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Abstract

In this paper we present a new spectral method for the fast eval-
uation of the Fokker-Planck-Landau (FPL) collision operator. The
method allows to obtain spectrally accurate numerical solutions with
simply O(n log, n) operations in contrast with the usual O(n?) cost of
a deterministic scheme. We show that the method preserves the total
mass whereas momentum and energy are approximated with spec-
tral accuracy. Numerical results for the FPL equation for Maxwell
molecules and for Coulomb interactions in two and three dimensions
in velocity space are also given.

Key words: Fokker-Planck-Landau equation, spectral methods, fast
Fourier transform.

1 Introduction.

This paper is devoted to the development of numerical schemes for the accu-
rate computation of the solution of the Fokker-Planck-Landau (FPL) equa-
tion. Here we will mainly concentrate on the approximation of the collision
operator, and hence of the velocity space.
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The FPL equation is a common kinetic model in plasma physics. It is
described by a nonlinear partial integrodifferential equation

%ﬂLU-V,ﬂf:QL(f,f), z,v € IR, (1.1)

where ()7, is the Landau collision operator

Quf, ) = Vo [ Al = 0) (F@IVf () = £(©)0.f () don. (12)

The unknown function f = f(z,v,t), which represents the density of a gas
in the phase space of all positions x and velocities v of particles, is assumed
to be nonnegative and integrable together with its moments up to the order
two.

In (1.2) A depends on the interaction between particles and is a d x d
nonnegative and symmetric matrix of the form

A(z) = ¥(|2)II(2). (1.3)

Here ¥ is a nonnegative function and I1(z) is the orthogonal projection upon
the space orthogonal to z,

ZiZj
In the case of inverse-power laws with v > —3,

U(z) = Al2*2, (1.5)

where A > 0 is a constant.

As for the Boltzmann equation, different values of v lead to the usual
classification in hard potentials v > 0, Maxwellian molecules v = 0, or soft
potentials v < 0. This latter case involves the Coulombian case v = —3,
which is of primary importance for plasma applications.

Equation (1.1) is obtained as a limit of the Boltzmann equation when all
the collisions become grazing. The original derivation of the equation is due
to Landau [18].

About the formal mathematical derivation of the equation, we cite Ar-
sen’ev and Buryak [1], Degond and Lucquin-Desreux [10] and Desvillettes [12].
Recently Villani [33] obtained a complete rigorous proof of this asymptotic
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problem in the space homogeneous situation. The mathematical properties
of the spatially homogeneous FPL equation when « > 0 have been recently
studied by Desvillettes and Villani in [13].

The numerical solution of nonlinear kinetic equations, like the FPL equa-
tion, represents a real challenge for numerical methods. This is essentially
due to the nonlinearity, to the large number of variables (seven for the full
problem) and to the three-fold integral (1.2). In addition, this integration has
to be handled carefully since it is at the basis of the macroscopic properties
of the equation.

The structure of the FPL collision operator is similar to that of Boltz-
mann’s collision operator and has the same fundamental properties of con-
serving mass, momentum and energy

QL(f, f) v | dv=0, (1.6)

and to satisfy the entropy inequality (H-theorem)

| QU ) log(dv < o. (17)

The H-theorem implies that any equilibrium distribution function, i.e. any
function f for which Qp(f,f) = 0, has the form of a locally Maxwellian
distribution

p CJu—wP

M(p,u,T)(v)ZWeXp( ST (1.8)

where p, u, T are the density, mean velocity and temperature of the gas

1 1 9
p= /IR3 f(w)dv, wu= p /1R3 vf(v)dv, T = 3 /1R3 lu —v|”f(v)dv. (1.9)

There are several papers that refer to the numerical solution of the Fokker-
Planck or the Landau-Fokker-Planck equation. Among these we recall [2, 3,
5,6,7,9,10, 11, 14, 15, 19, 20, 21, 30, 34].

Most of them are devoted to the Fokker-Planck equation [9, 20], or con-
sider conservative and entropic schemes in simplified situations, like FPL
equation in dimension two of velocity or spherically symmetric solutions in
space homogeneous situations [2, 6, 15, 3, 30]. Entropic schemes are phys-
ically relevant and, as observed in [6] are able to prevent oscillations. The
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construction of a conservative and entropic scheme for the general situation
has been considered by Degond and Lucquin-Desreux [11, 21| and Buet and
Cordier [5]. Several fast approximated algorithms to reduce the computa-
tional complexity of these methods have been recently proposed [7, 19].

