
CHAPTER 3

Orthogonal Polynomials and Polynomial
Approximations

3.1. Orthogonal polynomials

The orthogonal polynomials play the most important role in spectral
methods, so it is useful to understand some general properties of the or-
thogonal polynomials.

Given an interval (a, b) and a weight function ω(x) which is positive on
(a, b) and w ∈ L1(a, b), we define the weighted Sobolev space L2

ω(a, b) by

L2
ω(a, b) =

{
f :

∫ b

a
f2(x)ω(x)dx < +∞

}
. (3.1.1)

It is obvious that (·, ·)ω defined by

(f, g)ω :=
∫ b

a
f(x)g(x)ω(x)dx

is an inner product on L2
ω(a, b). Hence, ‖f‖L2

ω
= (f, f)

1
2
ω . Hereafter, the

subscript ω will be omitted from the notation when ω(x) ≡ 1.
Two functions f and g are said to be orthogonal in L2

ω(a, b) if

(f, g)ω = 0.

A sequence of polynomials {pn}∞n=0 with deg(pn) = n is said to be or-
thogonal in L2

ω(a, b) if

(pi, pj)ω = 0 for i 6= j. (3.1.2)

Since the orthogonality is not altered by a multiplicative constant, we may
normalize the polynomial pn so that the coefficient of xn is one, i.e.

pn(x) = xn + a
(n)
n−1x

n−1 + · · ·+ a
(n)
0 .

Such a polynomial is said to be monic.

3.1.1. Existence and uniqueness. Our immediate goal is to establish
the existence of a sequence of orthogonal polynomials. Although we could,
in principle, determine the coefficients a(n)

j of pn in the natural basis by using
the orthogonality conditions (3.1.2), it is computationally advantageous to
express pn in terms of lower-order orthogonal polynomials.

Let us denote
Pn := span

{
1, x, x2, · · · , xn

}
. (3.1.3)

1



2 3. ORTHOGONAL POLYNOMIALS AND POLYNOMIAL APPROXIMATIONS

Then, if {pk}∞k=0 is a sequence of polynomials such that pk is exactly of
degree k, it is obvious by dimension argument that

Pn := span {p0, p1, · · · , pn} . (3.1.4)

A direct consequence of this result is the following:

Lemma 3.1. If the sequence of polynomials {pk}∞k=0 is orthogonal, then
the polynomial pn+1 is orthogonal to any polynomial q of degree n or less.

Proof. This can be established by writing

q = bnpn + bn−1pn−1 + · · ·+ b0p0

and observing

(pn+1, q)ω = bn(pn+1, pn)ω + bn−1(pn+1, pn−1)ω + · · ·+ b0(pn+1, p0)ω = 0,

the last equality following from the orthogonality of the polynomials. �

Theorem 3.1. For any given positive weight function ω(x) ∈ L1(a, b),
there exists a unique set of monic orthogonal polynomials {pn}. More pre-
cisely, {pn} can be constructed as follows:

p0 = 1, p1 = x− α1 with α1 =
∫ b

a
ω(x)xdx/

∫ b

a
ω(x)dx,

and
pn+1 = (x− αn+1)pn − βn+1pn−1, n ≥ 1, (3.1.5)

where

αn+1 =
∫ b

a
xωp2

ndx/

∫ b

a
ωp2

ndx

and

βn+1 =
∫ b

a
xωpnpn−1dx/

∫ b

a
ωp2

n−1dx.

Proof. We shall first establish the existence of monic orthogonal poly-
nomials. We begin by computing the first two. Since p0 is monic and of
degree zero,

p0(x) ≡ 1.
Since p1 is monic and of degree one, it must have the form

p1(x) = x− α1.

To determine α1, we use orthogonality:

0 = (p1, p0)ω =
∫ b

a
ω(x)xdx− α1

∫ b

a
ω(x)dx.

Since the weight function is positive in the interval of integration, it follows
that

α1 =
∫ b

a
ω(x)xdx/

∫ b

a
ω(x)dx.
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In general we will seek pn+1 in the form

pn+1 = xpn − αn+1pn − βn+1pn−1 − γn+1pn−2 − · · · .

As in the construction of p1, we will use orthogonality to determine the
coefficients above. To determine αn+1, write

0 = (pn+1, pn)ω = (xpn, pn)ω − αn+1(pn, pn)ω − βn+1(pn−1, pn)ω − · · · .

By orthogonality, we have∫ b

a
xωp2

ndx− αn+1

∫ b

a
ωp2

ndx = 0,

which gives

αn+1 =
∫ b

a
xωp2

ndx/

∫ b

a
ωp2

ndx.

For βn+1, using the fact that (pn+1, pn−1)ω = 0 gives

βn+1 =
∫ b

a
xωpnpn−1dx/

∫ b

a
ωp2

n−1dx.

Next, we have

γn+1 =
∫ b

a
ωpnxpn−2dx/

∫ b

a
ωp2

n−2dx = 0

since xpn−2 is of degree n − 1, and thus orthogonal to pn. Likewise, the
coefficients of pn−3, pn−4, ... are all zero.

The above procedure leads to a sequence of monic orthogonal polyno-
mials. We now show that such a sequence is unique.

Assume that {qn}∞n=0 is another sequence of orthogonal (monic) polyno-
mials, i.e. the coefficient of xn in qn is 1, and∫ b

a
ωqi(x)qj(x)dx = 0, i 6= j.

Since pn, given by (3.1.5), is also monic, we obtain that

deg
(
pn+1 − qn+1

)
≤ n.

Now using Lemma 3.1 gives

(pn+1, pn+1 − qn+1)ω = 0, (qn+1, pn+1 − qn+1)ω = 0.

The above results yield (pn+1 − qn+1, pn+1 − qn+1)ω = 0. This implies that
pn+1 − qn+1 ≡ 0 for all n ≥ 0. �

The above theorem reveals a remarkable property of the orthogonal
polynomials, namely, all orthogonal polynomials can be constructed with
a three-term recurrence relation (3.1.5).
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3.1.2. Zeros of orthogonal polynomials. The zeros of the orthogo-
nal polynomials play an important role in the implementations of the spec-
tral methods. The main result concerning the zeros of orthogonal polyno-
mials is the following:

Theorem 3.2. The zeros of pn+1 are all real, simple, and lie in the
interval (a, b).

Proof. Since (1, pn+1)ω = 0, there exists at least one zero of pn+1 in
(a, b). Let x0, x1, · · · , xk in (a, b) be the zeros of odd multiplicity of pn+1;
i.e., x0, x1, · · · , xk are the points where pn+1 changes sign. If k = n, we
are through, since {xi}n

i=0 are the n + 1 simple zeros of pn+1. If k < n, we
consider the polynomial

q(x) = (x− x0)(x− x1) · · · (x− xk).

Since deg(q) = k + 1 < n+ 1, by orthogonality

(pn+1, q)ω = 0.

On the other hand pn+1(x)q(x) cannot change sign on (a, b) since each sign
change in pn+1(x) is canceled by a corresponding sign change in q(x). It
follows that

(pn+1, q)ω 6= 0,
which is a contradiction. �

??? Give a procedure to compute zeroes (from an eigenvalue problem)
???

3.1.3. Gauss type quadratures. We wish to create quadrature for-
mulae of the type ∫ b

a
f(x)ω(x)dx ≈

N∑
j=0

f(xj)ωj .

If the choice of nodes x0, x1, · · · , xN are made a priori, then in general
the above formula can only be exact for polynomials of degree ≤ N . More
precisely, setting

ωj =
∫ b

a
hj(x)ω(x)dx, with hj(x) =

Πi6=j(x− xi)
Πi6=j(xj − xi)

(3.1.6)

being the Lagrange polynomial associated with the nodes {xj}N
j=0, we have∫ b

a
p(x)ω(x)dx =

N∑
j=0

p(xj)ωj , ∀p ∈ PN . (3.1.7)

However, if we are free to choose nodes {xk}N
k=0, we can expect the quad-

rature formulae of the above form to be exact for polynomials of degree
≤ 2N + 1.

We assume in this subsection that {pn}∞n=0 is a sequence of orthogonal
polynomials, associated with a weight function ω in the interval (a, b).
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Theorem 3.3. (Gauss quadrature) Let x0, x1, · · · , xN be the roots
of pN+1 and we define ωj (j = 0, 1, . . . , N) by (3.1.6). Then ωj > 0 for
j = 0, 1, · · · , N and∫ b

a
p(x)ω(x)dx =

N∑
j=0

p(xj)ωj , for all p ∈ P2N+1. (3.1.8)

???? Add formulae for ωj ???

Proof. For any p ∈ PN , we can write p(x) =
∑N

j=0 p(xj)hj(x). Hence,∫ b

a
p(x)ω(x)dx =

N∑
j=0

p(xj)
∫ b

a
hj(x)ω(x)dx =

N∑
j=0

p(xj)ωj .

Now for any p ∈ P2N+1, we can write p = rpN+1 + s where r, s ∈ PN . Since
PN+1(xj) = 0, we have p(xj) = s(xj) for j = 0, 1, . . . , N . Since PN+1 is
orthogonal to r, and s ∈ PN , we find∫ b

a
p(x)ω(x)dx =

∫ b

a
s(x)ω(x)dx

=
N∑

j=0

s(xj)ωj =
N∑

j=0

p(xj)ωj .

It remains to prove that wj > 0 for j = 0, 1, . . . , N . To this end, we take
p(x) = h2

k(x) in the above relation to find

0 <
∫ b

a
h2

k(x)ω(x)dx =
N∑

j=0

h2
k(xj)ωj = ωk.

�

The Gauss quadrature is optimal in the sense that it is not possible to
find {xj , ωj}N

j=0 such that (3.1.8) holds for all p ∈ P2N+2. However, it is
difficult to enforce any boundary condition since the end points a and b are
not among the Gauss nodes. Therefore, we need generalized Gauss quadra-
tures which are suitable for enforcing boundary conditions. More precisely,
to enforce the Dirichlet boundary condition at both end points, we need the
so called Gauss-Lobatto quadrature below, and to enforce the boundary con-
dition at one end point, we should use the Gauss-Radau quadrature. Other
generalized Gauss quadratures enforcing derivative boundary conditions can
also be constructed similarly, see [9, 4].

Assuming we would like to include the left endpoint a in the quadrature.
We choose αN = −pN+1(a)/pN (a) and set

qN (x) =
PN+1(x) + αNpN (x)

x− a
.
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It is obvious that qN ∈ PN , and for any rN−1 ∈ PN−1, we have∫ b

a
qN (x)rN−1(x)ω(x)(x− a)dx =∫ b

a
(pN+1(x) + αNpN (x))rN−1(x)ω(x)dx = 0.

(3.1.9)

Hence, {qn} is a set of orthogonal polynomials with weight ω(x)(x− a).

Theorem 3.4. (Gauss-Radau quadrature) Let x0, x1, · · · , xN be the
roots of (x− a)qN and ωj (j = 0, 1, . . . , N) defined by (3.1.7). Then ωj > 0
for j = 0, 1, · · · , N and∫ b

a
p(x)ω(x)dx =

N∑
j=0

p(xj)ωj , for all p ∈ P2N . (3.1.10)

Proof. The proof is similar to that of Theorem 3.3. Obviously,∫ b

a
p(x)ω(x)dx =

N∑
j=0

p(xj)
∫ b

a
hj(x)ω(x)dx =

N∑
j=0

p(xj)ωj , ∀p ∈ PN .

(3.1.11)
Now for any p ∈ P2N , we write p = r(x− a)qN + s with r ∈ PN−1, s ∈ PN ,
and p(xj) = s(xj) for j = 0, 1, . . . , N . Therefore, thanks to (3.1.9), we have∫ b

a
p(x)ω(x)dx =

∫ b

a
s(x)ω(x)dx

=
N∑

j=0

s(xj)ωj =
N∑

j=0

p(xj)ωj .

Again, by taking p(x) = h2
k(x) in the above relation, we conclude that

wk > 0 for k = 0, 1, . . . , N . �

A second Gauss-Radau quadrature can be constructed if we want to
include the right endpoint b instead of the leftend point a.

We now consider the Gauss-Lobatto quadrature whose nodes include the
two endpoints. We choose αN and βN such that

pN+1(x) + αNpN (x) + βNpN−1(x) = 0, x = a, b,

and set

zN−1(x) =
pN+1(x) + αNpN (x) + βNpN−1(x)

(x− a)(b− x)
.

Hence, zN−1 ∈ PN−1 and for any rN−2 ∈ PN−2, we have∫ b

a
zN−1(x)rN−2(x)ω(x)(x− a)(b− x)dx =∫ b

a
(pN+1(x) + αNpN (x) + βNpN−1(x))rN−2(x)ω(x)dx = 0.

(3.1.12)
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Hence, {zn} is a set of orthogonal polynomials with weight ω(x)(x−a)(b−x).
Using exactly the same procedure as in the proof of Theorem (3.4), we can
prove the following:

Theorem 3.5. (Gauss-Lobatto quadrature) Let {xi}N
i=0 be the N+1

roots of wN−1(x)(x− a)(b− x), and ωj (j = 0, 1, . . . , N) defined by (3.1.7).
Then, ωj =

∫ b
a hj(x)ω(x)dx > 0 for j = 0, 1, . . . , N and∫ b

a
p(x)ω(x)dx =

N∑
j=0

p(xj)ωj , for all p ∈ P2N−1. (3.1.13)

3.1.4. Discrete inner products, interpolation polynomials and
discrete transforms. Let ω(x) > 0 be a weight function, and {xj , ωj}N

j=0

be a set of quadrature points (e.g. Gauss, Gauss-Radau or Gauss-Lobatto
points) and associated weights. We define

〈u, v〉N,ω :=
N∑

j=0

u(xj)v(xj)ωj for u, v continuous on [a, b]. (3.1.14)

Then, 〈·, ·〉N,ω is a discrete inner product in PN , and ‖ · ‖N,ω defined by

‖u‖N,ω = 〈u, u〉
1
2
N,ω

is a norm in PN . In particular, the Gauss, Gauss-Radau and Gauss-Lobatto
quadrature formulae imply that

〈u, v〉N,ω = (u, v)ω for u v ∈ P2N+δ, (3.1.15)

where δ = 1, 0 and −1 respectively for Gauss, Gauss-Radau and Gauss-
Lobatto quadrature.

Let u be a continuous function on [−1, 1]. The interpolation polynomial,
associated with {xi}N

i=0, INu is defined as a polynomial of degree less than
or equal to N such that

INu(xi) = u(xi), i = 0, 1, . . . , N.

Hence, we may write

INu =
N∑

l=0

ũlpl(x). (3.1.16)

Obviously, we have

u(xj) = INu(xj) =
N∑

l=0

ũlpl(xj). (3.1.17)

Thus, {ũk} are called the discrete coefficients of u and are determined by

Lemma 3.2.

ũk =
1

〈pk, pk〉N,ω

N∑
j=0

u(xj)pk(xj)ωj), k = 0, 1, . . . , N.
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Proof. Thanks to (3.1.15), we derive the desired result by taking the
discrete inner product of (3.1.17) with pk. �

3.2. Jacobi polynomials

From now on, we shall restrict our attention to a special class of orthog-
onal polynomials — the so called Jacobi polynomials — which are denoted
by Jα,β

n (x) and generated from (3.1.5) with

ω(x) = (1− x)α(1 + x)β for α, β > −1, (a, b) = (−1, 1),

and normalized by

Jα,β
n (1) =

Γ(n+ α+ 1)
n!Γ(α+ 1)

, (3.2.1)

where Γ(x) is the usual Gamma function.
In fact, we shall mainly be concerned with two special cases of Jacobi

polynomials, namely the Legendre polynomials which corresponds to α =
β = 0 and the Chebyshev polynomials which corresponds to α = β = −1

2 .
Any generic treatments of Jacobi polynomials apply in particular to both
the Legendre and Chebyshev polynomials.

???Add three-term recurrence relation here !
By definition, the Jacobi polynomials which satisfy the orthogonality

condition∫ 1

−1
Jα,β

n (x)Jα,β
m (x)(1− x)α(1 + x)βdx = 0 for n 6= m. (3.2.2)

A property of fundamental importance is the following:

Theorem 3.6. The Jacobi polynomials satisfy the following singular
Sturm-Liouville problem:

(1− x)−α(1 + x)−β d

dx

{
(1− x)α+1(1 + x)β+1 d

dx
Jα,β

n (x)
}

+ n(n+ 1 + α+ β)Jα,β
n (x) = 0.

Proof. We denote ω(x) = (1 − x)α(1 + x)β. By integration by parts
twice, we find that for any φ ∈ Pn−1,∫ 1

−1

d

dx

{
(1− x)α+1(1 + x)β+1dJ

α,β
n

dx

}
φdx

= −
∫ 1

−1
ω(1− x2)

dJα,β
n

dx

dφ

dx
dx

=
∫ 1

−1
Jα,β

n

{
[−(α+ 1)(1 + x) + (β + 1)(1− x)]

dφ

dx
+ (1− x2)

d2φ

dx2

}
ωdx = 0.

