PERIODICITY OF HERMITIAN K-GROUPS

A.J. BERRICK, M. KAROUBI AND P.A. OSTVER

ABSTRACT. Bott periodicity for the unitary and symplectic groups is funda-
mental to topological K-theory. Analogous to unitary topological K-theory,
for algebraic K-groups with finite coefficients, similar results are consequences
of the Milnor and Bloch-Kato conjectures, affirmed by Voevodsky, Rost and
others. More generally, we prove that periodicity of the algebraic K-groups
for any ring implies periodicity for the hermitian K-groups, analogous to or-
thogonal and symplectic topological K-theory.

The proofs use in an essential way higher K.SC-theories, extending those
of Anderson and Green. They also provide an upper bound for the higher
hermitian K-groups in terms of higher algebraic K-groups.

We also relate periodicity to étale hermitian K-groups by proving a hermit-
ian version of Thomason’s étale descent theorem. The results are illustrated
in detail for local fields, rings of integers in number fields, smooth complex al-
gebraic varieties, rings of continuous functions on compact spaces, and group
rings.

0. INTRODUCTION AND STATEMENTS OF MAIN RESULTS

By the fundamental work of Bott [11] it is known that the homotopy groups of
classical Lie groups are periodic, of period 2 or 8. For instance, the general linear
and symplectic groups satisfy the isomorphisms:

7Tn(G’L(R)) = 7rn+8(GL(R))

T (Sp(C)) = mn15(Sp(C))

7 (GL(C)) = 42 (GL(C))
These periodicity statements were interpreted by Atiyah, Hirzebruch and others in
the framework of topological K-theory of a Banach algebra A: recall that there are
isomorphisms

KPP (A) = K%, (A),

n+p
where K!P(A) = m,_1(GL(A)) if n > 0 and K ’’(A) = K(A) is the usual
Grothendieck group. Here p is the period which is 2 or 8 according as A is complex
or real. We refer to [37] and [50] for an overview of the subject, both algebraically
and topologically.
A few years later, after higher algebraic K-theory was introduced by Quillen, an
analogous periodicity statement was sought, of the form

Kn(A) = Knip(A),

where A is now a discrete ring. The first computations showed that a periodicity
isomorphism of this form is far from true in basic examples. However, if we consider
K-theory with finite coefficients, and n is at least a certain bound d, then some
periodicity conjectures appeared feasible, at least for certain rings of a geometric
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nature. These conjectures were formulated for different prime power coefficient
groups, and are essentially of the following type (n > d)

Kn(A; Z/m) = Ky p(A; Z/m).

The relationship between the prime power m and the associated smallest period
p is given by the following convention, which we maintain throughout the paper.

Convention 0.1. For Z/m coefficients, where m = ¢” with ¢ prime, the smallest
period p is given by

| sup (8, E”_l) if £ =2,
P=9 200 = 1yt otherwise.

Using techniques of algebraic geometry and a comparison theorem with étale
K-theory, numerous examples listed below showed that these conjectures hold. In
the case of a 2-power, the first three are particular cases of Theorem 2 in [52], based
on the fundamental work of Voevodsky [62]. In the case of an odd prime power,
the first four examples are consequences of the Bloch-Kato conjecture.

Before giving these examples, we define the mod 2 virtual étale cohomological
dimension vedz(A) of a commutative ring A as the mod 2 étale cohomological
dimension of A ®y Z[u4] obtained by adjoining a primitive fourth root of unity to
A. For convenience, if £ is odd, then vedy(A) denotes the mod ¢ étale cohomological
dimension cd;(A) of A. For £ fixed, here are the examples we consider.

(1) Any field k of characteristic char(k) # ¢ for which vedg(k) < oo. In this
case, d = vedy(k) — 1 if vedp(k) # 0 and d = 0 otherwise.

(2) The ring Op [1/] of ¢-integers in any number field F. In this case, d =
vedg(F) —1 =1 (cf. [43] when ¢ = 2).

(3) Any finitely generated and regular Z[1//¢]-algebra A with finite mod ¢ vir-
tual étale cohomological dimension. In this case d = sup{ved,(k(s))—1, 0},
where k(s) is the residue field at any point s € Spec(A4). The same state-
ment holds when replacing Z [1/¢] by Q or by any other field k of charac-
teristic # /.

The regularity assumption on A can be dispensed with when working with
negative K-theory [4], [30], [31], [61]. As shown in [53, Theorem 4.5], this
does not change the bound d.

(4) Group rings R [G], where G is finite and R is a ring of {-integers in a number
field, as shown in [66]. Here d = 1. For some explicit computations see [42].

(5) The ring C(X) of real or complex continuous functions on a compact space
X, as shown in [18], [46]. In this case d = 1.

In these examples, the periodicity isomorphism between the groups K, (A; Z/m)
and K,,4+,(4; Z/m) is defined by taking cup-product with a “Bott element” by . For
p = 2"~ with v > 4, one can construct this element in the group K,(Z; Z/2p),
such that its image in the topological K-group' K,(R; Z/2p) = Z/2p is the class
mod 2p of a generator in K, (R) = Z. The cup-product alluded to above is a pairing

U Kn(A; Z/m) x Kp(Z; Z/2p) — Kyyp(A; Z/m).

We refer to Section 1 for precise definitions and the extension to odd prime powers.

As we can see in these examples, a key role is played by the infinite general linear
group GL(A). However, it was already shown in the works of Bott and Borel [10],
and also in topological applications, that other infinite series associated to classical
Lie groups may be considered as well. More precisely, if we consider a ring with
involution A and a sign of symmetry ¢ = £1 generalizing the orthogonal (¢ = 1)

1We shall write K, instead of K,tfp when dealing with the field R of real numbers or the field
C of complex numbers with their usual topology, and likewise for spectra.
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or symplectic (¢ = —1) case, one defines higher hermitian K-groups, denoted in
this paper . K@, (A), in a parallel way to algebraic K-groups K, (A). These groups
are associated to the infinite e-orthogonal group .O(A). A typical example is when
A is commutative and ¢ = —1, in which case one recovers the infinite symplectic
group on A. We refer to the survey paper [37] already mentioned above for precise
definitions.

The main purpose of this paper is to show that a periodicity statement in alge-
braic K-theory implies a similar one in K @Q-theory, when 1/2 € A. Since K @Q-theory
with coefficients Z/m, with m = 2, is the most important and difficult case, we
state the main theorems in this context, leaving the case of odd prime power co-
efficients to the end of this Introduction and to Section 5 of the main body of the
paper.

For the first step in the argument, we introduce a parameter g that is essentially
p, apart from a slight modification in the case m = 16. Specifically, we make the
following convention.

Convention 0.2.

8 if m <8,
qg=+< 16 if m = 16,
m/2 otherwise.

In other words, ¢ = p except when m = 16, in which case ¢ = 2p. It is meaningful
to speak of periodicity maps raising dimension by ¢, since ¢ is a multiple of p.

As a convenient notation, we write KQ (resp. K) for the KQ-theory (resp.
K-theory) with coefficients in Z/m, the relationship between m and the period p
being as in Convention 0.1. One of our main theorems is the following.

Theorem 0.3. With the above definitions, assume that there exists an integer d
such that the cup-product map

ubk : Fn(/b B Fﬂ+p<A)

with the Bott element in K,(Z; Z/2p) is an isomorphism whenever n > d. Then,
forn >d+ q—1, there is also an isomorphism

ETQn (A) = ETQn+p (A) :

Surprisingly, the isomorphism between the K@Q-groups is in general not given
by cup-product with a Bott element (see Remark 4.8 in Section 4). This relates to
the fact that hermitian K-theory possesses more than one Bott element, as we now
describe. Whereas in algebraic K-theory universal Bott elements are to be found in
the K-groups of the integers Z, here, because we are working with rings containing
1/2, our Bott elements are to be found in the hermitian K-groups of the ring of
2-integers Z' = Z[1/2].

As in algebraic K-theory, using the methods of [5], in this paper we prove
the existence of a “positive Bott element” b" in 1 KQ,(Z'; Z/2p) whose image in
K,(Z'; Z/2p) = K, (Z; Z/2p) is the Bott element in K-theory alluded to above.

