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ABSTRACT

JL. Heilbron's book “The Sun in the Church: Cathedras as Solar Observetories’ addresses a
basic problem: how is time messured? Since the period of Eath's orbit around Sun is not neetly
divisble into a whole number of days, it is hard to condruct acdendar that will mark a moment
in time back a the exact same point after Eath makes a complete revolution around Sun. The
Catholic Church wanted a sysemdic way to determine when Easter should be celeébrated and
thus became degply involved in improving the qudity of observaiond data on which cdendars
were based, thereby improving the accuracy and rdiability of the cdendars. Helbron's book
records both the higory and technicdities of how cathedrds were used as an ingrument to
measure time and this paper has been written as a mathematica supplement to enable readers to
have a dearer comprehensgon of how cetan condusons have been drawvn or how certan
vaues have been obtaned. The fird pat of the paper provides some ussful preiminary
information whilst the second part gives detaled explanations for sdected sections in Helbron's
book. The later involves cdculaion of ceatan vadues compaison of sola and plangary
modds, and use of the meridiana.

PRELIMINARIES
BACKGROUND OF VARIOUS MATHEMATICIANS MENTIONED

This section ams to provide more information on the prominent mathematicians mentioned
in this pgper, Hipparchus Claudius Ptoemy, Johanes Kepler and Giovani Cassni, 0 that
readers may have a more defined impresson of their names as they reed this paper. The primary
source for the contents of this sectionis:
http://Amww-groups.dcs.st-andrews.ac.uk/~history/Mathematiciang .

SOME MATHEMATICAL TOOLS

Properties of dlipses ae given in this section, including the standard eguation of an dlipse
the definiion of eccentricity and Cavdiei Prindple In  addition, the gmdl-angle
goproximations for dne, codne and tangent and the Binomial Theorem ae daed without
proofs.

FRAME OF REFERENCE
This section explains how the gpparent motion between Sun and Eath changes when we shift
from a hdiocentric, or sun-inthe-centre, frame of reference to a geocentric, or earth-inthe-
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centre, frame of reference. The Earth revolves around the Sun and completes its orbit in a year.
By areding the motion of the Earth, we would dso observe the Sun to revolve around Eath on
adrcular path but in the oppodite direction.

The information provided in the later part of the section concerns the Sun, the Earth and the
planets where the epicyde-deferent modd is introduced and discussed through the use of
vectors. In the case of a superior planet, the epicycle corresponds to the orbit of the Earth about
the Sun, and the deferent, to the hdiocentric orbit of the planet itsdf; the correspondence is
reversed in the case of aninferior planet.

HIPPARCHUS MODEL OF THE MOTION OF THE SUN

Greek agronomes beieve that dl orbits of luminaries and planets treated in astronomy
should be cirdes or components of cirdes The smplet manner to represent the gpparent
motion of the Sun as obsarved from the Eath would be a drde in the plane of the ediptic,
centered on the Earth. if we take y as the number of days in a year, we would expect the interva
between the seasons to be exactly of length y/4 days. However, the observed facts show
otherwise: the seasons are not equd.

To fix the modd, the Eath was displaced from the centre of the ;g
un's orbit as shown in the figure on the Sde. The Sun's dirde is thus o b
sad to be eccentric to the Eath. To generate the longer intervas
between solgtice and equinox, the Earth had to be removed from the

centre in the opposite direction so that the corresponding arcs as seen | e o ]

from the Earth would each be more than ¥4 of the dirde, and it would ™ s

take longer than y/4 days to traverse them. A ! -
Some terminology frequently used in the paper is defined as wel: N g ”

eccentricity, perigee, gpogee and theline of gpsdes.