The last equality follows from the fact that∫ 1

−1
Jα,β

n ψω(x)dx = 0, ∀ψ ∈ Pn−1.
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An immediate consequence of the above relation is that there exists λ such
that

− d

dx

{
(1− x)α+1(1 + x)β+1 d

dx
Jα,β

n (x)
}

= λJα,β
n (x)ω(x).

To determine λ, we take the coefficients of the leading term xn+α+β in the
above relation. Assuming Jα,β

n (x) = knx
n + {lower order terms}, we get

knn(n+ 1 + α+ β) = knλ

which implies that λ = n(n+ 1 + α+ β). �

One derives immediately from Theorem 3.6 and (3.2.2) the following
result:

Corollary 3.1.∫ 1

−1
(1− x)α+1(1 + x)β+1dJ

α,β
n

dx

dJα,β
m

dx
dx = 0 for n 6= m. (3.2.3)

The above relation indicates that d
dxJ

α,β
n forms a sequence of orthogo-

nal polynomials with weight ω(x) = (1 − x)α+1(1 + x)β+1. Hence, by the
uniqueness, we find that d

dxJ
α,β
n is proportional to Jα+1,β+1

n−1 .

Theorem 3.7. (Rodrigues’ formula)

(1− x)α(1 + x)βJα,β
n (x) =

(−1)n

2nn!
dn

dxn
[(1− x)n+α(1 + x)n+β ]. (3.2.4)

Proof. For any φ ∈ PN−1, we have∫ 1

−1

dn

dxn

(
(1− x)n+α(1 + x)n+β

)
φdx

= (−1)n

∫ 1

−1

(
(1− x)n+α(1 + x)n+β

) dnφ

dxn
dx = 0.

Hence, there is a constant αn such that
dn

dxn

(
(1− x)n+α(1 + x)n+β

)
= αn(1− x)α(1 + x)βJα,β

n (x). (3.2.5)

On the other hand, it is easy to see that

αn =
1

Jα,β
n (1)

{
1

(1− x)α(1 + x)β

dn

dxn

(
(1− x)n+α(1 + x)n+β

)}
|x=1

= (−1)nn!2n.

The proof is complete. �

Remark 3.2.1. When α = β > −1, the corresponding Jacobi polynomi-
als are called Gegenbauer polynomials or ultraspherical polynomials. In this
case, one derives from the Rodrigues’ formula that Jα,α

n is an odd function
for n odd and an even function for n even.

??? Add a Corollary for the formula kn ???
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3.3. Legendre polynomials

The Legendre polynomials, denoted by Lk(x), are the orthogonal poly-
nomials with ω(x) = 1 and (a, b) = (−1, 1). The three-term recurrence
relation for the Legendre polynomials reads

L0(x) = 1, L1(x) = x,

(n+ 1)Ln+1(x) = (2n+ 1)xLn(x)− nLn−1(x), n ≥ 1.
(3.3.1)

On the other hand, the Legendre polynomials are Jacobi polynomials with
α = β = 0. Hence, it satisfies the following singular Sturm-Liouville problem(

(1− x2)L′n(x)
)′ + n(n+ 1)Ln(x) = 0, x ∈ (−1, 1), (3.3.2)

and ∫ 1

−1
Lk(x)Lj(x)dx =

2
2k + 1

δkj . (3.3.3)

We infer from the above two relations that∫ 1

−1
L′k(x)L

′
j(x)(1− x2)dx =

2k(k + 1)
2k + 1

δkj , (3.3.4)

i.e. the polynomial sequence {L′k(x)} are mutually orthogonal with respect
to the weight ω(x) = 1− x2.

An important property of the Legendre polynomials is the following:

Lemma 3.3.∫ x

−1
Ln(ξ)dξ =

1
2n+ 1

(Ln+1(x)− Ln−1(x)), n ≥ 1. (3.3.5)

Proof. Let Sn+1(x) =
∫ x
−1 Ln(t)dt. Hence, Sn+1 ∈ Pn+1 and Sn+1(±1) =

0. Therefore, for any m < n− 1,∫ 1

−1
Sn+1Lmdx =

∫ 1

−1
Sn+1S

′
m+1dx

= −
∫ 1

−1
S′n+1Sm+1dx =

∫ 1

−1
LnSm+1dx = 0.

(3.3.6)

Hence, we can write

Sn+1 = an−1Ln−1 + anLn + an+1Ln+1.

By parity argument, an = 0. On the other hand, by writing Ln = knx
n +

kn−1x
n−1 + . . . , we find from the definition of Sn+1 that kn

n+1 = an+1kn+1.
We then derive from the formula of kn (??) that an+1 = 1

2n+1 . Finally, we
derive from Sn+1(−1) = 0 that an−1 = −an+1 = − 1

2n+1 . �

We derive from above a recursive relation for computing the derivatives
of the Legendre polynomials:

Ln(x) =
1

2n+ 1
(L′n+1(x)− L′n−1(x)), n ≥ 1. (3.3.7)
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We can derive from the above formula that

L′n(x) =
n−1∑
k=0

k+n odd

(2k + 1)Lk(x), (3.3.8a)

L′′n(x) =
n−2∑
k=0

k+n even

(k +
1
2
) (n(n+ 1)− k(k + 1))Lk(x). (3.3.8b)

We also derive from (??) and (3.3.2) that

Ln(±1) = (±1)n, (3.3.9a)

L′n(±1) =
1
2
(±1)n−1n(n+ 1), (3.3.9b)

L′′n(±1) = (±1)n(n− 1)n(n+ 1)(n+ 2)/8. (3.3.9c)

For the Legendre series, The Gauss quadrature points and weights can
be derived from Theorems 3.3 and 3.5 (cf. [9]).

Lemma 3.4. For the Legendre-Gauss quadrature: {xj}N
j=0 are the roots

of LN+1(x), and

ωj =
2

(1− x2
j )[L

′
N+1(xj)]2

, 0 ≤ j ≤ N.

For the Legendre-Gauss-Lobatto quadrature: {xj}N
j=0 are the roots of (1 −

x2)L′N (x), and

ωj =
2

N(N + 1)[LN (xj)]2
, 0 ≤ j ≤ N.

Proof. To be added ?? (p. 49, Furano) �

3.3.1. Zeros of Legendre polynomials. It is seen from the last sub-
section that the quadrature points for the Legendre polynomials are related
to the zeros of the Legendre polynomials. Below we will discuss how to
find the zero points of L(m)

N (x) numerically, where m < N is the order of
derivative.

We start from left boundary −1 and try to find the small interval of
width H which contains the first zero point z1. The idea for locating the
interval is similar to that used by the bisection method. In the resulting
(small) interval, we use Newton’s method to find the first zero point. The
Newton’s method for finding the root of f(x) is

xk+1 = xk − f(xk)/f ′(xk). (3.3.10)

After finding the first zero point, we use the point z1 + H as the starting
point and repeat the previous procedure to get the second zero point z2.
This will give us all the zero points of L(m)

N (x). The parameter H, which is
related to the smallest gap of the zero points, will be chosen as N−2.
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The following pseudocode is to find the zeros of L(m)
N (x).

CODE LGauss.1
%This code is to find the roots of L

(m)
N (x).

Input N, ε , m (ε gives the accuracy of the roots)
H=N−2

a=-1
for k=1 to N-m do
%search a small interval containing a zero point of L

(m)
N (x)

b=a+H
while L

(m)
N (a)·L(m)

N (b) > 0
a=b; b=a+H

endwhile
%the Using Newton’s method in (a,b) to find the root

root=(a+b)/2; right=b
while |root-right|≥ε
right=root

root=root-L
(m)
N (root)/L

(m+1)
N (root)

endwhile
z(k)=root

a=root+H
endfor
Output z(1), z(2),· · · ,z(N-m)

(This code needs to be changed to a more efficient one !!!)
In the above pseudocode, the parameter ε is used to control the accuracy

of the roots. Also, we need to use the recurrence formulae (3.3.1) and (3.3.7)
to compute L(m)

n (x) which are used in the above code.

CODE LGauss.2
%This code is to evaluate L

(m)
n (x).

Input n, m, x
For j=0 to m do

if j=0 then
s(0,j)=1; s(1,j)=x
s(k+1,j)=((2k+1)*x*s(k,j)-k*s(k-1,j))/(k+1) 1≤k≤n-1

else
s(0,j)=0

if j=1 then
s(1,j)=1

else
s(1,j)=0

endif
s(k+1,j)=(2k+1)*s(k,j-1)+s(k-1,j) 1≤k≤n-1

endif
endFor
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L
(m)
n (x)=s(n,m)

As an example, by setting N = 7,m = 0 and ε = 10−8 in CODE
LGauss.1 we obtain the roots for L7(x):

z1 -0.94910791 z5 0.40584515
z2 -0.74153119 z6 0.74153119
z3 -0.40584515 z7 0.94910791
z4 0.00000000

By setting N = 6,m = 1 and ε = 10−8 in CODE LGauss.1 we obtain
the roots for L′6(x). Together with Z1 = −1 and Z7 = 1 they form the
Legendre-Gauss-Lobatto points:

Z1 -1.00000000 Z5 0.46884879
Z2 -0.83022390 Z6 0.83022390
Z3 -0.46884879 Z7 1.00000000
Z4 0.00000000

3.3.2. Interpolation and discrete Legendre transform. Here, we
give some detailed results on the interpolation operator IN based on the
Legendre-Gauss-Lobatto points {xi}N

i=0. For any function u which is con-
tinuous on [−1, 1], we have

u(xj) = INu(xj) =
N∑

k=0

ũkLk(xj). (3.3.11)

In this case, the lemma 3.2 reads:

Lemma 3.5.

ũk = γk

N∑
j=0

u(xj)
Lk(xj)
L2

N (xj)
, k = 0, 1, . . . , N, (3.3.12)

where γk = 2k+1
N(N+1) for k = 0, 1, · · · , N − 1 and γN = 1

N+1 .

Proof. Taking the discrete inner product (i.e. (3.1.14) with ω = 1) of
(3.3.11) with Ln, we get

ũn〈Ln, Ln〉N =
N∑

j=0

u(xj)Ln(xj)
2

N(N + 1)[LN (xj)]2
.

Then, the desired result follows from

〈Ln, Ln〉N = (Ln, Ln) =
2

2n+ 1
, 0 ≤ n ≤ N − 1,

and

〈LN , LN 〉N =
N∑

j=0

L2
N (xj)

2
N(N + 1)

1
[LN (xj)]2

=
2
N
. (3.3.13)

�
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Next, we show that the discrete norm based on the Legendre-Gauss-
Lobatto quadrature is equivalent to the usual L2 norm in PN .

Lemma 3.6. Let ‖ · ‖N be the discrete norm relative to the Legendre-
Gauss-Lobatto quadrature. Then

‖u‖L2 ≤ ‖u‖N ≤
√

3‖u‖L2 , for all u ∈ PN .

Proof. Let u =
∑N

k=0 ũkLk, we have

‖u‖2
L2 =

N∑
k=0

ũ2
k

2
2k + 1

.

On the other hand,

‖u‖2
N =

N−1∑
k=0

ũ2
k

2
2k + 1

+ ũ2
N 〈LN , LN 〉N .

We then conclude from (3.3.13) and the fact that 2
2N+1 ≤

2
N ≤ 3 2

2N+1 . �

Remark 3.3.1. Assuming that {Lk(xj)}k,j=0,1,...,N have been precom-
puted (see the code LGauss.2), then, the discrete Legendre transforms (3.3.11)
and (3.3.12) can be carried out using a standard matrix-vector multiplica-
tion routine in about N2 flops. The cost of the discrete Legendre transforms
can be cut by half by using the identity Lk(xj) = (−1)kLk(xN−j) which is
a consequence of the odd-even parity of the Legendre polynomials.

Although the discrete Legendre transforms do not have optimal com-
putational complexity, but they can be accelerated significantly by using a
high performence/parallel matrix multiplication routine.

A similar interpolation operator and discrete Legendre transform can
also be defined on the Legendre-Gauss points.

In implementating the spectral methods, one often needs to evaluate
derivatives or form derivative matrices. The derivatives can be evaluated
either in the frequency space or in the physical space. We emphasize that in
both cases, the derivatives are computed exactly rather than approximately
in the finite difference or finite element methods.

3.3.3. Differentiation in frequency space. Given u =
∑N

k=0 ũkLk ∈
PN , we can write

u′ =
N∑

k=1

ũkL
′
k =

N∑
k=0

ũ
(1)
k Lk with ũ(1)

N = 0.
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Thanks to (3.3.7), we find

u′ =
N∑

k=0

ũ
(1)
k Lk = ũ

(1)
0 +

N−1∑
k=1

ũ
(1)
k

1
2k + 1

(L′k+1 − L′k−1)

=
ũ

(1)
N−1

2N − 1
L′N +

N−2∑
k=1

{
ũ

(1)
k−1

2k − 1
−

ũ
(1)
k+1

2k + 3
}L′k.

Comparing the coefficients of L′k, we find that the coefficients {ũ(1)
k } of u′

are determined by the recursive relation:

ũ
(1)
N = 0, ũ(1)

N−1 = (2N − 1)ũN ,

ũ
(1)
k−1 = (ũk +

ũ
(1)
k+1

2k + 3
)(2k − 1), k = N − 1, N − 2, · · · , 1.

(3.3.14)

Higher derivatives can be obtained by repeatedly applying the above for-
mula.

3.3.4. Derivative matrices in physical space. Given u ∈ PN and
its values at a set of collocation points {xj}N

j=0. Let {hj(x)}N
j=0 be the

Lagrange polynomials relative to {xj}N
j=0. Then,

u(m)(x) =
N∑

j=0

u(m−1)(xj)h′j(x), m ≥ 1. (3.3.15)

Setting dkj = h′j(xk), and D = (dkj)k,j=0,1,··· ,N , and

ū(m) = (u(m)(x0), u(m)(x1), · · · , u(m)(xN ))T , m = 0, 1, 2, ...,

we can rewrite (3.3.15) as

u(m)(xk) =
N∑

j=0

dkju
(m−1)(xj) or ū(m) = Dū(m−1) (3.3.16)

which implies that
ū(m) = Dmū(0). (3.3.17)

Hence, the derivatives of u in the physical space are totally determined by
the matrix D.

The above discussion is valid for any set of collocation points. In the
implementation of spectral methods, one is interested mostly in using the
Gauss-Lobatto points or Gauss points. Below, we provide an explicit ex-
pression for the derivative matrix in case {xj}N

j=0 are the Legendre-Gauss-
Lobatto points.

Lemma 3.7. Let {xj}N
j=0 be the zeros of (1− x2)L′N (x). Then,

hj(x) = − 1
N(N + 1)LN (xj)

(1− x2)L′N (x)
x− xj

, j = 0, 1, · · · , N, (3.3.18)
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and

dkj =



LN (xk)
LN (xj)

1
xk−xj

k 6= j

N(N+1)
4 k = j = 0

−N(N+1)
4 k = j = N

0 1 ≤ k = j ≤ N − 1

. (3.3.19)

Proof. Since {xj} are zeros of (1− x2)L′N (x), (3.3.18) is a easy conse-
quence of (3.3.2). We then derive from (3.3.18) that for all x 6= xj ,

h′j(x) =
LN (x)

LN (xj)(x− xj)
+

1
N(N + 1)LN (xj)

(1− x2)L′N (x)
(x− xj)2

, (3.3.20)

which implies the statement (3.3.19) for k 6= j.
For k = j, applying the L’Hospital’s rule to (3.3.20) (twice to the second-

term), we get

h′j(xj) =
L′N (xj)
LN (xj)

−
L′N (xj)
2LN (xj)

=
L′N (xj)
2LN (xj)

.

We conclude from (3.3.9) and the fact that L′N (xj) = 0 for 1 ≤ j ≤ N−1. �

Remark 3.3.2. The derivative matrix D is a full matrix, so O(N2) flops
are needed to compute {u′(xj)}N

j=0 from {u(xj)}N
j=0 by using the derivative

matrice.
Since u(N+1)(x) ≡ 0 for any u ∈ PN , we have DN+1ū(0) = 0 for any

ū(0) ∈ RN+1. Hence, the only eigenvalue ofD is zero which has a multiplicity
of order N + 1.