On the other hand, one of the main differences between algebraic and hermitian
K-theory in our context is the existence of another element® u in _ 1 KQ _5(Z'),
which plays an important role in the fundamental theorem in hermitian K-theory
[33]. We now define the negative Bott element b~ in hermitian K-theory to be the
image of the element u?/? in the group 1 KQ_,(Z'; Z/2p).

To make the statement of Theorem 0.3 more precise, we note that the cup-
product with the positive Bott element in 1KQ,(Z'; Z/2p) determines a direct

2We recall that the negative K-groups of a regular noetherian ring (for instance Z or Z’) are
trivial.
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system of abelian groups

ETQn( ) B KQn+p( ) — ETQn+2p(A) — .

Symmetrically, cup-product with the negative Bott element in 1 KQ_,(Z'; Z/2p)
determines an inverse system of abelian groups

i Emn+2p( ) - KQn+p( ) - ETQn(A)

The theorem above can now be restated in a more precise form. (Recall that the
overbar denotes Z/m coefficients.)

Theorem 0.4. Let A be any ring (with 1/2 € A), m, p and q be 2-powers as in
Conventions 0.1 and 0.2, and let d € Z, such that the cup-product with the Bott
element by in K,(Z; Z/2p) induces an isomorphism

Fn(A) — ?n-&-p(A)
whenever n > d. Then, for n > d, there is an exact sequence
P

ot . =
S KQn+1( >—’h_1,n€KQn+1+ps(A)

- hmsKQn+ps( ) L €K7Qn( ) _) hm&KQn+ps( )

where 0T (respectively 0~ ) is induced from the cup-product with the positive Bott
element b (resp. the negative Bott element b~ ). Moreover, forn > d+q—1, there
is a short split exact sequence

0 - hmEKQners( ) L 5K7Qn( ) ‘> llmEKQn+ps( ) - 0

It turns out that the inverse limit is not always trivial. This point is discussed
in Section 2 (where the inverse limit vanishes) and Section 4 (where it does not).

However, for rings of geometric nature and of finite mod 2 virtual étale cohomo-
logical dimension, we conjecture that the inverse limit is trivial.

Definition 0.5. We say that a ring A is hermitian regular if lim KQ (A) and

lim' [ KQ

n-+ps

KQ, ,:(A) are trivial®.

Remark 0.6. It should be noted that subsequent to the original submission of this
paper at the beginning of February 2010, as a consequence of a more recent theo-
rem of Hu, Kriz and Ormsby [25] in characteristic 0, the authors and M. Schlichting
proved independently that a field of characteristic 0 that is of finite mod 2 virtual
étale cohomological definition is hermitian regular. Furthermore, Schlichting ex-
tended this theorem for fields of characteristic p > 0 with the same cohomological
properties. This affirms Conjecture 6.6 of the present paper, which implies in turn
our Conjecture 0.14 and therefore considerably extends the number of examples of
commutative rings (and schemes) that are hermitian regular. The details of the
proofs will appear in a forthcoming joint paper of the authors and Schlichting [7].
A particular example quoted below is given by suitable rings of integers in a num-
ber field. In Theorem 0.10, we state the periodicity theorem in this case with an
independent proof which will be given in Section 2. A more general theorem is as
follows.

3As a matter of fact, with our hypothesis about periodicity of the K-groups, we always have
lim! = 0, since the inverse system satisfies the Mittag-Leffler condition as we shall see in Sections
3 and 4.
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Theorem 0.7. Let A be a ring which is hermitian reqular and satisfies the hypoth-
esis of the previous theorem for its K-groups. Then for n > d, the cup-product with
the positive Bott element induces an isomorphism

KQ,(A) = KQu,(A).

n+p

More generally, in order to fully exploit the spectrum approach and to improve
the previous theorems, we may consider a pointed CW-complex X and define the
group Kx(A) as the group of homotopy classes of pointed maps from X to K(A),
where I denotes the K-theory spectrum. If X is a pointed sphere S™, we recover
Quillen’s K-group K, (A). For brevity, we shall also write Kx:(A) instead of
Kxast(A), and Kx_4(A) instead of Kx(S*A), where S*A denotes the t-iterated
suspension of A (see for instance [37] for the definition of the suspension and the
basic definitions of various K-theories). We adopt the same conventions for hermit-
ian K-theory, and also for algebraic or hermitian K-theory with coefficients, and
finally for spectra.

The previous theorem can now be generalized as follows.

Theorem 0.8. Let A be any ring (with 1/2 € A), m, p and q be 2-powers as in
Conventions 0.1 and 0.2, and let d € Z, such that the cup-product with the Bott
element b in K,(Z; Z/2p) induces an isomorphism

Kn(A) = Konip(4)

whenever n > d. Then, if X is a (d— 1)-connected space, there is an exact sequence
_ 0+ . _
EKQX-H(A) - h_n)liKQX—i—l—i—ps(A)

. == 0~ == 0t . ——=
- 11&InEI(C?thps(‘A) - 8KQX(A) - ll)nﬁKQX+ps(A) o
If X is (d+ q — 2)-connected, there is a split short exact sequence

— - + N
0— @EKQX-‘,-[)S(A) o KQx(A) o li_n>18KQX+ps(A) — 0.

Finally, if A is hermitian regular and if X is (d — 1)-connected, the cup-product
with the positive Bott element induces an isomorphism

cKQx(A) 2 KQx1,(A)-

Corollary 0.9. For any (d + q — 2)-connected space X and A as above (not nec-
essarily hermitian regular), there is a periodicity isomorphism

KQx(A) = cKQx,(A).

For suitable subrings Ag in a number field F', the previous results may be stated
more precisely, by using the methods of [6]. The rings Ag, defined in Section 2
below, generalize both the ring of S-integers (when S is finite) and the number
field F itself. (More general examples are considered in Section 6 and in [7].)

Theorem 0.10. Let F be a totally real 2-reqular number field as considered in [6];
also, let m and p be 2-powers as in Convention 0.1. Then, for all integers n > 0,
the inverse limit im. K Q,,,,;(As) is trivial (i.e. Ag is hermitian regular) and the
“positive” Bott map

Br=ub" : cKQyu(As) — cKQyyp(As)
is an isomorphism. More generally, if X is any connected CW-complex, the Bott
map
Bx : ETQX(AS) - eKiQXer(AS)
is an isomorphism.
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For completeness we mention the odd-primary analog of Theorem 0.4, which is
proved in Section 5. Its applications are related to the Bloch-Kato conjecture as we
mentioned at the beginning. We note that the hypothesis 1/2 € A may be dropped
in this case.

Theorem 0.11. Let p and m be odd prime powers as in Convention 0.1. Let bx
be the associated Bott element in K,(Z; Z/m) (see Section 1 for details). Now let
A be any ring and assume that, whenever n > d, cup-product with bx induces an
isomorphism

K,(A) = K, +p(4).
Then there exists a “mived Bott element” b in 1K7QP(Z’) such that for n > d, the
cup-product with b induces an isomorphism between the related KQ-groups

B EKQn(A) — EKQn—i-p(A)‘
More generally, if X is a (d—1)-connected CW complex, then the cup-product map
with b induces an isomorphism

Bx : ETQX (A) = sTQX+p(A)'

In Section 6 we note that work in progress by Schlichting [56] allows us to extend
our results from commutative rings to schemes S that are separated, noetherian and
of finite Krull dimension. More precisely, following Jardine’s method for algebraic
K-theory [29] we define an “étale” KQ-theory, denoted by ETQZt(S), where the
coefficient groups are prime powers. The étale K(Q-theory shares many properties
with the étale K-theory introduced by Dwyer and Friedlander [15]. For example,
there exists a comparison map

— ——ét
0:KQ,(5) — KQ, (9).

For odq prime powers, there is an involution on the odd torsion group . K@,,(S).
Let EKQZt(S)+ and EKQ::(S), denote the corresponding eigenspaces. On the
other hand, for any prime power (odd or even), the cup-product map with the Bott
element b defined above induces a direct system of groups, whose colimit we shall

denote by K@, (5) [87'], in the notation of [60]. Next, we state two theorems
and a conjecture in this context.

