exp X exp tY

3 A=exp X X, Y, Ze su(3)

FIGURE 1

It is well known that IO(SU (3)), the identity component of the isometry
group, is given by I°(SU(3)) = SU(3) x SU(3), where (g,,8,)(h) = g,hg;
For the full isometry group, we must include the outer automorphism c(g) =g

and the geodesic symmetry at the identity s(g) = g_l . This gives [Lo, vol. 2,
p. 152]

I(SU3)) = (SU3) x SUB)) x ({I, ¢} x {I,s}) .

The group of isometries fixing I, is I(SU(3),1;) =SU(3) x ({I,c} x{I,s}),
with connected component IO(SU (3),1;) = SU(3). The induced action of
I(SU(3),1;) on su(3) ®su(3) is given by

2Ad(g)(X,Z) = (gXg ' .gZg~
0, (X,2)=(X, 7)
s, (X,Z)=(-X,-2Z).

We now observe that the set of congruence classes of triangles in SU(3) is
the same as the orbit space of the induced action of I(SU(3),I;) = SU(3) x
({I,c} x{I,s}) on su(3)®su(3).

For simplicity, we will first consider the 2 Ad-action of IO(S U@3),1L,) =
SU(3) on su(3) ®su(3).

Lemma 1. The dimension of the orbit space 2su(3)/2 Adgy s Is 8.
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Proof. Let (X,Z) € su(3) @ su(3). We can assume that X is diagonal.

ia 0 0 ir « B
Xz(O ib 0 ), Z:(—a is y )
0 0 —ila+b) -B -7 —i(r+s)

If X is regular, ZSU(3)(X) =T and

u 0 0 ir Ul uzvﬂ
Ad 0 v O (Z)=| -wva is uv’y .
0 0 w ~TTB —WT —i(r+s)

It follows that the principal isotropy subgroup of 2 Ad is Z,=272(SU(3)), so
the orbits are 8-dimensional and the dimension of the principal part of the orbit
spaceis 16 —-8=8. O

Since SU(3) is compact, it is possible to find a set of SU(3)-invariants on
su(3) @ su(3) which will separate orbits. We will call such a set a complete
set of invariants. Since the dimension of the orbit space is 8, we would like
to find a minimal, complete set consisting of 8 invariants. Let R[25u(3)]SU(3)
denote the polynomial SU(3)-invariants on su(3)®su(3). Aset {f,,...,f,} C
R[2su(3)]su(3) is called a basis if every f € R[2su(3)]SU(3) can be expressed
polynomially in {f,...,f,}. Wewill call {f,...,f,} a minimal basis if it
is a basis and none of the f ’s can be expressed polynomially in the other fj ’s.
There might still be polynomial relations (syzygies) between the invariants in a
minimal basis, we are just assuming that we cannot solve for any of them as a
polynomial in the others.

Lemma 2.

SU

R[2su(3)] . {trf(X,Z)|f is a monomial in X ,Z € su(3)} .

Proof. From [Sib] we know that the unitary invariants of X and Z are the
affine invariants of {X,X",Z,Z"} and that the affine invariants are given
by traces of monomials in {x,x”,z,z"}. But in our case, X" = —X, and
Z" = —Z , so the lemma follows. O

In order to reduce expressions of the form tr f(X, Z), we will use the polar-
ized Cayley-Hamilton Theorem, first used by Dubnov [Dul] in 1935 and later
by Rivlin [Ri] in 1955. (For the n x n case see [Le].) The Cayley-Hamilton
Theorem for M(3,C) can be written as

M = M tr M+ I M[(tr M) = tr M7

(1) 3 2 3
—Ijtr M —Jtur M tr M + L(trM)'1=0.

Polarizing this, we get the multilinear version.
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Lemma 3 (The polarized Cayley-Hamilton Theorem).

MNP+ MPN + NMP + NPM + PMN + PNM — M[tr NP —tr Ntr P]
—N[trMP —trMtrP]— P[tr MN —tt Mtr N]— (NP + PN)tr M
—(MP+PM)trN— (MN+ NM)trP
—I[trMtrNtrP—trMtr NP —tr Ntr MP —trPtr MN

+trMNP+trPNM]=0.

