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Abstract 

Aslaksen, H., Determining summands in tensor products of Lie algebra representations, Journal of 

Pure and Applied Algebra 93 (1994) 135-146. 

We give some results that enable us to find certain summands in tensor products of Lie algebra 

representations. We concentrate on the splitting of tensor squares into their symmetric and 

antisymmetric parts. Our results are valid for any Lie algebra of arbitrary rank, but we do not 
attempt to give the complete decomposition. 

1. Introduction 

The problem of decomposing tensor products of finite-dimensional representations 

of finite-dimensional, simple, complex Lie algebras occurs frequently in both mathe- 

matics and physics. There are several methods available, but most of them are 

practically useful only if the rank is small. In this paper we will focus on two problems. 

(1) In some applications we need at least partial results for cases with high or even 

arbitrary rank [S]. 

(2) In some applications the splitting of a tensor square into its symmetric and 

anti-symmetric parts, A @ i = S2/2 @ AZ& is crucial [S]. 

A good reference for problems of the first kind is the fundamental paper by Dynkin 

[2]. He gives several rules that allows us to immediately identify some summands. 

(Cahn [l] gives a very readable presentation of the relevant results from Dynkin’s 

Correspondence to: H. Aslaksen, Department of Mathematics, National University of Singapore, 

Singapore 0511, Singapore. Email: mathelmr@nusunix.nus.sg. 
*Partially sponsored by NSF grant DMS 87-01609 and a grant from the Norwegian Research Council 

for Science and Humanities (NAVF). 

0022-4049/94/$07.00 0 1994 Elsevier Science B.V. All rights reserved 

SSDI 0022-4049(93)EOlOl-9 



136 H. Aslaksen 

paper.) In Section 3 we will extend some of Dynkin’s results. In Section 4 we will prove 
some similar results about the A 0 I = S2A 0 A21 decomposition using the method 
of successive subtractions. 

This paper grew out of a suggestion by Wu-yi Hsiang at Berkeley to generalize 
Wolf’s classification of the isotropy irreducible homogeneous spaces [S] to the spaces 
with 2 or 3 irreducible summands in the isotropy group representation. It turned out 
that these had already been classified by Kramer [5] using results from his earlier 
papers [3,4]. These results [3,4] have the same aim as the results in this paper and are 
more powerful in the sense that they in general will determine more summands. My 
results, however, are more direct and elementary and will in some cases give more 
precise information. 

2. Notation 

We will use the following notation. g will denote a finite-dimensional simple 
complex Lie algebra with root system A. We pick a basis of simple roots 
n = {ar, . . . ,a,}andforeverya~A+ we can find X, E g” and Y, E g-” such that X,, 
Y, and h, = [X,, Y,] span a subalgebra isomorphic to 41(2). 

We will often denote an irreducible representation 4 by its highest weight 1. We 
denote the space i acts on by V(n) (or simply V) and use A(l) to denote the weight 
system of 2. For p E A(2) we write I’@, 1) (or simply V(p)) for the weight space 
corresponding to I*. We will denote the conjugate representation by A*. We set 

& = 4(X,). 
A nonzero u E V is called an extreme vector of the (possibly reducible) representa- 

tion 4 if 

&a=0 fori=l,...,n. 

The set 

{E-8s ... E-pI~lh, . . . ,Ps~n) 

then generates an irreducible subspace of V. 
We will call 

the ith Dynkin coeficient. The Dynkin coefficients will be written over the correspond- 
ing dots in the Dynkin diagram or placed inside brackets. We will call CJJ,~ the 
fundamental weight corresponding to C(i if (o,~)~ = 6ij. 

We set a(~, 2) = dim I+, A), i.e., the inner multiplicity of p as a weight of il, while 
m(p, IO A’) denotes the number of times p occurs as a summand in 2 @ 1’, i.e., the 
outer multiplicity of p in 10 /1’. 
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We will write 1 c A1 @ A2 to denote that 2 is a summand in the tensor product. 