3.4. Chebyshev polynomials

3.4.1. Chebyshev polynomials. The Chebyshev polynomials, denoted
by Tk(x), are the sequence of orthogonal polynomials with ω(x) = (1−x2)−

1
2

and (a, b) = (−1, 1). The three-term recurrence for the Chebyshev polyno-
mials is:

T0(x) = 1, T1(x) = x,

Tn+1(x) = 2xTn(x)− Tn−1(x), n ≥ 1.
(3.4.1)

On the other hand, the Chebyshev polynomials are the Jacobi polynomials
with α = β = −1

2 . Hence, it satisfies the following singular Sturm-Liouville
problem√

1− x2
(√

1− x2T ′k(x)
)′

+ k2Tk(x) = 0, x ∈ (−1, 1), (3.4.2)
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and the orthogonality relation∫ 1

−1
Tk(x)Tj(x)

1√
1− x2

dx =
ckπ

2
δkj , (3.4.3)

where c0 = 2 and ck = 1 for k ≥ 1.
We infer from the above two equations that∫ 1

−1
T ′k(x)T

′
j(x)

√
1− x2dx =

k2ckπ

2
δkj , (3.4.4)

i.e., the polynomials {T ′k(x)} are mutually orthogonal with respect to the
weight function w(x) =

√
1− x2. From the fact that cos(n cos−1 x) is a

polynomial of degree n and the trigonometric relation

cos((n+ 1)θ) + cos((n− 1)θ) = 2 cos θ cos(nθ),

We find that cos(n cos−1 x) satisfies also the three term recurrence relation
(3.4.1). Hence,

Tn(x) = cos
(
n cos−1 x

)
, n = 0, 1, · · · . (3.4.5)

This explicit representation allows as to derive easily many useful properties
of the Chebyshev polynomials. In fact, let θ = cos−1 x, it follows from (3.4.5)
that

2Tn(x) =
1

n+ 1
T ′n+1(x)−

1
n− 1

T ′n−1(x), n ≥ 2, (3.4.6)

It can be easily shown by using (3.4.5) that

|Tn(x)| ≤ 1, |T ′n(x)| ≤ n2, (3.4.7a)

2Tm(x)Tn(x) = Tm+n(x) + Tm−n(x), m ≥ n ≥ 0. (3.4.7b)

One can also derive from (3.4.2) that

T ′n(±1) = (±1)n−1n2, (3.4.8a)

T ′′N (±1) =
1
3
(±1)NN2(N2 − 1). (3.4.8b)

Moreover, we can derive from (3.4.6) that

T ′n(x) = 2n
n−1∑
k=0

k+n odd

1
ck
Tk(x), (3.4.9a)

T ′′n (x) =
n−2∑
k=0

k+n even

1
ck
n(n2 − k2)Tk(x). (3.4.9b)

For the Chebyshev series, one can determine from Theorems 3.3 and 3.5
the quadrature points and weights (cf. [19]).
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Lemma 3.8. For Chebyshev-Gauss quadrature:

xj = cos
(2j + 1)π
2N + 2

, ωj =
π

N + 1
, 0 ≤ j ≤ N.

For Chebyshev-Gauss-Lobatto quadrature:

xj = cos
πj

N
, ωj =

π

c̃jN
, 0 ≤ j ≤ N.

where c̃0 = c̃N = 2 and c̃j = 1 for j = 1, 2, . . . , N − 1.

Note that for the simplicity of the notation, the Chebyshev-Gauss and
Chebyshev-Gauss-Lobatto points are arranged in descending order, namely,

xN < xN−1 < · · · < x1 < x0.

We shall keep this convention in the Chebyshev case unless otherwise spec-
ified.

3.4.2. Interpolation and discrete Chebyshev transform. As in
the Legendre case, we present here some detailed results on the interpolation
operator IN based on the Chebyshev-Gauss-Lobatto points {xi}N

i=0. For any
function u which is continuous on [−1, 1], we have

u(xj) = INu(xj) =
N∑

k=0

ũkTk(xj). (3.4.10)

In this case, the lemma 3.2 reads:

Lemma 3.9.

ũk =
2

c̃kN

N∑
j=0

1
c̃j
u(xj) cos

kjπ

N
. (3.4.11)

Proof. Taking the discrete inner product (i.e. (3.1.14) with ω = (1 −
x2)−

1
2 ) of (3.4.10) with Tn, we get

ũn〈Tn, Tn〉N,ω =
N∑

j=0

u(xj) cos
njπ

N

π

c̃jN
.

The desired result follows from the above and

〈Tn, Tn〉N,ω = (Tn, Tn)ω =
c̃nπ

2
, 0 ≤ n ≤ N − 1,

and

〈TN , TN 〉N,ω =
N∑

j=0

cos2 jπ
π

c̃jN
= π. (3.4.12)

�

As in the Legendre case, the discrete norm based on the Chebyshev-
Gauss-Lobatto quadrature is equivalent to the usual L2

ω norm in PN . In
fact, we have
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Lemma 3.10. Let ‖ · ‖N,ω be the discret norm relative to the Chebyshev-
Gauss-Lobatto quadrature. Then

‖u‖L2
ω
≤ ‖u‖N,ω ≤

√
2‖u‖L2

ω
, for all u ∈ PN .

Proof. For u =
∑N

k=0 ũkTk, we have

‖u‖2
L2

ω
=

N∑
k=0

ũ2
k

ckπ

2
.

On the other hand,

‖u‖2
N,ω =

N−1∑
k=0

ũ2
k

ckπ

2
+ ũ2

N 〈TN , TN 〉N,ω.

We conclude from the above and (3.4.12). �

The most important practical feature of the Chebyshev series is that
the discrete Chebyshev transforms (3.4.10) and (3.4.11) can be performed in
O(N log2N) operations thanks to the Fast Fourier Transform (FFT). In fact,
the discrete Chebyshev transforms (3.4.10) and (3.4.11) can be computed
most easily by calling the subroutine cost.f in the FFTPACK (available
from www.netlib.org), they can also be computed by using other FFT pro-
grams in various platforms. For readers’ convenience, a Fortran subroutine
using cost.f is listed below:

subroutine chtrfm1(n,x,cosn,iflag)
**************************************************
*** Purpose: 1-D discrete Chebyshev transform
*** Input: cosn: output from calling costi(n+1,cosn)
*** x: Chebyshev coefficients if iflag=1
*** values at CGL points if iflag=0
*** Output: x: values at CGL points if iflag=1
*** Chebyshev coefficients if iflag=0
**************************************************

dimension x(0:n),cosn(3*n+15)
if (iflag.eq.1) then

val=.5
do i=1,n-1

x(i)=val*x(i)
enddo
call cost(n+1,x,cosn)

else
call cost(n+1,x,cosn)
val=1./n
do i=1,n-1

x(i)=x(i)*val
enddo
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x(0)=x(0)*val*.5
x(n)=x(n)*val*.5

endif
return
end

3.4.3. Differentiation in frequency space. Given u =
∑N

k=0 ũkTk ∈
PN , we derive from (3.4.6) that

u′ =
N∑

k=1

ũkT
′
k =

N∑
k=0

ũ
(1)
k Tk

= ũ
(1)
0 + ũ

(1)
1 x+

N−1∑
k=2

ũ
(1)
k

( T ′k+1

2(k + 1)
−

T ′k−1

2(k − 1)
)

=
ũ

(1)
N−1

2N
T ′N +

N−2∑
k=1

1
2k

(ck−1ũ
(1)
k−1 − ũ

(1)
k+1)T

′
k,

(3.4.13)

where c0 = 2 and ck = 1 for k ≥ 1. Comparing the coefficients of T ′k, we find
that the Chebyshev coefficients {ũ(1)

k } of u′ are determined by the recursive
relation:

ũ
(1)
N = 0, ũ(1)

N−1 = 2NũN ,

ũ
(1)
k−1 = (2kũk + ũ

(1)
k+1)/ck−1, k = N − 1, N − 2, · · · , 1.

(3.4.14)

Higher derivatives can be obtained by repeatedly applying the above for-
mula.

3.4.4. Derivative matrices in physical space. To compute the de-
rivative matrix in the physical space, we can use the same notations as
in the Legendre case except that now we choose {xj = cos jπ

N } to be the
Chebyshev-Gauss-Lobatto points.

Lemma 3.11. The Lagrange polynomials associated to the Chebyshev-
Gauss-Lobatto points are

hj(x) =
(−1)j(x2 − 1)T ′N (x)

c̃jN2(x− xj)
, 0 ≤ j ≤ N. (3.4.15)

The derivative matrix (dkj = h′j(xk)) is given by

dkj =
c̃k
c̃j

(−1)k+j

xk − xj
, j 6= k,

dkk = − xk

2(1− x2
k)
, k = 1, 2, . . . , N − 1,

d00 = −dNN = (2N2 + 1)/6,

(3.4.16)

where c̃k = 1 for 1 ≤ k ≤ N − 1 and c̃0 = c̃N = 2.
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Proof. Let us denote ωN (x) = (x2 − 1)T ′N (x). Then, the Lagrange
polynomials associated with {xj}N

j=0 can be written as

hj(x) =
ωN (x)

ω′N (xj)(x− xj)
, 0 ≤ j ≤ N.

Consequently,

h′j(x) =
1

ω′N (xj)
(x− xj)ω′N (x)− ωN (x)

(x− xj)2
. (3.4.17)

We derive from (3.4.2) that

ω′N (x) = −(
√

1− x2
√

1− x2T ′N (x))′

= xT ′N (x)−
√

1− x2(
√

1− x2T ′N (x))′

= xT ′N (x) +N2TN (x).

(3.4.18)

We then derive from (3.4.8a) that ω′N (xj) = (−1)j c̃jN
2. This above result,

together with (3.4.17) and (3.4.8a), lead to

h′j(xk) =
c̃k
c̃j

(−1)k+j

xk − xj
, 0 ≤ k 6= j ≤ N.

For k = j, we apply the L’Hospital’s rule on (3.4.17) to get

h′j(xj) =
w′′N (xj)
2ω′N (xj)

. (3.4.19)

Thanks to (3.4.18), we have

ω′′N (xj) = (N2 + 1)T ′N (xj) + xT ′′N (xj), j = 0, 1, . . . , N. (3.4.20)

We derive from (3.4.2) that

T ′′N (xj) = (−1)j+1N2 1
1− x2

j

, 1 ≤ j ≤ N − 1. (3.4.21)

The desired results follow from the above and (3.4.8b). �

Remark 3.4.1. The remark 3.3.2 applies also to the Chebyshev case.
However, in the Chebyshev case, a more efficient alternative for computing
derivatives is to proceed in the frequency space as described earlier in this
section:

(1) Compute the discrete Chebyshev coefficients {ũk} of u from u(xj) =∑N
k=0 ũkTk(xj);

(2) Compute the discrete Chebyshev coefficients {ũ(1)
k } of u′ using

(3.4.14);
(3) Compute u′(xj) from u′(xj) =

∑N
k=0 ũ

(1)
k Tk(xj).

The cost of this approach is only O(N logN) thanks to the Fast Fourier
Transform.
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A pseudocode for computing D using Lemma 3.11 is given below.

CODE ChyDM.1
Input N
%collocation points, and c̃k
x(j)=cos(πj/N) 0≤j≤N
c̃(0)=2, c̃(N)=2
c̃(j)=1 1≤j≤N-1
% first order differentiation matrix
for k=0 to N do

for j=0 to N-k do
if k=0 and j=0

D1(k,j)=(2N2+1)/6
elseif k=N and j=N

D1(k,j)=-D1(0,0)
elseif k=j

D1(k,j)=-x(k)/
(
2*(1-x(k)2)

)
else

D1(k,j)=̃c(k)*(-1)j+k/
(̃
c(j)*(x(k)-x(j))

)
endif

endfor
endfor
for k=1 to N do

for j=N-k+1 to N do
D1(k,j)=-D1(N-k,N-j)

endfor
endfor

It has been observed that for large N the direct implementation of the
above formulas suffers from cancellation, causing errors in the elements of
the matrix D. Thus, it is advisable to replace the first two formulas using
trigonometric identities by the formulas

dkj =
c̃k
c̃j

(−1)k+j

2

(
sin

(j + k)π
2N

sin
(j − k)π

2N

)−1

, k 6= j,

dkk = − xk

2 sin2(kπ/N)
, k 6= 0, N.

(3.4.22)

Finally, to avoid computing the sinx for |x| > pi
2 , we take advantage of the

symmetry property
dN−k,N−j = −dk,j . (3.4.23)

Thus, an accurate method to compute D is using formulas (3.4.22) to find
the upper left triangle of D (i.e., compute dkj with k+ j ≤ N), and then use
the relation (3.4.23) and (3.4.22) for the other elements.

A pseudocode for computingD using (3.4.23) and (3.4.22) is given below.

CODE ChyDM.2
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Input N
%collocation points, and c̃k
x(j)=cos(πj/N) 0≤j≤N
c̃(0)=2, c̃(N)=2
c̃(j)=1 1≤j≤N-1
% first order differentiation matrix
for k=0 to N do

for j=0 to N-k do
if k=0 and j=0

D1(k,j)=(2N2+1)/6
elseif k=N and j=N

D1(k,j)=-D1(0,0)
elseif k=j

D1(k,j)=-x(k)/
(
2sin2(kπ/N)

)
else

D1(k,j)=̃c(k)*(-1)j+k/
(
2*̃c(j)*sin((j + k)π/2N)*sin((j − k)π/2N)

)
endif

endfor
endfor
for k=1 to N do

for j=N-k+1 to N do
D1(k,j)=-D1(N-k,N-j)

endfor
endfor

3.5. Laguerre and Hermite polynomials

To be added !

3.6. Error estimates of the polynomial projections

3.6.1. Orthogonal projection error in L2
ω(I). We derive first a fun-

demental result on the projection error of the Jacobi series.
We shall restrict our discussion to −1 < α, β < 1. For ω(x) = (1 −

x)α(1+x)β, we define an operator A associated to the Jacobi polnomials by

Aφ := −(1− x)−α(1 + x)−β d

dx
{(1− x)α+1(1 + x)β+1 d

dx
φ}. (3.6.1)

Thanks to Theorem 3.6, we have

AJα,β
n = n(n+ 1 + α+ β)Jα,β

n . (3.6.2)

Furthermore, we derive easily by integration by parts that A is self adjoint
with respect to the inner product (·, ·)ω, i.e.,

(Aφ,ψ)ω = (φ,Aψ)ω for all φ, ψ ∈ D(A) = {u : u,Au ∈ L2
ω(I)}. (3.6.3)
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On the other hand, we derive by the definition (3.6.1) that

Aφ = [(α+ 1)(x+ 1) + (β + 1)(1− x)]φ′ + (1− x2)φ′′. (3.6.4)

Therefore, for −1 < α, β < 1, we have

‖Aφ‖L2
ω

. ‖φ‖H2
ω

for all φ ∈ H2
ω(I). (3.6.5)

Definition 3.6.1. The orthogonal projector πN,ω : L2
ω(I) → PN is

defined by
(u− πN,ωu, v)ω = 0 for v ∈ PN . (3.6.6)

Since any u ∈ L2
ω(I) can be expanded as a Jacobi series

u =
+∞∑
j=0

ũnJ
α,β
n with ũn =

(u, Jα,β
n )ω

‖Jα,β
n ‖2

L2
ω

, (3.6.7)

we have by definition πN,ωu =
∑N

n=0 ũ
nJα,β

n and

‖u− πN,ωu‖2
L2

ω
=

+∞∑
n=N+1

ũ2
n‖Jα,β

n ‖2
L2

ω
=

+∞∑
n=N+1

(u, Jα,β
n )2ω

‖Jα,β
n ‖2

L2
ω

. (3.6.8)

Theorem 3.8.

‖u− πN,ωu‖L2
ω

. N−m‖u‖Hm
ω

for all u ∈ Hm
ω (I).

Proof. Let us denote λα,β
n = n(n + 1 + α + β). We consider first the

case m = 2r.
Applying repeatedly (3.6.2) and (3.6.3), we obtain

(u, Jα,β
n )ω =

1

λα,β
n

(u,AJα,β
n )ω =

1

λα,β
n

(Au, Jα,β
n )ω

=
1

(λα,β
n )r

(Aru, Jα,β
n )ω.

Hence, we derive from (3.6.8) that

‖u− πN,ωu‖2
L2

ω
=

+∞∑
n=N+1

(u, Jα,β
n )2ω

‖Jα,β
n ‖2

L2
ω

=
+∞∑

n=N+1

1

(λα,β
n )4r

(Aru, Jα,β
n )2ω

‖Jα,β
n ‖2

L2
ω

.
1
N4r

+∞∑
n=N+1

(Aru, Jα,β
n )2ω

‖Jα,β
n ‖2

L2
ω

≤ 1
N4r

+∞∑
n=0

(Aru, Jα,β
n )2ω

‖Jα,β
n ‖2

L2
ω

=
1

N2m
‖Aru‖2

L2
ω
.