PTOLEMY’S SOLAR AND PLANETARY MODELS

Ptolemy’s solar modd is equivdent to that of Hipparchus. His plangay theory involved
epicycdles, deferents and equant points The devedopment from the ancient zero eccentricity
modd to the intermediate modd and the find plangtary modd is traced. The didinctive festure
of the find plangtary modd is the insartion of an equant point, defined as a point aout which
the angular velocity of a body on its orbit is condant. As a result of the eguant point, two
eccentricities e; and e, are defined, of which the sum is known as “tota eccentricity”. Ptolemy
adwayshisectsit by putting e1 = e

KEPLER'SLAWS
Kepler's Firs Law dates that the path, or orbit, of a planet around the Sun is an dlipse, the

postion of the Sun being & a focus of the dlipse. Kepler's Second Law dates that the radius

vector SZ the figure by the Sde sweeps out equa aress in equa

times. r denotes the digance of the planet Z from the Sun and

the angle q be the planet's angular distance from perigee, or the

true anomay. Then, the equation of Z's dliptica orbit is known

a(l- €

1+ecosq
planet in its orbit a any ingtant, based on Kepler's Second Law, are dso given.

to be r = . The geps to determine the postion of the



CLARIFYING SELECTED SECTIONS OF HEILBRON’SBOOK
NOTES TO APPENDIX B: THE ANALEMMA IN THE CONSTRUCTION OF SAN
PETRONIO

This section evdudaes the pogtioning of the zodiacd plagues dong the meridiana
geometricaly with reference to the diagrams bel ow.
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Upon deriving two separate expressons for sn d, the folowing rdaion involving |, S'VE and
K (radius of cdegtid phere) is obtained:

S*VE

| » b S*VE» KI.

Kl givesthe ediptic longitude and since K is condart, it is sufficient to mark the point where
the noon ray fals on the meridianaa an equinox, and then by increesing | in gepsof 30°, the
res of the zodiaca plagues could be postioned accordingly.

NOTES TO HEILBRON, PG 105: PTOLEMY’S SOLAR ECCENTRICITY

Poemy made use of Hippachus modd for the Sun's motion aound the eath and
cdculaed vaues for the solar eccentricity, e and the angle y between the line of gpsides and
the line joining the soldices to be 00334 and 12°58 respecively. The actud working deps to
ariving a such results are induded. Kepler found the vaue of eccentricity to be only 0.0167
and the section provides an explanation for the factor-of-two difference.

COMPARISON OF MODELS

The defining parameters of a body in its orbit are defined. Thee indude the true anomady
and the radius vector. The table below holds the expressons for these parameters for each of the
solar and planetary moddl's as advocated by Hipparchus, Piolemy and Kepler.

Model Eccentricities | Trueanomaly, q (t) Radiusvector, r (t)
Hippachus | g =e & &
vvt+2 _S|nwt+2 _sin2vvt 1- 2 _cosq 2 _smq
2g 2 2g %
Ptolemy g=e and 2 2
wt +2 _S|nvvt+aEe93in2Nt aeeo 0s(] - 1a@gsmq
e =e 2¢ 29 82@ 282




Kepler e .. 5 oe & . 2
6=6=5 wt +2Z Ssinut + 2% sinowt | 1- Z9coqy - 2 sinq
2 &25 4825 &2 = &25

Ignoring the second order terms, then the firg discrepancy aises in the radius vector or
Hipparchus modd. Polemy’s equant theory for the planets is an amazingly close gpproximate
to Kepler's plangtary modd. Up to fird order terms in e the empty focus of the Keplerian
dlipse is indiginguishable form the equant point in Ptolemy’s modd; the mathematics involved
are explained.

USE OF MERIDIANA AND NOTES TO APPENDIX C
Detaled accounts of Cassni’s methodologies and caculations for judifying Kepler's modd to
be superior over Ptolemy’ s are given in this section.

BISECTION OF ECCENTRICITY

The double meanings of “bisection of eccentricity” are darified. It refers to ether Ptolemy
solitting the totd eccentricity into two on his plangtary theory or Kepler dividing the solar
eccentricity as defined in Ptolemy’s (or Hipparchus') solar theory.

NOTES TO HEILBRON PG 114 TO 117 AND APPENDICES D AND E
In this section, the derivation of Kepler's Equation being

h-gsinh=M°W(t-t)

is given. Seh Ward thought he had discovered a much smpler geomtricd method than Kepler
to find the true anomay. However, there was an error in his method and the mathematics to
show thisare included.
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