Theorem 0.12. With the coefficient group Z /0¥, where £ is an odd prime, there is
an tsomorphism

— _ ——ét
for alln if cde(S) < 0o. Moreover, the comparison map o induces an isomorphism
— ——ét
for m > sup{cdy(k(s)) — 1}ses-

Recall that S is uniformly ¢-bounded with bound d if for all residue fields k(s)
we have cdg(k(s)) < d. In the event that S is uniformly ¢-bounded with bound d,
then ¢dy(S) < n + d where n denotes the Krull dimension of S; an elegant proof
for this inequality is given in [39, Theorem 2.8].

At the prime 2 we prove the following theorem, reminiscent of the main results
in [16] and in [60].

Theorem 0.13. With the coefficient group Z/2", there is an isomorphism
— PR p—
for all n if veda(S) < 0o. Moreover, the comparison map

0 KQ,(S) — KQ, (5)
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is a split surjection for n > sup{veda(k(s)) — 1}ses +q— 1.
More generally, we make the following conjecture.

Conjecture 0.14. With the coefficient group Z/2" the map o is bijective whenever
n > sup{veda(k(s)) — 1}ses.

Using algebro-geometric methods, in Theorem 6.5 below we show how to reduce
this conjecture to the case of fields. As mentioned above, the characteristic 0 case
was solved independently by the authors and M. Schlichting, while the positive
characteristic case was solved by Schlichting. A proof of this conjecture in general
will appear in a joint paper with Schlichting [7].

Let us now briefly discuss the contents of the paper.

In Section 1, for 2-power coefficients we carefully construct the Bott elements
that play an important role in this work, as referred to above.

Section 2 is somewhat independent of the other sections. In particular, we prove
a refined version of our theorems in the case A is the ring of integers in a totally
real 2-regular number field. (This version is a particular case of the considera-
tions in Section 6 for schemes. Assuming Conjecture 0.14, which will be proven
in [7], Theorem 2.1 may be given an independent proof in a much more general
framework.)

In Section 3, we introduce what we call “higher K.SC-theories”. These theories in
some sense measure the deviation of “negative” periodicity of the K@Q-groups. On
the other hand, they are built by successive extensions of the K-groups. Therefore,
they are periodic if the K-groups are periodic.

Section 4 is devoted to the proof of our main Theorems 0.4 and 4.5 (for arbitrary
rings with 2 invertible and mod 2¥ coefficients). The proof is roughly divided into
two steps as follows. In the first one, we prove a cruder periodicity statement
for n > d+ ¢ — 1. In the second, we use the KQ-spectrum and an argument
about cohomology theories to prove the periodicity theorems in full generality. We
conclude this section with an upper bound of the KQ-groups in terms of the K-
groups.

In Section 5, we study the case of odd prime powers, which is paradoxically sim-
pler in our framework. The main observation is that the K Q-ring spectrum splits
naturally as the product of two ring spectra, the first one being the “symmetric”
part of the K-theory spectrum.

Section 6 is more geometric in nature and generalizes the previous considerations
(when A is commutative) to noetherian separated schemes of finite Krull dimension.
Here we rely heavily on the fundamental theorem in hermitian K-theory proved in
the scheme framework by Schlichting [56].

Finally, Sections 7 and 8 are devoted to selected applications: rings of integers in
number fields, smooth complex algebraic varieties, and rings of continuous functions
on compact spaces. Another application, to hermitian K Q-theory of group rings,
is a consequence of an appendix to this paper by C. Weibel [66].

Acknowledgements. We warmly thank the referee for very relevant comments
on a previous version of this paper. We extend our thanks to Marco Schlichting for
discussions resulting in our joint work [7].

1. BOTT ELEMENTS IN K- AND KQ@Q-THEORIES

Let ¢ be a prime number and S°/¢” the mod ¢ Moore spectrum. In [1, §12],
Adams constructed KO ,-equivalences

Ap 3PS /00— S0/,
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The dimension shift p is sup{8,2" 71} if £ = 2 and 2(¢—1)¢*~1 if £is odd. As shown
by Bousfield in [12, §4], work of Mahowald and Miller implies that a spectrum &
is KLO-local if and only if its mod £ homotopy groups are periodic via A, for every
prime £. We shall refer to the periodicity manifested in K£O-local spectra as Bott
periodicity. Note that K O-localizations are the same as Ki-localizations [12, §4].

In general there are several choices of an element Ay as above if the only criterion
is that it induces a KO-isomorphism. We are interested in particular choices of
elements pertaining to classical Bott periodicity. Let u denote a generator of the
infinite cyclic group m2(BU). Then for 7 > 1 the Bott element u?" in 7y, (BU) is
independent of the choice of u. We denote by v the element of 7s,.(BO) mapping to
the Bott element in 7g,.(BU) under the map induced by complexification ¢ : BO —
BU.

The mod 2” Bott element in degree 8r > 0 is the generator

v = idSO/QV AU € KOgr(SO/QV; Z/QV) = [SO/QV, KO /\SO/QV]gr.

The element Ao is called an Adams periodicity operator if it maps to the mod 2"
Bott element in degree p under the naturally induced KXO-Hurewicz map

7. (SY/2"; 7)2) — KO,(S°/2%; 7./2")

for SY/27. When ¢ # 2, the definition of a mod ¢” Bott element is the same as
above, except that KO is replaced by KU/. Crabb and Knapp [14] have shown that
there exist Adams periodicity operators for all £ and v > 1.

By smashing the unit map S® — & of a ring spectrum € with S°/¢ and pushing
forward the class in m,(S°/¢; Z/¢") represented by the map A, one obtains a
class in the group m,(£; Z/¢") that we call a Bott element.

Next, for m = 2p, where p = 2V~ is a 2-power > 8, we study mod m Bott
elements in more detail for K- and KQ-theory in the example of Z’. The case of
an odd prime is dealt with in Section 5.

To begin, we shall consider “Bott elements” in K, (Z'; Z/m) and 1 KQ,(Z’; Z/m),
whose images in K,(R; Z/m) and 1 KQ,(R; Z/m), respectively, are generators de-
duced from classical Bott periodicity for the real numbers (as K@Q-modules). This
is well-known for the algebraic K-groups; it is included here for the sake of com-
pleteness.

Bokstedt’s square of algebraic K-theory spectra introduced in [9]

K(Z)y — KRS
! !
KF3)g — K(C)%

was verified to be homotopy cartesian by Rognes-Weibel in [49], [65], as a conse-
quence of Voevodsky’s proof of the Milnor conjecture. Here » means 2-adic com-
pletions and © means connective cover. Smashing with S°/2" yields a homotopy
cartesian square (an overbar indicates reduction mod m):

Kz) — K®)

K(F3) — K(C)
Denote by K the corresponding mod m homotopy groups. By Bott periodicity and
the isomorphism K,_1(Z’') — K,_1(F3), there is a split short exact sequence
0 — Kp(Z') — K,(R) & K,(F3) — K,(C) — 0.
On the other hand, Quillen’s homotopy fibration

Ok(C) Y= aR(C) — K(Fy) — K(C) 2 R(C)
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yields an exact sequence

Fp-&-l((c) - Fp-i-l((c) - 717(F3) - ?p((c) — K,(C),

and hence the isomorphisms

K,(F3) 2 ,K,(C) 2 Z/m.

Here , A denotes the kernel of the multiplication by n map on an abelian group A.
Hence, diagram chasing shows there are isomorphisms

EyZ) 2 Ky(R) and K,(Z) = K, (Fs).

More precisely, there exists a Bott element by in K ,(Z') mapping at the same time
to a generator of K,(R) and to a generator of K ,(F3).

We proceed in the same manner in order to explicate Bott elements in hermitian
K-theory, having almost the exact same properties as their namesakes in algebraic
K-theory. More precisely, we shall prove the following theorem:

Theorem 1.1. Let p > 8 a 2-power and m = 2p. Then the group 1 KQp(Z'; Z/m)
is isomorphic to Z/m@®Z/m@Z/2. There is a Bott element bt in 1 KQ,(Z'; Z/m)
that maps at the same time to a generator of Z/m in 1 KQ,(Fs; Z/m) 2 Z/m®Z/2
and to a generator of 1KQ,(R; Z/m), viewed as a module® over 1 KQo(R; Z/m).

