CHAPTER 1

Preliminaries

1.1. Introduction

The traditional way to introduce spectral methods starts by approxi-
mating the function as a sum of very smooth basis functions:

u(z) =~ Z ar Py (z)
k=0

where ®j(z) are polynomials or trigonometric functions. In practice, there
have many choices of the basis functions such as

o &, () = e'** (the Fourier spectral method);
e &y(x) = Tk(z) ( the Chebyshev spectral method);
e &,(xz) = Lg(z) ( the Legendre spectral method);

where in the above Ty (z) and Lg(z) are the Chebyshev and the Legendre
polynomials, respectively. In this section, we will introduce some basic ideas
of spectral methods. For ease of exposition, we consider the Fourier spectral
method (i.e. the basis functions are chosen as e*%) which is very efficient for
periodic problems. For non-periodic problems, the Chebyshev and Legendre
spectral methods are frequently employed.

1.1.1. Comparision with the finite difference/element method.
We may compare the spectral method (before acturaly describing it) to
the finite difference method. Finite Difference (FD) methods approximate
derivatives of a function by local arguments (such as u'(z) = (u(z + h) —
u(z — h))/2h, where h is a small grid spacing) - these methods are typically
designed to be exact for polynomials of low orders. This approach is very
reasonable: since the derivative is a local property of a function, it makes
little sense (and is costly) to invoke many function values far away from the
point of interest. In contrast, spectral methods are global. In approximating
the derivatives, spectral methods use information throughout the solution
interval.

We may also compare the spectral method to the finite element method.
One difference is this: the trial functions 75 in finite element method is
usually 1 at the meshpoint

zp = kh,  h=2r/N
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and 0 at the others, whereas e* is nonzero everywhere. That is not such

an important distinction. We could produce from the exponentials an inter-
polating function like 7%, which is zero at all meshpoints but one:

1 sin (N(a; - $k)/2) 1
N sin ((w —ivk)/2) COSi(x_Ik). o

Of course it is not a piecewise polynomial; that distinction is genuine. A
consequence of this difference is the following: (i) Each function Fj, spreads
over the whole solution interval, whereas 7 is zero in all elements not con-
taining zy; (ii) The stiffness matrix is sparse for finite element methods; in
the spectral it is full.

Fy(z) =

1.1.2. The computational efficiency. Since the matrix associated
with spectral method is full, the spectral method seems more time consuming
than finite differences or finite elements. In fact, spectral method had not
been used widely for a long time. The main reason is the expensive cost in
computational time. However, the discovery of the Fast Fourier Transform
(FFT) due to Cooley and Tukey solves this problem. We will describe the
Cooley-Tukey algorithm in Chapter 2. The main idea is the following. Let
WN = e2™/N and

- 25k 2mjk
(fN)jk:’u}%c:COS J —i—isin%, 0<jk<N-1.

Then for any N-dimensional vector vy, the usual N? operations in com-
puting Fyvy are reduced to N log, N. The significant improvement can be
seen from the following table:

N N? Nlog,N
16 256 64
32 1024 160
64 4096 384
128 16384 896
256 65536 2048
512 262144 4608
1024 1048576 10240

The algorithm of FFT and its application to some differential equations
will be discussed in Chapter x and Chapter xx.

1.1.3. A simple example. Unlike finite differences or finite elements,
which replace the right side uy; by differences at nodes, the spectral method
uses u2, exactly. In spectral method, there is no Az. The derivatives with
respect to space variables are computed explicitly and correctly. To see this,

we consider the heat equation

U = Ugg, Wwith u(z,0) = ug(z), (1.1.2)
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where ug(x) is 2w-periodic. Since the exact solution u is periodic, it can be
written as an infinite Fourier series. The approximate solution »" can be
as a finite series:

N-1
u (z,t) = Z ar(t)e*®, z € [0,27),
k=0
where each a(t) is to be determined. In other words, the Fourier approx-

imation % is a combination of oscillations e?** up to frequency N — 1.
Assume u!V satisfy (1.1.2). We obtain

N-1 N-1
D ap()e®T =" ag(t)(ik) e,
k=0 k=0
Since frequences are uncoupled, we have
ah(t) = —kap, o ax(t) = e ay(0),

where a;(0) are determined by using the initial function:

1 2m ke
ar(0) = ﬂ/0 ug(z)e"*2de.

