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LAWS OF TRIGONOMETRY ON SU(3)

HELMER ASLAKSEN

ABSTRACT. The orbit space of congruence classes of triangles in SU(3) has
dimension 8. Each corner is given by a pair of tangent vectors (X,Y), and
we consider the 8 functions tr X2, jtr X3, tr Y2, jtrY3, tr XY, itrX2Y,
itrXY? and tr X2Y? which are invariant under the full isometry group of
SU(3). We show that these 8 corner invariants determine the isometry class of
the triangle. We give relations (laws of trigonometry) between the invariants at
the different corners, enabling us to determine the invariants at the remaining
corners, including the values of the remaining side and angles, if we know one
set of corner invariants. The invariants that only depend on one tangent vector
we will call side invariants, while those that depend on two tangent vectors will
be called angular invariants. For each triangle we then have 6 side invariants
and 12 angular invariants. Hence we need 18 — 8 = 10 laws of trigonometry.
If we restrict to SU(2), we get the cosine laws of spherical trigonometry. The
basic tool for deriving these laws is a formula expressing tr(exp X expY) in
terms of the corner invariants.

I. INTRODUCTION

Given a triangle in Rz, we associate to each corner the s.a.s. data (side,
angle, side) at that corner. This determines the congruence class of the triangle,
and knowing the s.a.s. data at one corner, we can use the laws of trigonometry
to determine the s.a.s. data at the remaining corners. Another way of looking
at this is to say that to each triangle we associate 6 invariants, the 3 sides and
the 3 angles. The s.a.s. congruence axiom tells us that the space of congruence
classes only depends on 3 invariants. Hence, there must be 6 — 3 = 3 relations
between these 6 invariants given by, for instance, the 3 cosine laws or one cosine
law and 2 sine laws.

There are classical generalizations of thisto S ? and H* (spherical and hyper-
bolic trigonometry). The generalization to the other simply connected constant
curvature spaces, i.e., R', S" and H”", is immediate, since given any triangle
A in R" (resp. S”, H"), we can find a totally geodesic submanifold N with
AC N and N isometric to R’ (resp. st H ).
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The classical geometries (R", S”, and H") can be characterized by being
2-point homogeneous and satisfying the s.a.s. (side, angle, side) congruence
condition. If we try to do trigonometry on the other 2-point homogeneous
spaces, we will therefore need more invariants than the size of the angles and
the length of the sides.

The trigonometry of P"(C) was studied by Wilhelm Balschke and Hans Ter-
heggen [BT] in 1939, after partial results by J. L. Coolidge [Co] in 1921. (Since
any triangle in P"(k) lies in a totally geodesic submanifold isometric to Pz(k) ,
it is sufficient to study the trigonometry of Pz(k) .) A different approach was
taken by P. A . Sirokov [Sir], who obtained more complete results. Sirokov died
in 1944, but the results were found among his papers, and published in 1957
by A. P. Sirokov, A. Z. Petrov and B. A. Rozenfeld. Using H. C. Wang'’s
classification of the 2-point homogeneous spaces from 1952 [Wa], B. A. Rozen-
feld [Ro] generalized Sirokov’s results to all the compact 2-point homogeneous
spaces, i.e., quaternionic projective space and the Cayley projective plane. In
1986, Wu-Yi Hsiang [Hs] independently developed the trigonometry of all the
2-point homogeneous spaces, using a unified geometric approach which applies
equally well to the noncompact case. In 1987, Ulrich Brehm [Br] modified
Hsiang’s results, using an approach similar to [BT].

Hsiang’s approach is to associate to each corner a set of four invariants, the
length of the two adjacent sides and two angular invariants. He shows that
this “s.a.s. data” determines the congruence class of the triangle, and since we
get a total of nine invariants (three sides and six angular invariants) we need
9 — 4 =5 laws of trigonometry relating the invariants at the different corners.

The 2-point homogeneous spaces are precisely the symmetric spaces of rank
1. The rank of a symmetric space can be thought of as the minimal number of
invariants for the isometry class of a pair of points. It is therefore natural to
start looking at symmetric spaces of rank > 1. When we went from the constant
curvature case to the other 2-point homogeneous spaces, we had to include more
angular invariants than the size of the angle. When going to rank > 1, we will
also need more invariants for each side. Given a symmetric space of rank » , we
would like to find a minimal complete set of invariants corresponding to each
corner, and a minimal set of relations between the invariants at the different
corners.

