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Abstract

In this paper we consider numerical simulation of incompressible viscous flow around an obstacle in velocity—pressure formu-
lation. Two horizontal straight line artificial boundaries are introduced and the original flow is approximated by a flow in an
infinite channel with slip boundary condition on the wall. Then two vertical segment artificial boundaries are introduced to limit
the channel to a bounded computational domain. In the region of the channel between the vertical boundaries and infinity, the
velocity of the flow is almost a constant vector, in which the Navier-Stokes equations can be linearised by Oseen equations and
thus a general solution can be derived by using separation of variables. Artificial boundary conditions on the vertical segments are
then designed by imposing the continuity of velocity and normal stress. Therefore, the original problem is reduced to a boundary
value problem on a bounded computational domain. Numerical example shows that our artificial boundary conditions are very
effective.

1. Introduction

Let £); be a bounded domain in R?, with a simple closed curve boundary. Consider the Navier-Stokes
equations in the exterior domain R?\ {};, under Dirichlet boundary conditions:

(u-VYu+Vp=vAu, inR*\{, (L.1)
V-u=0, inR>\ (2, (1.2)
ulag, =0, (1.3)
u(x) — ux = (a,0)", when r = /x? +x} — oo, (1.4)

where u = (11, u,)" is the velocity, p is the pressure, v > 0 is the viscosity coefficient, a > 0 is a constant,
x = (x1,x)7.

The boundary value problem (1.1)-(1.4) describes motion of a viscous, incompressible fluid flow
around an obstacle of shape (2, with no movement of the fluid particles on the boundary of (. In
finding numerical solutions of this kind of problem defined in unbounded domain, one difficulty is the
unboundedness of the physical domain. In engineering, the usual method is to introduce an artificial
boundary and cut off the unbounded part of the domain and to set up an artificial boundary condition
at the artificial boundary of the remaining bounded domain. For example, the Dirichlet condition and
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Neumann condition are often used for elliptic partial differential equations. In general, this artificial
boundary condition at the artificial boundary is only a rough approximation of the exact boundary
condition. Hence, the remaining bounded domain must be quite large when high accuracy is required.
In practice, in order to limit the computational cost, the artificial boundary must be chosen not too far
from the domain of interest. During the last ten years, ways to design artificial boundary conditions with
high accuracy on a given artificial boundary for solving N-S equations in an unbounded domain have
been studied often. For instance, Halpern [1], Halpern and Schatzman [2]| designed a family of artificial
boundary conditions for unsteady Oseen equations in the velocity pressure formulation and applied
them to solve unsteady N-S equations. Nataf [3] presented an open boundary condition for steady
Oseen equations in stream-function vorticity formulation, which is applied to viscous incompressible
flow around a body in a flat channel with slip boundary conditions on the wall. Hagstrom [4,5] proposed
asymptotic boundary conditions at artificial boundaries for the simulation of time-dependent fluid flow
and applied them to solve N-S equations. Han et al. [6], Han and Bao [7,8] developed artificial boundary
conditions for N-S equations with stream-function vorticity formulation in channel.

In this paper we consider a steady viscous incompressible flow around an obstacle with velocity—
pressure formulation. Two horizontal straight line artificial boundaries are introduced and the problem
(1.1)~(1.4) is approximated by a flow in an infinite channel with slip boundary condition on the wall.
Then, two vertical segments are introduced to limit the channel to a bounded computational domain. In
the region sufficiently far from the obstacle, the velocity of the flow is almost a constant vector, in which
N-§ equations can be linearised by Oseen equations. A series of artificial boundary conditions with
increasing accuracy are designed by imposing the continuity of velocity and the normal stress. Thus, the
original problem (1.1)-(1.4) is approximated by a problem defined in a bounded computational domain.
Numerical results show that our artificial boundary conditions are very effective.

2. The exterior Navier-Stokes problem

Taking a constant L > 0, such that £ ¢ 2 =R x (0,L), then the exterior Navier-Stokes problem
(1.1)-(1.4) is approximated by the following problem when L is sufficiently large [3]:

(u-Vu+Vp=vAu, in O\, (2.1)
V-ou=0, in 2\, (2.2)
o 3]
U2l ,=0.. =0, O12l—0L =V =4y ﬁ) =0, -—oo<x <+ox, (2.3)
- - 8)(2 8x1 xa=0,L
ulgn =0, (2.4)
u(x) — Uy, when x; — oo, (2.5)

where oy, is the tangential stress on the wall. The boundary condition (2.3) is called slip boundary
condition and is equivalent to the following:
aLl]

=t]y,—0s. =0, —00 < x < +oc, (2.6)
axz .rvIU,L ) '

Taking two constants b < c, such that £ C (b,c) x (0, L), then {2 is divided into three parts {2, {2y
and (2, by the artificial boundaries I, and I'; with
Iy={xeR*|x =b0<x <L},
I={xeR|x=c,0<x <L),
0, ={xeR| —xc<x <b 0<x, <L}
Qr={xcR|b<x <c,0<x <L}\ {2,
Q. ={xeR|c<x <+00,0<x, <L}