Proof. In the following proof, we are going to use the results of [5, Theorem 6.1]
and [6, Theorems 1.2, 1.5]. In [5], it is shown that the square of hermitian K-theory
completed connective spectra

1KQ(Z)g — 1KQR)%
! !
1KQ(Fs)y — 1KQ(C)%
is homotopy cartesian (Recall that 1 £Q(C) is just KO.) Reducing mod m yields
another homotopy cartesian square:
1KQ(Z')e — 1KQ(R)°
_ A
1KQ(F3)¢ — 1KQ(C)°
This in turn gives rise to a short exact sequence
(1:1) 0— 1K7QP(Z') — 1K7QP(R) &) 1K7QP(IF3) — 1K7QP(C) — 0,

which splits since 1 KQ,(R) is a direct sum of two copies of 1 K@Q,(C), say G&G. The
first copy of G, say GG, is generated by the image of 1 under the Bott isomorphism
1KQy(R) = 1KQ,(R) (see Appendix B in [6]). The splitting is given by the
isomorphism between 1K7QP(C) and the second copy of G, say Ga. Therefore, we
get an isomorphism

1KQ,(Z') = Gy ®1KQ,(F3)
In order to finish the proof of the theorem, we need to compute 1K7QP(IF3). By
[19], there is a Bockstein exact sequence

(1:2) 0—Z/2— 1K7QP(IF3) — Z/m — 0.
In order to resolve this extension problem, consider the map
1KQo(F3)/m =Z/m®7L[2 — 1KQ,(Fs)

given by cup-product with any element that maps to the generator of 1 KQ,(C) =
Z/m under the Brauer lift 1KQ,(F3) — 1KQ,(C). This gives a splitting of the
exact sequence (1:2), and therefore  KQ,(Fs) = Z/m & Z/2. ]

4The ring structure for KQ-theory with mod 2 coefficients is well-defined if v > 4.
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Remarks 1.2. By considering the forgetful map from the hermitian K sequence
(1:1) to its algebraic K counterpart, one sees that the Bott element of 1 KQ,(Z'; Z/m)
maps to the Bott element in the corresponding algebraic K-theory group under the
map induced by the forgetful functor. Moreover, all the results for F3 in the above
also hold for any finite field F; with ¢ elements, provided ¢ = +3 (mod 8).

2. PROOF OF THE PERIODICITY THEOREM FOR TOTALLY REAL 2-REGULAR
NUMBER FIELDS

Let A be the ring of 2-integers in a totally real 2-regular number field F' with
r real embeddings. In [6], we proved that the square of hermitian K-theory 2-
completed connective spectra

KQ(A)y — V' KQR)Y
1

is homotopy cartesian (with ¢ a carefully chosen odd prime and where 4 denotes
2-adic completion). Therefore, the mod 2" reduction of this square, namely

6@(14)6 — \/T EE(R)C
! 1
a@(Ft)c I vr e@(c)c

is also homotopy cartesian, since .K@Q_1(A) = 0 by Lemmas 3.11 and 3.12 in [6].
Using this square, we deduce an enhanced version of our periodicity theorem.

Theorem 2.1. Forn >0 and p = sup{8,2*~ '} for v > 1, taking cup-product with
the positive Bott element in 1KQ,(Z'; Z/2") induces an isomorphism

aKQn(A; Z/Tj) = EKQTL+I7(A; Z/QV)'

Proof. Cup-product with the Bott element in 1 KQ,(Z’; Z/2") induces an isomor-
phism of . KQ-groups for the rings F;, R and C, where F, is the finite field with
t elements. This is due to KXO-localness of the corresponding hermitian K-theory
spectra, and an induction on the order of the coefficient group based on the five
lemma applied to the Bockstein exact sequence. Therefore, the result follows from
the five lemma together with the homotopy cartesian square above. O

Remark 2.2. The isomorphism for n = 0 reflects the fact that 2-regularity implies
that there is no nontrivial 2-torsion in the Picard group of A.

We note that the number v was related to the choice of ¢ = £3 (mod 8) in
Theorem 1.1 (for A = Z'). However, the number ¢ that makes the diagrams above
homotopy cartesian (for A totally real 2-regular) is different in general.

Therefore, we can improve the previous result by replacing m = 2 by M, which

8
(compare with Lemma 2.9 in [6]). More precisely, we have the following proposition.

is the number m multiplied by the 2-primary factor m’ = (ﬁ;l) of (12 —1)/8
2

Proposition 2.3. Let p = sup{8,2"~'} and consider the canonically induced map
WKQp(Z'2)2") — 1 KQu(4; Z)27).
The image of the Bott element b in 1KQ,(A; Z/2") is the reduction mod 2" of a

class b mod M, with M =m - (tzT*l) as defined above.
2
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Proof. For brevity, we use the above notation, whereby m = 2 and M = mm/’.
As in the case of Z' considered in Section 1, we can write the following diagram of
exact sequences (where KQ = 1KQ):

0
!
KQyR"; Z/m') & KQu(Fy; Z/m")  — KQ,(C"; Z/m') — 0
! !
KQu(A; Z/M) —  KQu(R"; Z/M) & KQ,(Fy; Z/M) — KQ,(C"; Z/M) — 0
! ! !
KQuy(A;Z/m) - KQpR"; Z/m) & KQp(Fy; Z/m) — KQp(C"; Z/m) — 0
! l
0 0

Chasing in this diagram shows the reduction map KQ,(4; Z/M) — KQ,(A; Z/m)
is surjective. Therefore, the Bott element b in KQ,(A; Z/m) is the reduction
mod m of a class b mod M which we shall call an exotic Bott element (we do not
claim, however, that b is unique). O

Theorem 2.4. Let b be an exotic Bott element in the group 1 KQ,(A; Z/M) defined
above. Then cup-product with b induces an isomorphism

B KQn(A; Z/M') = KQuip(A; Z/M)
for every n > 0 and divisor M’ of M.
Proof. We just copy the proof of Theorem 2.1, using the five lemma, since this

periodicity statement holds for the rings R, C and F; (see the independent lemma
below for the field Fy). m|

Lemma 2.5. Let F; be a finite field with t elements and let p = sup{8,2*~1} and
m = 2¥. Then the image of the Bott element by the canonical map
1KQu(Z' Z)m) — 1 KQ,(Ft; Z/m)
is the reduction mod m of a class mod M’ (with m|M’') if and only if
(M)2 <m-((£* —1)/8)2,

where (i) is the 2-primary part of i.
Proof. We look at the following commutative diagram, with exact rows:

— 1KQy(F; Z/M') — 1KQ, 1(F) =5 1KQy 1(F))

| app i} M'27Y lid

— 1KQy(F; Z/2") — 1KQua(F) > 1KQy(F)
The Bott element in the group 1K Qp(F; Z/2¥) maps nontrivially into the group
1KQ,—1(F;) and its image is divisible by M’'27". On the other hand, we know
by [19] that 1 KQp—_1(F;) is cyclic of order M, where M is the 2-primary part of
(tP/2 —1), which is also the 2-primary part of (2 —1)-p/4 by Lemma 2.7 in [6]. This

number is also the 2-primary part of 2¥ - (2 — 1)/8. Therefore, a simple diagram
chase shows that « s is surjective if and only if M’ | M. a

Now let us consider a nonzero prime ideal p in A, and the quotient field A/p.
There is a commutative diagram
7 — Alp

! !
A — Ay



12 BKO

where the right vertical arrow is the identity map. Since the Bott element in the
KQ-group 1 KQ,(A/y; 7./2") is the reduction mod 2” of a class mod M, where M
is a power of 2, we have an isomorphism

1KQp(A/p; Z/M) = Z/M & Z/2

according to the computations of the K Q-theory of finite fields in [19] and Section
1. It follows that there is a periodicity isomorphism
KQn(A/p; Z/M/) = aKQn+p(A/p§ Z/Ml>

for n > 0 and any M'| M, given by the cup-product with an exotic Bott element.
For the next two results, we recall from [6, Proposition 2.1] that F' contains a unique
dyadic prime (that is, prime ideal lying over the rational prime (2)). For any set
S of valuations in F' including the dyadic valuation and the infinite ones, we define
Ag to consist of the elements in F' whose valuations not in S are non-negative.
Thus, when S is finite, Ag is just the ring of S-integers. When S comprises only

the dyadic valuation and the infinite ones, Ag = A; while, when S comprises all
valuations, Ag = F'.