We then derive from (3.6.5) that

‖u− πN,ωu‖L2
ω

. N−m‖u‖Hm
ω

for all u ∈ Hm
ω (I).
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We now consider the case m = 2r + 1. Exactly as above, we have

(u, Jα,β
n )ω =

1

(λα,β
n )r

(Aru, Jα,β
n )ω.

We use (3.6.1) once more and integrate by parts to get

(u, Jα,β
n )ω =

1

(λα,β
n )r+1

∫ 1

−1
(Aru)′(Jα,β

n )′ω̂dx,

where we have denoted ω̂ = (1− x)1+α(1 + x)1+β. Therefore,

‖u− πN,ωu‖2
L2

ω
=

+∞∑
n=N+1

1

(λα,β
n )2r+2‖Jα,β

n ‖2
L2

ω

(
∫ 1

−1
(Aru)′(Jα,β

n )′ω̂dx)2

.
1

N4r+2

+∞∑
n=N+1

1

λα,β
n ‖Jα,β

n ‖2
L2

ω

(
∫ 1

−1
(Aru)′(Jα,β

n )′ω̂dx)2.

(3.6.9)

We recall that {(Jα,β
n )′} form a set of orthogonal polynomials in L2

ω̂, and

‖(Jα,β
n )′‖2

L2
ω̂

= λα,β
n ‖Jα,β

n ‖2
L2

ω
. (3.6.10)

Thus, for any v =
∑+∞

n=0 ṽnJ
α,β
n ∈ L2

ω, we have the expansion

v′ =
+∞∑
n=1

ṽn(Jα,β
n )′ with ṽn =

1

‖(Jα,β
n )′‖2

L2
ω̂

∫ 1

−1
v′(Jα,β

n )′ω̂dx,

and thanks to (3.6.10),∫ 1

−1
(v′)2ω̂dx =

+∞∑
n=1

ṽ2
n‖(Jα,β

n )′‖2
L2

ω̂

=
+∞∑
n=1

1

‖(Jα,β
n )′‖2

L2
ω̂

(
∫ 1

−1
v′(Jα,β

n )′ω̂dx)2

≥
+∞∑

n=N+1

1

λα,β
n ‖Jα,β

n ‖2
L2

ω

(
∫ 1

−1
v′(Jα,β

n )′ω̂dx)2

Now, we take v = Aru in the above relation, thanks to (3.6.9) and the fact
that ω̂ = ω(1− x2) ≤ ω, we get

‖u− πN,ωu‖2
L2

ω
.

1
N4r+2

∫ 1

−1
((Aru)′)2ω̂dx ≤ 1

N4r+2

∫ 1

−1
((Aru)′)2ωdx

=
1

N2m
|Aru|2H1

ω
.

1
N2m

‖u‖2
Hm

ω
.

�
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3.6.2. Orthogonal projection error in H1
0,ω(I). Now, we consider

an orthogonal projector in H1
0,ω. We denote

P 0
N = {u ∈ PN : u(±1) = 0}.

Definition 3.6.2. The orthogonal projector π1,0
N,ω from H1

0,ω(I) to P 0
N

is defined by
((u− π1,0

N u)′, v′)ω = 0 for v ∈ P 0
N . (3.6.11)

Theorem 3.9.

|u− π1,0
N,ωu|H1

ω
. N1−m‖u‖Hm

ω
for all u ∈ Hm

ω (I) ∩H1
0,ω(I).

Proof. For any u ∈ Hm
ω (I) ∩H1

0,ω(I), we set

uN =
∫ x

−1

{
πN−1,ωu

′ − 1
2

∫ 1

−1
πN−1,ωu

′dη

}
dξ. (3.6.12)

Therefore,

uN ∈ P 0
N and u′N = πN−1,ωu

′ − 1
2

∫ 1

−1
πN−1,ωu

′dη.

Hence,

‖u′ − u′N‖L2
ω
≤ ‖u′ − πN−1,ωu

′‖L2
ω

+ |1
2

∫ 1

−1
πN−1,ωu

′dη|. (3.6.13)

On the other hand, since u(±1) = 0, we derive by Cauchy-Schwarz inequality
that

|
∫ 1

−1
πN−1,ωu

′dx| = |
∫ 1

−1
(πN−1,ωu

′ − u′)dx|

≤ (
∫ 1

−1
w−1dx)

1
2 ‖πN−1,ωu

′ − u′‖L2
ω

. ‖πN−1,ωu
′ − u′‖L2

ω
(for α, β < 1).

(3.6.14)

We then conclude from (3.6.13)–(3.6.14) and Theorem 3.8 that

|u− π1,0
N,ωu|H1

ω
= inf

φN∈P 0
N

|u− φN |H1
ω
≤ ‖u− uN‖L2

ω

. ‖u′ − πN−1,ωu
′‖L2

ω
. (N − 1)1−m‖u′‖Hm−1

ω

. N1−m‖u‖Hm
ω
.

�

Remark 3.6.1. One can also prove that

‖u− π1,0
N,ωu‖L2

ω
. N−m‖u‖Hm

ω
for all u ∈ Hm

ω (I) ∩H1
0,ω(I).

However, the proof of the second result is very technical so we refer to [3]
(Thm. 4.2) for details.

Another frequently used orthogonal projector in H1
0,ω(I) is considered

in Section 4.5.2.
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3.6.3. Interpolation error. We present below an optimal error esti-
mate for the interpolation polynomials based on the Gauss-Lobatto points.
We refer to Section 21 in [5] for the proof.

Theorem 3.10. Let {xj}N
j=0 be the roots of (1 − x2)Jα,α

N (x) with −1 <
α < 1 and ω = (1 − x2)α. Let IN : C[−1, 1] → PN be the interpolation
operator with respect to {xj}N

j=0. Then,

‖u− INu‖H1
ω

. N1−m‖u‖Hm
ω
, for all u ∈ Hm

ω (I), m ≥ 1;

‖u− INu‖L2
ω

. N−m‖u‖Hm
ω
, for all u ∈ Hm

ω (I), m ≥ 1.

Proof. to be added !!! �

The above results indicate that error estimates for the interpolation
polynomial based on the Gauss-Lobatto points are optimal in both the H1

ω

and L2
ω norms. One should note that an interpolation polynomial based

on uniformly spaced points is usually a very poor approximation unless the
function is periodic in the concerned interval.

3.6.4. Inverse inequalities.





CHAPTER 4

Spectral Methods for Two-Point Boundary Value
Problems

We consider in this chapter spectral algorithms for solving the two points
boundary value problem:

−εU ′′ + p(x)U ′ + q(x)U = F, x ∈ I = (−1, 1), (4.0.1)

with the general boundary condition

a−U(−1) + b−U
′(−1) = c−, a+U(1) + b+U

′(1) = c+, (4.0.2)

which includes in particular the Dirichlet (a± = 1 and b± = 0), the Neu-
mann (a± = 0 and b± = 1) boundary conditions, and the mixed boundary
conditions (a− = b+ = 0 or a+ = b− = 0). Whenever possible, we will
give a uniform treatment for all these boundary conditions. Without loss of
generality, we assume a± ≥ 0. We will also assume

(i) a2
− + b2− 6= 0, and a−b− ≤ 0; a2

+ + b2+ 6= 0, a+b+ ≥ 0;

(ii) q(x)− 1
2
p′(x) ≥ 0, x ∈ (I);

(iii) p(1) > 0 if b+ 6= 0, p(−1) < 0 if b− 6= 0.

(4.0.3)

The above conditions are necessary for the well-posedness of (4.0.1)–(4.0.2).
In the first section, we present several Galerkin methods which are based

on variational formulations for (4.0.1-4.0.2) using continuous inner products.
In the second section, we present the collocation methods in the strong form
which looks for approximate solutions to satisfy (4.0.2) and (4.0.1) exactly
at a set of collocation points. In the third section, we consider the colloca-
tion methods in the weak form which are based on variational formulations
for (4.0.1-4.0.2) using discrete inner products. In, Section 4, we present
some preconditioned iterative methods for solving the linear systems arising
from the spectral approximations of two-point boundary value problems. In
section 5, we provide an error analysis for two model cases.

4.1. Galerkin methods

Let us first reduce the problem (4.0.1-4.0.2) to a problem with homoge-
neous boundary conditions:

• Case 1. a± = 0 and b± 6= 0:
We set ũ = βx2 + γx, where β and γ are uniquely determined by

29
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asking ũ satisfies (4.0.2), namely
−2b−β + b−γ = c−,

2b+β + b+γ = c+.
(4.1.1)

• Case 2. a2
− + a2

+ 6= 0:
We set ũ = βx+γ, where β and γ can again be uniquely determined
by asking ũ satisfies (4.0.2). Indeed, we have

(−a− + b−)β + a−γ = c−,

(a+ + b+)β + a+γ = c+,
(4.1.2)

whose determinant is

DET = −a−a+ + b−a+ − a−a+ − b+a−.

Thus, (4.0.3) implies that b− ≤ 0 and b+ ≥ 0 which imply that
DET < 0.

Now, we set

u = U − ũ, f = F − (−ε ũ′′ + p(x)ũ′ + q(x)ũ).

Then u satisfies the following equation

−ε u′′ + p(x)u′ + q(x)u = f, in I = (−1, 1), (4.1.3)

with the homogeneous boundary conditions

a−u(−1) + b−u
′(−1) = 0, a+u(1) + b+u

′(1) = 0. (4.1.4)

In this section, we will only consider a special case of (4.1.3), namely,

−u′′ + αu = f, in I = (−1, 1), (4.1.5)

where α > 0 is a given constant. The general case (4.0.1)–(4.0.2) will be
treated later by using a collocation approach.

Let us denote

H1
? (I) = {u ∈ H1(I) : u(±1) = 0 if b± = 0}, (4.1.6)

and

h− =

{
0 if a−b− = 0
a−
b−

if a−b− 6= 0
, h+ =

{
0 if a+b+ = 0
a+

b+
if a+b+ 6= 0

. (4.1.7)

A standard variation formulation for (4.1.5)–(4.1.4) is:
Find u ∈ H1

? (I) such that

a(u, v) := (u′, v′) + h+u(1)v(1)− h−u(−1)v(−1)

+ α(u, v) = (f, v) for all v ∈ H1
? (I).

(4.1.8)

It is easy to see that the bilinear form a(·, ·) defined above is continuous
and coercive in H1

? (I)×H1
? (I) under the condition (4.0.3). One derive im-

mediately by Lax-Milgram lemma that the problem (4.1.8) admits a unique
solution. Note that only the Dirichlet boundary condition(s) is enforced
exactly in H1

? (I), all other boundary conditions are treated naturally.
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4.1.1. Weighted Galerkin formulation. We consider the approxi-
mation of (4.1.5)–(4.1.4) by using a weighted Galerkin method in the poly-
nomial space X̃N = H1

?,ω(I) ∩ PN . A straightforward extention of (4.1.8)
using the weighted inner product leads to the following formulation:
Find uN ∈ X̃N such that

(u′N ,ω
−1(vNω)′)ω + ω(1)h+uN (1)vN (1)− ω(−1)h−uN (−1)vN (−1)

+ α(uN , vN )ω = (f, vN )ω for all v ∈ X̃N .
(4.1.9)

However, there are several problems associated with this formulation. First,
the above formulation does not make sense if limx→±1 ω(x) does not exist,
except in the case of Dirichlet boundary conditions. Hence it can not be
used for Jacoby weight with α < 0 or β < 0, including in particular the
Chebyshev weight (cf. [7] and [10] p. 194-196 for some special weighted
variational formulations for (4.1.5)–(4.1.4)). Second, as it will become clear
later in this section, even in the case ω(x) ≡ 1, this formulation will not
lead to sparse or special linear system that can be efficiently inverted. The
cure is to use a new weighted variation formulation in which the general
boundary condition (4.1.4) is enforced exactly rather than approximately in
(4.1.9).

Let us denote

XN = {v ∈ PN : a±v(±1) + b±v
′(±1) = 0}. (4.1.10)

the new weighted Galerkin method for (4.1.5)–(4.1.4) is to look for uN ∈ XN

such that

−(u′′N , vN )ω + α(uN , vN )ω = (fN , vN )ω ∀ vN ∈ XN , (4.1.11)

where fN is an appropriate polynomial approximation of f . The main dif-
ference with (4.1.9) is that the Robin boundary condition is enforced exactly
here. We will see below that by choosing appropriate basis functions for XN ,
we will be able to reduce (4.1.11) to a linear system with sparse or special
matrix that can be solved efficiently.

Given a set of basis functions {φk}k=0,1,··· ,N−2 for XN , we denote

fk =
∫

I
fN φkωdx, f̄ = (f0, f1, · · · , fN−2)T ;

uN (x) =
N−2∑
n=0

ûnφn(x), ū = (û0, û1, · · · , ûN−2)T ,

skj = −
∫

I
φ′′jφkωdx, mkj =

∫
I
φj φkωdx,

(4.1.12)

and
S = (skj)0≤k,j≤N−2 , M = (mkj)0≤k,j≤N−2 .

By setting uN (x) =
∑N−2

n=0 ûnφn(x) and vN (x) = φj(x) (j = 0, 1, . . . , N − 2)
in (4.1.11), we find that the equation (4.1.11) is equivalent to the following
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linear system:

(S + αM)ū = f̄ . (4.1.13)

Below, we will determine S and M in two special cases, namely ω(x) ≡ 1
and ω(x) = (1− x2)−

1
2 .

4.1.2. Legendre-Galerkin method. We set ω(x) ≡ 1 and fN = INf
which is the Legendre interpolation polynomial of f relative to the Legendre-
Gauss-Lobatto points. Then (4.1.11) becomes

−
∫

I
u′′NvNdx+ α

∫
I
uN vN dx =

∫
I
INf vN dx, ∀ vN ∈ XN , (4.1.14)

which we refer as Legendre-Galerkin method for (4.1.3-4.1.4).
The actual linear system for (4.1.14) will depend on the basis functions

of XN . Just as in the finite-element methods, neighboring points are used
to form basis functions so as to minimize their interactions in the physical
space, neighboring orthogonal polynomials should be used to form basis
functions in a spectral-Galerkin method so as to minimize their interactions
in the frequency space. Therefore, we look for basis functions in the following
form:

φk(x) = Lk(x) + akLk+1(x) + bkLk+2(x). (4.1.15)

Lemma 4.1. For all k ≥ 0, there exisit unique {ak, bk} such that φk(x) =
Lk(x) + akLk+1(x) + bkLk+2(x) verifies the boundary condition (4.1.4).

Proof. Since Lk(±1) = (±1)k and L′k(±1) = 1
2(±1)k−1k(k + 1), the

boundary condition (4.1.4) leads to the following system for {ak, bk}:

(a+ +
b+
2

(k + 1)(k + 2))ak + (a+ +
b+
2

(k + 2)(k + 3))bk

= −a+ − b+
2
k(k + 1),

−(a− −
b−
2

(k + 1)(k + 2))ak + (a− −
b−
2

(k + 2)(k + 3))bk

= −a− +
b−
2
k(k + 1).

(4.1.16)

The determinant of the above system is

DETk = 2a+a− + a−b+(k + 2)2 − a+b−(k + 2)2

−1
2b−b+(k + 1)(k + 2)2(k + 3).

We then derive from (4.0.3) that the four terms (including the signs before
them) of DETk are all positive for any k. Hence, {ak, bk} can be uniquely
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determined from (4.1.16), namely

ak =−
{

(a+ +
b+
2

(k + 2)(k + 3))(−a− +
b−
2
k(k + 1))

−(a− −
b−
2

(k + 2)(k + 3))(−a+ − b+
2
k(k + 1))

}
/DETk,

bk =
{

(a+ +
b+
2

(k + 1)(k + 2))(−a− +
b−
2
k(k + 1))

+(a− −
b−
2

(k + 1)(k + 2))(−a+ − b+
2
k(k + 1))

}
/DETk.

(4.1.17)

�

Note that in particular,

• if a± = 1 and b± = 0 (Dirichlet boundary conditions), we have
ak = 0 and bk = −1;

• if a± = 0 and b± = 1 (Neumann boundary conditions), we have
ak = 0 and bk = −k(k + 1)/((k + 2)(k + 3)).

It is obvious that {φk(x)} are linearly independent. Therefore, by di-
mension argument we have

XN = span{φk(x) : k = 0, 1, 2, . . . , N − 2}.

Remark 4.1.1. In the very special case

−uxx = f, ux(±1) = 0,

with the condition
∫ 1
−1 fdx = 0, since the solution is only determined up to

a constant, we should use

XN = span{φk(x) : k = 1, 2, . . . , N − 2}.

This remark applies also to the Chebyshev-Galerkin method presented be-
low.