Among the most fundamental symmetric spaces are those obtained by putting
a bi-invariant metric on a compact simple Lie group of rank ». In this paper,
we will study the trigonometry of the rank 2 group SU(3).

This paper is a shortened version of my Ph.D. thesis, written under the
supervision of Professor Wu-Yi Hsiang. I am grateful to him and Hsueh-Ling
Huynh for many helpful suggestions.

2. THE INVARIANTS OF SU(3)

The Lie algebra of SU(3) is denoted by su(3), and the (standard) maximal
torus by 7. We will use the identification TgSU(3) = (lg)*su(3), and the



LAWS OF TRIGONOMETRY ON SU(3) 129

bi-invariant metric induced by (X,Y), = —tr(XY). (The reason for the

% factor is to make SU(2) ¢ SU(3) isometric to S3(1) .) Since the metric

is bi-invariant, the geodesics are left- and right-translations of one-parameter
subgroups. Since we have chosen to identify T ,SU@3) = ( 2).5u(3), we will
write geodesics in the form

c(t)=gexptX, where g € SU(3), X €s5u(3).

Consider a triangle A = (A4, B, C). Since we are only interested in the isometry
class of A, we can assume that C =1,

B=exp Z=exp X exp Y

c(t)=exp X exp tY

C=I, A=exp X X, Y, Ze s5u(3)

FIGURE 1

It is well known that 7°(SU (3)), the identity component of the isometry
group, is given by IO(SU(S)) = SU(3) x SU(3), where (g,,g,)(h) = glhgz_l .
For the full isometry group, we must include the outer automorphism c(g) =g

and the geodesic symmetry at the identity s(g) = g_1 . This gives [Lo, vol. 2,
p. 152]

I(SU3)) = (SU3) x SU3)) x ({I, ¢} x {I,s}) .

The group of isometries fixing 7, is I(SU(3),1;) = SU(3) x ({I,c} x {I,s}),
with connected component IO(SU(3),I3) = SU(3). The induced action of
I(SU(3),1;) on su(3) ®su(3) is given by

2Ad(g)(X,Z) = (gXg

c(X,2)=(X,2),
s.(X,Z)=(-X,-2).

—1
828 ),

We now observe that the set of congruence classes of triangles in SU(3) is
the same as the orbit space of the induced action of I(SU(3),I;) = SU(3) %
({I,c} x{I,s}) on su(3)&®su(3).

For simplicity, we will first consider the 2 Ad-action of IO(SU (3),1;) =
SU(3) on su(3) @ su(3).

Lemma 1. The dimension of the orbit space 2su(3)/2 Adsu(3) is 8.
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Proof. Let (X,Z) € su(3) ®su(3). We can assume that X is diagonal.

ia 0 0 ir «a B
X:(o ib 0 ) Z:(—a is y )
0 0 —ila+b) -B -7 —i(r+s)

If X is regular, ZSU(B)(X) =T and

u 0 O ir Ul uzvﬂ
Ad 0 v O (Z)=| —-wa is uvzy .
0 0 w ~WTB W —i(r+s)

It follows that the principal isotropy subgroup of 2 Ad is Z,=27(SU(3)), so
the orbits are 8-dimensional and the dimension of the principal part of the orbit
spaceis 16— 8=8. O

Since SU(3) is compact, it is possible to find a set of SU(3)-invariants on
su(3) @ su(3) which will separate orbits. We will call such a set a complete
set of invariants. Since the dimension of the orbit space is 8, we would like
to find a minimal, complete set consisting of 8 invariants. Let IR[2su(3)]SU(3)
denote the polynomial SU(3)-invariants on su(3)®su(3). Aset {f,,...,f,} C
R[25u(3)]su(3) is called a basis if every f € R[2su(3)]su(3) can be expressed
polynomially in {f,...,f,}. Wewill call {f,...,f,} a minimal basis if it
is a basis and none of the f,’s can be expressed polynomially in the other fj ’s.
There might still be polynomial relations (syzygies) between the invariants in a
minimal basis, we are just assuming that we cannot solve for any of them as a
polynomial in the others.

Lemma 2.