If A, = .42 we write 

to denote that 2 lies in the symmetric part S2/1 and 2’ lies in the antisymmetric part 

/12/l of/1@/1. 

3. Dynkin’s methods and some generalizations 

In his paper from 1952 [2], Dynkin developed three very useful techniques for 

finding summands in tensor products: the second-highest weights rule, the method of 

subordination and the method of parts. We will prove some generalizations of the first 

two methods. 

Let 2 and ,4 be two irreducible representations of g. We say that 1 is subordinate to 

A, written /z ssub/l, if pi < ni for i = 1, . . . ,n. If $ = 2’ @ ... 02” and 

C#J = A’ 0 ... 0 /1’, then tj ssub 4 if s I t and Ai ssub ni for i = 1, . . . , n. 

It is easy to see that II/ ssub4 is equivalent to saying that there is a linear map 

f: V(4) + V($) satisfying the following three conditions: 

(1) fis onto, 

(2) f takes extreme vectors to extreme vectors, 

(3) f(KEiv) = E_,,f(o) for i = 1, . . . ,n and v E V(4). 

Dynkin’s method of subordination [2, Theorem 3.171 says that if II 1”“~/1 and 

1’ ssub A’, then 2 @ 1’ _< sub n 0 A’. By elaborating on Dynkin’s proof, we will show 

how the weights of the corresponding summands in the two products are related, and 

that the S2/2 @ AZ;1 decomposition is preserved. 

Theorem 1. Zf /z s s”b A and X ssub A’, then 

m(A + A’ - C kiai, A Q A’) 2 m(n + A’ - C kiai, /z Q nl), 

and $2’ = 2 and A’ = A, then 

m(A + A’ - C kiUi> S’A) 2 m(n + 1’ - C kicci, S’A), 

m(A + A' - 1 kiai), A’A) 2 m(A + 2’ - 1 kiaiy A’11). 

Proof. Assume that f: V(A) -+ V( I?) and f’ : V( A’) + V(n’) satisfy conditions (l)-(3). 

Then F = f@f’ : V(A) @ V( A’) + V(n) @ V(X) is easily seen to satisfy (l)-(3), too. 

Now let y be an extreme vector of weight ;1 + 1’ - c kiNi. Then there must be an 

extreme vector x of V(A) @ V(A’) of weight v with F(x) = y. We want to find an 

expression for v. Let u and v’ be extreme vectors for /1 and A’. Then w =f(u) and 

w’ =f’(v) are extreme vectors for 2 and A’. We can write 

X = CciE-p,s ..* E-p,, V Q E-,,, ... E_yi, u’, 
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1 
1 1 1 

A = o-o- i’ z o-o- 
< 

1 
0 

Fig. 1. 

where pi1 + . .. + pi, + yil + ... + yi, = A + A’ - v for all i. Hence 

y=F(x)=&EP/ji,... E-p,, w @ E-,i, ... EW-,,,w’, 

where pil + ... + pi, + yil + ... + yi, = A + 1’ - v for all i, SO v = A + ,4’ - 2 kjmj. 

If A = A’ and 1, = A’, then 

X’ = C ciE-y,C ‘.. E-Yil U’ @ E-at, ... E-B~, u = f X 

depending on whether 2A - 2 kj~j lines in S2 A or A2 A. Since 

JJ’ = C CiE-,,, .‘. E-,i$ WI @ E-pi..‘. E-p,, w 

itfollowsthatx’= +xiffy’= fy,so2A-~kjaj~S2Aiff2~-~kk,~,~S2L 0 

We will say that a chain /I1 , . . . , /?,, of distinct simple roots links i and A’ if 

(A,jr)#O, (pi,/Ii+i)#Ofori=l,...,s-1 and (/$,A’)#O. 

We will call pi , . . . , P,, a minimal chain if in addition 

(A, pi) = 0 for 2 I i I s and (/Is, A’) = 0 for 1 I i I s - 1. 

