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Ramsey’s Theorem

• F. P. Ramsey (1931)

RTn
k : Let n ≥ 2. If f : [N]n → k, then there is

an infinite setHf such thatf is a constant on
[Hf ]

n.
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• F. P. Ramsey (1931)

RTn
k : Let n ≥ 2. If f : [N]n → k, then there is

an infinite setHf such thatf is a constant on
[Hf ]
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• Hf is homogeneous for f .

• What is the complexity ofHf? Is there a “basis
theorem” for RTnk?
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Ramsey’s Theorem

• F. P. Ramsey (1931)

RTn
k : Let n ≥ 2. If f : [N]n → k, then there is

an infinite setHf such thatf is a constant on
[Hf ]

n.

• Hf is homogeneous for f .

• What is the complexity ofHf? Is there a “basis
theorem” for RTnk?

• What is the strength of RTnk , in Peano arithmetic
and in subsystems of second order arithmetic?
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Definable Solutions

• Specker (1971): There is a recursive
f : [N]2 → 2 with no recursiveHf .
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Definable Solutions

• Specker (1971): There is a recursive
f : [N]2 → 2 with no recursiveHf .

• Jockusch (1972): There is a recursive
f : [N]2 → 2 with no∆2 Hf . However,

• Every recursivef : [N]n → k has anHf that
is Πn.
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First Order Analysis

• Peano arithmetic (PA):
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First Order Analysis

• Peano arithmetic (PA):

• P−: The usual axioms on+ and×, plusExp.
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First Order Analysis

• Peano arithmetic (PA):

• P−: The usual axioms on+ and×, plusExp.

• Mathematical induction
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Fragments ofPA

• P−
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Fragments ofPA

• P−

• (n ≥ 0) IΣn: Induction forΣn formulas—every
Σn definable set has a least element.
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image of a “finite” set under aΣn function is
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Fragments ofPA

• P−

• (n ≥ 0) IΣn: Induction forΣn formulas—every
Σn definable set has a least element.

• (n ≥ 0) BΣn: Bounding forΣn formulas—the
image of a “finite” set under aΣn function is
“finite”.

• Paris and Kirby (1978): Forn ≥ 0,

· · · → BΣn+1 → IΣn → BΣn → · · ·
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Models of Fragments ofPA

• Definition. LetM = 〈M,+,×, 0, 1〉 and
M |= P− + BΣn (n ≥ 0). X ⊂ M is M-finite
if it is coded inM .
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Models of Fragments ofPA

• Definition. LetM = 〈M,+,×, 0, 1〉 and
M |= P− + BΣn (n ≥ 0). X ⊂ M is M-finite
if it is coded inM .

• Definition. X ⊂ M is regular if X ↾ a is
M-finite for all a ∈ M .

• Definition. X ⊂ M hasunbounded size if for
all a ∈ M , there is anM-finite D ⊂ X such
that|D| ≥ a (in M).
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Definable Ramsey’s Theorem

• Theorem (Chong and Slaman (2005)). Let
M |= IΣ1 andn ≥ 2. The following are
equivalent:
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• Theorem (Chong and Slaman (2005)). Let
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• (1) Every recursive partitionf : [M ]n → 2 has
anHf that is regular, of unbounded size, andΠn

definable.
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Definable Ramsey’s Theorem

• Theorem (Chong and Slaman (2005)). Let
M |= IΣ1 andn ≥ 2. The following are
equivalent:

• (1) Every recursive partitionf : [M ]n → 2 has
anHf that is regular, of unbounded size, andΠn

definable.