Theorem 2.6. Let p = sup{8,2“~'} for v > 1. Then, for n > 0, cup-product with
an exotic Bott element in 1KQ,(A; Z/M) induces an isomorphism

B: KQu(As: /M) = K Quip(As; Z/M')
for any M’ such that 2| M’ | M.
Proof. We use the homotopy fibration

V U(A/p) — KQ(A) — KQ(As)

noted in [24], where p runs through all nonzero prime ideals in S. For the cor-
responding mod M’ reductions (indicated as usual by an overbar) where M’ | M,
there is a homotopy fibration

\/ U(A/p) — KQ(A) — -KQ(As).
The maps in this fibration are compatible with cup-products with elements of
KQ,(A). The U-theory spectra of finite fields are £O-local as we showed more pre-

cisely above (this is a consequence of the same property for the K and K Q-theories).
From these facts, the five lemma implies the Bott periodicity isomorphism

sKQn(AS; Z/M/) = EKQ’YH-P(AS; Z/M/)

for n > 0, given by the cup-product with an exotic Bott element. O

Theorem 2.7. Let Ag be as before, and let b be an exotic Bott element in the
group 1KQ,(A; Z/M). Then, for any connected CW-complex X, cup-product with
b induces an isomorphism

B:KQx(As; Z/M") = .KQx 4,(As; Z/M")

for any M’ such that 2| M'| M. Moreover, when Ag = A, the previous isomorphism
holds for any CW-complex, not necessarily connected.

Proof. By Theorem 2.6, the Bott map /3 is an isomorphism when X is a sphere S™
for n > 1. According to general facts about representable cohomology theories [8],
it follows that /3 is also an isomorphism if X is a connected CW-complex, (finite or
infinite, thanks to Milnor’s lim' exact sequence). If Ag = A, then the Bott map 3
is also an isomorphism when X = S°. Therefore, the previous isomorphism holds
also for not necessarily connected CW-complexes. O
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3. HIGHER KSC-THEORIES

The useful concept of topological K-theory based upon self conjugate vector
bundles K SC was introduced by Anderson [2] and Green [20]. In [33, p. 281], for
a ring A with involution, the spectrum KSC(A) was defined as the homotopy fiber
of 1 — 7, where 7 is the duality functor in algebraic K-theory

T:K(A) — K(A).

The importance of K SC-theory becomes evident from the homotopy fibration [33,
p. 282]

o®
KSC(A) — Q.KQ(A) 7= Q™' __KQ(A),

which implies a long exact sequence (for legibility we omit the ring A in the nota-
tion)

<@ Ne)

= EKQ7L+2 — _KQ, — KSC, - KQni1 — _cKQn_1— .
The morphism s between the KQ-groups is the periodicity map made explicit
in [33]. It is defined by taking cup-product with a generator of the free part of the
group
KQ o(Z') = WY (Z') = LS ZL)2.

(Recall our assumption that 1/2 € A.) We should note that this cup-product
induces a morphism between cohomology theories, and thence the associated K Q-
spectra and K @Q-spectra, according to Brown’s representability theorem.

It turns out that the K SC-groups measure the failure of negative Bott periodicity
for the K Q-groups. To keep track of the degree shift we let KSC?) (resp. ICSC(Q))
denote the K.SC-groups (resp. K.SC-spectrum).

There exist higher analogs of this spectrum corresponding to degree shifts by 4,
8 and higher 2-powers.

The next version, denoted® by EICSC(ZL)(A), is the homotopy fiber of the com-
posite map

2) 5(

o@ . Q.KO(A) T ot _ko(A) Y22 a8 ko).
KQ(A) KQ(A) KQ(A)

Proposition 3.1. There exists a homotopy fibration of spectra
KSCH(A) — KSCW(A) — Q72(KSCP (A))

and a long exact sequence (we again omit the ring A for convenience)

s s
T EKQn+2 i EKQn72 - EKSCSL) - EKQn+1 i EKQR73 —

Proof. This is just the observation that for two composable maps u and v, there
is a homotopy fibration F(u) — F(v o u) — F(v), where F(f) denotes the
homotopy fiber of some map f. O

Iterating, for r > 4 a 2-power, we proceed similarly and define .XSC") (A) as
the homotopy fiber of the map

o 0. KQ(4) — QTLKQ(A)

where o(") = Q~7/25("/2) 6 5(*/2) _ In the other direction, if we allow the convention
KSCW(A) = QK (A), then from the original definition of KSC above the following
also holds for r = 2.

54 priori, this theory depends on e. A proof of this statement may be found in Lemma 3.3
below. For K.SC -theory with coefficients, we can also argue by contradiction as in Lemma 3.13.
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Proposition 3.2. For a 2-power r > 2, there is a homotopy fibration of spectra
KSCTD(A) — KSCT(A) — Q772 KSCP (A)

and an associated long exact sequence

RO i )
C EKQn—I-Z - s’KQn+2—r - EKSC£L ) - EKQTL+1 SH s/KQn+1—7’ -
where e’ = —¢ ifr =2 and &' = ¢ if r > 2. |

Finally, we show that the higher K'SC-theories depends on the sign of symmetry
€.

Lemma 3.3. Let F be a finite field of characteristic # 2. Then the group 1KSC£4) (F)
is isomorphic to Z/2, while ,1KSC§4) (F)=0.

Proof. Let us drop the field F' for notational convenience. Then the group _1 K.S 054)
fits into the exact sequence

1 KQ3 — 1 KQ_y — 71KSC§4) — 1 KQ2 — _1KQ_5.
We have _1 K@ _1 = 0 by the same argument used in the proof of Lemma 3.11 in
[6], where we should replace Rp by F. We also have _1KQ2 = 0 by a result of

Friedlander [19]. Therefore, _1KSC’£4)(F) =0.
On the other hand, the group 1 K SC§4) fits into the exact sequence

1 KQs — 1 KQ 1 — 1 KSCY — | KQy - | KQ_s.

For the same reason as above, we have 1KQ_1; = 0. We also have 1 KQy = Z/2
by an analogous result of Friedlander [19]. The periodicity map « can be factored
though the group _; KQo which is isomorphic to Z. Therefore, Ker(a) = Z/2 and
the group 1 K.SC™® is isomorphic to Z/2. a

We can mimic the previous definitions by taking spectra or groups mod m, where
m is related to p according to our convention 0.1. In that case, we shall write £Q
instead of KQ, KSC instead of KSC, etc.

Proposition 3.4. Let d be the number defined in the Introduction (i.e. the starting
point of periodicity for the K-groups). Then for any 2-power r > 2, the positive
Bott map

o KSC(4) - KSCV) (A)
is an isomorphism if n > d+r — 2.

Proof. We argue by iteration on the 2-power r, using the following diagram of
exact sequences from (3.2):

(3:3)
Ksouy . ,— EsoP— ‘soV—- Esc!?,- Escl?
(el S FROE SO, )
r 2 r/2 r r/2 r/2
Ksc\[? .. ..~ EKsC![P— ®sc\l,— ®sc!l), .- KSCUY,

Commutativity of this diagram follows from the fact that the vertical maps are
induced by cup-product with the positive Bott element in K Q-theory as constructed
in Section 1, and that all maps are K Q-module maps. By induction, we know that
the vertical maps, with the possible exception of the middle one, are isomorphisms
iftn—r/2>d+r/2-2, that is n > d +r — 2. We conclude thanks to the five
lemma. O
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Remark 3.5. A variant of this proposition is to consider a parameter space X
instead of a sphere S™. More precisely, by the method of proof of Theorem 2.7, the
Bott map

o K5Oy (A) — K5O, ,(A)
is an isomorphism if the space X is (d + r — 3)-connected.
Next we consider the failure of positive p-periodicity in hermitian K-theory. This

is encoded in the homotopy fiber of the periodicity map given by the cup-product
with the positive Bott element

KQ(A) — QP . KQ(A),

which we shall denote by P.KXQ(A). In the same way, we denote by PK(A) the
homotopy fiber of the periodicity map in K-theory

K(A) — QPK(A).
According to our general assumptions, the homotopy groups PK,(A) of PK(A)
vanish if n > d. On the other hand, we can introduce, cf. [33], the homotopy fibers
PU(A) and P_.V(A) of the hyperbolic and forgetful maps PK(A) — P.LO(A)
and P_.KO(A) — PK(A), respectively.