Consider the example described in Fig. 1. We see that x2 and LX~, Q, a5 are minimal 

chains while the chain c(r, a2 links A and A’ but is not minimal. 

Dynkin’s second-highest weights rule [2, Theorem 3.11 says the following. 

Theorem 2. If PI, . . . ,fis is a minimal chain linking L and A’, then 2 + 2’ - x4= 1 /3i is 

the highest weight of a summand in I@ i’. Furthermore, if ,u is the highest weight of 

a summand in 1, Q 2’ other than 2 + It’, then there is a minimal chain yl, . . , ys such that 

Proof. The theorem is proved by constructing an extreme vector of weight 

A+A’-C~=,pi.Th is extreme vector will then generate an irreducible summand. For 

details, see [l]. 0 

If the chain ,!3r , . . , ps is not minimal, we have the following theorem. 

Theorem 3. If PI , . . . , ps is a nonminimal chain linking 2 and A’, then 

m(n + A’ - fil - ... - pS, 10 2’) 2 1. 
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Proof. To see this, we construct v and v’ such that v ssub A and v’ <s”bA’ and 

IS a minimal chain linking v and v’. This can be done by setting vi = 0 for 

, /$} and vi = A! otherwise. Then 

m(n + A - p1 - ... - /IS, 1” @A’) 

r nz(v + v’ - B1 - ... - /$, v @ v’) = 1. 0 

In the example described in Fig. 1 the highest summand is i + A’ = [l, 2,0, 1, 11, 

the second-highest summands are A + II’ - CQ = [2,0, 1, 1, l] and A + A’ - a3 - 

CQ - CX~ = [l, 2,0,0,0]. In addition, we have four nonminimal chains, giving us the 

following summands A + A’ - c(i - CQ = [0, 1, 1, 1, 11, A + A’ - t12 - cl3 - a5 = 

[2, LO, 2,0], A + X - CQ - czg - CQ = [2,1,0,0,2] and A + 1’ - CI~ - a2 - CI~ - a4 = 

CO, 2,0,0,4. 
The following theorem is due to Kramer [4]. 

Theorem 4. Assume that m(yi, A’ @I A’i) = pi 2 1 for i = 1,2. Then 

m(y, + y2, (A’ + A”) 0 (A’l + X2)) 2 max(p,, pz). 

For Ati = ii we get the following corresponding results. 

- Zfvi E S2Ai, then ~1 + ~2 E S*(A’ + A’). 

- Zfvi E A2;1’, then ~1 + ~2 E S’(11’ + A2). 

- Ifyl E S21’ and y2 E A2i2, then yl + y2 E A2(A’ + A’). 

The proof is based on Frobenius’ Reciprocity Theorem and follows from results in 

an earlier paper by Kramer. Kramer’s Theorem can be very useful for finding 

summands, but it only provides lower bounds on the multiplicities of the summands. 

4. Finding summands in Iz @I 2. = S23, @ A22 

In this section we will show how the method of successive subtractions can be used 

to determine summands in products of the form A @ i = S2A 0 A*,?. The method of 

successive subtractions allows us in theory to compute any tensor product by going 

through the following steps. We first compute the weight system for each of the 

factors, and then determine the weight system of the product. We then find the highest 

weight in the weight system of the product and subtract the weight system for the 

representation determined by this highest weight from the weight system of the 

product. We then find a maximal weight among the remaining weights and subtract 

the weight system corresponding to the representation determined by this weight. 

Continuing in this way, we will eventually obtain the whole decomposition. While 

providing a simple solution from a theoretical point of view, it is clear that the 

approach outlined above will in general lead to formidable calculations. But by only 

considering parts of the weight system, we can easily obtain some partial results. 
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Let L denote the root lattice {XI= 1 kiui ) ki 2 O}. We want to find a basis for 

V(2A- D,A@4whereDEL.WecanfindD1, . . . ,D,,,ELandbases{v!, . . . ,Upi}for 

V(1 - Di, 2) such that for each i = 1, . . . , m there is an i’ with 1 I i’ I m such that 

A- Di, 2 - Di* E d(A) and Di + Dip = D. A basis for V(21- D, ,I @ ,I) is then given by 

(~7 @ u:, 11 I i 4 m, 1 < k < pi, 1 < 1 < pi,}. 