Lemma 4.2. The stiffness matrix S is a diagonal matrix with

skk = −(4k + 6)bk, k = 0, 1, 2, . . . . (4.1.18)

The mass matrix M is symmetric penta-diagonal whose nonzero elements
are

mjk = mkj =



2
2k+1 + a2

k
2

2k+3 + b2k
2

2k+5 , j = k,

ak
2

2k+3 + ak+1bk
2

2k+5 , j = k + 1,

bk
2

2k+5 , j = k + 2.

(4.1.19)
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Proof. By integration by parts and taking into account the boundary
condition (4.1.4), we find that

sjk = −
∫

I
φ′′k(x)φj(x)dx

=
∫

I
φ′k(x)φ

′
j(x)dx+

a+

b+
φk(1)φj(1)− a−

b−
φk(−1)φj(−1)

= −
∫

I
φk(x)φ′′j (x)dx = skj ,

(4.1.20)

where a+

b+
(resp. a−

b−
) should be replaced by zero when b+ = 0 (resp. b− = 0).

It is then obvious from (4.1.20) and the definition of {φk(x)} that S is a
diagonal matrix. Thanks to (3.3.8b) and (3.3.3), we find

skk = −bk
∫

I
L′′k+2(x)Lk(x)dx

= −bk(k +
1
2
)(4k + 6)

∫
I
L2

kdx = −bk(4k + 6).

The nonzero entries for M can be easily obtained using (3.3.3). �

Remark 4.1.2. An immediate consequence is that {φk}N−2
k=0 form an

orthogonal basis in XN with respect to the inner product −(u′′N , vN ). Fur-
thermore, an orthonormal basis of XN is {φ̃k := 1

−bk(4k+6)φk}N−2
k=0 .

In summary: given the values of f at LGL points {xi}0≤i≤N , we deter-
mine the values of uN (solution of (4.1.11)) at these LGL points as follows:

(1) (pre-computation) Compute LGL points, {ak, bk} and nonzero ele-
ments of S and M ;

(2) Evaluate the Legendre coefficients of INf(x) from {f(xi)}N
i=0 (back-

ward Legendre transform) and evaluate f̄ ;
(3) Solve ū from (4.1.13);
(4) Evaluate uN (xj) =

∑N−2
i=0 ûiφi(xj), j = 0, 1, . . . , N (“modified”

forward Legendre transform).
A pseudocode outlines the above solution procedure is provided below:
CODE SG.1
Input N, collocation points xk and f(xk) for k = 0, 1, · · · , N
Compute ak, bk, skk, mkj

%Backward Legendre transform
for k=0 to N-1 do

gk=
2k+1

N(N+1)

∑N
j=0 f(xj)

Lk(xj)
LN (xj)2

end
gN= 1

N+1

∑N
j=0 f(xj) 1

LN (xj)

%Evaluate f̄ from fk=(
∑N

j=0 gjLj(x), φk(x))
for k=0 to N-2 do

fk=gk/(k+1
2)+akgk+1/(k+3

2)+bkgk+2/(k+5
2)
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end
Solve (αS+M )̄u=̄f
%Evaluate gk from

∑N−2
j=0 ûjφj(x)=

∑N
j=0 gjLj(x)

g0=̂u0

g1=̂u1+a0̂u0

for k=2 to N-2 do
gk=̂uk+ak−1̂uk−1+bk−2̂uk−2

end
gN−1=aN−2̂uN−2+bN−3̂uN−3

gN=bN−2̂uN−2

%forward Legendre transform
for k=0 to N do

ûk=
∑N

j=0 gjLj(xk)
end
Output û0 ,̂ u1, . . . ,̂ uN

Although the solution of the linear system (4.1.13) can be done in O(N)
flops, but the two discrete Legendre transforms in the above procedure cost
about 2N2 flops. To reduce the cost of the discrete transforms between
physical and spectral spaces, a natural choice is to use Chebyshev polyno-
mials so that the discrete Chebyshev transforms can be accelerated by using
FFT.

4.1.3. Chebyshev-Galerkin method. We set ω(x) = (1−x2)−
1
2 and

fN = INf which is the Chebyshev interpolation polynomial of f relative to
the Chebyshev-Gauss-Lobatto points. Then (4.1.11) becomes

−
∫

I
u′′N vN ωdx+ α

∫
I
uN vN ω(x)dx

=
∫

I
INfvNω(x) dx, ∀ vN ∈ XN ,

(4.1.21)

which we refer as Chebyshev-Galerkin method for (4.1.3-4.1.4).
As before, we would like to seek the basis functions of XN in the form

φk(x) = Tk(x) + akTk+1(x) + bkTk+2(x). (4.1.22)

Lemma 4.3. For all k ≥ 0, there exist unique {ak, bk} such that

φk(x) = Tk(x) + akTk+1(x) + bkTk+2(x)

satisfies the boundary condition (4.1.4).

Proof. Since Tk(±1) = (±1)k and T ′k(±1) = (±1)k−1k2, we find from
(4.1.4) that {ak, bk} must satisfy the system

(a+ + b+(k + 1)2)ak+(a+ + b+(k + 2)2)bk = −a+ − b+k
2,

−(a− − b−(k + 1)2)ak+(a− − b−(k + 2)2)bk = −a− + b−k
2,

(4.1.23)

whose determinant is

DETk = 2a+a− + (k + 1)2(k + 2)2(a−b+ − a+b− − 2b−b+).
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As in the Legendre case, the condition (4.0.3) implies that DETk 6= 0.
Hence, {ak, bk} are uniquely determined by

ak =−
{
(a+ + b+(k + 2)2)(−a− + b−k

2)

−(a− − b−(k + 2)2)(−a+ − b+k
2)

}
/DETk,

bk =
{
(a+ + b+(k + 1)2)(−a− + b−k

2)

+(a− − b−(k + 1)2)(−a+ − b+k
2)

}
/DETk.

(4.1.24)

�

Therefore, we have by dimension argument that

XN = span{φk(x) : k = 0, 1, 2, . . . , N − 2}.

One easily derives from (3.4.3) that the mass matrix M is a symmetric
positive definite penta-diagonal matrix whose nonzero elements are

mjk = mkj =


ck

π
2 (1 + a2

k + b2k) j = k,
π
2 (ak + ak+1bk) j = k + 1,
π
2 bk j = k + 2,

(4.1.25)

where c0 = 2 and ck = 1 for k ≥ 1. However, the computation of skj is
much more involved. Below, we shall derive explcit expression of skj for two
special cases.

Lemma 4.4. For the case a± = 1 and b± = 0 (Dirichlet boundary con-
ditions), we have ak = 0, bk = −1 and

skj =


2π(k + 1)(k + 2), j = k

4π(k + 1), j = k + 2, k + 4, k + 6, · · ·
0, j < k or j + k odd

. (4.1.26)

For the case a± = 0 and b± = 1 (Neumann boundary conditions), we have
ak = 0, bk = − k2

(k+2)2
and

skj =


2π(k + 1)k2/(k + 2), j = k

4πj2(k + 1)/(k + 2)2, j = k + 2, k + 4, k + 6, · · ·
0, j < k or j + k odd

. (4.1.27)

Proof. One observes immediately that

skj = −
∫

I
φ′′jφkω dx = 0 for j < k.

Hence, S is a upper triangular matrix. By the odd-even parity of the Cheby-
shev polynomials, we have also skj = 0 for j + k odd.
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Thanks to (3.4.9b), we have

T ′′k+2(x) =
1
ck

(k + 2)((k + 2)2 − k2)Tk(x)

+
1

ck−2
(k + 2)((k + 2)2 − (k − 2)2)Tk−2(x) + · · ·

(4.1.28)

We consider first the case a± = 1 and b± = 0. From (4.1.17), we find
φk(x) = Tk(x) − Tk+2(x). It follows immediately from (4.1.28) and (3.4.3)
that

−(φ′′k(x), φk(x))ω = (T ′′k+2(x), Tk(x))ω

= (k + 2)((k + 2)2 − k2)(Tk(x), Tk(x))ω

= 2π(k + 1)(k + 2).

Setting φ′′j (x) =
∑j

n=0 dnTn(x), by a simple computation using (4.1.28), we
derive

dn =

{
1
cj

4(j + 1)(j + 2), n = j
1
cn
{(j + 2)3 − j3 − 2n2}, n < j

.

Hence for j = k + 2, k + 4, · · · , we find

−(φ′′j (x), φk(x))ω = dk(Tk(x), Tk(x))ω − dk+2(Tk+2(x), Tk+2(x))ω

= 4π(k + 1).

The case a± = 0 and b± = 1 can be treated similarly as above. �

The Chebyshev-Galerkin method for (4.1.5-4.1.4) involves the following
steps:

(1) (pre-computation) Compute {ak, bk} and nonzero elements of S
and M ;

(2) Evaluate the Chebyshev coefficients of INf(x) from {f(xi)}N
i=0 (back-

ward Chebyshev transform) and evaluate f̄ ;
(3) Solve ū from (4.1.13);
(4) Evaluate uN (xj) =

∑N−2
i=0 ûiφi(xj), j = 0, 1, . . . , N (forward Cheby-

shev transform).
Note that the forward and backward Chebyshev transforms can be per-
formed by using the Fast Fourier Transform (FFT) in O(N log2N) oper-
ations. However, the cost of Step 3 depends on the boundary conditions
(4.1.4). For the special but important cases described in the above Lemma,
the special structures of S would allow us to solve the system (4.1.13) in
O(N) operations. More precisely, in (4.1.26) and (4.1.27), the nonzero el-
ements of S take the form skj = a(j) ∗ b(k), hence, a special Gaussian
elimination procedure for (4.1.13) (cf. [20]) would only require O(N) flops
instead of O(N3) flops for a general full matrix.

**** ??? add a code for the special Gauss elimation here ??? *****
Therefore, thanks to the fast Fourier transforms which can be used

for the discrete Chebyshev transforms, the computational complexity of
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Chebyshev-Galerkin method for the above cases is O(N logN) which is quas-
optimal (i.e., optimal up to a logarithmic term).

The following pseudo-code outlines the solution procedure for (4.1.3) by
the Chebyshev-Galerkin method:

CODE SG.2
Input N
%Set up collocation points xk and c̃k
for j=0 to N do

x(j)=cos(πj/N), c̃(j)=1
end
c̃(0)=2, c̃(N)=2
Input f(xk)
Compute ak, bk, skj, mkj

%Backward Chebyshev transform
for k=0 to N do

gk=
2

c̃kN

∑N
j=0

1
c̃j
f(xj) cos

(
kjπ
N

)
end
%Evaluate f̄ from fk=(

∑N
j=0 gjTj(x), φk(x))

f0=
π
2 (2g0+a0g1+b0g2)

for k=1 to N-2 do
fk=

π
2 (gk+akgk+1+bkgk+2)

end
Solve (αS+M )̄u=̄f
%Evaluate gk from

∑N−2
j=0 ûjφj(x)=

∑N
j=0 gjTj(x)

g0=̂u0

g1=̂u1+a0̂u0

for k=2 to N-2 do
gk=̂uk+ak−1̂uk−1+bk−2̂uk−2

end
gN−1=aN−2̂uN−2+bN−3̂uN−3

gN=bN−2̂uN−2

%forward Chebyshev transform
for k=0 to N do

ûk=
∑N

j=0 gj cos
(

kjπ
N

)
end
Output û0 ,̂ u1, . . . ,̂ uN

4.1.4. Chebyshev-Legendre Galerkin method. The main advan-
tage of using Chebyshev polynomials is that the discrete Chebyshev trans-
forms can be performed in O(N log2N) operations by using FFT. However,
the Chebyshev-Galerkin method leads to non-symmetric and full stiffness
matrices. On the other hand, the Legendre-Galerkin method leads to sym-
metric sparse matrices, but the discrete Legendre transforms are expensive
(O(N2) operations). In order to take advantage and overcome disadvantage
of both the Legendre and Chebyshev polynomials, one may use the so called
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Chebyshev-Legendre Galerkin method:

α

∫
I
uN vN dx+

∫
I
u′N v′N dx =

∫
I
Ic
NfvN dx, (4.1.29)

where Ic
N denotes the interpolation operator relative to the Chebyshev-

Gauss-Lobatto points. So the only difference with (4.1.14) is that the Cheby-
shev interpolation operator Ic

N is used here instead of the Legendre interpo-
lation operator in (4.1.14). Thus, as in the Legendre-Galerkin case, (4.1.29)
leads to the linear system (4.1.13) with ū, S and M defined in (4.1.12) and
(4.1.18)–(4.1.19), but f̄ defined by

fk =
∫

I
Ic
Nf φkdx, f̄ = (f0, f1, · · · , fN−2)T . (4.1.30)

Hence, the solution procedure of (4.1.29) is essentially the same as that of
(4.1.14) except that Chebyshev-Legendre transforms (between the value of a
function at the CGL points and the coefficients of its Legendre expansion) are
needed instead of the Legendre transforms. More precisely, given the values
of f at the CGL points {xi = cos( iπ

N )}0≤i≤N , we determine the values of uN

(solution of (4.1.11)) at the CGL points as follows:
(1) (pre-computation) compute {ak, bk} and nonzero elements of S and

M ;
(2) Evaluate the Legendre coefficients of Ic

Nf(x) from {f(xi)}N
i=0 (back-

ward Chebyshev-Legendre transform);
(3) Evaluate f̄ from (4.1.30) and solve ū from (4.1.13);
(4) Evaluate uN (xj) =

∑N−2
i=0 ûiφi(xj), j = 0, 1, . . . , N (“modified”

forward Chebyshev-Legendre transform).
The backward and forward Chebyshev-Legendre transforms can be effi-
ciently implemented. Indeed, each Chebyshev-Legendre transform can be
split into two steps:

(1) The transform between its values at Chebyshev-Gauss-Lobatto points
and the coefficients of its Chebyshev expansion. This can be done
by using FFT in O(N log2N) operations.

(2) The transform between the coefficients of the Chebyshev expansion
and of the Legendre expansion. Alpert and Rohklin [2] have de-
veloped an O(N) algorithm for this transform given a prescribed
precision.

Therefore, the total computational cost for (4.1.29) is of the orderO(N log2N).
The algorithm in [2] is based on the fast multipole method [12]. Hence,

it is most attractive for very large N . For moderate N , the algorithm
described below appears to be more competitive.

Let us write

p(x) =
N∑

i=0

fiTi(x) =
N∑

i=0

giLi(x),
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and

f = (f0, f1, . . . , fN )T , g = (g0, g1, . . . , gN )T .

What we need is to transform between f and g. The relation between f
and g can be easily obtained by computing (p, Tj)ω and (p, Lj). In fact, let
us denote

aij =
2
ciπ

(Ti, Lj)ω, bij = (i+
1
2
)(Li, Tj),

where c0 = 2 and ci = 1 for i ≥ 1, and

A = (aij)i,j=0,1,...,N , B = (bij)i,j=0,1,...,N .

Then we have

f = Ag, g = Bf , AB = BA = I. (4.1.31)

By the orthogonality and parity of the Chebyshev and Legendre polynomi-
als, we observe immediately that

aij = bij = 0, for i > j or i+ j odd.

Hence, both A and B only have about 1
4N

2 nonzero elements, and the cost of
each transform between f and g is about 1

2N
2 operations. Consequently, the

cost of each Chebyshev-Legendre transform is about (5
2N log2N+4N)+ 1

2N
2

operations as opposed to 2N2 operations for the Legendre transform. In
pure operational counts, the cost of the two transforms is about the same at
N = 8, and the Chebyshev-Legendre transform costs about one third of the
Legendre transform at N = 128 (see [21] for computational comparisons of
the three methods).

In summary, the one-dimensional Chebyshev-Legendre transform can be
done in about

(
5
2
N log2N + 4N) + min(

1
2
N2, CN) ∼ O(N log2N)

operations, where C is a large constant in Alpert and Rohklin’s algorithm
[2]. Since multi-dimensional transforms in the tensor product form are per-
formed through a sequence of one-dimensional transforms, the d-dimensional
Chebyshev-Legendre transform can be done in O(Nd log2N) operations and
it has the same speedup as in the 1-D case, when compared with the d-
dimensional Legendre transform.

The nonzero elements of A and B can be easily determined by the re-
currence relations:

Ti+1(x) = 2xTi(x)− Ti−1(x), i ≥ 1,

Li+1(x) =
2i+ 1
i+ 1

xLi(x)−
i

i+ 1
Li−1(x), i ≥ 1.
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Indeed, let ãij = (Ti, Lj)ω, then for j ≥ i ≥ 1,

ãij+1 = (Ti, Lj+1)ω

= (Ti,
2j + 1
j + 1

xLj −
j

j + 1
Lj−1)

=
2j + 1
j + 1

(xTi, Lj)ω −
j

j + 1
ãij−1

=
2j + 1
2j + 2

(Ti+1 + Ti−1, Lj)ω −
j

j + 1
ãij−1

=
2j + 1
2j + 2

(ãi+1j + ãi−1j)−
j

j + 1
ãij−1.