Proposition 3.6. There is a homotopy equivalence
P_V(A) ~ QPU(A)).
Moreover, the composition
O2(P.KQ(A)) — QP.U(A)) = P_.V(A) — P_.KQ(4)
is induced by cup-product with the negative Bott element in the group —1 KQ_o(Z').

Proof. The fundamental theorem of hermitian K-theory [33] exhibits an explicit
homotopy equivalence (given both ways) between the spectra _.V(A) and Q.U (A).

Moreover, with the notation KQ(Z') = 1KQ(Z') vV _1KQ(Z'), these maps are
KQ(Z')-module maps. Therefore, the reduction mod m of these spectra is also a
homotopy equivalence. Since the composition

Q*(P.KQ(A)) — Q(PU(A)) ~P_V(A) — P_.KO(A)
is a KQ(Z')-module map, it is defined by the cup-product with the negative Bott
element, as proved in [33]. a
Lemma 3.7. If PK,(A) =0 for n > d, then the negative Bott map
P.KQ,5(A) —» P_.KQ,(A4)
is an isomorphism for n > d and is a monomorphism forn=d — 1.
Proof. This follows from the diagram (A omitted) with exact rows

PFn—&-Q — PEKQHJ,-Q — PEUn+1 — PFW,—‘,—I
=
PK, 1 — PV, — P_.KQ, — PK,
the vertical isomorphism being a consequence of the fundamental theorem in her-
mitian K-theory. m|
Iteration of this Bott map induces a further isomorphism

PEK7Q7L+4(A) i PETQ?L(A)'

The classical induction method [5, (3.5)], adapted to this case, enables us to prove
the following theorem. We recall that the overbar over the K@ indicates reduc-
tion mod m, where m was defined in the Introduction. Strictly speaking, one has
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to take m > 16, in the theorem, so that KQ,(Z') is an associative ring — see
Footnote 4. However, if m < 16, we can consider all these groups as modules over
KQ.(Z'; Z/16) and the Bott map still makes sense.

Theorem 3.8. Assume that PK,(A) = 0 forn > d. Assume moreover that
P.KQ,(A) =0 fore = £1 and for n = d and d + 1. Then the cup-product with
the Bott element in 1 KQ,(Z') induces a morphism

6” : EKiQn(A) — EKiQTH‘p(A)
which is an isomorphism for n > d+ 1 and a monomorphism for n = d.

Proof. The 2-periodicity of the PKQ-groups shown above (with a change of
symmetry) implies that P.KQ,(A) = 0 for n > d and ¢ = £1. From the exact
sequence

P.KQ,(A) — .KQ,(A) 2= KQ,, ,(A) — P.KQ,_,(A),

we deduce the required isomorphism (starting from n = d+1) and a monomorphism
for n = d. m|

Unfortunately, this strategy is not efficient to establish Bott periodicity because
the starting point of the induction is not always valid (see the end of Section
4 for counterexamples and Section 2 for examples). Therefore, we are going to
take another approach towards Bott periodicity. From now on, we often assume
implicitly that the K-groups are periodic starting in degree d. More precisely, the
Bott map

K, (A) — Knip(A)

is an isomorphism for n > d, which implies that PK,(A) = 0 in the same range.
Our aim is to prove a similar periodicity assertion for K Q-theory, as we announced
in the Introduction.

Let us investigate in detail the composition of the two “opposite” periodicity
maps

KQ(A) 25 Q1. KQ(A) - .KQ(A).

Proposition 3.9. Let m and q be 2-powers as in Convention 0.2. Then the cup-
product between the images of the negative and positive Bott elements in

1KQ1y(Z'; Z/m)
is reduced to 0. Therefore, the compositions v ou and uwov are nullhomotopic.

Proof. Since, by e.g. [5, pp. 797, 799], 1 KQo(Z'; Z/m) embeds in 1 KQo(R; Z/m)®
1KQo(F3; Z/m), we consider separately the projections of the composites to each
summand. In each case, the key point is that the negative Bott element is a power
of an element in degree —2.

Projection to 1 KQy(R; Z/m). We compute the cup-product of the two Bott
elements, using the first step in [36, Lemma 1.1]6, that is, the twelve-term exact
sequences of [33] for both Z' and the topological ring R. As in [36, Lemma 1.1],
they show that the map

Z D Z/Q = 1W_4(ZI) — 1W_4(R) =7
is given by (w,a) — 2z where z generates 1W_4(R). We now use some standard

facts:

6Erratum: in the statement of Lemma 1.1 of [36], one should replace 8y by 16y because in the
proof the inclusion ,1W£°6p <—>1Wf§p is strict.
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(i) there is a multiplicative isomorphism between K,,(R) and W, (R) for all
n € Z [32, Théoréme 2.3], and when n is a multiple of 8, each group is Z,
generator vy, say;

(ii) the cup-square 22 of the generator z of K_4(R) = ;W_4(R) is 4 times a
generator y_g of K_g(R) = Z;

(iii) the cup-square of any generator of the free part of 1 W_4(Z') projects to a
generator of the free part of {W_g(Z') X Z ¢ Z/2.

Let us write ¢ = 2+3 where ¢ > 0. From these facts, under the map
LOL[2= 1W—q(Z/) — 1 W_(R) = Z,
(w,a)?"" is sent to (22)2" =22 . (4)%
muting diagram

y_q, = 29%y_,. Now consider the com-

W_o(ZY2Z®L)2 — 1KQ_((Z)=2ZHL/2 — K_j(Z)=0
1 1 1
W (R)=Z — 1KQ,R)=ZoZ — K (R)=Z
Since the two lower horizontal maps correspond to the cokernel of the hyperbolic
map (on the left) and to the signature map (on the right), they send a pair (u,v) €
Z&Z to (u—v)y_q € 1W_4(R) and (u+v)y_, € K_,(R) respectively. Now, by (iii)
above, the element 1 € Z C 1 KQ_4(Z') may be taken as (up to sign) the projection
of (w, 04)21“7 and therefore maps both on the left to +£2%/2y_, € ;W_,(R) and on
the right to 0 € K_,4(R). Hence, the image (u,v) € 1KQ_,(R) of 1 must have the
form +(29/2-1, —2¢/2-1),
Therefore, since always m < 29/2=1 (the reason for the change from p to q), if
we now take K Q-theory with coefficients in Z/m, then the cup-product of the two
Bott elements may be written

0=1(0,0,n) € 1KQy(Z'; Z/m) X Z/m & Z/m & Z/2,
as calculated from the Bockstein exact sequence
1KQo(Z') — 1KQo(Z') — 1KQo(Z'; Z/m) — 1KQ_1(Z') =0

and Lemma 3.11 of [6]. Its image in 1KQo(R; Z/m) = Z/m @& Z/m is thus
+(29/271, —29/271) = (0,0).

Projection to 1 KQo(F3; Z/m). To compute the cup-product v of the images of the
two Bott elements in 1 KQi,(Fs; Z/m), we exploit the definition of the negative
Bott element as the iterated power of an element in _; KQ_5(Z’). Therefore,
is the image of the positive Bott element in 1 KQ,(F3; Z/m) under the following
composition:

1KQq(Fs; Z/m) — 1 KQq_2(F3; Z/m) — -+ — 1 KQu(F3; Z/m) —
—_1KQ2(F3; Z/m) — 1 KQo(F3; Z/m)

According to Friedlander [19], we have _1 KQ2(F3) = _1KQ1(F3) = 0. Therefore,
from another Bockstein exact sequence, 1 KQ2(Fs; Z/m) = 0, and hence vy = 0.
Finally, for the last part of the proposition, we use well-known facts in cohomol-
ogy theories mod 2* [3, I. p. 75] to prove that the composite maps vou and uowv are
nullhomotopic. More specifically, the multiplication by 2° on cohomology theories
mod 2% is null-homotopic if s > k and s > 2. O

For the next step, we need the following well-known Lemma (cf. [3, I. p. 75]
again) which is a consequence of the splitting of the multiplication by m’ on the
spectrum S°/m, where m and m’ are 2-powers defined below.
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Lemma 3.10. Let h* be a cohomology theory represented by a spectrum S and m

be a 2-power. Let h*(—; Z/m) be the associated cohomology theory represented by

the spectrum S/m = S A S°/m. Finally, let T,,» be the homotopy fiber of the map
S/m — S/m

defined by the multiplication by a 2-power m', where m’ > sup{4,m}. Then we
have a canonical splitting

T ~S/m x Q(S/m).