R[2su(3)]°""Y = {tr f(X, Z)|f is a monomial in X ,Z € su(3)} .

Proof. From [Sib] we know that the unitary invariants of X and Z are the
affine invariants of {X,X",Z,Z"} and that the affine invariants are given
by traces of monomials in {x,x",z,z"}. But in our case, X" = —X, and
Z* = -7, so the lemma follows. O

In order to reduce expressions of the form tr f(X, Z), we will use the polar-
ized Cayley-Hamilton Theorem, first used by Dubnov [Dul] in 1935 and later
by Rivlin [Ri] in 1955. (For the n x n case see [Le].) The Cayley-Hamilton
Theorem for M(3,C) can be written as

M — Mt M+ IM[(tr MY - tr M7

(l) 1 3 1 2 1 3
—I[3urM —strM tr M+ ¢(trM)"]=0.

Polarizing this, we get the multilinear version.
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Lemma 3 (The polarized Cayley-Hamilton Theorem).

MNP+ MPN+ NMP+ NPM+ PMN+ PNM — M[tr NP —tr Ntr P]
~N[trMP—trtMtrP]— P[tr MN —ttMtr N]—- (NP + PN)tr M
—(MP+PMYtrN—-(MN+ NM)trP
—I[tr MtrNtrP —tr Mtr NP —tr Ntr MP —trPtr MN

+trMNP +tr PNM]=0.

Using the polarized Cayley-Hamilton Theorem, Dubnov [Du2] showed (see
also Rivlin [Ri]):

Lemma 4. A basis for traces of polynomials in two arbitrary 3 x 3 matrices is
given by the 12 invariants

X, tr X, u X, w0z, uwZ’, uz’ trXZ,
wX’Z, wXZ:, w X2’ uXz2X'2*, wzZXxz2'x" .
Furthermore, tt XZX*Z* and tr ZXZ*X 2 are the roots of a quadratic equation

with coefficients expressible in terms of the 10 other invariants.

Remark. This quadratic syzygy is very complicated. Dubnov only indicates how
to get it, and does not give an explicit formula.
For skew-Hermitian, tr = 0 matrices, this can be reduced further.

Lemma 5.
trZXZ2 X  =tr XZ X272,
252 2.2 2 2 3 3
Retr XZX'Z = XZu X' Z +u X’ ZuwXZ' ~luxX’ uz’].

Proof. The first statement is immediate since X and Z are skew-Hermitian.
For the second statement, we use the polarized Cayley-Hamilton Theorem. If
weset M =N =X and P = Z, multiply on the right by XZ* and take the
trace, we get

QrXZXZ 420 ZXZ X 1200 X°2°

(2) 25,2 2 3 2 2
X ZuXZ - X uXZ - 20X ZuXZ =0,

Similarly
(3) Xz =luwxzuz?,
(4) uX’Z =luXuxzez’+ux’uz’.

Substituting (4) and (3) into (2), the formula in Lemma 5 follows. O

Observe that ter, trZz, tr XZ and tr X>Z* are real-valued, trX3, trZ3,
tr X’Z and trXZ* are purely imaginary and tr XZX*Z* is complex.
Combining Lemmas 4 and 5, we get the following proposition.
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Proposition 1.
tr X2t X wZ w2 uXZ,iwX'Z,ivXZ, w X2’
and Imtr XZ X*Z?* form a basis for R[Zsu(3)]SU(3) .
Let us denote the 8 first invariants in Proposition | by {/,,...,I;}. Since
the dimension of the orbit space is 8, we are interested in the extent to which

{I,,...,1} determine the orbits. Dubnov’s quadratic syzygy suggests that they

in general will only determine pairs of orbits. We will give a direct proof of
this.

Proposition 2. {/,, ..., L.} will in general only determine pairs of orbits. Specif-
ically, consider the two pairs (X ,Z,) and (X ,Z,) with

ia 0 0
0 0 —(a+b)

ic r p+iq ic r -p+1iq
Z = —r id s , Z, = -r id s ;
—p+ig —-s —i(lc+d) p+ig —-s —i(c+d)

where X isregular, r,s >0, and p #0. {I, ..., I,} will agree on the two
orbits containing (X ,Z,) and (X ,Z,) respectively. Otherwise {I , ..., I} will
separate orbits.