Similarly, let b̃ij = (Li, Tj), we have for j ≥ i ≥ 1,

b̃ij+1 =
2i+ 2
2i+ 1

b̃i+1j +
2i

2i+ 1
b̃i−1j − b̃ij−1.

Thus, each nonzero element of A and B can be obtained by just a few
operations. Furthermore, the Chebyshev-Legendre transform (4.1.31) is ex-
tremely easy to implement, while the algorithm in [2] requires considerable
programming effort.

Remark 4.1.3. Note that only for equations with constant or polyno-
mial (and rational polynomials in some special cases) coefficients, one can
expect the matrices resulting from a Galerkin method to be sparse or with
special structures. In the more general cases such as (4.1.3), the Galerkin
matrices are usually full so a direct application of the Galerkin methods is
not advisable. However, for many practical situations, the Galerkin system
for a suitable constant coefficient problems provides an optimal precondi-
tioner for solving problems with variable coefficients, see Section 4.4 for
further details.

4.2. Collocation methods

The collocation method, or more specifically the collocation method in
the strong form, is fundenmentally different from the Galerkin method. Un-
like the Galerkin method, the collocation method is not based on a varia-
tional formulation (although in some special cases to be specified below, the
collocation method can be reformulated as a variational method). Instead,
it looks for an approximate solution which enforce the boundary conditions
exactly, and for which the equation (4.1.3) is verified at a set of interior
collocation points. On the other hand, the collocation method in the weak
form (See the next section) is based on a suitable variational formulation
in which the general boundary conditions are treated natually and are only
satisfied asymptotically, and the approximate solution verifies (4.1.3) at a
set of interior collocation points.

We describe below the collocation method for the two-point boundary
value problem (4.1.3) with the general boundary condition (4.0.2). For the
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sake of clarity, we consider first the Dirichlet boundary condition followed by
the treatment of general boundary condition (4.0.2). Note also that the non
homogeneous boundary conditions can be treated directly in a collocation
method so there is no need to “homogenize” the boundary conditions as we
did in the previous section for the Galerkin method.

4.2.1. Dirichlet boundary conditions. We consider (4.1.3) with the
Dirichlet boundary conditions u(±1) = c±. Given a set of collocation points
{xj}N

j=0 in descending order with x0 = 1 and xN = −1, we look for uN ∈ PN

such that

−ε u′′N (xj) + p(xj)u′N (xj) + q(xj)uN (xj)

= f(xj), 1 ≤ j ≤ N − 1,

uN (−1) = c−, uN (1) = c+.

(4.2.1)

Let {hj(x)} be the Lagrange interpolation polynomials associated with {xj}
and dkj = h′j(xk), D = (dkj)k,j=0,1,··· ,N . Taking u(m)(x) = h′′i (x) in (3.3.16),
we find

(D2)ki := h′′i (xk) =
N∑

j=0

dkjh
′
i(xj) =

N∑
j=0

dkjdji. (4.2.2)

Let {wj = uN (xj)}N
j=0 be the unknowns to be determined, we can write

uN (xk) =
N∑

j=0

wjhj(xk) = δkjwj ,

u′N (xk) =
N∑

j=0

wjh
′
j(x) =

N∑
j=0

dkjwj

=
N−1∑
j=1

dkjwj + dk0w0 + dkNwN ,

u′′N (xk) =
N∑

j=0

wjh
′′
j (x) =

N∑
j=0

(D2)kjwj

=
N−1∑
j=1

(D2)kjwj + (D2)k0w0 + (D2)kNwN .

Substitute the avobe in (4.2.1), we can rewrite (4.2.1) as

N−1∑
j=1

[
−ε (D2)ij + p(xi)dij + q(xi)δij

]
wj = f(xi)

−
[
−ε (D2)i0 + p(xi)di0

]
c+ −

[
−ε (D2)iN + p(xi)diN

]
c−.

(4.2.3)
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Let us denote
aij =− ε (D2)ij + p(xi)dij + q(xi)δij , A = (aij)N−1,N−1,

bi =f(xi)−
[
−ε (D2)i0 + p(xi)di0

]
c+

−
[
−ε (D2)iN + p(xi)diN

]
c−,

w̄ =(w1, w2, · · · , wN−1)T , b̄ = (b1, b2, · · · , bN−1)T .

(4.2.4)

Then, we can rewrite (4.2.3) as

Aw̄ = b̄. (4.2.5)

Remark 4.2.1. Notice that the above formulation is valid for any set
of collocation points. However, the choice of collocation points is important
for the convergence and efficiency of the collocation method. For two-point
boundary value problems, only Gauss-Lobatto points should be used.

A Galerkin reformulation
It is interesting to note that the collocation method (4.2.1) can be re-

formulated into a suitable variational formulation. Indeed, we have

Lemma 4.5. Let ω = (1 + x)α(1− x)β be the Jacoby weight, {xj}N
j=0 be

the Jacoby-Gauss-Lobatto points and 〈·, ·〉N,ω be the discrete inner product
associated to the Jacoby-Gauss-Lobatto quadrature. Then, (4.2.1) with c± =
0 is equivalent to:
Find uN ∈ P 0

N such that

ε 〈u′N , ω−1(vNω)′〉N,ω + 〈p(x)u′N , vN 〉N,ω

+ α〈uN , vN 〉N,ω = 〈f, v〉N,ω for all vN ∈ P 0
N .

(4.2.6)

Proof. By direct computation, we find

ω−1(vNω)′ = ω−1(v′Nω + vω′) = v′N + [α(1 + x)− β(1− x)]
vN

1− x2
.

Since vN (±1) = 0 and vN ∈ PN , we derive that ω−1(vNω)′ ∈ PN−1. There-
fore, thanks to (3.1.15), we find that

〈u′N , ω−1(vNω)′〉N,ω = (u′N , ω
−1(vNω)′)ω

= −(u′′N , vN )ω = −〈u′′N , vN 〉N,ω.
(4.2.7)

Now, take the discrete inner product of (4.2.1) with hk(x) for k = 1, 2, · · · , N−
1. Thanks to (4.2.7) and the fact that

P 0
N = span{h1(x), h2(x), · · · , hN−1(x)},

we find that the solution uN of (4.2.1) verifies (4.2.6). �

This lemma indicates that for (4.1.3) with the Dirichlet boundary condi-
tion, the Jacoby-collocation method, including the Legendre- and Chebyshev-
collocation methods, can be reformulated as a Galerkin method with numer-
ical integration. An obvious advantage of this reformulation is that error
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estimates for the collocation method can be derived in the same way as in
the Galerkin method.

A pseudo-code for (4.2.1) using the Chebyshev collocation points is given
below.

CODE PSBVP.1
Input N, ε , p(x), q(x), f(x), c−, c+
%collocation points
for j=0 to N do

x(j)=cos(πj/N)
end
%compute first-order differentiation matrix
call CODE ChyDM.1 in Section 3.4 to get D
%compute second-order differentiation matrix
D2=D*D
% compute the stiffness matrix A
for i=1 to N-1 do

for j=1 to N-1 do
if i=j

A(i,j)=−ε *D2(i,j)+p(x(i))*D(i,j)+q(x(i))
else

A(i,j)=−ε *D2(i,j)+p(x(i))*D(i,j)
end

end
% compute the right side vector b

ss1=−ε *D2(i,0)+p(x(i))*D(i,0);
ss2=−ε *D2(i,N)+p(x(i))*D(i,N);
b(i)=f(i)-ss1*c+-ss2*c−

end
% solve the linear system to get the unknown vector
u=A−1b
Output u(1), u(2), · · · , u(N-1)

4.2.2. General boundary conditions. We now consider the general
boundary conditions (4.0.2). The collocation method for (4.1.3)–(4.0.2) is:
Find uN ∈ PN such that

−ε u′′N (xj) + p(xj)u′N (xj)

+ q(xj)uN (xj) = f(xj), 1 ≤ j ≤ N − 1,
(4.2.8)

a−uN (−1) + b−u
′
N (−1) = c−, a+uN (1) + b+u

′
N (1) = c+. (4.2.9)

The first step is to determine w0 and wN in terms of {wj}N−1
j=1 . It follows

from (4.0.2) that

a−wN + b−

N∑
j=0

dNjwj = c−, a+w0 + b+

N∑
j=0

d0jwj = c+,
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which leads to

b−dN0w0 +
(
a− + b−dNN

)
wN = c− − b−

N−1∑
j=1

dNjwj ,

(
a+ + b+d00

)
w0 + b+d0NwN = c+ − b+

N−1∑
j=1

d0jwj .

Solving the above equations give

w0 = c̃+ −
N−1∑
j=1

α̃0jwj , wN = c̃− −
N−1∑
j=1

α̃Njwj , (4.2.10)

where the parameters c̃+, α̃0j , c̃−, α̃Nj are defined by

c̃+ =
(
d̃c− − b̃c+

)
/DET,

α̃0j =
(
d̃b−dNj − b̃b+d0j

)
/DET,

c̃− =
(
ãc+ − c̃c−

)
/DET,

α̃Nj =
(
ãb+d0j − c̃b−dNj

)
/DET,

with

ã = b−dN0, b̃ = a− + b−dNN ,

c̃ = a+ + b+d00, d̃ = b+d0N ,

DET = ãd̃− b̃c̃.

Note that in both the Legendre and Chebyshev cases, we have dN0 = −d0N ,
d00 > 0 and dNN < 0 (see Sections 3.3 and 3.4). With the assumption
a± ≥ 0, (4.0.3) implies that DET < 0.

Therefore, the general boundary conditions (4.2.9) can be replaced by
(4.2.10) which is of Dirichlet type. Hence, the previous discussion about
(4.2.1) enables us to rewrite the collocation system (4.2.8) as

Aw̄ = b̄, (4.2.11)

where A = (aij) is a (N − 1) × (N − 1) matrix and b̄ = (bj) is a (N − 1)-
dimensional vector with

aij = −ε (D2)ij + p(xi)dij + q(xi)δij
−

[
−ε (D2)i0 + p(xi)di0

]
α̃0j −

[
−ε (D2)iN + p(xi)diN

]
α̃Nj ,

bi = f(xi)−
[
−ε (D2)i0 + p(xi)di0

]
c̃+ −

[
−ε (D2)iN + p(xi)diN

]
c̃−.

A Petrov-Galerkin reformulation
Unlike the Dirichlet case, The collocation method (4.2.8)–(4.2.9) can not

be formulated as a Galerkin method. However, it can be reformulated into
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a Petrov-Galerkin method for which the trial functions and test functions
are taken from different spaces. Indeed, we have

Lemma 4.6. Let ω = (1 + x)α(1− x)β be the Jacoby weight, {xj}N
j=0 be

the Jacoby-Gauss-Lobatto points and 〈·, ·〉N,ω be the discrete inner product
associated to the Jacoby-Gauss-Lobatto quadrature. Then, (4.2.8)–(4.2.9)
with c± = 0 is equivalent the folloing Petrov-Galerkin method:
Find uN ∈ XN such that

− ε 〈u′N , ω−1(vNω)′〉N,ω + 〈p(x)u′N , vN 〉N,ω

+ 〈q(x)uN , vN 〉N,ω = 〈f, v〉N,ω for all vN ∈ P 0
N ,

(4.2.12)

where XN is defined in (4.1.10).

Proof. By definition, the solution uN of (4.2.8)–(4.2.9) is in XN . Tak-
ing the discrete inner product of (4.2.8) with hk(x) for k = 1, 2, · · · , N − 1,
we find that the solution uN of (4.2.8)–(4.2.10) verifies (4.2.12) thanks to
(4.2.7) and the fact that

P 0
N = span{h1(x), h2(x), · · · , hN−1(x)}.

�

This reformulation will allow us to obtain error estimates for the collo-
cation method (4.2.8)–(4.2.9) using the standard techniques developed for
Petrov-Galerkin methods.

A pseudo-code for (4.2.8)–(4.2.9) using the Chebyshev collocation points
is given below.

CODE PSBVP.3
Input N, ε , p(x), q(x), f(x), a±, b±, c±
%collocation points
for j=0 to N do

x(j)=cos(πj/N)
end
%first-order differentiation matrix
call CODE ChyDM.1 in Section 3.4 to get D
%compute second-order differentiation matrix
D2=D*D
% calculate some constants
ta=b−*D(N,0); tb=a−+b−*D(N,N)
tc=a++b+*D(0,0); td=b+*D(0,N)
te=ta*td-tc*tb
c̃+=(td*c−-tb*c+)/te
c̃−=(ta*c+-tc*c−)/te
% compute the stiffness matrix A
for i=1 to N-1 do

ss1=−ε *D2(i,0)+p(x(i))*D(i,0)
ss2=−ε *D2(i,N)+p(x(i))*D(i,N)
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for j=1 to N-1 do

ss3=
(
td*b−*D(N,j)-tb*b+*D(0,j)

)
/te

ss4=
(
ta*b+*D(0,j)-tc*b−*D(N,j)

)
/te

ss5=ss1*ss3+ss2*ss4
if i=j

A(i,j)=−ε *D2(i,j)+p(x(i))*D(i,j)+q(x(i))-ss5
else

A(i,j)=−ε *D2(i,j)+p(x(i))*D(i,j)-ss5
end

end
% compute the right side vector b

b(i)=f(i)-ss1*̃c+-ss2*̃c−
end
% solve the linear system to get the unknown vector
u=A−1b
Output u(1), u(2), · · · , u(N-1)

4.2.3. Numerical experiments. In this subsection we will consider
two numerical examples. The numerical results will be obtained by using
CODE PSBVP.1 and CODE PSBVP.3, respectively.

Example 4.2.1. Consider the following problem

−u′′ − xu′(x) + u(x) = f(x), x ∈ (−1, 1),
u(±1) = e±5 + sin(1),

where

f(x) = (4x2 + 1) sin(x2)− (24 + 5x)e5x − (2 + 2x2) cos(x2)

so that the exact solution for Example 4.2.1 is

u(x) = e5x + sin(x2).

We solve this problem by using different values of N and compute the
maximum error which is defined by

Maximum Error = max
1≤j≤N−1

|wj − u(xj)|.

It is the maximum error at the interior collocation points. Here is the output.

N Maximum error N Maximum error
5 2.828e+00 13 6.236e-06
6 8.628e-01 14 9.160e-07
7 1.974e-01 15 1.280e-07
8 3.464e-02 16 1.689e-08
9 7.119e-03 17 2.135e-09
10 1.356e-03 18 2.549e-10
11 2.415e-04 19 2.893e-11
12 3.990e-05 20 3.496e-12
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Exponential convergence rate can be observed from the above table. For
comparison, we also solve Example 4.2.1 using the finite-difference method.
We use the central differences for the derivatives:

u′′ ≈ wj+1 − 2wj + wj−1

h2
,

u′ ≈ wj+1 − wj−1

2h
, h =

2
N
.

As usual the mesh points are given by xj = −1 + jh. The maximum errors
given by the finite-difference method are listed below.

N Maximum error
16 3.100e+00
32 7.898e-01
64 1.984e-01
128 4.968e-02
256 1.242e-02
512 3.106e-03

As expected that the convergence rate for the central difference method
is 2. The error obtained by the finite differences with N = 512 is almost the
same as that obtained by the spectral method with N = 10.

The following example deals with BVPs with the general boundary con-
ditions. We follow CODE PSBVP.3 and use MATLAB to get the following
results.

Example 4.2.2. Consider the same problem as above, except with dif-
ferent boundary conditions:

u(−1)− u′(−1) = −4e−5 + sin(1) + 2 cos(1),

u(1) + u′(1) = 6e5 + sin(1) + 2 cos(1).

The exact solution is also u(x) = e5x + sin(x2).

The numerical results are given below.

N Maximum error N Maximum error
5 3.269e+01 13 3.254e-04
6 9.696e+00 14 4.903e-05
7 2.959e+00 15 8.823e-06
8 7.292e-01 16 1.164e-06
9 1.941e-01 17 1.884e-07
10 3.996e-02 18 2.204e-08
11 9.219e-03 19 3.225e-09
12 1.609e-03 20 3.432e-10

It is observed that the convergence rate for problems with general bound-
ary conditions is slower than that for problems with Dirichlet boundary
conditions. This can be heristically explained by the fact that unlike in
the Dirichlet case, the collocation method (4.2.1) with Neumann or mixed
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boundary conditions (4.0.2) can not be reformulted as a Galerkin method,
but instead it corresponds to a Petrov-Galerkin method which does not seem
to lead to optimal error estimates. In the next section, we will present a weak
form of the collocation method for (4.1.3)–(4.1.4) which can be reformulated
as a Galerkin method.