Although these fast schemes are able to preserve the most relevant phys-
ical properties, the degree of accuracy of such approaches is not clear. On
the other hand, even if conservation properties are not imposed from the
beginning, an accurate scheme would provide an accurate approximation of
the conserved quantities. A detailed comparison of the present scheme with
the schemes proposed in [7, 19] is the subject of a work in preparation [16].

Here we will extend to the FPL equation a new spectral method for the nu-
merical solution of the homogeneous Boltzmann equation based on a Fourier
spectral approximation of the collision operator (1.2) recently introduced in
[25, 26]. In these papers a discretization of the collision operator based on
expand in Fourier series the distribution function with respect to the velocity
variable has been developed. The main advantage of the method is the possi-
bility to obtain high accurate numerical solutions at a reduced computational
cost.

For the FPL equation, we show that the method permits to reduce the
quadratic cost O(n?) to O(nlog,n), where n is the number of parameters
which characterize the discretized distribution function with respect to the
velocity variable (for example, for a finite difference method with a grid in
velocity space with N grid points per direction, it would be n = N3, for a
Monte Carlo method where the distribution function is approximated by N
particles, it would be n = 3N, and so on). Furthermore, the method can
be designed in order to preserve mass and to approximate momentum and
energy with spectral accuracy, i.e. the error decreases faster than any power
of the step size of the mesh in velocity [8, 17].

It is interesting to remark that, by a direct comparison of the results
both in the Boltzmann and in the FPL case, one is driven to the conclusion
that the spectral method gives the same problem to be solved, in which
the characteristics of the collision operator are entirely contained into the
coefficients of the scheme. In other words, any bilinear integrodifferential
equation of kinetic type, conserving mass, momentum and energy, has the
same spectral form. This allows to concentrate in a high resolution of the
kernel modes and to consider the development of spectral methods for the
FPL grazing collision limit of the Boltzmann equation [29].

In the Boltzmann case, for the variable hard-sphere (VHS) model, the
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computation of such modes reduces to a single integration that in some cases
(hard spheres, Maxwell molecules) can be computed explicitly. For the FPL
equation, we are in a similar situation and we show that for the implemen-
tation of the method only the computation of one dimensional integrals is
required.

The rest of the paper is organized as follows. In the next section we
introduce the Fourier spectral method for the FPL equation and discuss the
main properties of the scheme. Section 3 is devoted to the development of
a fast algorithm for the computation of the scheme. We show how the use
of transform methods allows to reduce the cost from O(n?) to O(nlog,n).
Numerical results, for both the Maxwellian and the Coulombian case, that
confirm the spectral accuracy and the efficiency of the method are given in
Section 4. Finally in Section 5 we discuss some future developments. In a
separate Appendix we give the details about the computations of the kernel
modes.

2 Spectral projection of the FPL equation

A standard approach to the numerical solution of kinetic equations such as
Eq. (1.1) is based on a splitting method (also referred as fractional step
method). If we want to solve the equation of a time step At, the method
consists in solving a sequence of two steps:

of
E - QL(faf)a

. (collision step)

f(ZU,U,O) = fO(xav)a
o +v-V.f = 0,
_ - (convection step)

fz,v,0) = f(z,v,At),

where fo(x,v) is the initial condition.

Such scheme is only first order accurate in time, i.e. the difference between
the exact and approximate solution after one time step (local truncation
error) is second order in At,

flv,At) — f(v, At) = O(A#?).



A different splitting strategy leads to higher order approximation in time. A
very common and simple scheme is Strang splitting [32], which gives second
order in time. This approach has been used for the numerical solution of the
Boltzmann equation in [23].

.From now on restrict ourselves to consider a spectral projection of the
space homogeneous FPL equation

of

- = 2.10
ot QL(f: f)7 ( )

supplemented with the initial condition
f(v,t=0)= fo(v). (2.11)

First, we observe that a simple change of variable into the FPL collision
operator (1.2) permits to write

Qulf. 1)) = Vo [ Alg) (f(0+ Vol (0) = [()Vof (v + 9)) dg, (2.12)

where ¢ = v — v,.