It is an easy matter to show that

oo

E ag (0)6ikx6—k2t

k=N+1

o [e'9)
< —]Czt < —t$2 . 1.
< max lax (0)] k_;ﬂe < max luo ()| /N e " dx. (1.1.3)

[u(z, t) — u™ (z,1)| =

Therefore, the error goes to zero very rapidly as N is reasonably large. The
convergence rate is determined by the integral term

o
J(t,N) := / e % dy = 1/4lterfc(\/¥N),
N

where erfc(x) is the complementary error function (both Fortran and MAT-
LAB have this function). The following table lists the value of J(¢,N) at
several values of ¢:

N J(o.1, N) J(0.5, N) J(1, N

1 1.8349e+00 3.9769e-01 1.3940e-01
2 1.0400e+00 5.7026e-02 4.1455e-03
3 5.0364e-01 3.3837e-03 1.9577e-05
4 2.0637e-01 7.9388e-05 1.3663e-08
5 7.1036e-02 7.1853e-07 1.3625e-12
6 2.0431e-02 2.4730e-09 1.9071e-17
7 4.8907e-03 3.2080e-12 3.7078e-23
8 9.7140e-04 1.5594e-15 9.9473e-30
9 1.5973e-04 2.8290e-19 3.6663e-37
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10 2.1703e-05 1.9100e-23 1.8509e-45

The above table, together with (1.1.3), suggest that the spectral approx-
imation u” converges to the exact solution of (1.1.2) in a rate much higher
than the usual algebraic rate.

In more general problems, the equation in time will not be solved ex-
actly. It needs a difference method with time step At, such as Runge-Kutta
method. For derivatives with respect to space variables, there are two ways:

e 1. Stay with the harmonics e*** or sinkz or cos kz, and use FFT
to go between coefficients a; and mesh values u” (z;,t). Only the
mesh values enter the difference equation in time.

e 2. Use an expansion U = Y Ug(t)Fi(z), where Fy(z) is given by

(1.1.1), that works directly with values Uy at mesh points (where

Fy, = 1). There is a differentiation matriz D that gives mesh val-

ues of the derivatives, D;; = F}(z;). Then the approximate heat
equation becomes U; = D?U.

The fact that z-derivatives are exact makes spectral methods free of

phase error. Differentiation multipliers e?** gives the right factor ik while
differences give the wrong factor i K:

etk(z+h) _ oik(z—h) sinkh

2h h
For low frequencies, when kh is small and there are enough mesh points
in a wavelength, K is close to k. For higher frequencies K is significantly

smaller. In the heat equation it means a slower wave velocity. For details,
we refer to Richtmyer and Morton [4] and LeVeque [3].

= iKe*T, where K=

1.2. Mathematical preliminaries

1.2.1. Hilbert space and Lax-Milgram Lemma.
1.2.2. Sobolev spaces and weighted Sobolev spaces.

1.2.3. Some useful inequalities.

1.3. Basic iterative methods
1.4. Runge-Kutta methods

Consider a scalar ordinary differential equation

W= Fut), ulto) = o (14.1)

In this section, we will introduce several Runge-Kutta type methods for the
above initial value problem. The Runge-Kutta methods imitate the Taylor-
series method by means of clever combinations of values of f(u,t). We
illustrate by deriving a second-order Runge-Kutta (RK2) procedure.
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1.4.1. Second-order Runge-Kutta method. Let us begin with the
Taylor series for u(t + At):

At? A3
WO+ 5

where At > 0 is a fixed number. From (1.4.1), we have

u'(t) = f(u,t)
u'(t) = fo + fur' = fe + fuf
u"(t) = fu + fuf + (e + fuf) fu+ [ (fut + fuuf)
Here subscripts denote partial derivatives, and the chain rule of differentia-

tion is used repeatedly. The first three terms in (1.4.2) can be written now
in the form

u(t + At) = u(t) + At/ (t) + u"(t) + -, (1.4.2)

At? 3
u(t +A) = ut Atf + —=(fi + [ fu) + O(AL)

— o+ %f + % (f + AL+ Atffu) +O(A) (1.4.3)

where u means u(t), f means f(u,t), and so on. We are able to eliminate
the partial derivatives with the aid of the following result:

flu+ Atf,t + At) = f + Atfi + Atf f + O(A).

Equation (1.4.3) can be rewritten as

u(t + At) = u(t) + %f + %f(u + Atf,t + At) + O(AE3).

