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Ci LT H; for all i.

Corollary

There is an w-model of RCAg + WKL g + RTS which is not a
model of RTJ for n > 3. Hence RCAg + RT5 + WKLq /4 RTj for
n> 3.
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Let Z c wand f: [N]?> — 2 be Z-recursive.

Definition
If f(x,y) =0, then {x, y} is colored red. Otherwise it is colored
blue.

Definition

Given two (finite) binary strings o and 7, a set X is suitable for
(o,7)if {x,z} isred forall x € 0 and z € X, and {y, z} is blue
forally e rand z € X.
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A forcing condition p = (o, 7, X) is a triple of the form
m o, 7 are finite strings;
m oisred: {x,z}isredforany x,z € o;
m 7is blue: {y,z} isblue forany y,z € 7;
m X is infinite, X ® Z Z7 (', and is suitable for o, 7;
m Max o U7t < Min X.

q = (0q,7q, Xq) is strongerthan p = (op, 7p, Xp) (p > q) if
W op < ogand 7 < 7g;
m X, D Xg;
W og\opC Xp\ Xg,and 74 \ 7p C Xp \ Xy
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Definition

mlfoUogand o Uoq arered, and o < og and o < o1 are
incompatible, then o9 and o1 $-split for red over o if there is
an x < s = Max og U o1 such that ¢§°@Z(x) 1# &3 EBZ(x) s

m Define ®-split for blue over 7 similarly.

Let Gr and Gg be generic: For all ¢ in the language of second
order arithmetic with set constants Gg and Gg and constant Z,
there is a condition p = (o, 7, X) such that o < Ggand 7 < Gg
(“<” means initial segment) and p I- ¢ or —p.
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Lemma (3.1)

Given (o, 1, X), if no incompatible oy, 01 > o with
oo\ 0,01\ o C X d-split for red over o and if ®Gr%Z js total,
then it is recursive in X & Z. Same conclusion for 7.

Afinite set Dis red if {x,z} is red for all x,z € D.

Definition

Let p = (o, 7, X) be a condition. X is blue-hyperimmune if for
any infinite X @ Z-recursive array of red finite sets (D;|i € w),

there is a D; and an infinite Y € X such that Y <7 X,
Max D; < Min Y and {x,z}isredforall x € Dijand z € Y.

Note. In this case (o, 7, X) > (op,, 7, Y), where op,(x) = o(x)
for x < Ith(o), and equal to D;(x) otherwise.
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Lemma (3.2)

If the set of conditions (o, T, X) with X blue-hyperimmune is
dense, then any Gg is an Hy satisfying Gg & Z #1 (.

Proof. Suppose ®Cr%Z — (/. Then there is a p = (o, 7, X) such
that p IF ®Cr%Z = (| o < Gp, and X is blue-hyperimmune.
Enumerate X & Z-recursively pairwise disjoint red finite subsets
(Djo,Dj 1) of X such that <aD,,O, aDi’1> ®-split for red over o.

m Case 1. There are only finitely many such i’s. Then there is
an s such thatif Y = X n{x|x > s}, no pair of strings that
®-split for red over o exists by choosing them from finite
subsets of Y. Now g = (0,7, Y) < pand so
q I+ @92 = ( However, Lemma 3.1 says
ql- ®Gr®Z <; Y@ Z. Since Y& Z #71 0, we have a
contradiction.
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m Case 2. There are infinitely many /’s. Then since X is
blue-hyperimmune, there exist j and infinite Y C X with
Y <7 X suchthat {x,z} isred forall x € D;o U D; 1 and
z € Y,where Max D;g U D;y < Min Y. Then <(TDI.70,’7', Y)
and (op,,,7,Y) < pand (op,,,0p,,) P-split for red over o,
contradicting the assumption that p I $Gr&Z — (.

Definition

Let X be infinite. A Seetapun tree for X is an infinite
X-recursively bounded X-recursive tree T such that for each n,
there is a string v € T of length n satisfying: for all i < nand all
infinite Y C X with Y <7 X, {z € Y|{vr(i), z}is blue} is infinite.
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Lemma (3.3)

Assume that { (o, T, X)|X is blue-hyperimmune} is not dense.
Then there is a Gg that is an Hf and Gg © Z #1 1.