2.1 Derivation of the method

Similarly to the Boltzmann case [25] it can be shown that for a collision
operator like (2.12) we have the following property

Proposition 2.1 Let Supp(f(v)) C B(0,R), where B(0,R) is the ball of
radius R centered in the origin, then

QN =Y+ [ Alg) (0 +9) VS () = FW)Vul (v +9)) dy

with v+ g € B(0,3R).

Proof
Indeed, if v and v + g € B(0, R) then

9] = v —v =gl < fo[ +|v+g] < 2R.
Otherwise, if v or v+ ¢ ¢ B(0, R) then

Qu(f, f)(v) =0.
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Finally v < R and g < 2R implies
lv+g| < |v[+]g] < 3R.

|
Thus, as for the Boltzmann equation [25, 26|, in order to develop a
spectral approximation to (1.2) we can consider the distribution function
f(v) restricted on the cube [—T,T]* with T > 3R, assuming f(v) = 0 on
[T, T)? \ B(0,R), and extend it by periodicity to a periodic function on
[—T,T)?. As observed in [26], in practice, since f is assumed to be a periodic
function, it is enough to take T" > 2R to prevent intersections of the regions
where f is different from zero. To simplify the notation, from now on we will
assume 7" = 7 and hence R = 7/2.
The distribution function fy is approximated by the truncated Fourier
series

v) = i fre™®, (2.13)
k=—N

1 —ik-v
fr= 2y /[ f(v)e dv. (2.14)

Here we use a compact notation to denote the Fourier modes and its sum-
mation. By k we actually mean a vector with integer components, (k1, ks, k3),
and the summation of any quantity hj = A, k. k) that depends on £ as to
be interpreted as

N
Z hi, = Z Z Z hk1,k2,k3
k=—N

ki=—N ky=—N kg=—N

We obtain a set of Ode’s for the fk coefficients by requiring that the
residual of (2.12) is orthogonal to all trigonometric polynomials of degree
< N [8, 17].

Hence for k= —-N,...,N

afN —ik-v _
/[_mr}3 <W - Qr(f~, fN)) € dv = 0. (2.15)
By substituting expression (2.13) in (2.12) we get
N N
QL fNafN Z Z fl fmﬁL l m) ilHm)-v
—N m=—-N
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where

~

Aullym) = /B(O,W) U(g) [(L+m)(I —m) = (L+m) - p(l —m) - p]e'™dg,

with 1 = g/|g|. The previous expression can be rewritten, as in the Boltz-
mann case, as a difference of two terms £(l,m) = Br(l,m) — Br(m,m),
where the FPL kernel modes Br,(l,m) are given by

~

By(l,m) = /B o 10) 12— (1 w?] eomdg. (2.16)

It is very remarkable that (2.16) is a scalar quantity completely indepen-
dent on the function fy and on the argument v. In addition it can be easily
proved that

Proposition 2.2 Let B (I, m) be defined by (2.16) then
i) Bi(l,m) = Bu(~1,m) = Bu(l,=m) = Bi(l, ~m).
ii) B(m,m) is a function of |m)|.
iii) If the kernel U(g) = Alg|*™" then | By (I, m)| < |[|?B.(0,0), where

Y+5

~

BL(O, 0) =A4r

A.
Y+5

Finally, using the orthogonality property we get from (2.15) the scheme

af, N
O = S fifubullom), k=-N,.,N. (210
ot e

Remark 2.1

e As a consequence of point ii) and of the fact that ¥ depends only from
lg|, the Landau kernel modes are real.

e Scheme (2.17) has exactly the same structure of the Boltzmann scheme
derived in [25, 26]. The only difference is given by the presence of the
FPL kernel modes instead of the Boltzmann kernel modes.



2.2 Main properties

Let us first set up the mathematical framework of our analysis. For any ¢ > 0,
fn(v,t) is a trigonometric polynomial of degree N in v, i.e. fy(t) € PV
where

PN = span{eik'”| —N<Ekj<N,j= 1,2,3}.