Hence, the formula for advancing the solution is

Atf(u, t)+ gf(u + Atf(u,t),t + At)

u(t + At) = u(t) + - 5

or equivalently,

u(t + At) = u(t) + %(Kl + K»)
Ky = f(u,t), Ky = f(u+ AtKy,t + At).

This formula can be used repeatedly to advance the solution one step at
a time. It is called a second-order Runge-Kutta method (RK2). It is also
known as Heun’s method.

In general, second-order Runge-Kutta formulas are of the form

u(t + At) = u + w1 Atf + woAtf (u + BALS, t + alAt) + O(AL?)

where w1, ws, @ and B are parameters at our disposal. The above equation
can be rewritten with the aid of the Taylor series in two variables as

u(t+ At) = u +wi Atf + ngt<f + AL, + ﬂAtffu> +O(AB). (1.4.4)
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Comparing (1.4.3) and (1.4.4), we see that we should impose the following
conditions:

+wy =1 = ﬁ—l
w1 wo = 1, wQOé—Q, w9 —2.

One solution is wq = wy = 1/2,@ = B = 1, which is the one corresponding
to Heun’s method. The system of equations above has solutions other than
this one, such as the one obtained by letting w1 = 0,we = 1, = = 1/2.
The resulting formula is called the modified Euler method:

u(t + At) = u(t) + AtK,
1 1

The general RK2 formulas contain a nonzero parameter « € (0, 1]:

u(t+ At) = u(t) + (1 - i) Atf(u,t) + %Atf(quaAtf(u,t),tJr ant).

2a
(1.4.5)
In the above, we considered the scalar ODE (1.4.1) and its corresponding

second-order Runge-Kutta method. In practice, we often have a system of

ODEs:

dUu
WY rw.y (1.46)

where U € RY,F € RY. Similar to the ideas used above, we can derive
the second-order Runge-Kutta formulas for the above system. The RK2
formulas are the same as (1.4.5), except that the u and f there be replaced
by U and F', repectively.

In practice, it is important to save computer storage so we should try
to keep the number of levels required as small as possible. To this end, we
write the RK2 formulas in the following form

uv=u0"
G =F(U,t,)
U=U+ aAiG
G = (—-1+2a —2a%)G + F(U,t, + aAt)
At
n+l __ =v
vt =U+ 2aG’ (1.4.7)

where U™ = U(-, t,). Only two levels of storage (U and G) are required
for the above algorithm. The choice @ = 1/2 produces the modified Euler
method and a = 1 corresponds to the Heun method.

1.4.2. General Runge-Kutta methods. The higher-order Runge-
Kutta formulas are very tedious to derive, and we shall not do so. The

formulas are rather elegant, however, and are easily programmed once they
have been derived. The classical fourth-order Runge-Kutta (RK4) method
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Ky =F({U",t,)

At 1
Ky=F (Un + ?Klatn + 5At>

Ky=F (U” + ﬁKg,tn + 1At)

2 2
K4 = F(U” + AtKS; tn—|—1)
At
urtl =y + ?(Kl + 2Ky 4+ 2K3 + K4)- (1.4.8)

The above formula required four levels of storage, i.e. Ki, Ky, K3 and

K. An equivalent formulation is:

U=Un

G=U

P =F(U,t,)
1

U=U+;AtP

G=P

P:F(M%+%N>

U:U+%At(P—G)

1
P=F (U,tn+ 1At) “1p
2 2
U=U+ AtP
G=G-P
P =F(U,tyy1) + 2P
Ut =U + At (G+ %P). (1.4.9)

This version of the RK4 method requires only three levels (U, G and P) of

storage.
As we saw in the derivation of the Runge-Kutta method of order 2, a

number of parameters must be selected. A similar process occurs in estab-
lishing higher-order Runge-Kutta methods. Consequently, there is not just
one Runge-Kutta method for each order, but a family of methods. As shown
in the following table, the number of required function evaluations increases
more rapidly than the order of the Runge-Kutta methods:

Number of function evaluations 1
Maximum order of RK method 1

2 3 4 5 6 7 8
2 3 4 4 5 6 6
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Unfortunately, this makes the higher-order Runge-Kutta methods less
attractive than the classical fourth-order method, since they are more ex-
pensive to use. Furthermore, all RK methods of a given order have similar
stability properties. The stability regions expand as the order increases.