Let us denote by F the generic homotopy fiber of the maps described before the
lemma. There is a homotopy fibration

F(u) — Fvou) — F(v).
According to the above considerations, F(u) is the spectrum P.KQ(A), while
F(v) is the spectrum Q471 KSC@(A). On the other hand, as a consequence
of Proposition 3.9 and the previous lemma applied to the spectrum of hermit-
ian K-theory, F(v o u) may be canonically identified with the product of spectra

KQO(A) x Q.KLQ(A). Therefore, by taking homotopy groups of the previous fibra-
tion, we get the exact sequence

KSCY - PKQ, - KQ,®KQ,,, — KSC

n+q
As a piece of convenient notation, set

TQn,n+1 = TQn @ KQnJrl .
More generally, we shall also use the notation KiQK x41 for the direct sum
KQx ® KQxq-

Proposition 3.11. We have the following two diagrams of exact sequences where
the vertical maps are induced respectively by the cup-product with the negative or
positive Bott element:

(q)

n+qg—1 - PKQn—l .

PEQ, — KQ,.. — KESCO,

1 P8, 1 10,

=5 =5 7o)
PKQn+q - KQn+q,n+q+1 - KSqu+2q—1

and
PKQ, — KQu,.. — KSCY._,
1 PpBy ! lon
PKQn-i—q - KQn+q,n+q+1 - K‘S’Cgtql?qfl
In these diagrams, Pf3, is an isomorphism if n > d and a monomorphism if n =
d—1. We also have PB,, =0 ifn > d—1. Finally, o, (resp. ol,) is an isomorphism
(resp. the zero map) if n > d — 1.

Proof. The second diagram is included in a bigger one with horizontal exact se-
quences of KQ(Z')-modules, where we recall that KQ(Z') = 1 KQ(Z')& _1KQ(Z'):

KSCY, —PRQ, —KQ, .. ~KSC\Y | —PRQ,_,
l | PB, ! ! !
o) (2)

KSC, 1oy —PKQ,.; —KQuigniqr1 —KSC, i1 —PKQ, ;4
We claim that the second vertical map Pf3,, is reduced to 0 if n > d — 1. In order
to see this, we consider the reverse map
Pg, : PEQ,,, — PKQ,
given by the cup-product with the negative Bott element. This is a monomorphism
for n > d — 1 according to Lemma 3.7. Since the cup-product between the positive
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and the negative Bott elements is equal to 0 according to Proposition 3.9, we have
necessarily PS, = 0. On the other hand, as we have seen in Proposition 3.4, the
positive Bott map o, is an isomorphism

KSCY, = K50\,

forn+q—1>d+q—2,ie forn>d—1.
The reverse map o), is reduced to 0 since its composite with o, is trivial (note
that all maps in these diagrams are KQ(Z')-module maps).. a

Proposition 3.12. Ifn > d -+ q— 1, we have a split short exact sequence
0— PETQ?L(A) - SKiQn,n—i-l(A) - EKSC’ELq—f)—q—l(A) — 0.

Proof. Let us consider a bigger diagram, where we now choose n > d + q — 1:

K50 — PEQ,., — EQu guon KSC),
On—q+1 lg l 0 l Qn—q ./ v On—q lg
KsCY, - PEKQ, — KQ,.. — KSC.
Ont1 |= 10 lap on |

o~ (@) T A o
KSCn+2q - PKQn+q - KQn+q7n+q+1 - KSCn+2q71
We would like to insert a map v : K.SC 521 — K@, ,,+1 that renders this diagram
commutative. For this, we consider the other composition

Q1.KQ(A) — .KO(A) - Q1. KO(A).
We get a map from Q7 9(F(v)) to Q7 9(F(uowv)) that induces the required map

~ since u o v is nullhomotopic. The commutativity of the above diagram with ~
inserted is a consequence of the homotopy commutative square

QI.KO(4) % .KQ(A)
1 Q4(u) lu
—_— 9 (v —
02 ko4) MY ko)
where the vertical (resp. horizontal) maps are defined by the cup-product with
the positive (resp. negative) Bott element. Therefore, we get the short split exact
sequence
0 — PRQ, — KQ, 11 — KSCU | —0,

which is an abbreviated formulation of our Proposition. O

Remark 3.13. The group . KQ,, ,,;, therefore decomposes in two distinct ways as
the direct sum of two groups, that is

EKiQn,nﬁ»I = ETQn @ 6@77,4»1

and -
EKQn,n-‘rl = PEKQ” ¥ aKSqu+q_1.

In the appendix to [6] and also in the theory of stabilized Witt groups [38], we
give many examples of rings A such that K,(A) = 0 for all n € Z and therefore
EKiSCiqlq_l(A) = 0. This implies that our two direct sum decompositions are not
the same in general, since we may choose A such that the two groups . KQ,,(A) and
KQ, 1 (A) are not 0. Moreover, this remark may be used to show that the higher
<K SC-theory depends a priori on the sign of symmetry . An example of this fact
is A = 7', where we know that P.KQ,,(Z') = 0. On the other hand, from the table
of the KQ-groups of Z' [5], it is easy to see that 1KQ,, ,,1(Z") # _1KQ,, ,,11(Z)

in general.
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For a better understanding of the periodicity statements we shall prove in full
generality in Section 4, let us consider the case where the 2-primary abelian groups
KQ, (A) are finite. The category of finite 2-primary abelian groups is of course
well understood: its Grothendieck group (with respect to direct sums) is freely
generated by the groups Z/2*. On the other hand, it follows from Proposition 3.12
that the groups .KQ,, ,,11(4) = :KQ,(4) ® KQn+1( ) are periodic of period ¢

with respect to n for n > d+ ¢ — 1. More precisely, P.KQ,, is periodic for n > d

according to Lemma 3.7 and KSCS]_ZQ ; is periodic forn+¢—1>d+q—2, i.e.

for n > d — 1, according to Proposition 3.4.

Let us write o, for the class of the group .KQ,,4,, 1 in the Grothendieck
group and put 7 = a4 — ap. We have the identities oy = oo + 7, g1 = a1 — T,
0gy2 = ag + T, ete. In general, we may prove by induction on s the formula

Origs = 0 + (—1)"sT

when r > 0.

Proposition 3.14. Let us assume that the cup-product with the Bott element in-
duces an isomorphism

Ko (A;Z)/m) — Kpip(A;Z/m)

for n > d, and that the hermitian K-groups .KQ,(A; Z/m) are finite for n >
d+ q— 1. Then these groups are periodic with respect to n whenn >d+q—1, of
period q. In particular, we have T = 0 in the formulas above.

Proof. In the previous computation, let us write
k K
T= U — Y. U
i=1 j=1
where u; and v; are classes of nonzero irreducible modules and where k and k' are
chosen minimal. We have the two identities, valid for all s > 0 :
Qgs = Qg + ST

Qgs+1 = Q1 — ST
k/

From the former, for all such s, the module s ) v; is always a summand of . KQgy4—1(A; Z/m).
i=1
Thus, k' = 0. Likewise, from the latter identity, X = 0. Hence, 7 = 0. m|

Another example of a periodicity statement in hermitian K-theory is to consider
the case where A is the ring with involution B x B°P. Here B°P is the opposite
algebra of B, the involution on A being defined by (b,d) — (b',b). It is easy to
see that .KQ,(A) = K,(B) and that the negative periodicity map KQ,(A4) —
_eKQ,_2(A) is reduced to 0. Therefore, we have the isomorphisms

KSC,(A) = .KSC?(A) = K, 1(B)® K,(B),
and, more generally
EKSO’I(LP)(A) = Kn+1(B) D K7L—p+2(B)

for p a 2-power. If we now reduce these theories mod m and assume the positive
p-periodicity of the associated K-groups (for n > d), then the last identity can also
be written as

RSO (A)

1%

Ko (B) +1(B)
? g Q ( )@ETQn+1(A)?

oK
n(B) & Kny ( )

1%
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which is a particular case of (3.12), since P.KQ@,,(A) = 0. Note that the positive
Bott map

KQn(A) = cKQnp(A)
is here an isomorphism for n > d.