Moreover, let Py : L*([~7,7]?) — IPY be the orthogonal projection upon
IPY in the inner product of L?([—m,7]?) (see (2.15)):

<f—Pnxf,¢o>=0, V¢ e PV,
We denote the L?-norm by
11l = (< £, £ >)"2

With this definition Py f = fy, where fy is the truncated Fourier series of
f (2.13) and the method defined by (2.17) can be written in equivalent form

as
0
OIN — Qkhw. ) (2.18)
with the initial condition
fN(U, t= 0) = fO,N(U)a (219)

where we denote with Q%(f, f) the FPL collision operator with cut-off over
the relative velocity and Q% (f, f) := PnQY(fn, fn). We point out that
because of the periodicity assumption on f the collision operator Q¥(f, f)
preserves in time the mass contained in the period. On the contrary, mo-
mentum and energy are not preserved in time.

From the point i) of Proposition 2.2 it is also clear that the projected
collision operator Q% (fn, fn) will preserve the mass in time. In fact, from

p= /[_mg fu(v)do = (27)%fy,

we obtain

dfo Yoo s 5
—r= 3 femfu(Br(=m,m) = By(m,m)) =0,
m=—N

since By (—m, m) = By (m,m).

Next if we denote by Hy ([—,7]*), where v > 0 is an integer, the subspace
of the Sobolev space H"([—m,7]?), which consists of periodic functions [8],
we can state the following [29]



Proposition 2.3 Let f,g € L*([—m,7]?), then
1Q(f,9)ll2 < Cllgllill 1l 2

Following the same strategy as in [26], consistency and spectral accuracy
of the method will be a consequence of the previous estimate on the real FPL
operator.

The consistency in the L?-norm for the approximation of the FPL collision

operator Q"(f, f) with Q% (fw, fn), is given by
Theorem 2.1 Let f € H([-7, 7)), then V1 >0

1Q(fxs )l
NT

Q" (. ) — Q% (s fa)lls < € <I|f =l + . (2.20)

where C' depends on || f|]2.

Proof
First, we can split the error in two parts

1Q“(f, f) = Qn(fw, f)llz <

||QL(f7f) _QL(fNafN)||2+ ||QL(fN7fN) _Q%V(fNafN)H?

Now clearly Q" (fn, fn) € IP?" and hence Q”(fy, fy) is periodic and in-
finitely smooth together with all its derivatives thus [8]

1Q (s ) — Q& )l < 3 1@ s Fllg, V20 (2:21)
By application of Proposition 2.3 and of the identity
Q¥ (f,f) —Q"(9,9) = Q"(f +9,f —9)
we have
QR (f, /)= Q" (fn: fi)lla = QU (F+ fovs f = fa)lla < CNF+ il f = fv a2
< 2G| fl2Mf = fullmz-

|
Finally the following corollary states the spectral accuracy of the approx-
imation of the FPL collision operator
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Corollary 2.1 Let f € H)([-m,7]*), r > 2 then

HQL01ﬂ-—Q%LmﬁﬁﬂH2_4NTQ(HfHH-+HQLUWJﬁﬂHH0 (2.22)

Proof
It is enough to observe that

If = Il < [ Vg

Nr2

Remark 2.2 From the previous corollary it follows

|<Q%ﬁﬁm>—<QMMJMw>|
< < lells (171l + 1Q% . 7))

and hence, by taking ¢ = v, v?, the spectral accuracy of the moments. In par-
ticular it follows that, except for the projection errors on the initial data, the
variations of momentum and energy introduced by the semi-discrete scheme
are spectrally small and hence the observed variations with respect to the pro-
jected moments are due to the aliasing of periods. Aliasing effects are always
present when approximating a vanishing function by a periodic function (see

/8, 17)).