Using the polarized Cayley-Hamilton Theorem, Dubnov [Du2] showed (see
also Rivlin [Ri]):

Lemma 4. A basis for traces of polynomials in two arbitrary 3 x 3 matrices is
given by the 12 invariants
2 3 2 3
trX,trX ,tr X ,trZ,trZ° ,trZ" ,trXZ,
wX’Z, w X2, u X2, uXZX' 2, wZXZ° X" .
Furthermore, tr XZX*Z* and wZXZ 2Xx? are the roots of a quadratic equation

with coefficients expressible in terms of the 10 other invariants.

Remark. This quadratic syzygy is very complicated. Dubnov only indicates how
to get it, and does not give an explicit formula.
For skew-Hermitian, tr = 0 matrices, this can be reduced further.

Lemma 5.
rZXZ' X’ =tr XZX°22,
Retr XZX°Z? = L r XZu X’ Z* +u X’ ZuwXZ' - Lu X’ Z’].

Proof. The first statement is immediate since X and Z are skew-Hermitian.
For the second statement, we use the polarized Cayley-Hamilton Theorem. If

we set M = N =X and P = Z, multiply on the right by XZ?* and take the
trace, we get

Q2rXZX2Z 420 ZXZ X 420 X 22

(2) 2,2 2 3 2 2
“2tr X Z°tur XZ —tr X tr XZ -2tr X Ztr XZ"=0.

Similarly

(3) Xz’ =luxzuz’,

(4) uX’Z =luxX’uxzuz’+lux’uz’.

Substituting (4) and (3) into (2), the formula in Lemma 5 follows. O

Observe that tr X° , tr z? ,trXZ and tr X%7? are real-valued, tr x? , tr A ,
tr X2Z and tr XZ? are purely imaginary and tr XZX*Z* is complex.
Combining Lemmas 4 and 5, we get the following proposition.
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Proposition 1.
X it X, w2’ uXZ,iwX°Z, it XZ*, w0 X°Z*
and Imtr XZX>Z* form a basis for R[2su(3)]°°%.
Let us denote the 8 first invariants in Proposition 1 by {/,,...,I;}. Since
the dimension of the orbit space is 8, we are interested in the extent to which
{I,,...,1;} determine the orbits. Dubnov’s quadratic syzygy suggests that they

in general will only determine pairs of orbits. We will give a direct proof of
this.

Proposition 2. {I,, ..., I} will in general only determine pairs of orbits. Specif-
ically, consider the two pairs (X ,Z,) and (X ,Z,) with

ia O 0
X=|0 ib 0 ,
0 0 —(a+b)

ic r p+iq ic r -p+iq
Z, = —r id s , Z,= —r id s ,
-p+iqg —-s —i(c+d) p+ig —-s —i(c+d)

where X is regular, r,s >0, and p #0. {I,,...,I;} will agree on the two
orbits containing (X ,Z,) and (X ,Z,) respectively. Otherwise {I, ..., I3} will
separate orbits.

Proof’. Consider the pair (X,Z). Since we are only interested in the orbit of
(X,Z), we can assume X is diagonal,

ia 0 0
X=(O ib 0 , a>b>—-(a+b).
0 0 —i(a+b)
Now
u 0 0 ic « B
Ad (OU 0)) Sa ) ))
5) 0 0 uwv B -7 —(c+d)

( ic Ul u*v B )

_ ) 2

= | —-uva id uv’y ,

7B —wv'y —ilc+d)

so by choosing ©# and v properly, we can bring Z into the form

ic r p+iq
Z = —r id K , r,s>0.

-p+iq —-s —i(c+d)
Every orbit contains a pair in the above form, and using (5), it is easy to see
that if X is regular and r,s > 0, then the orbit contains only one such pair.
Writing out the formulas for {7, ..., I} at (X,Z) we find that knowing the
values of {/,...,I;} determines a,b,c.d,r,s,|p+iq| and g. But knowing
|p + iq| and ¢ will only determine p up to sign.