• (2)M |= Σn induction

Same conclusion for∆n+1 sets.
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Second Order Analysis

• RCA0: a basic subsystem of second order
arithmetic:
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• RCA0: a basic subsystem of second order
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• P− + IΣ1
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Second Order Analysis

• RCA0: a basic subsystem of second order
arithmetic:

• P− + IΣ1

• Recursive comprehension axiom:

∃X∀x[x ∈ X ↔ ϕ(x)],

whereϕ is ∆0
1 with number and set parameters.
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Second Order Analysis

• Imbedded in the proof of Definable RT: If
M |= RCA0 + RTn

2 , thenM |= BΣ0
n.
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Second Order Analysis

• Imbedded in the proof of Definable RT: If
M |= RCA0 + RTn

2 , thenM |= BΣ0
n.

• Forn ≥ 3, RCA0 + RTn
2 → IΣ0

n

• Does RCA0 + RT2
2 → IΣ0

2?
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Second Order Analysis of RTn2

• Slaman and Seetapun (1995): Over RCA0,
RT2

2 6→ RT3
2 (↔ RTn

2 , for n > 2).
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Second Order Analysis of RTn2

• Slaman and Seetapun (1995): Over RCA0,
RT2

2 6→ RT3
2 (↔ RTn

2 , for n > 2).

• Investigate the strength of RT2
2.
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Cohesiveness

• If R = {Ri} is a sequence of sets, thenC is
R-cohesive if for eachi, eitherC ∩ Ri is
M-finite orC ∩ R̄i is M-finite.
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Cohesiveness

• If R = {Ri} is a sequence of sets, thenC is
R-cohesive if for eachi, eitherC ∩ Ri is
M-finite orC ∩ R̄i is M-finite.

• COH: Every sequenceR in M has an
R-cohesive set inM.
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Stable Coloring

• f : [M ]2 → 2 is stable on C if for all x,
lims∈C f(x, s) exists (eventually RED
or BLUE onC).
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Stable Coloring

• f : [M ]2 → 2 is stable on C if for all x,
lims∈C f(x, s) exists (eventually RED
or BLUE onC).

• If f : [M ]2 → 2 andC is R-cohesive, where
R = {Ri} and

Ri = {s|f(i, s) = RED},

thenf is stable onC.
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SRT2
2

• SRT2
2: Everyf : [M ]2 → 2 that is stable onM

has anHf in M.
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SRT2
2

• SRT2
2: Everyf : [M ]2 → 2 that is stable onM

has anHf in M.

• Cholak, Jockusch and Slaman (2001): Over
RCA0, RT2

2 ↔ COH+ SRT2

2.
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SRT2
2

• SRT2
2: Everyf : [M ]2 → 2 that is stable onM

has anHf in M.

• Cholak, Jockusch and Slaman (2001): Over
RCA0, RT2

2 ↔ COH+ SRT2

2.

• Question. Does SRT22 → RT2
2?
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Analysis ofBΣ0
2 Models

• M |= RCA0 + ϕ + BΣ0
2 is a double-jump basis

for ϕ if there is a solution forϕ in M recursive
in the double jump of the parameters inϕ.
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Analysis ofBΣ0
2 Models

• M |= RCA0 + ϕ + BΣ0
2 is a double-jump basis

for ϕ if there is a solution forϕ in M recursive
in the double jump of the parameters inϕ.

• Theorem. There is noM that is a double-jump
basis for RCA0 + RT2

2 + BΣ0
2.
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Analysis ofBΣ0
2 Models

• M |= RCA0 + ϕ + BΣ0
2 is a double-jump basis

for ϕ if there is a solution forϕ in M recursive
in the double jump of the parameters inϕ.

• Theorem. There is noM that is a double-jump
basis for RCA0 + RT2

2 + BΣ0
2.

• Proof. SupposeM is a double-jump basis for
RT2

2. Proof of Definable RT22 onM implies there
existX andf ≤T X ∈ M such that
f : [M ]2 → 2 has no∆0

2(X) Hf that is regular
and of unbounded size.
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Analysis ofBΣ0
2 Models

• Assume there is anHf ∈ M andHf ≤T X ′′

with M |= BΣ0
2(Hf ⊕ X).
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Analysis ofBΣ0
2 Models

• Assume there is anHf ∈ M andHf ≤T X ′′

with M |= BΣ0
2(Hf ⊕ X).