3 An nlog,n exact algorithm
Let us rewrite scheme (2.17) in the form, k = —N,..., N

e _ &

m=—N

In the previous expression we assume that the Fourier coefficients are ex-
tended to zero for |k;| > N, j = 1,2,3. The straightforward evaluation
of (3.23) requires exactly O(n?) operations, where n = N and d > 2 is
the dimension of the velocity space. As we will see, thanks to the particu-
lar structure of the kernel modes, using transform methods it is possible to
reduce the computational cost to only O(nlog, n) operations.
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To this aim we observe that the term By (I, m) splits as

Bullim) = & [ w(g)ermdy - S by, Lo, W) g dg
(0.m) pg=1
= [*F(m) — Z Ly Ly Lo (m) (3.24)
p,q=1

= PPF(m)—1Z(m)I",

where [T denotes the transpose of the vector [ = (Iy,1y,13) and Z = (I,,) is a
3 X 3 symmetric matrix.
Thus we can write

BL(Z, m) = I2F(m) — [ Z(m)I" — BL(m, m), (3.25)

and so the resulting scheme requires the evaluation of d(d + 1)/2 + 1 convo-
lution sum for the gain term (the number of distinct elements of I plus one)
and a single convolution sum for the loss term

e _ & N
ot > Frem fn(k —m)?F(m) — " feem fmBr(m,m)
m=—N

m=—N

- Z Z fk mfm my) (kg — M) Ipg(m).

p,g=1m=—N

It is well-known that transform methods enables to evaluate a convolution
sum of the form

= ;Nf(k —m)g(m), (3.26)

where f and ¢ are arbitrary functions of Z¢ in IR, in O(nlog, n) operations
instead of O(n?) [8]. This can be easily achieved in the following way:

e First, using the FFT algorithm one transforms f and g to f and ¢ at
a cost O(nlog,n).

e Next one performs a term by term multiplication of the transformed
functions f and g at a cost O(n).

e Finally it is enough to transform the result through the inverse FFT
algorithm at a cost O(nlog, n) to determine S(k).
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For the details of the implementation of this standard technique for spectral
methods we refer the reader to [8]. In a separate Appendix we give the details
of the computation of By (I, m).

4 Numerical tests

In this section we perform some numerical tests of the scheme, to check the
spectral accuracy and the efficiency of the method.

4.1 Time discretization

All calculation have been performed by a fourth order Adams-Bashforth
scheme, with fixed time step.

The first three values have of the sequence have been computed by fourth
order explicit Runge-Kutta scheme. This Adams-Bashforth scheme provides
the high temporal accuracy needed to demonstrate spectral accuracy in ve-
locity, at the cost of only one function evaluation per time step.

The FPL equation suffers of the stiffness typical of diffusion equations.
Stability condition requires that the time step scales with the square of the
velocity step. This means that by doubling the number of Fourier modes per
direction, the total number of time steps becomes four times bigger to com-
pute up to the same final time. We have not performed a stability analysis
of the scheme, and the stability condition used in the computation has been
found empirically.

No attempt has been made to overcome the numerical stiffness of the
problem due to the diffusion. Although this is a very important issue and
deserves a careful study, it is beyond the scope of the present paper. Further
comments will be found in the last section.

4.2 Test cases

We consider three test cases, namely

Test #1 (BKW ezact solution)

Two dimensions in velocity space. Maxwellian molecules (i.e. v = 0),
with Cy = 1/(27).
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Initial condition: )

f(v,0) = % exp(—v?/c?).

Integration time: tmax = 15. This problem has an exact solution given

by [4, 19]
1 1—Sv? v?
2752 (25 — 1t s ﬁ) b <_ 2502> ’

where S = 1 — exp(—0c?t/8)/2. In the computation the scaling param-
eter o is chosen in such a way that the numerical support of the initial
condition is well approximated by B(0, 7).

flo,t) =

This test is used to check spectral accuracy, by comparing the error at
a given time, when using n = 8, 16, 32, and 64 Fourier modes for each
dimension.

Test #2 (Sum of two Gaussians)

Three dimensions in velocity space. Coulomb case (i.e. v = —3), with
Cy =1/(4m).

Initial condition:

B 1 lv — 20¢; |2 v + 20€ |2
f(0,0) = 2(2m02)3/2 lexp <_ 202 L W ’

with o = 7/10. Integration time: tmax = 10.
Here e; = (1,0, 0) denotes the unit vector in the direction v,.

This test is used to compute the evolution of the entropy and of the
second order moments.

Test #3 (Rosenbluth problem)

Three dimensions in velocity space. Coulomb case, with Cy = 1/(4)
as before.

Initial condition:

F(0,0) = g e (—sM) |

52 o2

with 0 = 0.3 and S = 10.

14



Integration time: tmax = 900.

This test is used to compute the evolution of the solution in time and
to compare the results with those obtained in [6, 31].