Remark 4.2.2. The main advantage of a collocation method is its sim-
plicity and flexibility in implementation. In fact, problems with variable
coefficients and general boundary conditions are treated the same way and
result in same type of linear systems as problems with constant coefficients
and simple boundary conditions. However, It is well known that the collo-
cation matrices, even for the simplist differential equation, are full and ill
conditioned, so it is in general not advisable to invert the derivative matri-
ces using a direct method for N large. Instead, an iterative method using
an appropriate preconditioner should be used, see Section 4.4 for more de-
tails. In particular, the above pseudo-codes are only suitable for small and
moderate N .

4.3. Collocation methods in the weak form

The Galerkin method is based on a variational formulation which usually
preserves essential properties of the continuous problem such as coercivity,
continuity and symmetry of the bilinear form, and it usually leads to optimal
error estimates. However, the Galerkin method presented in Section 4.1 is
not feasible for problems with general variable coefficients. On the other
hand, the collocation method is flexible and easy to implement, but it can
not be always reformulated into a suitable variational formulation which
is usually necessary for obtaining optimal error estimates (see Section 4.5
below). A third approach is to use a so called collocation method in the
weak form, or sometimes called Galerkin method with numerical integration,
which is based on a variational formulation with discrete inner product. We
have noted in the last section that the collocation method for (4.1.3) with
Dirichlet boundary conditions can be reformulated as a Galerkin method
with numerical integration so here we will consider (4.1.3) with the general
boundary conditions (4.1.4).

Since the weighted variational formulation (4.1.9) does not make sense
in the Chebyshev case with (4.1.4), we shall only deal with the Legendre
case. The Legendre-collocation method in the weak form for (4.1.3)–(4.1.4)
is:
Find uN ∈ X̃N = PN ∩H1

? (I) such that

bN (uN , vN ) = 〈f, v〉N for all vN ∈ X̃N , (4.3.1)

where

bN (uN , vN ) := ε 〈u′N , v′N 〉N + ε h+uN (1)vN (1)− ε h−uN (−1)vN (−1)

+ 〈p(x)u′N , vN 〉N + 〈q(x)uN , vN 〉N .
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To fix the idea, we assume b± 6= 0. Let us denote

uN (x) =
N∑

k=0

uN (xk)hk(x), w̄ = (uN (x0), uN (x1), · · · , uN (xN ))T ,

akj = bN (hj , hk), A = (akj)k,j=0,1,··· ,N ,

f̄ = (f(x0), f(x1), · · · , f(xN ))T , W = diag(ω0, ω1, · · · , ωN ),

where {ωk}N
k=0 are the weights in the Legendre-Gauss-Lobatto quadrature.

Then, (4.3.1) is equivalent to the linear system

Aw̄ = Wf̄. (4.3.2)

The entries akj can be determined as follows. Using (3.1.15) and integration
by parts, we have

〈h′j , h′k〉N = (h′j , h
′
k) = −(h′′j , hk) + h′jhk|±1

= −(D2)kjωk + d0jδ0k − dNjδNk.
(4.3.3)

Consequently,

akj =[−ε (D2)kj + p(xk)dkj + q(xk)δkj ]ωk

+ ε (d0j + h+δ0j)δ0k − ε (dNj + h−δNj)δNk.
(4.3.4)

Note that the matrix A here is of order (N + 1)× (N + 1) instead of order
(N − 1)× (N − 1) as in the collocation case (4.2.11).

We can also reinteprete (4.3.1) in a collocation form. To this end, we
observe that

〈u′N , h′k〉N = −u′′N (xk)ωk + u′N (1)δ0k − u′N (−1)δNk.

Then, taking vN = hj(x) in (4.3.1) for j = 0, 1, . . . , N , since ω0 = ωN =
2

N(N+1) , we find

−ε u′′N (xj) + p(xj)u′N (xj)

+ q(xj)uN (xj) = f(xj), 1 ≤ j ≤ N − 1,

a−uN (−1) + b−u
′
N (−1) =

b−
ε

2
N(N + 1)

[f(−1)− (−ε u′′N (−1) + p(−1)u′N (−1) + q(−1)uN (−1))],

a+uN (1) + b+u
′
N (1) =

b+
ε

2
N(N + 1)

[f(1)− (−ε u′′N (1) + p(1)u′N (1) + q(1)uN (1))].
(4.3.5)

We see that the solution of (4.3.1) satisfies (4.1.3) exactly at the interior
collocation points {xj}N−1

j=1 , but the boundary condition (4.1.4) is only sat-
isfied approximately with an error proportional to the residue of the equation
(4.1.3), with u replaced by the approximate solution uN , at the boundary.
Thus, (4.3.1) does not correspond exactly to a collocation method, so it is
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referred as a collocation method in the weak form. It is clear that in the
Dirichlet case (i.e. b± = 0), the collocation method in the weak form (4.3.5)
is equivalent to the collocation method.

4.4. Preconditioned iterative method

As we have seen in the previous two sections, there is no suitable direct
spectral solver for equations with general variable coefficients. Hence, an
appropriate iterative method should be used. Since the bilinear form associ-
ated to the equation (4.1.3)-(4.1.4) is not symmetric nor necessarily positive
definite, it is in general not advisable to apply an iterative method directly,
unless the equation is diffustion dominant, i.e., ε is sufficently large with
respect to p(x). Note that the equation (4.1.3)–(4.1.4) can be transformed
into an equivalent equation whose bilinear form becomes positive definite.
Indeed, multiplying the function

a(x) = exp(− 1
ε

∫
p(x)dx)

to (4.1.3) and since −ε a′(x) = a(x)p(x), we find that (4.1.3) is equivalent
to

−(a(x)u′(x))′ + b(x)u = g(x), (4.4.1)

where b(x) = a(x)q(x)/ε and g(x) = a(x)f(x)/ε . We assume hereafter that
there are three constants c1, c2 and c3 such that

< 0 ≤ c1 ≤ a(x) ≤ c2, 0 ≤ b(x) ≤ c3. (4.4.2)

Let us denote

b(u, v) =
∫ 1

−1
a(x)u′v′dx+ a(1)h+u(1)v(1)− a(−1)h−u(−1)v(−1)

+
∫ 1

−1
b(x)uvdx, u, v ∈ H1

? (I),
(4.4.3)

where h± and H1
? (I) are defined in (4.1.7) and (4.1.6). The variational form

associated with (4.4.1)–(4.1.4) is:
Find u ∈ H1

? (I) such that

b(u, v) = (g, v), for all v ∈ H1
? (I). (4.4.4)

Hence, under the conditions (4.0.3) and (4.4.2), we find that b(u, v) is con-
tinuous and coercive so that the problem (4.4.4) admits a unique solution.
Hence, instead of (4.1.3)–(4.1.4), we shall consider below its equivalent form
(4.4.1)–(4.1.4) whose associated bilinear form is symmetric and psitive def-
inite.
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4.4.1. Preconditioning in frequency space. Let pk be the Legendre
or Chebyshev polynomials of degree k, XN be defined in (4.1.10), and
{φk = pk + akpk+1 + bkpk+2}N−2

k=0 be the basis functions of XN constructed
in Section 4.1. Let IN be the interpolation operator based on the Legendre
or Chebyshev Gauss-Lobatto points {xj}N

j=0 and 〈·, ·〉N,ω be the associated
discrete inner product. We consider the following Galerkin method with nu-
merical integration (4.4.1)–(4.1.4):
Find uN =

∑N−2
k=0 ûkφk ∈ XN , such that

bN,ω(uN , φj) = 〈g, φj〉N,ω, j = 0, 1, . . . , N − 2, (4.4.5)

where

bN,ω(uN , vN ) := −〈[IN (au′N )]′, vN 〉N,ω + 〈buN , vN 〉N,ω. (4.4.6)

Let us denote
bij = bN,ω(φj , φi), B = BN = (bij)i,j=0,1,...,N−2,

gi = 〈g, φi〉N,ω, ḡ = (g0, g1, . . . , gN−2)T ,

ū = (û0, û1, . . . , ûN−2)T .

(4.4.7)

Then, (4.4.5) is equivalent to the following linear system:

Bū = ḡ. (4.4.8)

Furthermore, for uN =
∑N−2

k=0 ûkφk ∈ XN and vN =
∑N−2

k=0 v̂kφk ∈ XN , we
have

〈Bū, v̄〉l2 = bN,ω(uN , vN ). (4.4.9)
It is easy to see that in general B is a full matrix. So we shall resort to an
iterative method for solving (4.4.8).

Notice that the above scheme is neither a usual Galerkin nor collocation
method, it is rather a combination of the two methods. We will see below
that the bilinear form bN,ω(·, ·) is so designed to preserve, whenever possible,
the coercivity and symmetry of the original problem, and to allow efficient
evaluation of the matrix-vector product Bū.

We now describe how to evaluate

(Bū)j = −〈[IN (au′N )]′, φj〉N,ω + 〈buN , φj〉N,ω for j = 0, 1, . . . , N − 2

in some detail. Given uN =
∑N−2

k=0 ûkφk, we compute “−〈[IN (au′N )]′, φj〉N,ω”
as follows:

(1) Using (3.3.14) or (3.4.14) to determine ũ(1)
k from

u′N (x) =
N−2∑
k=0

ûkφ
′
k(x) =

N∑
k=0

ũ
(1)
k pk(x);

(2) (Forward discrete transform) Compute

u′N (xj) =
N∑

k=0

ũ
(1)
k pk(xj), j = 0, 1, · · · , N ;
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(3) (Backward discrete transform) Determine {w̃k} from

IN (au′N )(xj) =
N∑

k=0

w̃kpk(xj), j = 0, 1, · · · , N ;

(4) Using (3.3.14) or (3.4.14) to determine {w̃(1)
k } from

[IN (au′N )]′(x) =
N∑

k=0

w̃kp
′
k(x) =

N∑
k=0

w̃
(1)
k pk(x);

(5) For j = 0, 1, . . . , N − 2, compute

−〈[IN (au′N )]′, φj〉ω = −
N∑

k=0

w̃
(1)
k 〈pk, φj〉N,ω.

Note that the main cost in the above procedure is the two discrete transforms
in Steps 2 and 3. The cost for Steps 1, 4 and 5 are all O(N) flops. The term
〈buN , φj〉N,ω can also be computed similarly as follows:

(1) Compute

uN (xj) =
N∑

k=0

ûkφk(xj), j = 0, 1, · · · , N,

(2) Determine {w̃k} from

IN (buN )(xj) =
N∑

k=0

w̃kpk(xj), j = 0, 1, · · · , N ;

(3) compute

−〈buN , φj〉N,ω, j = 0, 1, · · · , N − 2.

Hence, if b(x) is not a constant, two additional discrete transforms are
needed. In summary, the total cost for evaluate Bū is dominated by four
(only two if b(x) is a constant) discrete transforms, and is O(N2) (resp.
O(N logN)) flops in the Legendre (resp. Chebyshev) case.
Legendre case

Thanks to (3.1.15), we have for uN , vN ∈ XN ,

−〈[IN (au′N )]′, vN 〉N =〈au′N , v′N 〉N + a(1)h+uN (1)vN (1)

− a(−1)h−uN (−1)vN (−1),
(4.4.10)

where h± is defined in (4.1.7). Hence,

bN (uN , vN ) = bN (vN , uN ), for all uN , vN ∈ XN .

Consequently, B is symmetric.
Under the conditions (4.0.3) and (4.4.2), we have

bN (uN , uN ) = 〈au′N , u′N 〉N + a(1)h+u
2
N (1)− a(−1)h−u2

N (−1)

≥ c1〈u′N , u′N 〉N = c1(u′N , u
′
N ).
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On the other hand, using Lemma 3.6, the Poincaré inequality

‖u‖L2 ≤ c0|u|H1 , for all u ∈ H1
? (I), (4.4.11)

and the Sobolev inequality (cf. [1])

‖u‖L∞(I) . ‖u‖
1
2

L2(I)
‖u‖

1
2

H1(I)
, (4.4.12)

we find that
bN (uN , uN ) ≤ c4(u′N , u

′
N ).

Hence, let sij = (φ′j , φ
′
i) and S = (sij)N−2

i,j=0. We have

0 < c1 ≤
〈Bū, ū〉l2
〈Sū, ū〉l2

=
bN (uN , uN )
(u′N , u

′
N )

≤ c4. (4.4.13)

Since S−1B is symmetric with repspect to the inner product < ū, v̄ >S :=
〈Sū, v̄〉l2 , (4.4.13) implies immediately

cond(S−1B) ≤ c4
c1
. (4.4.14)

In other words, S−1 is an optimal preconditioner for B, and the convergence
rate of the conjugate gradient method applied to the preconditioned system

S−1Bū = S−1ḡ (4.4.15)

will be independent of N . We recall from Section 4.1 that S is a diagonal
matrix so the cost of applying S−1 is negligable. Hence, the main cost in
each iteration is the evaluation of Bū for ū given.

Remark 4.4.1. In the case of Dirichlet boundary condition, we have
φk(x) = Lk(x)−Lk+2(x) which, together with (3.3.5), implies that φ′k(x) =
−(2k + 3)Lk+1(x). Therefore, from u =

∑N−2
k=0 ûkφk(x), we can obtain the

derivative u′ = −
∑N−2

k=0 (2k + 3)ûkLk+1(x) in the frequency space without
using (3.3.14).

Remark 4.4.2. If we use the normalized basis function

φ̃k :=
√
−bk(4k + 6)

−1
φk with (φ̃′j , φ̃

′
i) = δij ,

the condition number of the corresponding matrix B with bij = b(φ̃j , φ̃i) is
uniformed bounded. Hence, we can apply the conjugate gradient method
directly to this matrix without preconditioning.

Remark 4.4.3. If c3 in (4.4.2) is large, the condition number in (4.4.14)
will be large even though independent of N . In this case, one may replace
the bilinear form (u′N , v

′
N ) by â (u′N , v

′
N ) + b̂ (u, u) with

â =
1
2
( max
x∈[−1,1]

a(x) + min
x∈[−1,1]

a(x)), b̂ =
1
2
( max
x∈[−1,1]

b(x) + min
x∈[−1,1]

b(x)).

The matrix corresponding to this new bilinear form is âS + ĥM which is
positive definite and penta-diagonal (cf. Section 4.1).
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Chebyshev case
In the Chebyshev case, an appropriate preconditioner for the inner prod-

uct bN,ω(uN , vN ) in XN ×XN is (u′N , ω
−1(vNω)′)ω for which the associated

linear system can be solved in O(N) flops as shown in Section 4.1. Unfor-
tunately, we do not have an estimate similar to (4.4.14) since no coercivity
result for bN,ω(uN , vN ) is available to the authors’ knowledge. However,
ample numerical results indicate that the convergence rate of a conjugate
gradient type method for non-symmetric systems such as Conjugate Gradi-
ent Square (CGS) or BI-CGSTAB is similar to that in the Legendre case.

The advantage of using the Chebyshev polynomials is of course that the
evaluation of Bū can be accelerated by FFT.

The preconditioning in the frequency space will be less effective if the
coefficients a(x) and b(x) have large variations, since the variation of the co-
efficients is not taken into account in the construction of the preconditioner.
One approach is to

4.4.2. Preconditioning in physical space. In this case, it is better
to construct preconditioners using finite difference or finite element approx-
imations for (4.4.1)–(4.1.4).

4.4.2.1. Finite difference preconditioning for the collocation method. The
collocation method in the strong form for (4.4.1)–(4.1.4) is:
Find uN ∈ PN such that

− (au′N )′(xj) + q(xj)uN (xj) = f(xj), 1 ≤ j ≤ N − 1,

a−uN (−1) + b−u
′
N (−1) = 0, a+uN (1) + b+u

′
N (1) = 0.

(4.4.16)

As in Section 4.2.2, (4.4.16) can be rewritten as a (N − 1)× (N − 1) linear
system

Aw̄ = f̄ (4.4.17)

where the unknowns are {wj = uN (xj)}N−1
j=1 , and

w̄ = (w1, w2, . . . , wN−1)T , f̄ = (f(x1), f(x2), . . . , f(xN−1))T . (4.4.18)

The entries of A are given in Section 4.2.2.
As suggested by Orszag [17], we can build a preconditioner for A by

using a finite difference approximation to (4.4.1)–(4.1.4). Let us denote

hk = xk−1 − xk, h̃k =
1
2
(xk−1 − xk+1), ak+ 1

2
= a((xk+1 + xk)/2). (4.4.19)

Then, the second-order finite difference schemefor (4.4.1)–(4.1.4) with first-
order one-side difference at the boundaries reads:

−
ai− 1

2

h̃ihi

wi−1 + (
ai− 1

2

h̃ihi

+
ai+ 1

2

h̃ihi+1

)wi −
ai+ 1

2

h̃ihi+1

wi+1

+ h(xi)ui = f(xi), 1 ≤ i ≤ N − 1,

a−wN + b−
wN−1 − wN

hN
= 0, a+w0 + b+

w0 − w1

h1
= 0.