Proof. Consider the pair (X,Z). Since we are only interested in the orbit of
(X,Z), we can assume X is diagonal,

la 0 0
X=10 1ib 0 , a>b>-(a+b).
)

u 0 0 ic «a B
Ad (O v 0 )) -a id y ))
0 0 w -8B -7 —(c+d)

. _ 2
( ic Ut uvp )
_ . 2
=| -uva id uv’y ,
—@T w7 —i(c+d)
so by choosing u and v properly, we can bring Z into the form

ic r p+iq
Z = —r id s , r,s>0.

-p+iq —-s —ilc+d)
Every orbit contains a pair in the above form, and using (5), it is easy to see
that if X is regular and r,s > 0, then the orbit contains only one such pair.
Writing out the formulas for {/,, ..., i} at (X, Z) we find that knowing the
values of {7, ... ,I;} determines a,b,c,d,r,s,|p+iq| and g. But knowing
|p + ig| and g will only determine p up to sign.

Now
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The proof that the 8 invariants determine the orbit when r or s =0 or X
is singular is similar. O

Proposition 3. The nine invariants {1, ... ,Ig, Imtr XZXZZZ} for a minimal
complete basis.
Proof. In view of Propositions 1 and 2, all we need to do is to show that
Imtr XZX2Z? separates the two orbits described in Proposition 2, but
rXZ X7}
= —|p+ig|’ (b’ + 3ab” + 3a°b + 2a’)c + (b + 2ab” + 2a°b + a’) d]
—(p+q)rs(a— b)(2ia2 + Siab + 2ib2) + terms not involving p or ¢,
so replacing p by —p will change the value. D

3. THE INVARIANTS OF THE FULL ISOMETRY GROUP

Let us now return to our geometric problem. We need to consider the orbits of
the full isometry group. It turns out that four SU(3) orbits are joined together
to form one I(SU(3),1,) orbit, and in particular the two orbits described in
Proposition 2 will be identified.

Unfortunately, the IO(S U(3),1,) invariants described in the previous sec-
tion are not absolute /(SU(3),1,) invariants. To remedy this, we define the
character

T I(SU3)) = (SU3) x SU3)) x ({I,c} x{I,s}) = R,
X(gl ’gzsciasj) = (_I)HJ .
It is easy to see that tr X, trZ”, trXZ, trX°Z* will be I(SU(3),I,) in-
variants, while itr X°, itrZ’, itrX°Z, it XZ* will be I(SU(3),1,) semi-
invariants, i.e.,
P(g(X,Z))=x(g)P(X,Z).
We can now state our first main result.

Theorem 1. Let (X ,Z),(A,B) € su(3)®su(3). Then (X,Z) and (A,B) will
lie on the same orbit under 1(SU(3),1;) &

() (X, wZi, rXZ, w0 X2 = (trA>, rB* , r 4B, tr A°B°)

and
(24)
(it X, it 2, itr X°Z it XZ*) = (itr A*,itr B’ ,itt A°B , itr AB®)
or
(2-)
(ite X, it 2>, it X*Z it XZ%) = — (itr A’ ,itr B ,itr A’B ,itr AB).
Proof. If (X,Z) and (A4, B) lie on the same orbit, the invariants satisfy (1)
and (2+) or (2-). Assume now that (X ,Z) and (A4, B) satisfy (1) and (2+).
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Because of Proposition 1, we only need to show that the two I° (SU3), 1)
orbits containing (X, Z,) and (X,Z ,) respectively, where

ia 0 0
X:(O ib 0 )
0 0 —(a+b)
ic r p+iqg ic r -p+iq
Zl=( —r id S ), Zz=( —r id s )
—p+ig —-s —i(lc+d) p+ig —s —i(c+d)

with X regular, r,5 >0 and p # 0, will become one I(SU(3),1,) orbit. This

follows from
-1 0 0
Ad((o 1 0))0C*05*(X)=X,
0 0 -1
0
1

1 0
Ad(| o 0 |]oc,os(z)=2,.
0 0 -1

If (X,Z) and (A4, B) satisfy (1) and (2-), then (X,Z) and (s,(A),s,(B))
satisfy (1) and (2+). This completes the proof. O

This can be made more explicit as follows:

Corollary 1. The four pairs

la r p+ig
l. (( 0 ) ( —r id s )) ,
0 0 —z(a+b) -p+ig —-s —ilc+d)
ia r —-p+iq
(L)
0 —i a+b) p+ig —-s —i(c+d)
(a+b) 0 i(c+d) -s -p—igq
3. (( 0 —1b ) ( —id —r )) ,
0 —ia r —ic
ila+b) 0 z(c+d —-s p-1iq
4. (( 0 —-ib 0 ),( s —id —r )),
0 0 -—ia —p—iq r —ic

where X is regular, r,s >0, and p # 0, lie on different I° (SU3), 1) orbits,
but on the same I(SU(3), 1) orbit.