1.4.3. Runge-Kutta methods for autonomous system. The Runge-
Kutta procedure for systems of first-order equations is most easily written
down in the case when the system is autonomous; that is, it has the form

au
— = F(U).
7 (U)
The classical RK4 formulas, in vector form, are
At
Ut = Un 4 <K1 + 2K, + 2K3 + K4) (1.4.10)
where
K, =F({U"),
Ky = (U” K1),

K3 — ( KtKg)
K,=F U™+ AtKj) .

For problems without source terms, we will end up with an autonomous
system. The above RK4 method, or its equivalent form similar to (1.4.9),
can be used.

If F(u) is linear, then the following algorithm can be applied:

Set Uu=0"
For k=s,1,—-1
1
U=U0"+ EAtF(U)
end
Ut = U (1.4.11)

It yields a Runge-Kutta method of order s (for linear problems) and most
three levels of storage are required for this algorithm.

1.5. Fast Fourier transform

This section is devoted to the computational aspects of trigonometric

interpolation. Suppose that the coefficients ¢y, cq,--- ,cy—_1 are defined as
following;:
§ V-1
ck:ﬁzof(wj)e he;  0<k<N-1, (1.5.1)
]:

where z; = 27j/N.

In 1965, a paper by Cooley and Tukey [1] described a different method
of calculating the coefficients ¢y, 0 < kK < N — 1. The method requires
only O(N logy N) multiplications and O(N log, N) additions, provided N is
chosen in an appropriate manner. For a problem with thousands of data
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points, this reduces the number of calculations to thousands compared to
millions for the direct technique.

The method described by Cooley and Tukey has become to be known
either as the Cooley-Tukey Algorithm or the Fast Fourier Transform (FFT)
Algorithm, and has led to a revolution in the use of interpolatory trigono-
metric polynomials. We follow the exposition of Kincaid and Cheney [2] to
introduce the algorithm.

1.5.1. Computational cost. Much of this section will be using com-
plex exponentials. We first recall Euler’s formula:

¢ = cos @ + isin®.
It is also known that the functions F; defined by
Ep(z) =% k=0,+1,42,---

form an orthogonal system of functions in the complex space Lo[—m, 7| pro-
vided that we define the inner product to be

)= 5 [ 1)@

This means that (Fy, F,,) = 0 when k # m and that (Ey, Ex) = 1. The
following two lemmas are important in analyzing the computational cost
and in designing the FFT algorithm.

LEMMA 1.1. Let p and q be exponential polynomials of degree N —1 such
that, for the points y; = wj /N, we have

p(yei) = fy25)s  alyzy) = fyzjr1), O0<j<N-1.  (152)

Then the exponential polynomial of degree < 2N — 1 that interpolates f at
the points y;,0 < j <2N — 1, is given by
1 . 1 .
P() = 5 (1 n eM)p(x) +3 (1 - ezNw)q(x — /N). (1.5.3)
PROOF. Since p and ¢ have degrees < N — 1, whereas e!M* is of degree
N, it is clear that P has degree < 2N — 1. It remains to show that P
interpolates f at the nodes. We have, for 0 < 7 < 2N —1,

P(y;) = %(1 + EN(yj))p(yj) + %(1 - EN(yj))Q(yj —m/N).

Notice that En(y;) = (—1)7. Thus for even j, we infer that P(y;) = p(y;) =
f(y;), whereas for odd j, we have

P(yj) = qy; — 7/N) = q(yj-1) = f(y;))-

This completes the proof of Lemma 1.1. O
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LEMMA 1.2. Let the coefficients of the polynomials described in Lemma
1.1 be as follows:

N-1 N-1 2N—1
p= Z a;Ej, q= BiEj, P = Z Vi Ej
=0 =0 §=0
Then, for 0 < j < N —1,
1 1 .
v = §Ozj + 56 mﬂ/N,Bj, (1.5.4)
1 1 _..