It follows that a basis for V(22 - D, S2A) is given by 

{of @ uf, + uf, @ of) 1 < . < r _ m with i # i’, 1 I k I pi, 1 I 1 I pi.} 

u { t$ @I uf + uf 0 I$ ) 1 I i I m with i = i’, 1 5 k < 11 pi} 

~(u~@u~\l~i~mwithi=i’,l~k~p,}, 

while 

(uf @ uft - uf, @ u:) 1 _ < m with i # i’, 1 I k I pi, 1 I I I pi,} 

u (uf 0 uf - uf @ ~$1 1 5 i < m with i = i’, 1 < k < 11 pi} 

is a basis for V(22 - D, A’L). 

In particular, if D is such that 1- D/2 is not a weight of 1, then 

dim V(21- D, S’A) = dim V(211- D, A2 jl), 

while if 13. - D/2 is a weight, then 

dim V(22 - D, S21) = dim V(21 - D, A2A) + dim V(,I - D/2,2). 

Theorem 5. Assume that 2, = q. Then m(22 - kcr, 10 2) = 1 for 0 < k < q and the 
summands with k euen lie in S2A while the summands with k odd lie in A21. 

Proof. It is easy to see that 2 - kcr is a weight of 2 with multiplicity 1 for 0 5 k < q. In 

the product we get weights of the form 2;1- kor with 0 5 k 5 2q, but only the ones 

with 0 I k I q will be dominant. For 0 5 k I q we have m(21- ka, I @ A) = k + 1 

with k/2 + 1 weights in S2a and k/2 weights in A22 if k is even, and with (k + 1)/2 

weights in both S2 il and /i2 2 if k is odd. The multiplicities of these dominant weights 

in the summands are given in Table 1. We write (a, b) to denote a weights in S2J and 

b weights in A2 ;1. The statements about the summands in S2A and AZ;1 can be 

deduced from Table 1. 0 

For k = 1, this is just Dynkin’s rule about the second-highest weights, while for 

k = 2 or k = 3 it was proved by Manturov [6]. 

We will now show how a weaker version of Theorem 5 can be deduced from 

Kramer’s Theorem. Consider coor, the fundamental weight corresponding to a. We 

know that 

w, 0 0, =J (2%), 0 (204 - a),. 
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Table 1 

1. @ I 2-4 (2-l - a). (22 - 2a), (21, - 34, “’ 

21. (19 0) (LO) 
21 - a (191) (LO) COJ) _ 

22 - 2M (2,l) (LO) (0, 1) (LO) 
21- 3a (232) (LO) (0, 1) (LO) (091) 

If we take the q-fold tensor power of oor, we can deduce from Kramer’s Theorem that 

the multiplicities are at least one. 

Manturov [6] also considered the case where the Dynkin diagram contained three 

simple roots CY, /I and y joined by simple bonds with 1, = 2 and As = 1, = 0. 

0 2 0 
. . . o-(-J . . . 

P ci Y 

The dots indicate arbitrary combinations of simple roots and bonds. Manturov then 

stated that 2A - 3a - /? - y E A’A. This can be generalized as follows. 

Theorem 6. Zf il is of the form 

0 Ii 0 0 /i 0 0 ti 0 
. . . ~-_o-_o . . . . .0:,-o--_-o . . or 

P u Y’B u Y 

. . . 0-m . . . 

P u Y 

with k 2 1, then 

o(21-2a-P-y),O(21-3a-P-y), 

0 .‘. @ (22 - (k + 1)~ - /I - y). 

The s and a summa&s alternate in each series, the given summa&s have multiplicity 

equal to 1, and they are the only summands of theform 2A - act - vb/-I - cy with b, c I 1 

that occur in the product. 