Proof. In the proof of Theorem 1, we showed that 1 and 2 lie on the same
I(SU(3),1;) orbit, but 3 is obtained from 1 by applying

0 0 I
Ad[|0 -1 0}]os,,
1 0 0

so the four orbits are joined into one. O
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4. A TRACE FORMULA

In §3, we associated to the corner at C = I, aset of 8 invariants {/, ..., [}
expressed in terms of the two tangent vectors X and Z which make up the
corner at C = I, (cf. Figure 1). We will call these the corner invariants at C .
Similarly, the corner at 4 is made up of the two tangent vectors (/,),(—X)
and (/,),Y, and the corner at B of (/) (=Y) and (/;),(~Z), so after left-
translating the triangle by A™! and B! respectively, we get two new sets of
corner invariants.

We will call the invariants that only depend on one tangent vector side in-
variants, while the ones that involve two tangent vectors will be called angular
invariants. This gives four angular invariants for each corner and two side
invariants for each side, for a total of 18 invariants. Since the triangle is de-
termined by the eight corner invariants at any corner, we would like to find 10
relations (laws of trigonometry) between the invariants at different corners.

The tangent vectors X, ¥ and Z are related by

(6) expXexpY =expZ .

We need to express this relation in terms of the corner invariants described in §3.
First recall the following simple fact. Assume that X € M(3,C) is diagonaliz-
able. Then there is an 4 € G/(3,C) such that

A(X) 0 0
X=A 0 i) 0 |4 '=apa”',
0 0 A(X)

where A,(X), i=1,2,3, denotes the eigenvalues of X . Then

tr(exp tX) = tr(expt(ADA™")) = tr(A(exp (D)4~ ")

(7)

Taking the trace of (6) and applying (7) to the right-hand side, we get
3
tr(expXexpY) = Zel’(z) .
i=1

We would therefore like to have a formula expressing tr(exp X exp Y) in terms
of the corner invariants of —X and Y. We will first give a generalization of (7),
expressing tr(U exp X) in terms of traces of products of U and X (Theorem
2). We will then deduce a formula for tr(exp X exp Y) (Theorem 3) from which
the laws of trigonometry will follow easily.

Theorem 2. 1. Let X € M(n,C) be diagonalizable with distinct eigenvalues 1., .
Let Ue M(n,C). Then

n
(8) tr(UexptX)= Y a, (X' ~'U)e"",
ij=1
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where
a,=0's,_ Gpoeiid_podys o h) T =2
ke{l,...,n}—{1}

and s, is the sum over all products of k distinct A ’s.
2. In particular, if S € SU(3) has distinct eigenvalues, this can be written as

tr(UexptX)
(9) B 23: 2r XU + 22, (X) tr XU + [24,(X) - ter]trUel,(X)[
p_ 64,(X)> —tr X’ ’

3. If X € su(3) has a double eigenvalue i(X), we get

tr(UexptX) = (ﬁtrXU+ %trU) Pt

-1 1 —24(X)t
+(3Z(X)trXU+3trU)e .
Proof. For the proof of (8), we will for simplicity assume that n = 3. Writing
X =ADA™" | we get

(10)

tr((exp tX)U) = tr(A(exptD)A™'U) = tr((exp tD)A"' U A) .