4.3 Numerical results

For the first test, we compute the error by comparing the numerical solution
to the exact solution. In Table 1 we report the relative L>, L', and L? norms
of the error at time ¢ = 1 for 0 = 7/Vjpax and Vi = 6.6. In the last three
columns the order of accuracy is reported, computed as log, (err; /err;,1). The
same quantities are reported in Table 2 when the solution is very close to
equilibrium, at time ¢t = 100 for V., = 7.7.

In Table 3 we report the corresponding error in energy, together with the
velocity at which the maximum error occurs.

The relative norms of the error are computed as follows

maxy, |ex ()]
eIty (t) maxs [F(0e )] (4.27)
>k len(t)]
erry(t) SATCEI (4.28)
(Sl
erry(t) = <Ek |f(vk,t)|2> , (4.29)

where f(uvg,t) is the exact solution, and eg(t) = f(vg,t) — fn(vg,t) is the
difference between the exact and the numerical solution.

The rate at which the error decays with the increase of the number of
modes is an indication of spectral accuracy. When the number of modes
becomes higher, however, the order of accuracy does not increase. This is
because the main cause of error is the approximation of the distribution func-
tion with a periodic function is phase space. In other words, the dominant
error is aliasing error.

This effect is more evident by looking at the figures. In Fig. 1 for large
time the aliasing error is dominant, and there is no gain in using a finer grid.
In fact, when using more grid points, one should also increase the period, so
that the discretization error is comparable with the aliasing error. In Fig. 2
the result of similar computation is show, but a larger period has been used
taking 0 = 7/7.7. In this case the aliasing error is reduced and accuracy
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# modes Error at time ¢t = 1 for V.. = 6.6 Convergence rate
n L™ Lt L? L™ Lt L?

8 x 8 1.68 x10~* | 2.67 x10~' | 1.39 x10~* 3.52 3.00 3.13
16 x 16 1.46 x1072 | 3.32 x1072 | 1.59 x107? 12.98 13.46 13.35
32 x 32 1.80 x107% | 2.94 x107% | 1.52 x1076 7.47 8.05 7.60
64 x 64 1.01 x1078 | 1.11 x107® | 7.84 x107?

Table 1: Short time convergence test for Maxwell molecules in 2D

# modes | Error at time ¢ = 100 for V., = 7.7 Convergence rate

n L® Lt L? L® Lt L?
16 x 16 || 4.37 x1072 | 2.98 x1072 | 2.80 x10~2 12.31 11.93 12.20
32x32 | 8.63 x107%|7.66 x107% | 5.96 x10~° 2.92 3.03 2.91
64 x 64 1.14 x107% | 9.37 x1077 | 7.94 x10~°

Table 2: Long time convergence test for Maxwell molecules in 2D

is greatly improved by increasing the number of Fourier modes. Clearly, for
very long times the dominant error is again due to aliasing (see Table 2). For
a more detailed discussion about this issue see [26].

For the second test we compute the entropy decay (Fig. 3), and the evo-
lution of the temperature T, and T, (Fig. 4) defined by

(2 — us)* f(v) dv _ J(vy = uy)*f(v) dv

S O e ¥ ) P T
F =1, Vooar = 6.6 T =100, Vo = 7.7
# modes | L™ error in fv? | Position | L error in fv? Position
8% 8 151 x10 © | (-3.3, 3.3) — —
16x16 | 992 x102 | (00,6.6) | 471 x10°2 (0.0, -7.7)
32%32 | 141 x107* | (6.6,00) | 222x10° | (1.925, -0.9625)
64x 64 | 259 x10°6 | (0.0,-3.3) | 1.14 x107¢ | (-4.09, 1.925)

Table 3: Short and long time behavior of the relative error in fv? for Maxwell
molecules in 2D
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2D 3D
# modes | CPU time # modes CPU time
8 x 8 0.0055 8 x 8x8 0.20
16 x 16 | 0.027 16 x 16 x 16 | 2.15
32x32 |0.16 32 x32x 321 23.3
64 x 64 | 0.73

Table 4: Computational cost (seconds) for one evaluation of the FPL operator
in 2D and 3D

where u, and u, are the components of the mean velocity. In the figures,
the dotted line is obtained with 16* modes and the continuous line with 323
modes. The entropy is computed by discretizing the expression

H= [ f@)osf()d,

on the velocity grid by a straightforward formula.