If A is of the form 

0 k 0 k 
(F-f--o or tt-r;U 
Pa Pu 
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Table 2 

2. (1) 
i - a (1) 
i. - 2a (1) 
I - 3tY (1) 
/I - 4% (1) 

i - km (1) 

_ 
_ 

_ 
_ 

1 - z - p (1) 
i - 2a - p (1) 
1. - 3a - p (1) 

i - (k - 1)~ - p (1) 
1. - kx - /3 (1) 
_ 

_ 
_ 

i - c( - y (1) 
i. - 2L7 - y (1) 
I - 3ct - y (1) 

i. - (k - 1)~ - ‘i (1) 
d - kcc - y (1) 

_ 
_ 
_ 

i-m-P-y(l) 
E. - 2a - p - y (2) 

,i - (k - 2)~ - /J - y (2) 
I - (k - 1)~ - p - y (2) 
A- kci - fi - y (2) 
i - (k + 1)~ - jl -- y (2) 

with k 2 1, then 

A @ A 3 (2& 0 (22 - a), 0 ... 0 (21 - ka) 

@ (2A - 2a - p)S @ (22 - 3a - & 

GJ ... 0 (2A - (k + 1)~ - /I). 

The s and a summands alternate in each series, the given summands have multiplicity 

equal to 1, and they are the only summands of the form 21- act - bfi and b I 1 that 

occur in the product. 

Proof. In order to use the method of successive subtractions, it will be necessary to 

calculate several weight multiplicities. We will use Freudenthal’s formula 

2 
m(P, 4 = C 1 m(p + kv, A)(P + kv, 4. 

(~+P+24~-P)..,+,,, 

In our case p = A - aa - bp - cy, so the only roots we need to consider are the ones 

of the form a’a + b'fl + c’y. But since we know the part of the Cartan matrix involving 

a, /I and y, we know that the only such roots are 

The important point is that these calculations only depend on a small part of the 

weight system and the root space. We do not even need to know which algebra g is. It 

is even independent of the type of bonds we have. The last statement is not entirely 

obvious (in fact, I only realized it after the referee had asked me to extend the theorem 

to the case where the roots had different lengths). The relevant part of the weight 

system is listed in Table 2 (with the multiplicities in brackets). The length of the root 

strings depends only on k. If the roots have different lengths we scale them so that 

(a, a) = 2. When using Freudenthal’s formula we can think of k as an unknown. We 

then get a fraction of the form (ak + b)/(ck + d). But the terms involving k all come 

from products of the form (A, a) so a and c are independent of the lengths of the other 

roots. But since (ak + b)/(ck + d) is equal to a natural number e, we see that e is also 
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Table 3 

26 - pu with 0 < p I k and p even 

21- pa with 0 I p < k and p odd 

21- p~( - /I with 2 < p I k 
21 - pa - y with 2 I p I k 
2A - pu - p - y with 2 I p I k + 1 

(P/2 + 1, P/2) 
pp; 1)/2, (P + I)/21 

(PIP) 
(3P - 2,3P - 2) 

Table 4 

2A 21- ru 21-ix-/I-y 

M - with 2 0 pm p 1 1 1 

M-B 1 
M - - jl with 2 pu p 1 1 2 _ 
M-B-Y 1 _ 

M-cc-/l-y 1 4 _ 

M - - /I - with pi y p 2 2 2 5 

independent of the lengths of the other roots. Hence we can do all our computations 

assuming that the roots are of equal length. 

Multiplying out, we see that the relevant dominant weights for A @ A are as listed in 

Table 3, where we have written (a, b) to denote a weights in S21 and b weights in A21. 

We must now calculate the multiplicities of these weights in the summands 2/2 - ru for 

0 I r I k and 21- ra - /I - y for 2 I r I k + 2. They are given in Table 4, where 

M denotes the possible summands, and the left-most column represents the weights of 

the summands in the top row. Comparing this table with the multiplicities of 10 A 

given in Table 3, we deduce Theorem 6. (The proof for the G2 case is similar.) 0 

Theorem 6 can be combined with the method of subordination to give the following 

corollary. 