Since X
"0 0
exptD = 0 M 0 ,
0 0 elz(X)!
we get
3 =1 AX
(11) tr(exptXU) = > tr(E, A~ UA)e™ ™M),
=1
where

1 00 000 00 0
E=[000], E,=[0 1 0], E,=[0 0 0].
000 000 0 0 I

We can identify the set of diagonal 3 x 3 matrices with C*. We can then think
of

H(M) =tr(MA~ ' UA) = tr(AaM A~ ' U)

as a linear functional on C*. Since we do not have any simple expression for
A, we cannot immediately calculate #(E,). We know, however, that

O(I) = tr(JA” ' UA) =tri(AIA”'U) =tr U,
¢(D) = (DA™ ' UA) =tr(ADA~'U) = tr XU,
$(D’) = tr(D*A”'UA) = tr(AD’ 4™ ' U) = tr X*U .
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If X is regular, we get a new basis for c’ by setting

2
F =1, F,=D, F,=D".

Now
I A(X) 4,(X)
F=VE, whereV=|1 1,(X) 4,X)7],
I A(X) A(X)°
so we get
(B AT UA)\  ((E,) b(F)) trU
(12) | t(E,A"'UA) | = (qb(Ez)) =y (¢(F2)) =y (trXU) ,
tr(E, 47" UA) $(E,) G(F) tr XU
where
Ayhy —(Ay + 43) 1
(A =244 —43) (A =44 —43) (A —4,)(4, —4,)
— A Ay — (A, + 43) 1
(12_21)(22_23) ('12_'11)(}‘2_'13) (12_11)(12_23)
A, (A, + 4y 1
(}-3 - }-1)(}-3 - }'2) ('13 _'11)('13 - '12) ('13 - '11)(}“3 - ’12)
Combining (11) and (12) we get

trU
tr(UexptX) = (" MMy~ wxU | .
tr X2U

Multiplying this out gives (8) in the case n = 3. For the general case, it is
sufficient to observe that (a,,) is the inverse transpose of the Vandermonde
matrix. To prove (9) we simply observe that

(LX) = Ay (X)) (A, (X) — A

64, (X)" —tr X7 = (2,(X) = 4,(X))(A,(X) — A,(X)
(A4(X) = 4, (X))(2,(X) = A,(X)

(X)A(X), i=

24 (X) —tr X? = { A,(X)A,(X),
LX), i
—(4,(X)+4,(X)), =

LX) =4 —(A,(X) +A,(X), i

14

3(X)) s =1,

)
)’ =2,
) .

’

1
2,
3

~.

b

3

Il
N —

— (A4, (X) + 4,(X)), i=3.
To prove (10), we can either modify the proof of (8) or take a limit in (9). This
completes the proof of Theorem 2. 0O
Remark. The above proof is due to Hsueh-Ling Huynh. We would also like to

outline our original proof, using the polarized Cayley-Hamilton Theorem. For
simplicity we will only consider (9), i.e., X € su(3) and regular.
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Consider
g(X,U,t)=tr(UexptX), X € su(3), U arbitrary .

Then
g =tr(XUexptX), g"(t)=tr(X UexptX).

Setting P =exptX and M = N = X in the polarized Cayley-Hamilton Theo-
rem, we get

6X° exptX — exp tXtr X’ — 2X tr(XexptX)
— 22X tr(exptX) — I[2tr(X’ exp X) — tr(exp X ) tr X*] = 0
We now multiply by U and take the trace
6g" (1) — terg(t) = (ZterU —tr X tr U)tr(exptX)
+2tr XU tr(X exptX) + 2tr U tr(X  exp tX) .

Using the fact that
k d
tr(X exptX) = g r(exptX) Z,{
t

we get

- 3
6" (1) —tr X’g(t) = S 2 X°U —tr X tr U + 24, r XU + 24 tr Ule™,
i=1
gX,U,00=trU, g'(X,U,0)=trXU.

Solving this we get the formula in the second part of Theorem 2.
If we set U = expsY and use Theorem 2, we get the following formula.

Theorem 3. Let X,Y €su(3). If both X and Y are regular

3 LX)t A(Y)s

€ e
trexptX expsY) = :
z:le 64,(X)? —trX? 64,(Y)? —tr ¥’

x4 XY —u X w Y’ + 4,0 u XY’ + 44 (V) XY
+42,(X)A,(Y) U XY = 24(X) tr Y’
—22,(Y) tr X7 4+ 122,(X)°2,(Y)"] .