PRrROOF. To prove (1.5.4) and (1.5.5), we will be using (1.5.3) and will
require a formula for g(z — 7/N):

N-1 N-1
.T 7T/N Zﬂ] ;1; 7I'/N Z/B ij(z—m/N) _ Zﬂ]e_mj/NE )
j=0 4=0

Thus, from equatlon (1.5.3),

=

P = {(1 + EN)OéjEj + (1 — EN)ﬂje_iﬂ—j/NEj}

N =

2&.
Ho

= 3 Z { aj + Bie" TN By + (aj — ﬂje_ij”/N)EN+j}'

The formulas for the coeflicients ; can now be read from this equation.
This completes the proof of Lemma 1.2. a

It follows from (1.5.1), (1.5.2) and (1.5.3) that

e -
@ = & f(aaj)e  2™i/N
=0
L V-l -
Bi = w f(@aj41)e 2 9/N
=0
1 2N—1
—mij /N
M= 9N Of(ﬂﬁj)e mig/N
j=

For the further analysis, let R(N) denote the minimum number of mul-
tiplications necessary to compute the coefficients in an interpolating expo-
nential polynomial for the set of points {27j/N : 0 < j < N —1}.

First, we can show that

R(2N) < 2R(N) + 2N. (1.5.6)

It is seen that R(2N) is the minimum number of multiplications necessary to
compute 7;, and R(N) is the minimum number of multiplications necessary
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to compute o or §j. By Lemma 1.2, the coefficients ; can be obtained
from o; and <y; at the cost of 2N multiplications. Indeed, we require N
multiplications to compute aj for 0 < j < N — 1, and another N multi-
plications to compute (e _’7”/N)ﬂj for 0 < j < N — 1. (In the latter, we
assume that the factors %e*’j ©/N have already been made available.) Since
the coefficients a; cost R(N) multiplications, and since the same is true for
Bj, we obtain a total cost for P of at most 2R(N) + 2N multiplications. It
follows from (1.5.6) and mathematical induction that R(2™) < m 2™. As a
consequence of the above result, we see that if N is a power of 2, say 2™,
then the cost of computing the interpolating exponential polynomial obeys
the inequality
R(N) < Nlogy N

The algorithm that carries out repeatedly the procedure in Lemma 1.1 is
the fast Fourier transform.

1.5.2. Algorithms. Assume 0 < n < m,0 < k < 2™ "™ — 1, and
0<j<2"—1. Let
on—1 on—1

Z A(”)E — Z A(") zjw'

By Lemma 1.2, the followmg equations hold:

n+1 n i
AE‘:J ) [A( )+ J /2 A](c_22m n—1 ]] ?

(nt1) _ 1 () _ —ijm/2n 4(n)
Ay jyan = D) [Akj il Ay fom—n—1 j] :

For a fixed n, the array A™ requires N = 2™ storage locations in
memory because 0 < k <2™™" —1and 0 < 5 < 2" — 1. One way to carry
out the computations is to use two linear arrays of length N, one to hold
A™) and the other to hold A+ At the next stage, one array will contain
A+ and the other A™*2). Let us call these arrays C' and D. The two
dimensional array A is stored in C by the rule

C@k+j) =4y, 0<k<2m™™-1, 0<j<2"—1
It is noted that if 0 < k, k' < 2™ ™ —1 and 0 < 7,5 < 2" — 1 satisfying
2"k 4+ j = 2"K' + j', then (k,7) = (k',j'). Similarly, the array A™*D ig
stored in D by the rule

D"k +j) = ALY, 0<k<oamlo1 0<j<ott

The factors Z(j) = e 2mi/N are computed at the beginning and stored.
Then we use the fact that e=“7/2" = Z(j2m—n-1),
The following is the standard FFT algorithm.

CODE FFT.1
% Cooley-Tukey Algorithm
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Input m
N=27, W=e—2m’/N
for k=0 to N-1 do
Z(x)=wk, C(k)=f(2rk/N)
end
for n=0 to m-1 do
for k=0 to 2™ ""1-1 do
for j=0 to 2"-1 do
u=C(2"k+j)
v=Z(j2"”’"*1)*C(2”k+2"”1+j)
D(2"k+j)=0.5% (u+v)
D(2" M k+j+27)=0.5% (u-v)

end
end
for j=0 to N-1 do
C(3)=D(j)
end
end
Qutput C(0), C(1), ---, C(N-1).

By scrutinizing the pseudocode, we can also verify the bound N logy N
for the number of multiplications involved. Notice that in the nested loop of
the code, n takes on m values; then k takes on 2™ "~! values, and j takes on
2™ values. In this part of the code, there is really just one command involving
a multiplication — namely, the one in which v is computed. This command
will be encounted a number of times equal to the product m x 27~ "~1 x 2" =
m2™ 1. At an earlier point in the code, the computation of the Z-array
involves 2™ — 1 multiplications. On any binary computer, a multiplication
by 1/2 need not be counted because it is accomplished by subtracting 1 from
the exponent of the floating-point number. Therefore, the total number of
multiplications used in CODE FFT.1 is

m2™ 1 2™ — 1 < m2™ = N log, N.