Proof Fix p = (op, 7p, Xp) so that if g = (oq, 7, Xq) < p, then X,
is not blue-hyperimmune. Let Gg be such that 74 < Gg.
Suppose $%%Z = ( and let g IF $G%Z = (' with g < p.

Let (D;) be an infinite X,4-recursive pairwise disjoint array of
finite subsets of X; that witnesses the
non-blue-hypeerimmunity of X;. Define T to be the collection of
all strings v such that if n = Ith(v), then v(i) € D; for i < n. We
may assume that Max D; < Min D;, 1.

T is a Seetapun tree.
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Let
U= {v € T\VEy, Ey C v[{7g,, Te,) do not ®-split for blue over 74},

where 7¢,(x) = 7(x) for x < Ith(7), and equal to E;(x)
otherwise. [E C v means Vx(x € E < v(i) = x) for some
i <lth(v).]

m Case 1. U s finite. Fix sq such that for all v of length
greater than sy, there exist Eg, Ey C v with (7g,, 7¢,) ®-split
for blue over 7. Since Xy is not blue-hyperimmune, there is
<X0, Y0> such that

m X € Dp;
B Yy C Xy is infinite and Yy <7 Xo;
B {Xp,z} isblueforall z € Y;.
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If (x;, Y;) is defined so that x; € D;, Y; C X is infinite, Y; <7 X4
and {x;, z} is blue for all z € Y}, then there exists (xj.1, Yii1)
such that

B X1 € Dijq;

m Y CYisinfiniteand Y1 <7 Yj;

m {X;,1,z}isblueforall z € Y.

Let v*(i) = x; for i < sy + 1. Then there exist Ey, E; C v* so
that (rg,, 7,) ®-split for blue over 74. Then (o, 75, Ys,+1) and
(0,7g,, Ys,+1) are two incompatible extensions of g that split @,
contradiction.
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m Case 2. U is infinite. By the Low Basis Theorem relativized
to Xq ® Z, U has a infinite path W that is low in Xq ® Z not
above (' (since X & Z #71 ('). Then (oq, 74, W) < g and for
any Eq, Ey C W, (7g,, 7,) does not ®-split for blue over 4.
Lemma 3.1 then implies that $%8%< is recursive in Xq © Z,
a contradiction.
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m Case 2. U is infinite. By the Low Basis Theorem relativized
to Xq ® Z, U has a infinite path W that is low in Xq ® Z not
above (' (since X & Z #71 ('). Then (oq, 74, W) < g and for
any Eq, Ey C W, (7g,, 7,) does not ®-split for blue over 4.
Lemma 3.1 then implies that $%8%< is recursive in Xq © Z,
a contradiction.

The above may be iterated to produce an w-model of
RCA, + WKL, + RT3 that avoids /, as follows:



An w-model of RCAy + WKL, + RT3

Lemma (3.4)

Let M = (w, X, +, x,0,1) be a model of RCAq such thatX is
finite. Assume that X = @ x,cxX; does not compute () and
X € X. Furthermore,

() T is a X-recursively bounded, X-recursive tree and

(i) f:[N]? — 2 is an X-recursive 2-coloring of pairs.
Then T has an infinite path W so that W & X *1 (', and there
is an Hy such that Hf & W & X does not compute ('.



An w-model of RCAy + WKL, + RT3

The proof proceeds by first applying the relativized Low Basis
Theorem to obtain W, and let X* = XU {W}. Then apply
Theorem 3.1 with Z as the joint X of all X; € X.



An w-model of RCAy + WKL, + RT3

The proof proceeds by first applying the relativized Low Basis
Theorem to obtain W, and let X* = XU {W}. Then apply
Theorem 3.1 with Z as the joint X of all X; € X.

Proof of corollary to Theorem 3.1. Begin with an w-model M
where X = (). Recursively define M, so that an infinite path for
atree T € X, that does not compute (' is first added to X, 4,
followed by an H; for a 2-coloring of pairs that satisfies the
conclusion of Lemma 3.4. This can be arranged in such a way
that M = |J,, M, is the desired model.
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