The computation time for the evaluation of the collision operator are
reported in Table 4. All the calculations, including the tests for the com-
putation time, have been performed on a simple Intel Pentium 266 MHz
machine, running under Linux. Note that the increase of the computational
time is in good agreement with the theoretical prediction, since it increases
approximatively as nlog, n.

For the last test case we compute the time evolution of the distribution
function.

In Figs. (5) and (6) the computation performed respectively with N = 163
and N = 323 modes is reported. In the figure we show the cross section of
the distribution function at times ¢ = 0,9, 36, 81, 144, 225,900. The results
are in good agreement with those presented in [6, 31].

5 Future developments

We have presented a way to construct fast spectral methods for the FPL
equation.

The present work is a first step in the construction of an effective scheme
for the numerical solution of the FPL equation. The method should be
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suitable for treating cases where the distribution function can be effectively
described with a reasonably low number of Fourier modes. This is the case,
in particular, of smooth distribution functions.

The main features of the method are its simplicity and generality and the
possibility to provide spectrally accurate numerical approximations with a
strong reduction in the computational cost. In fact, using transform methods
it is possible to evaluate exactly the spectral scheme with only O(nlog,n)
operations on the contrary to the usual O(n?) cost. From a physical point of
view the method preserves the mass whereas the other physical properties,
such as conservation of momentum and energy are “spectrally preserved”.
These properties are strongly influenced by the aliasing effects in the scheme
and hence depend on the choice of the computational domain in the velocity
space.

The problem of finding a suitable time discretization to avoid the restric-
tion on the time step to be related to the square of the velocity step needs
further investigations. This problem has been treated with implicit schemes
in [9, 20] for the Fokker-Planck equation, and in [15] for the FPL equation
in the radially symmetric case.

For the general case this problem is not easy to solve, and the use of
implicit schemes would be very expensive. An alternative to implicit scheme
could be the use of explicit schemes with a large stability region [22]. Such
an approach is under investigation [24].
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Appendix: computation of the kernel modes

We will restrict here to the case of inverse-power laws, hence ¥(g) = Alg|[7*2.
To simplify notations we fix A = 1.
In order to implement the scheme, the following quantities are needed

Fm)= [ lgl*7e"™dg,

and

Tpg(m) = /

|g|79p gqeig.mdg; p,g=1,...,d.
B(0,m)

We consider separately the computation of the coefficients in 2D and 3D.

2D case

A simple calculation (see [26]) shows that in two dimensions
F(m) = F(jm|) = zﬂ/ P43 Jo(Imlr) dr, (0.30)
0

where J; is the Bessel function of order 0.
In addition it can be shown that

utm) = 5 [Pl + ™))
i) = 5 [P = ", (0:)
Iios(m) = In(m) Z%G(Iml),
where .
G(|m|):/0 PC(Imlr) dr, (0.32)
and o
C(x):/o cos(x cos @) cos(2¢) do. (0.33)

Thus the computation of the FPL kernel modes in 2D reduces simply
to the computation of two one-dimensional integrals F'(|m|) and G(|m|) for
each m. These quantities can be computed very accurately once and then
stored in two bidimensional arrays.
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A very efficient way to compute all these integrals in O(N?) operations
is the following. First write the integral F' as

2T
|m|7+4

F(jm|) = Fy(m|ml) (0.34)
with ;
Fi(z) :/0 273 Jo(x) da

Because the coefficients depend only on |m|, it is enough to compute them
for m = (my,my), with 0 < m; < my < N. Let us sort those points in
increasing size: m\), j =1,..., (N + 1)(N +2)/2, jmU*V| > |mU)|. Then
one is left with the computation of F(7|mU)|). This computation involves
the evaluations of integrals of the form

w\m(j+1)\
/ 273 Jo(2) do
™

Im@)|

Note that many such integrals are zero, those for which |mU)| = |mU+1)|.
Furthermore, the integration interval is very small, therefore the integrals are
accurately computed with few calculations. Because the function is regular,
we used an adaptive Romberg quadrature rule, with tolerance 10713,

The value of

is computed analytically.
For the computation of G(|m|), we use the same technique.