The fast Fourier transform can also be used to evaluate the inverse trans-
form:

=

1

dp = —
k=N
J

Let j = N —1—m. It is easy to verify that

g(z;)e*e, 0<k<N-1

Il
o

N-1
1 .
dy = e_”’cﬁ Z g(mN_l_m)e_“”m, 0<EkE<N-1.

m=0

Thus, we apply the FFT algorithm to get €’*#dj. Then extra N operations
give di. A pseudocode for computing di is given below.

CODE FFT.2
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% Fast Inverse Fourier Transform
Input m
N=27, W=e—2m’/N
for k=0 to N-1 do
Z@=w*, C&) =g(2r(N-1-m)/N)
end
for n=0 to m-1 do
for k=0 to 2™ " !-1 do
for j=0 to 2"-1 do
u=C(2"k+j)
v=Z(j2m_"_1)*C(2"k+2m_1+j)
D(2"Hk+j)=0.5% (u+v)
D(2"1k+j+2")=0. 5% (u-v)

end
end
for j=0 to N-1 do
C(3)=D(j)
end
end

for k=0 to N-1 do
D(k)=Z(k)*C (k)
end
Qutput D(0), D(1), ---, D(N-1).

The fast Fourier transform can also be used to evaluate the cosine trans-
form:

N .
ik
= ; —_— 0<k<N
o jzoﬂwg)cos(N), <k<N,
where f(z;) are real numbers. Let v; = f(z;) for 0 < j < N and v; =0 for
N +1<j<2N —1. We compute
1 2! 2mg
— otk =27 _
Ak—ﬁjz_%vje“”], Tj = 5ar 0<k<2N —1.

Since v; are real numbers and v; = 0 for j > N + 1, it can be shown that
the real part of Ay is

N .
1
Re(Ay) = N > f(=;) cos (%’“) : 0<k<2N-1.
Jj=0

In other words, the following results hold:
ar = 2N Re(Ay), 0<k<N.

By the definition of Ay, we know that they can be computed by using the
pseudocode FFT.1. When they are multiplied by 2NV, we have the values of
ag-
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1.5.3. Numerical examples. To test the the efficiency of the FFT
algorithm, we compute the coefficients in (1.5.1) using CODE FFT.1 and the
direct method. A subroutine for computing the coefficients directly from
the formulas goes as follows:

CODE FFT.3
% Direct method for computing the coefficients
Input m
N=2m W=e—27ri/N
for k=0 to N-1 do
Z(x)=w®, D(k)=f(2rk/N)
end
for n=0 to N-1 do
u=D(0)
for k=1 to N-1
u=u+D (k) *Z(n)*
end
C(n)=u/N
end
OQutput C€(0), C(1), ---, C(N-1)
The computer programms based on CODE FFT.1 and CODE FFT.2 are
written in FORTRAN 77 with double precision. We compute the following
coefficients:

N—1
1 .

k= 3 Z cos(5z;)e i 0<k<N-1,

j=0

where z; = 2mj/N. The cpu times used are listed in the following table.

m N CPU (FFT) CPU(direct)
9 512 0.02 0.5
10 1024 0.04 2.1
11 2048 0.12 9.0
12 4096 0.28 41.0

13 8192 0.60 180.0



CHAPTER 2

Fourier-Spectral Methods

2.1. Discrete Fourier Transforms and Fourier Derivative Matrices

Most of discussions so far have concentrated on the algebraic polyno-
mial basis functions. Another class of basis functions is the trigonometric
functions which are more suitable for representing periodic phenomena. For
convenience, let us assume that the function being interpolated is periodic
with period 27. One of the basic theorems from Fourier analysis states that
if f is 2w-periodic and has a continuous first derivative, then its Fourier
series

f@)~ 3 ket (2.1.1)

k=—00

where 72 = —1 and

R 1 2T ikt
k)=— t)e "dt
fo=5- | s
converges uniformly to f.

In this section, we will study some basic properties of the Fourier series.
This will be useful for deriving the Fast Fourier Transform algorithm to be
considered in Sect. 1.5. Then we will derive the differentiation matrices for
the Fourier pseudospectral methods. We will also investigate the spectral
radius and conditions numbers for the differentiation matrices.