5. DERIVING THE LAWS OF TRIGONOMETRY

We are now ready to derive the laws of trigonometry from combining Theo-
rems 2 and 3 with the relation

(13) expZ =expXexpY .
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From (13) we get

(14) tr(expXexpY) = tr(expZ),
(15) tr(XexpXexpY)=tr(XexpZ),
(16) tr(X2 expXexpY) = tr(Xz exp”Z),
(17) tr(YexpXexpY)=tr(YexpZ),
(18) tr(Y’expXexpY) = tr(Y’exp Z) .

We want to express these equations in terms of the corner invariants. On the
right-hand sides we can apply Theorem 2 directly and Theorem 3 applies to
the left-hand side of (14). For the left-hand sides of (15)-(18) we could either
make repeated use of Theorem 2 to derive a formula for tr(VexpXexpY), or
we can simply observe that in (15)

(19) tr(XexpXexpY)= % tr(exptXexp?Y),
=1

and similarly for (16)-(18).

Using Theorems 2 and 3 and (19), we can now rewrite (14)—(18) in terms of
the corner invariants. For convenience, we will use the following notation:

w,(X) = ImA,(X) = —i2,(X),
3
tr(UexptX) = 3 A,(X,U)e"™",
=1
20 XU+ 20, (X)) u XU + 24(X)) —tr X 1tr U
B 64,(X)* — tr X*
A Xt
e

A(X,U)

!

b4

A,(Y)s

3
tr(exptXexpsY) = E
i,j=1

Y -t XY’ +44,(X0)uw Xy’

B (X,Y),
61;(X)2—trX26,1j(y)2_trY2 i ¢ )

B, (X.,Y)=4uX’
+41,(V) XY + 43, (XA, (Y) tr XY

~ 2, Y’ =22 (V) X’ + 124,(X)°2,(Y)* .

In these formulas both X and Y are assumed to be regular. But in the singular
case the formulas can be modified by taking a limit as in Theorem 2, so we will
only state the laws of trigonometry in the regular case. Since tr is complex
valued on SU(3), we take the real and imaginary parts of (14)-(18), giving us
the following 10 equations.
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Theorem 4.
3
1. Z cos(w, (X )+a) (Y))B, SXLY) = Zcosa)k
1,7=1
3
2. Y sin(w,(X) + o (Y)B, ;(X,Y) = Z sinw, (Z
i,)=1
3
3. ) cos(w,(X) + @, (Y)B; ;(X,Y)A(X) = Zcoswk (Z,X),

i,y=1

l\’Jw’I

3
4. 3 sin(o,(X) + 0, (Y)B, (X,Y)2,(X) =Y sinw,(Z)4,(Z,X),
j=1

|
=~
Il

cosw, (Z)A,(Z, X?),

Mu

3
5. ) cos(@,(X)+ (Y)B, (X,Y)A(X)" =

<
-~
Il

sinw, (Z)4,(Z, X?),

I
Mu

3
6. Y sin(@,(X) + @, (Y)B, ,(X,Y)2,(X)’

<
-~
Il

M

3
7. Zcos(wi(X)+wj(Y))B,J(X,Y),1f(Y)= cosw, (Z)A,(Z,Y),

<
=~
]

3 3

8. Z sin(w, (X) + a)j(Y))B,J(X, Y)AJ(Y) = Zsin w (Z2)A,(Z.,Y),
k=1

9. 3 cos(w,(X)+w (Y)B, (X,Y)i(Y) Zcosa)k (Z, Y,

10. > sin(@,(X) + @,(Y))B, (X,Y)A, (Y) = Zsm w (Z)A(Z,Y?).
1,y=1 k=1
1 and 2 relate the side invariants of Z to the corner invariants of (=X ,Y).
3, 4, 5 and 6 relate the angular invariants of (X,Z) to the corner invariants
of (=X,Y). 7,8, 9and 10 relate the angular invariants of (-Y, — Z) to the
corner invariants of (—X,Y). In this way we are able to determine all the 18
fundamental invariants once we know one set of eight corner invariants.

Remark. Observe that the semi-invariants (including the eigenvalues) occur in
such a way that the sign ambiguities cancel.