(4.4.20)
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We can rewrite (4.4.20) in the following matrix form:

Afdw̄ = f̄ . (4.4.21)

where Afd is a non-symmetric tridiagonal matrix.
It has been shown (cf. [17, 13, 14] ) that in the Dirichlet case, A−1

fd

is an optimal preconditioner for A, but cond(A−1
fdA) deteriates with other

boundary conditions.

Remark 4.4.4. The above discussion is valid for both the Legendre and
Chebyshev collocation method.

4.4.2.2. Finite element preconditioning for the collocation method. A
more robust preconditioner can be constructed by using a finite element
approximation. Since the finite element method is always based on a varia-
tional formulation, it can only be used for the preconditioning of the colloca-
tion methods which can be cast into a variational formulation. Namely, the
collocation method for the Dirichlet boundary conditions or the collocation
method in the weak form for the general boundary conditions.

We consider first the treatment of the general boundary conditions. Let
us denote

Xh = {u ∈ H1
? (I) : u|[xi+1,xi] ∈ P1, i = 0, 1, . . . , N − 1}. (4.4.22)

Then, based on the variational formulation (4.4.4), the piecewise linear finite
element approximation to (4.4.1)–(4.1.4) is:
Find uh ∈ Xh such that for all vh ∈ Xh,

bh(uh, vh) = 〈f, vh〉h, (4.4.23)

where
bh(uh, vh) :=〈au′h, v′h〉h + a(1)h+uh(1)vh(1)

− a(−1)h−uh(−1)vh(−1) + 〈buh, vh〉h,

and 〈·, ·〉h is an appropriate discrete inner product associated with the piece-
wise linear finite element approximation.

To fix the idea, we assume b± 6= 0. Let us denote for k = 1, 2, · · · , N−1,

ĥk(x) =


x−xk+1

xk−xk+1
, x ∈ [xk+1, xk]

xk−1−x
xk−1−xk

, x ∈ [xk, xk−1]

0, otherwise

, (4.4.24)

and

ĥ0(x) =

{
x−x1
x0−x1

, x ∈ [x1, x0]
0, otherwise

, ĥN (x) =

{
xN−1−x

xN−1−xN
, x ∈ [xN , xN−1]

0, otherwise
.

(4.4.25)
Then,

Xh = span{ĥ0, ĥ1, · · · , ĥN}. (4.4.26)
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We further denote

uh(x) =
N∑

k=0

uh(xk)ĥk(x), w̄ = (uh(x0), uh(x1), · · · , uh(xN ))T

bkj = bh(ĥj , ĥk), Bfe = (bkj)k,j=0,1,··· ,N ,

mkj = 〈ĥj , ĥk〉h, Mfe = (mkj)k,j=0,1,··· ,N ,

f̄ = (f(x0), f(x1), · · · , f(xN ))T .

(4.4.27)

Then, (4.4.23) is equivalent to the following linear system

Bfew̄ = Mfef̄ or M−1Bfew̄ = f̄ . (4.4.28)

On the other hand, as in Section 4.3, we can formulate the linear sys-
tem associated with the Legendre-collocation method in the weak form for
(4.4.1)–(4.1.4):

Aw̄ = Wf̄ or W−1Aw̄ = f̄ . (4.4.29)
Since both (4.4.29) and (4.4.28) provide approximate solutions to (4.4.1)–
(4.1.4), it is expected that M−1Bfe is a good preconditioner for W−1A.

4.5. Error estimates

In this section, we present error analysis for two typical cases. One is
the Legendre-Galerkin method for (4.1.5) with general boundary conditions
(4.1.4). The other is the Chebyshev-collocation method for (4.1.3) with
Dirichlet boundary conditions. The error analysis for other cases may be
derived in a similar manner. We refer to the books [6, 5] for more details.

The following technical lemma is needed for the treatment of the general
boundary conditions. Note that the special case of b± = 0 in the following
lemma is well known (see [6]).

Lemma 4.7. Let

X = {u ∈ H2
ω(I) : a±u(±1) + b±ux(±1) = 0}, XN = X ∩ PN .

We have

inf
φN∈XN

‖φ− φN‖Hν
ω

. Nν−m‖φ‖Hm
ω
, ∀φ ∈ X ∩Hm

ω (I), m ≥ 2, ν = 0, 1, 2.

Proof. Let H(1;x) be the Hermite polynomial (of degree 3) such that

H(1; 1) = 1, H ′(1; 1) = 0, H(1;−1) = H ′(1;−1) = 0,

and Ĥ(1;x) such that

Ĥ(1; 1) = 0, Ĥ ′(1; 1) = 1, Ĥ(1;−1) = Ĥ ′(1;−1) = 0.

Similarly, we define H(−1;x) and Ĥ(−1;x). Then for φ ∈ X ∩Hm
ω (I) with

m ≥ 2, we set

φ̃(x) =φ(x)− φ(1)H(1;x)− φ(−1)H(−1;x)

− φ′(1)Ĥ(1, x)− φ′(−1)Ĥ(−1;x).
(4.5.1)
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By construction, we have

φ̃(±1) = φ̃′(±1) = 0 and consequently φ̃ ∈ H2
0,ω(I).

Furthermore, we derive from (4.5.1) that

‖φ̃‖Hm
ω

. ‖φ‖Hm
ω

+ |φ(1)|+ |φ(−1)|+ |φ′(1)|+ |φ′(−1)|
. ‖φ‖Hm

ω
∀m ≥ 2.

(4.5.2)

Let π2,0
N,ω be the orthogonal projector fromH2

0 (I) ontoH2
0 (I)∩PN defined

by
((u− π2,0

N,ωu)
′′, v′′)ω = 0, for all v ∈ H2

0,ω(I). (4.5.3)

It is proven (see [3]) that for ν = 0, 1, 2, we have

‖φ̃− π2,0
N,ωφ̃‖Hν

ω
. Nν−m‖φ̃‖Hm

ω
, ∀φ̃ ∈ H2

0,ω(I) ∩Hm
ω (I), m ≥ 2. (4.5.4)

We now define an operator BN : H2
ω(I) → PN by

BNφ =π2,0
N,ωφ̃+ φ(1)H(1;x) + φ(−1)H(−1;x)

+ φ′(1)Ĥ(1;x) + φ′(−1)Ĥ(−1;x).
(4.5.5)

Then by (4.5.1), we have

φ−BNφ = φ̃− π2,0
N,ωφ̃,

(BNφ)(±1) = φ(±1), (BNφ)′(±1) = φ′(±1).

Hence, BNφ ∈ XN . Therefore, thanks to (4.5.2) and (4.5.4), we have

inf
φN∈XN

‖φ− φN‖Hν
ω
≤ ‖φ−BNφ‖Hν

ω
= ‖φ̃− π2,0

N,ωφ̃‖Hν
ω

. Nν−m‖φ̃‖Hm
ω

. Nν−m‖φ‖Hm
ω
, ∀m ≥ 2.

(4.5.6)

�

4.5.1. Legendre-Galerkin method with general boundary con-
ditions. We consider the Legendre-Galerkin approximation of (4.1.5) with
the Robin boundary condition (4.1.4).

Theorem 4.1. Let u and uN be respectively the solutions of (4.1.5)–
(4.1.4) and (4.1.14). Then,

‖u− uN‖H1 . N1−m‖u‖Hm +N−k‖f‖Hk , m ≥ 2, k ≥ 1.

Proof. We derive from (4.1.5) and (4.1.14) that

α(u− uN , vN )− ((u− uN )′′, vN ) = (f − INf, vN ), for all vN ∈ XN .

Since for all v, w ∈ H2(I) ∩H1
? (I),

−(v′′, w) = (v′, w′) + h+v(1)w(1)− h−v(−1)w(−1), (4.5.7)
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where H1
? (I) and h± are defined in (4.1.6) and (4.1.7). Thanks to (4.0.3)

and the assumption a± ≥ 0, we find that

− (v′′, w) . ‖v‖H1‖w‖H1 , for all v, w ∈ H2(I) ∩H1
? (I),

− (v′′, v) ≥ (v′, v′), for all v ∈ H2(I) ∩H1
? (I).

(4.5.8)

Hence,

min(α, 1)‖u− uN‖2
H1 = α(u− uN , u− uN ) + ((u− uN )′, (u− uN )′)

.α(u− uN , u− uN )−
(
(u− uN )′′, u− uN

)
=α(u− uN , u−BNu)−

(
(u− uN )′′, u−BNu

)
+ (f − INf,BNu− uN )

.α‖u− uN‖L2‖u−BNu‖L2 + ‖u−BNu‖H1‖u− uN‖H1

+ ‖f − INf‖L2(‖u−BNu‖L2 + ‖u− uN‖L2).

Therefore, thanks to (4.5.6) and Theorem 3.10, we have

‖u− uN‖H1 . ‖u−BNu‖H1 + ‖f − INf‖L2

. N1−m‖u‖Hm +N−k‖f‖Hk .

The proof of Theorem 4.1 is then complete. �

4.5.2. Chebyshev-collocation method with Dirichlet boundary
conditions. An essential element in the analysis of the Chebyshev method
for the second-order equations with Dirichlet boundary conditions is to show
the bilinear form

aω(u, v) := (ux, ω
−1(vω)x)ω =

∫ 1

−1
ux(vω)xdx (4.5.9)

is continuous and coercive in H1
0,ω(I) × H1

0,ω(I). To this end, we need to
establish first the following inequality of Hardy type:

Lemma 4.8.∫ 1

−1
u2(1 + x2)ω5dx ≤

∫ 1

−1
u2

xωdx, for all u ∈ H1
0,ω(I), (4.5.10)

where ω = (1− x2)−
1
2 .

Proof. For any u ∈ H1
0,ω(I), we find by integration by parts that

2
∫ 1

−1
uxuxω

3dx =
∫ 1

−1
(u2)xxω

3dx = −
∫ 1

−1
u2(xω3)xdx

= −
∫ 1

−1
u2(1 + 2x2)ω5dx.

(4.5.11)
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Hence,

0 ≤
∫ 1

−1
(ux + uxω2)2ωdx =

∫ 1

−1
u2

xωdx+
∫ 1

−1
u2x2ω5dx

+ 2
∫ 1

−1
uxuxω

3dx =
∫ 1

−1
u2

xωdx−
∫ 1

−1
u2(1 + x2)ω5dx.

�

Lemma 4.9.
aω(u, v) ≤ 2|ux|L2

ω
|vx|L2

ω
, for all u, v ∈ H1

0,ω(I),

aω(u, u) ≥ 1
4
|ux|2L2

ω
, for all u ∈ H1

0,ω(I).

Proof. Using the Cauchy-Schwarz inequality, the identity ωx = xω3

and (4.5.10), we have

aω(u, v) =
∫ 1

−1
ux(vx + vxω2)ωdx

≤ |ux|L2
ω
|vx|L2

ω
+ |ux|L2

ω

(∫ 1

−1
v2x2ω5dx

) 1
2

≤ 2|ux|L2
ω
|vx|L2

ω
, for all u, v ∈ H1

0,ω(I).

On the other hand, thanks to (4.5.11) and (4.5.10), we find

aω(u, u) =
∫ 1

−1
u2

xωdx+
∫ 1

−1
uuxxω

3dx

= |ux|2L2
ω
− 1

2

∫ 1

−1
u2(1 + 2x2)ω5dx

≥ |ux|2L2
ω
− 3

4

∫ 1

−1
u2(1 + x2)ω5dx

≥ 1
4
|ux|2L2

ω
, for all u ∈ H1

0,ω(I).

�

Thanks to the above Lemma, we can define a new orthogonal projector
from H1

0,ω to P 0
N based on the bilinear form aω(·, ·).

Definition 4.5.1. π̃1,0
N,ω : H1

0,ω → P 0
N is defined by

aω(u− π̃1,0
N,ωu, v) =

∫ 1

−1
(u− π̃1,0

N,ωu)
′(vω)′dx = 0, for v ∈ P 0

N . (4.5.12)

Lemma 4.10.

‖u− π̃1,0
N,ωu‖Hν

ω
. Nν−m‖u‖Hm

ω
for all u ∈ Hm

ω (I) ∩H1
0,ω(I), ν = 0, 1.

(4.5.13)
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Proof. We recall that a different orthogonal projector π1,0
N,ω was defined

in (3.6.11). Using (4.5.10), the definition (4.5.12) and Theorem 3.9, we find

‖u− π̃1,0
N,ωu‖

2
H1

ω
. |u− π̃1,0

N,ωu|
2
H1

ω
≤ aω(u− π̃1,0

N,ωu, u− π̃1,0
N,ωu)

= aω(u− π̃1,0
N,ωu, u− π1,0

N,ωu)

≤ 2|u− π̃1,0
N,ωu|H1

ω
|u− π1,0

N,ωu|H1
ω
.

We then derive (4.5.13) with ν = 1 from above and Theorem 3.9. To prove
the result with ν = 0, we use a standard duality argument. We consider the
dual problem

−φxx = u− π̃1,0
N,ωu, φ(±1) = 0. (4.5.14)

Its variational formulation is: find φ ∈ H1
0,ω(I) such that

(φ′, (ψω)′) = (u− π̃1,0
N,ωu, ψω) ∀ψ ∈ H1

0,ω(I). (4.5.15)

Thanks to Lemma 4.9, there exists a unique solution φ ∈ H1
0,ω(I) for the

above problem, and furthermore, we derive from (4.5.14) that φ ∈ H2
ω(I)

and
‖φ‖H2

ω
. ‖u− π̃1,0

N,ωu‖L2
ω
. (4.5.16)

Now we take ψ = u− π̃1,0
N,ωu in (4.5.15), thanks to Lemma 4.9, (4.5.16) and

(4.5.13) with ν = 1,

(u− π̃1,0
N,ωu, u− π̃1,0

N,ωu)ω =
∫ 1

−1
φx((u− π̃1,0

N,ωu)ω)xdx

=
∫ 1

−1
(φ− π̃1,0

N,ωφ)x((u− π̃1,0
N,ωu)ω)xdx

≤ 2|φ− π̃1,0
N,ωφ|H1

ω
|u− π̃1,0

N,ωu|H1
ω

. N−1‖φ‖H2
ω
|u− π̃1,0

N,ωu|H1
ω

. N−1‖u− π̃1,0
N,ωu‖L2

ω
|u− π̃1,0

N,ωu|H1
ω
.

We conclude from the above and (4.5.13) with ν = 1. �

We are now in the position to establish an error estimate of the Chebyshev-
collocation method for

αu− uxx = f, x ∈ (−1, 1); u(±1) = 0. (4.5.17)

Theorem 4.2. Let uN be the solution of the Chebyshev-collocation ap-
proximation to (4.5.17). Then,

|u− uN |H1
ω

. N1−m‖u‖Hm
ω

+N−k‖f‖Hk
ω
, m ≥ 2, k ≥ 1.

Proof. Thanks to (4.2.6) and (4.2.7), the Chebyshev-collocation method
for (4.5.17) can be written as:
Find uN ∈ P 0

N such that

α〈uN , vN 〉N,ω + aω(uN , vN ) = 〈f, vN 〉N,ω, for all vN ∈ P 0
N .
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On the other hand, we derive from (4.5.17) and (4.5.12) that

α(u, vN )ω + aω(π̃1,0
N,ωu, vN ) = (f, vN )ω, for all vN ∈ P 0

N .

Taking the difference of the above two relations and using the definition
(3.6.6) and Theorem 3.8, we find that for all vN ∈ P 0

N ,

α〈π̃1,0
N,ωu− uN , vN 〉N,ω + aω(π̃1,0

N,ωu− uN , vN )

=(f, vN )ω − 〈INf, v〉N,ω + α〈π̃1,0
N,ωu, vN 〉N,ω − α(u, vN )ω

=(f − πN−1,ωf, vN )ω − 〈INf − πN−1,ωf, v〉N,ω

+ α〈π̃1,0
N,ωu− πN−1,ωu, vN 〉N,ω − α(u− πN−1,ωu, vN )ω.

Take vN = π̃1,0
N,ωu − uN in the above relation, we find by using Cauchy-

Schwarz inequality and Lemma 3.10 that

α‖π̃1,0
N,ωu− uN‖2

L2
ω

+ |π̃1,0
N,ωu− uN |2H1

ω
. ‖f − πN−1,ωf‖2

L2
ω

+ ‖f − INf‖2
L2

ω
+ α‖u− π̃1,0

N,ωu‖
2
L2

ω
+ ‖u− πN−1,ωu‖2

L2
ω
.

We then derive from the above and Theorems 3.8, 3.10 and Lemma 4.5.12
that

‖u− uN‖H1
ω
≤ ‖u− π̃1,0

N,ωu‖H1
ω

+ ‖π̃1,0
N,ωu− uN‖H1

ω

. N1−m‖u‖Hm
ω

+N−k‖f‖Hk
ω
.

�
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