1

G(|m[) = Fy(m|ml)

where

Fy(z) = /OZ 2P0 (z) da

The function F, can be computed on the grid by using the same technique
used for the computation of Fy(z). The function C(z) is computed by cubic
spline interpolation of precomputed values of the integral (0.33) on a uniform
grid in the interval [0, Ryax), With Rima = N7v/2. The number of grid points
for the computation of C' has been chosen N, = [20R.] ([.] denotes the
integer part). The computation of the values of C'(x) on a grid is performed
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by simple trapezoidal rule, which is spectrally accurate in this case, since
the integrand is periodic. The values of the derivative of C'(x) at the ex-
trema are precomputed and used to determine the coefficients of the spline
interpolation.

3D case
It is easy to verify that (see [26]) in three dimensions
~ 4m
F(m) = F(|m[) = WF?’(”'mD (0.35)

where

F3(z) = /Oz 273 sin(z) da.

The function where F3(m|m|) can be efficiently computed on the three di-
mensional grid m = (my, my, m3), 0 < my; < my < mgs, by using the same
technique used in the computation of Fy(z). The value for m = 0 is computed

analytically,

F(0) =4n

v+
The computation of I,z is a little more involved. Let us start from the
definition

Tos(m) :/B( lq|” exp(iq - m)qaqs dgq

)
Because of the symmetries of Z, it is enough to compute I33(m) and I15(m),
for m = (my, mg, ms3), with 0 < my; <my < N, 0<m3 < N. It is in fact
[33(m2,m1,m3) = [33(m1,m2,m3)

[33( my, Mgz, M3) = 133(m1,m2,m3)

[33(m1,m2, = [33(m1,m2,m3)
112(m2,m1,m3 = 112(m1,m2,m3)
[12( my,me,M3) = —]12(m1,m2,m3)

Iiy(my,me,mg) = Is3(mag, ms, my

)
ms)
)
)
112(m2,m1, 3) = [12(m1,m2,m3)
)
)
) = I1a(mg, m3, my
)

(

= 133(
(
112(7713, my, M2
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Evaluation of I35

Simple computations show that

Iz3(my, ma, m3) = 27/0 p A Es(pmg, pyymi +m3) dp

where .
Fy(a,b) :/ cos(a cos 0) cos? § sin §.Jo(bsin 0) do
0
It is g
T
I33(0) = =
3(0) 37+5

For each value of m, I33 can be computed by a nested call of an adaptive
quadrature routine. Note that the tolerance of the innermost quadrature call
must be more stringent than the one of the outermost quadrature, in order
to ensure convergence of the procedure.

Evaluation of I

Similarly to the previous case we have

mym ™

Iy(my,mg,ms) = ——— -~ 5 / ;07+4F5(;0m3ap\/ mi +m3) dp
m1 + m2 0

where

Fs(a,b) = /07T cos(a cos 0) sin® fC (bsin 0) df

and C(z) is defined in Eq. (0.33). It is [12(0) = 0, because C'(0) = 0. As in
the case of I33, for each value of m, I can be computed by a nested call of
an adaptive quadrature routine.
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Figure 1: Relative L' norm of the error for Test # 1. Vinax = 6.6. Number of
modes: 82 (dot-dash), 162 (continuous line), 32? (dotted line), 64 (dashed line).
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Figure 2: Relative L' norm of the error for Test # 1. Viyax = 7.7. Number of
modes: 82 (dot-dash), 162 (continuous line), 32? (dotted line), 64 (dashed line).
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Entropy vs time. #modes: 16 (dots), 328 (line)
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Figure 3: Entropy decay for Test # 2. Number of modes: 163 (dotted line) and
323 (continuous line).

Temperature 'I'X and Ty vs time. #modes: 1§(dots), 32° (line)
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Figure 4: Temperature evolution for Test # 2. Number of modes: 163 (dotted
line) and 323 (continuous line).
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Figure 5: Cross section of the distribution function at different times, for Test # 3.
Number of modes: 163. Grid values (x), trigonometric reconstruction (continuous
line).

Figure 6: Cross section of the distribution function at different times, for Test # 3.
Number of modes: 323. Grid values (x), trigonometric reconstruction (continuous
line).
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