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LAWS OF TRIGONOMETRY ON SU(3)

HELMER ASLAKSEN

ABSTRACT. The orbit space of congruence classes of triangles in SU(3) has
dimension 8. Each corner is given by a pair of tangent vectors (X,Y), and
we consider the 8 functions tr X2, jtrX3, trY?, itrY3, v XY, itr X2Y,
itrXY? and tr X2Y2? which are invariant under the full isometry group of
SU(3). We show that these 8 corner invariants determine the isometry class of
the triangle. We give relations (laws of trigonometry) between the invariants at
the different corners, enabling us to determine the invariants at the remaining
corners, including the values of the remaining side and angles, if we know one
set of corner invariants. The invariants that only depend on one tangent vector
we will call side invariants, while those that depend on two tangent vectors will
be called angular invariants. For each triangle we then have 6 side invariants
and 12 angular invariants. Hence we need 18 — 8 = 10 laws of trigonometry.
If we restrict to SU(2), we get the cosine laws of spherical trigonometry. The
basic tool for deriving these laws is a formula expressing tr(exp X expY) in
terms of the corner invariants.

1. INTRODUCTION

Given a triangle in R®, we associate to each corner the s.a.s. data (side,
angle, side) at that corner. This determines the congruence class of the triangle,
and knowing the s.a.s. data at one corner, we can use the laws of trigonometry
to determine the s.a.s. data at the remaining corners. Another way of looking
at this is to say that to each triangle we associate 6 invariants, the 3 sides and
the 3 angles. The s.a.s. congruence axiom tells us that the space of congruence
classes only depends on 3 invariants. Hence, there must be 6 — 3 = 3 relations
between these 6 invariants given by, for instance, the 3 cosine laws or one cosine
law and 2 sine laws.

There are classical generalizations of this to $* and H* (spherical and hyper-
bolic trigonometry). The generalization to the other simply connected constant
curvature spaces, i.e., R", S" and H", is immediate, since given any triangle
A in R" (resp. S", H"), we can find a totally geodesic submanifold N with
AC N and N isometric to R’ (resp. St H? ).
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