6. RESTRICTING TO SU(2)

Assume that 4, B € SU(3) have a common eigenvector. We can then think
of them as lying on a copy of SU(2) in SU(3). But SU(2) is isometric
to S3(1), so the 10 laws of trigonometry should reduce to the usual laws of
spherical trigonometry.
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To verify this, first observe that if X,Z € su(2), then Y is also in su(2)
since SU(2) is totally geodesic. Hence we can assume

b

iu o 0 v g 0 iw y 0
X=|-a —-iu 0], Y=|-8 —-iv O}, Z=|-7 —-iw O
0 0 0 0 0 O 0 0 0

Setting /(X ,Z)=C, £(-X,Y)=A and 4(-Y, - Z) =B, we get
LX) =iX], A(X)=—-ilX|, A4(X)=0, trXZ=-2X||Z|cosC
X’ = 2", wX’Z=txz’=0, ux’z’=2x7z>.

When substituting into 1-10, equations 2, 3, 6, 7 and 10 cancel, while 1, 5 and
9 reduce to

(20) cos|X|cos|Y |+ cosAsin|X|sin|Y| = cos|Z],
and 4 and 8 reduce to

(21) sin|X|cos|Y| —cos|X|sin|Y|cos 4 = cosC sin|Z|,
(22) sin Y| cos | X| — cos |Y|sin |X|cos A = cos Bsin|Z] .

We see that (20) is the usual cosine law in spherical trigonometry, while (21)
and (22) follow easily from combining (20) with the cosine laws

(23) cos |X|cos|Z| + cos Csin|X|sin|Z| = cos|Y]|,
(24) cos|Y|cos|Z| + cos Bsin|Y|sin|Z| = cos|X| .
REFERENCES

[BT] W. Blaschke and H. Terheggen, Trigonometria Hermitiana, Rend. Sem. Mat. Univ. Roma (4)
3 (1939), 153-161.

[Br] U. Brehm, The shape invariant of triangles in two-point homogeneous spaces, unpublished
manuscript.

[Co] J. L. Coolidge, Hermitian metrics, Ann. of Math. (2) 22 (1921), 11-28.

[Dul] Ja. S. Dubnov, Sur une generalisation de ['équation de Hamilton-Cayley et sur les invariants
simultanes de plusieurs affineurs, Trudy. Sem. Vektor. Tenzor. Anal. 2-3 (1935}, 351-367.

[Du2] ., Complete system of invariants of two affinors in centro-affine space of two or three
dimensions, Trudy. Sem. Vektor. Tenzor. Anal. 5 (1941), 250-270. (Russian)

[Hs] W.-Y. Hsiang, On the trigonometry of two-point homogeneous space (Preprint, Berkeley, 1986),
Ann. Global Anal. Geom. (to appear).

[Lel] J.S. Lew, The generalized Cayley-Hamilton theorem in n dimensions, Z. Angew. Math. Phys.
17 (1966), 650-653.

[Le2] —, Reducibility of matrix polynomials and their traces, Z. Angew. Math. Phys. 18 (1967),
289-293,

[Lo] O. Loos, Symmetric spaces, Benjamin, 1969.

[Ri] R. 8. Rivlin, Further remarks on the stress deformation relations for isotropic materials,‘ J.
Rational Mech. Anal. 4 (1955), 681-702.

[Ro] B. A. Rozenfeld, On the theory of symmetric spaces of rank one, Mat. Sb. (N.S.) 41(83) (1957),
373-380. (Russian)

[Sib] K. S. Sibirskii, Algebraic invariants for a set of matrices, Siberian Math. J. 9 (1968), 115-124.



142 HELMER ASLAKSEN

[Sir] P. A. Sirokov, On a certain type of symmetric space, Mat. Sb. (N.S.) 41(83) (1957), 361-372.
(Russian)

[Sp] A.J. M. Spencer, The theory of invariants, Continuum Physics (A. C. Eringen, ed.), Academic
Press, 1971, pp. 239-353.

[Te] H. Terheggen, Zur Analytischen Geometrie auf der Geraden von Hermite als Grenzfall der Ge-
ometrie in der Hermitischen Ebene and ihr Zusammenhang mit der gewdhnlichen sphdrischen
Trigonometrie, Jahresber. Deutsch. Math.-Verein. 50 (1940), 24-35.

[Wa] H. C. Wang, Two-point homogeneous spaces, Ann. of Math. (2) 55 (1952), 172-191.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, BERKELEY, CALIFORNIA 94720

Current address: Department of Mathematics, National University of Singapore, Singapore
0511, Republic of Singapore