Corollary 7. If 1 is of the form 

b k c b k c b k c 
. . . ~---_o~_o . . . 

P a Y’ 

or . . . 7-0 . . . . . (--o__o . . , 

c! Y P @ Y 

with k 2 1, then 

10 i 2 (24, @ (22 - a), 0 ... @ (21 - kcc) 

0(2A-2cr-p-y),o(21-3a-p-y), 

0 ... @(2/2-(k+ 1)x-fi--_). 

where the s and a summands alternate in each series. 
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Table 5 

2i 

26 - ci 

2i-a-p 

If I is of theform 

b k b k 

W or cGCD 

Pg Pa 

with k 2 1, then 

A @ A II (2&O (2;1 - a), 0 ... 0 (22 - ka) 

0 (2/l - 2c( - fi), 0 (22 - 3cr - /?)a 

@ ... 0 (22 - (k + l)cr - fi), 

where the s and a summands alternate in each series. Cl 

Notice that in this case the multiplicities may be greater than 1, and there may be 

other summands of the form 211- aa - bB - cy with b, c I 1 occurring in the prod- 

uct. 

It is easy to prove Corollary 7 directly using Kramer’s Theorem. We first prove the 

result for k = 2 and b = c = 0 using the above method. Then we use subordination to 

handle b > 0 or c > 0. Then we set 2’ = A - o, and A2 = o, and add summands from 

1’ @I’ to 20, and 23 - c( from o, @ w,. The Gz case is handled similarly. This 

proves Corollary 7, but Kramer’s Theorem does not give the more precise information 

contained in Theorem 6. 

We will finally determine the multiplicities of summands of the form 2il - a - ,f3, 

where CL and /? are not necessarily linked. 

Theorem 8. Let c( and /3 be two roots that are not necessarily linked. Then 2;1- M. - p is 

a summand of I @ A if and only if& and A, are both nonzero, and in that case 

m(2il-cx-j?,S’A)= 1, 

m(2A - M - /?, A2A) = 
i 

1 if (a, 8 f 0, 
0 if (a, p) = 0. 

Proof. In order for 21- a - /I to be a summand, either both 1, and 2, must be 

nonzero, or A. # 0 and As = 0 but (~1, 0) # 0. But in the latter case we get the 

multiplicities listed in Table 5, where we write (a, b) for a weights in S2 A and b weights 
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Table 6 

24 (2i - cx), (21 - 8), left over 

21, (LO) (19 0) _ 0 

21, - tl (1, 1) (LO) (0, 1) 0 

21. - /II (1, 1) (LO) _ COJ) 
21-x-p (2,2) (LO) (0, 1) (0, 1) FLO) 

Table 7 

2& (22 - Go, (21 - ma left over 

21-a-p (323) (2,O) (0, 1) (0, 1) (131) 

in A2;1. From Table 5 we deduce that 21- CI - /I will not be a summand unless both 

1, and A, are nonzero. 

There are now two cases to consider. If (c(, p) = 0, then CI + /I is not a root, and we 

get the multiplicities listed in Table 6. If follows that 22 - c( - p E S2A. 

If (~1, p) # 0, then CI + /I is a root. This makes a difference when calculating 

m(A - cc - /I) and m(2A - c( - /I). Hence only the last row will be different, as shown in 

Table 7. It follows that 22 - c1 - fl lies in both S2A and n21. 0 

We will finally mention the following result by Wang and Ziller [7, Theorem 2.81 

which is proved in a similar way. 

Theorem 9. If fil, . . . ,p2 with s 2 2 is a chain linking A with itself and ;Isi = 0 for 
2 I i I s - 1, then 421 - PI - . . . - ps, S21) = n42A - p1 - . . . - ps, ~2 2) = 1. 

I7 

Ifs = 2, this corresponds to the case (a, /I) # 0 above. For s > 2 it elaborates on the 

case A = A in Theorem 3. 
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