• BΣ0
2(Hf ⊕ X) ⇒ BΣ0

1((Hf ⊕ X)′) ⇒
(Hf ⊕ X)′ regular⇒ (Hf ⊕ X)′ ≤T I ⊕ X ′ ⇒
(Hf ⊕ X)′ ≤T X ′ ⇒ H ′

f ≤T X ′.
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Degrees Below deg(X ′′)
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Analysis ofBΣ0
2 Models

• This is a contradiction and hence there is no
BΣ0

2 double jump model for RT22.
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Analysis ofBΣ0
2 Models

• This is a contradiction and hence there is no
BΣ0

2 double jump model for RT22.

• Same conclusion holds forR-cohesiveness.
However,

• Chong, Slaman and Yang (2005): There exist
models of RCA0 + COH+ BΣ0

2. These are not
double-jump basis models.
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Analysis ofBΣ0
2 Models

• This is a contradiction and hence there is no
BΣ0

2 double jump model for RT22.

• Same conclusion holds forR-cohesiveness.
However,

• Chong, Slaman and Yang (2005): There exist
models of RCA0 + COH+ BΣ0

2. These are not
double-jump basis models.

• Question. Is there a double-jump basis model for
RCA0 + SRT2

2 + BΣ0
2?
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Analysis ofBΣ0
2 Models

• If there is a uniform construction of a double
jump basis modelM∗ |= RCA0 + SRT2

2 + BΣ0
2

from a givenM |= RCA0 + BΣ0
2, then
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Analysis ofBΣ0
2 Models

• If there is a uniform construction of a double
jump basis modelM∗ |= RCA0 + SRT2

2 + BΣ0
2

from a givenM |= RCA0 + BΣ0
2, then

• (1) Many suchM can be expanded toM∗ with
COH and preservingBΣ0

2, so that RT22 6→ IΣ0
2;
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Analysis ofBΣ0
2 Models

• If there is a uniform construction of a double
jump basis modelM∗ |= RCA0 + SRT2

2 + BΣ0
2

from a givenM |= RCA0 + BΣ0
2, then

• (1) Many suchM can be expanded toM∗ with
COH and preservingBΣ0

2, so that RT22 6→ IΣ0
2;

• (2) Starting with a “pure”BΣ0
2 modelM2

(without second order objects), expand to an
M∗

2 |= RCA0 + SRT2

2 + BΣ0
2. As before, every

solution of SRT22 in M∗
2 is low. So

M∗
2 |= ¬COH. Then SRT22 6→ RT2

2.
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Analyzing Subsets of∆0
2 Sets

• Question. If M |= BΣ0
2, andA ⊂ M is ∆0

2,
is thereX ⊂ A or Ā such thatM[X] |= BΣ0

2?
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Analyzing Subsets of∆0
2 Sets

• Question. If M |= BΣ0
2, andA ⊂ M is ∆0

2,
is thereX ⊂ A or Ā such thatM[X] |= BΣ0

2?

• Parallel question inN: Is there a lowX <T ∅′?
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Analyzing Subsets of∆0
2 Sets

• Question. If M |= BΣ0
2, andA ⊂ M is ∆0

2,
is thereX ⊂ A or Ā such thatM[X] |= BΣ0

2?

• Parallel question inN: Is there a lowX <T ∅′?

• Hirschfeldt, Jockusch, Lempp, Kjos-Hanssen
and Slaman (2005): ForN, there is always an
X <T ∅′ butX need not be low (Downey,
Hirschfeldt, Jockusch and Lempp (2004)).
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Analyzing Subsets of∆0
n sets

• General Question. GivenM |= BΣ0
n, and

A ⊂ M that is∆0
n, is thereX ⊂ A or Ā such

thatM |= BΣ0
n(X)?
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