2.1.1. Exponential polynomials. Much of this section will be using
complex exponentials. We first recall Fuler’s formula:

e = cos @ + isinf.

It is also known that the functions Ej, defined by
Ey(z) =% k=0,+1,42,---

form an orthogonal system of functions in the complex space Ls[0, 27| pro-
vided that we define the inner product to be

1 [ R
(f9) == f(z)g(z)dz.

_27T 0
15
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This means that (Ey, E,,) = 0 when k£ # m and that (Ey, Ex) = 1. For
discrete values, it will be convenient to use the following inner-product no-

tation:
N-1
fro)n = % Z f (%J) (2;]) (2.1.2)

Jj=

This function is not a true inner product because the condition (f, f)y =0
does not imply that f = 0. It implies that f(z) takes the value 0 at each
node 27j/N.

LEMMA 2.1. For any N > 1, we have

1 if k — m is divisable by N

(B, Em) N :{ 0 otherwise (2.1.3)

PROOF. The above result can be obtained by the following observations:
If £ — m is not divisable by N, then

132 /onj 27j
E., E = — Ey| —= ) En | —
b = L5 (2 5 ()
7=0
N—1 .
_ 1 [eQWi(kfm)/N]J
N <
7=0
1 e2mik—m) _ 1
= N emi(k—-m)/N _1 0;
If kK — m is divisable by N, the second line above equals to 1. O

An exponential polynomial of degree at most n is any function of the
form

= dpe'*® Z dp By (z Z di (')
k=0

The last expression in this equation explains the source of the terminology
because it shows p to be a polynomial of degree < n in the variable e**.

LEMMA 2.2. The exponential polynomial that interpolates a prescribed
function f at z; =27j/N, 0 < j < N —1, is given by

N-1
CkEk (2.1.4)
k=0
with ck = (f, Ex)nN- (2.1.5)

In other words, it can be shown that P(z;) = f(z;), 0<j < N —1.
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PROOF. The above result can be obtained by the direct calculations: for
0<m<N -1,

=2
L

P(zm) =

Z >
Ly
AT
lej
L
3

f(25) Ex(z5) Ex(zm)

Z2 >

Dy
2|~

<

Il

[e=]

= f(-rj)<Eman>N

Il
)

~ .

=
i

where in the last step we have used (2.1.3) and the fact 0 < |m—j| < N. O

2.1.2. Fourier series and differentiation. As mentioned earlier, if
f is 2m-periodic and has a continuous first derivative then its Fourier series
converges uniformly to f. In application, we truncate the infinite series in
(2.1.1) to the following finite series:

N/2—1
F(z) = Z e, (2.1.6)

k=—N/2

Assume that F(z;) = f(z;), where ; = 27j/N,0 < j < N — 1. This fact,
together with the transformation k — k' — N/2, yield

N—-1
f(z) = Z a2 (—1)7e* 7, 0<j<N-1.
k'=0
An application of Lemma 2.2 gives
L Nl ' 5
w2 = 5 jz_:o(—l)]f(mj)em %, K=01,--,N—1. (2.1.7)

Making the transformation k' — N/2 — k for the above equation leads to
1 Nl
o= Z% flzj)e~*% k= _N/2,--- N/2. (2.1.8)
]:

We now differentiate the truncated Fourier series F'(z) termwise to get
the approximate derivatives. It follows from (2.1.6) that

N/2
F(m) = 3 aylik)e,
k=—N/2
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where m is a positive integer. We can write F(™)(z) in the following equiv-
alent form:

N-1
ﬂm@ZE:%%W@y—mm)ﬂﬂwm. (2.1.9)
k'=0

Using (2.1.7) and (2.1.9), we obtain

oo . o o

: = (et —nj2ym) b
Fm(zy_y) QaN/2-1

f (o)

S L o WO (S VO B
flan-)

This indicates that the m-th order differentiation matrix associated with
Fourier PS methods is given by

1 N-1

D™= — ((—1)’“e*l'm)N71 (2.1.10)

3,k=0

(=17 €™ (i — n/2)™)

3,k=0

A pseudocode for computing D™ is given below.

CODE FPS.1
function Dm=FDMx (m,N)
for j=0 to N-1 do
x(§)=2%7%j /N
end
for j=0:N-1
for k=0:N-1
A(j,k)=(-1)*exp (i*k*x (j)) * (i* (k-N/2))™
B(j,k)=(-1)F*exp(-ixj*x(k))
end
end
Dm=(1/N)*A*B

To test the above code, we consider a simple example. Let f(z) =
1/(2 +sinz) and z; = 27j/N. Let F = (f(z0), f(z1),--- , f(zn—1))T. The
matrices D1 = FDMx(1,N) and D2 = FDMx(2,N) are given by CODE FPS.1.
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L™ error
5
T
4
L

FIGURE 1. f(z) =1/(2 +sinz). The solid line is for err1, and
the dashed line is for err2.

We plot the following L' errors:

L Nl

erri = ) |(D1+F);— f'(z)],
7=0
L V-l

err2 = N (D2 *F); — f"(z;)].
=0

It can be seen from Fig. 1 that the above L' errors decay to zero very
rapidly.

It should be pointed out that the convergence holds only for periodic
functions. If we change the f(z) above to a non-periodic function, say
f(z) = x?, then the errors errl and err2 defined above will diverge to
infinity as N becomes large.

Apart from periodic functions, the Fourier spectral methods can also be
used to approximate functions which decays exponentially fast at infinities,
for instance, solutions of KDV-type equations. For illustration purposes,
we consider f(z) = e"2@=™” In Fig. 2, we plot errl and err2 for this
function. It is noted that the errors will not decrease after a critical value
of N, but the error for large N will be of the same magnitutes of f'(z) and
f"(z) away from [0, 27].

2.1.3. Spectral radius for advection operator. We consider here
the Fourier-pseudospectral approximation of the advection operator
_du
T dz
with collocation points z; = 27j/N, j = 0,1,--- ,N — 1. To remove the
zero eigenvalue, we can fix u(0) = 0. It is easy to show that we will end up

Lu (2.1.11)
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FIGURE 2. f(z) = e=2(z=m” The solid line is for err1, and the
dashed line is for err2.

with the following eigenvalue problem:

AV =V,
(A)'LJ:Dl(za.])a 1SiajSN_1a

where D1 = FDMx(1,N) is given by CODE FPS.1. It is an (N — 1) x (N —
1) matrix. It is noted that the first row D1(0,j) and the first column
D1(%,0) are removed from D1 due to the zero boundary conditions. Thus,
the spectral radius and condition number for the convection operator can be
easily obtained. It is seem from Fig. 2 that the spectral radius p(4) = O(N)
and the condition number k(A) is also of the order O(N). In fact, numerical
results suggest that the smallest |A| equals to 0.5 for all values of N.

Spectral radius for diffusion operator
We only consider the Dirichlet boundary conditions. The results obtained
below for spectral radius and condition number are similar to those of Neu-
mann boundary condition. For the diffusion operator
d*u
Lu=—— 2.1.12
U= ( )
the eigenvalues of collocation operator associated with Fourier PS methods
are defined by the set of equations
d*U(z;) .
TQJZAU(%'), 1<j<N-1
U(CC()) = 0,

where z; = 27j/N. It is noted that the boundary condition U(zy) = 0
is imposed implicitly, due to the periodic assumption. Now we have the
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FIGURE 3. Spectral radius and condition number associated with
convection operator.

following eigenvalue problem

AV =)V,
(A)ij = D2(3,5), 1<4,j<N -1,

where D2 = FDMx(2,N) is given by CODE FPS.1. The condition number and
spectral radius again N are plotted in Fig. 4. Numerical results show that

0.25 < —\ < 0.25N?, for large N.
This suggests that p(A) = O(N?) and s(A) = O(N?).

condition number/N*2

0.9t P
08 |
0.7t | B
0.6
0.5f ! B
0.4 1 |

0.3 spectral radius/N"2

0.1 I I I I I I I
0 10 20 30 40 50 60 70 80 90 100

FIGURE 4. Spectral radius and condition number associated with
the convection operator.
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For the sake of comparison, we have for large values of N,

spectral radius of Fourier PS methods

~ 0.4 - spectral radius of finite difference method,
condition number of Chebyshev PS methods

~ 2.5 - condition number of finite difference method.

The above results suggest that the Fourier spectral methods have similar
asymptotic properties for the spectral radius and the condition number to
the finite difference methods. In this regard, the Fourier basis function is
almost the best among the standard basis functions. However, the main

restriction of the Fourier spectral methods is that it works well only for
function which are periodic or are of compact supports.
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