In the spirit of Thomason, one may consider the periodized K@-theory, which
we shall denote by KQ,(A) [37] = @ETQn+pS(A). We have the following
theorem, quite similar to Connes’ exact sequence relating cyclic and Hochschild
homologies [13].

Proposition 3.15. Let us take n > d+r—2. Then (with the ring A omitted from
notation) we have the exact sequence

RN E@nJrQ [ﬂfl] — s/KiQnJeri[ﬁ*l] — EKSCS) — ETQH+1 [[371]

— o KQpii_y [ﬂ_l} == KQy gy, [ﬁ_l] — o KQy 4 [ﬁ_l} )

where ¢/ = —¢ if r =2 and & = ¢ if r > 2. Moreover, if also r > ¢, we have a
splitting

o) N\~ Ten - - _
5KSC7L (A) = EKQn-l—l(A) [/6 1} D EKQ'n+2(A) [6 1] .
Note that for r = g, this splitting is also proved in the beginning of the proof of
Theorem 4.2.
Proof. The first part of the proposition is a direct consequence of Proposition 3.4

showing that the KSC(T)—groups are periodic for n > d+r — 2.

For the second part, we notice that the map between the KQ-groups is 0, since
the cup-product between the positive and negative Bott elements is 0, according to
Proposition 3.9. Thus, the sequence decomposes into short exact sequences

0= o KQuyo(4) [57] — KT (4) — KQun(4) [571] — 0.
Now, the inversion of [ yields an isomorphism

E’KiQn—&-Z—r(A) [6_1] = EKiQn-&-Q(A) [6_1]

since ¢|r. Finally, the splitting of these sequences is as before a consequence of a
general statement on cohomology theories. One has to replace n by a parameter
space X, as we shall also do in the next section. O

Remarks 3.16. The most interesting cases of this proposition are when one has

r = 2 or r = q. The proposition also shows that the groups EKSC’E;)(A) are
isomorphic for r > q.

4. PROOF OF THE PERIODICITY THEOREMS

Our aim in this Section is essentially to prove Theorems 0.4 and 0.7. We begin
with a lemma showing that it suffices to consider only the parameter g of Convention
0.2, rather than the desired period p of Convention 0.1 when dealing with direct or
inverse limits.

Lemma 4.1. Let m be a 2-power and p,q be as in Conventions 0.1 and 0.2; that
18,

m p  q
<8 8§ 8
16 8 16

>32 m/2 m/2
Then
h_r>n8KQn+pS(A3 Z/m) = liLQEKVQHJrqS(A? Z/m)
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and
lillsKQn+ps(A5 Z{m) = liilsKQn—‘rqs (A; Z/m).

Proof. We may focus on the exceptional case where m = ¢ = 16 and p = 8. Here,
by Theorem 1.1 there is a positive Bott element b € 1 KQg(Z'), multiplication by
which gives rise to the direct system of abelian groups

ETQn(A) — ETQn+8(A) - ETQn+16(A) — ETQn+24(A) .

The direct limit of its subsystem
KQp(A) — cKQ,p16(A) — cKQpy30(A) — -+

appears in the exact sequence of Theorem 4.2 below. However, since this subsystem
is cofinal, its direct limit is precisely that of the original system. In other words,
we may replace the term lim. K@, 165(A4) by im. KQ,, 1 5,(A).

Since the negative Bott element originates in _; KQ_2(Z’), a similar argument
shows that the term lim. K Q,, ;14,(A) may be replaced by lim. KQ,, ,5,(A). O

We now start the proof of the periodicity theorems which will be a consequence
of our considerations in Section 3.

Theorem 4.2. Let A be a ring with involution such that 1/2 € A and let m
and p be 2-powers according to Convention 0.1. We assume the existence of an
integer d, such that the cup-product with the Bott element in K,(Z; Z/m) induces
an isomorphism

Kn(A; Zm) — Ko p(A; Z/m).
forn > d. For such n, there is an exact sequence
o . .
RN h_H)ngQn+1+pS(A§ Z/m) - maKQn+p8(A; Z/m)
- +
L K Qu(As Z/m) T e K Qupe(A; 2/m),
which for n > d+ q — 1 gives a split short exact sequence

- +
0 = lim. K Qups(A; Z/m) 2 .KQu(4; Z/m) 2 lim. K Qo yps (A; Z/m) — 0.

Proof. For n > d, we consider the diagram of exact sequences of Propositions 3.11
and 3.12 (for convenience, we again drop the ring A and the sign of symmetry ¢ in
the notation):

KSCiLq—i)-q - PKQn HKQn,n«Fl HKSCiLq—i)-q—l - PKanl
PB,10 Loy, ol
5 5 g
0 - PKQn+q _)KQn+q,n+q+1 HKSqu—i)-Zq—l - 0

Since the direct limit of the PKQ. is equal to 0, we see that

. ~ oA ~
h_H}KQn+qs,n+1+qs = KSqu+q—1 = Im(anq)

n+qs

which has already been proven in Proposition 3.15.
We also have a reverse diagram of exact sequences

PTQn - TQn,n+1 - KSCELq—&)-q—l -
(4:4) P, 12 o 7 10

. == (@)
0— PKQn+q - KQn+q,n+q+1 - KSCfqurqul —0

where the vertical maps are now induced by the cup-product with the negative Bott
element. The first vertical map is an isomorphism, while the last one is reduced to
0, by Proposition 3.11.
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From the splitting of exact sequences afforded by Proposition 3.12, we have
liLnKQn+qs,n+l+qs = liLnPKQn+qs = Im(a/n—i-q) = PKQn

by Lemma 3.7.
The first exact sequence in the first diagram above implies the exactness of the
middle row of the diagram

I — 6F —
liLnKQn-i-l-&-qs - KQn—i—l ﬁ;l li_n)lKQn—i-l—i-qs
1 1 N 1
(45) liLnKanqu,nJrl«Fqs X_> KQn,nJrl X_) lii)nKQnJrqs,n#»H»qs
1 ! !
. 0, — or .
l&lKQn—Q—qs - KQ'n. - ll)nKQn—‘rqs

Since the middle row is the direct sum of first and third rows, the exactness of the
middle row implies the exactness of the third row. We apply the same argument
for the left part of the required exact sequence.
Now suppose that n > d + ¢ — 1. Then Proposition 3.12 implies that in the
diagram above x T is a split epimorphism. The result follows. O
Recall from Definition 0.5 in the Introduction that a ring A is hermitian regular
if the inverse limits

limKQ, ,.(A) and limlmn+ps (A4)
are reduced to 0 for all n.

Examples 4.3. We remark that the second condition (with lim') is always fulfilled
if A has a periodic K-group after a certain range, since in Section 3 we have shown
that the inverse system {TQW +pS(A)} satisfies the Mittag-Leffler property. We
have also seen in Section 2 that suitable rings of integers in a number field are
hermitian regular. On the other hand, according to Hu, Kriz and Ormsby [25] (resp.
Schlichting), if k is a field of finite mod 2 virtual étale cohomological dimension and
of characteristic 0 (resp. p), we have a homotopy equivalence

W KO(K) ~ K (k)h/2,
Since K, (k) = K,,1,(k) for n large enough by [52] and [62], the positive Bott map

1KQn (k) — 1KQnip(k)
is also an isomorphism for n large enough. The same statement is true for the groups
_1KQ,, as we see by relating the groups 1 KQ, 1K@ and KSC (see Section 3).
As a conclusion, the negative Bott map

SKQn+p(k) - EKQn(k)
is trivial for n large enough, which implies that k is hermitian regular by Theorem
4.2. More generally, as a special case of the results in Section 6 and a planned joint
paper with Schlichting [7], any commutative algebra A whose residual fields are all
of finite mod 2 virtual étale cohomological dimension is hermitian regular. In [7],
these results will be generalized in the scheme framework.

Remark 4.4. It is easy to see that the inverse systems of hermitian K-groups
{cKQ, ,s(A)} and Witt groups {-Wp4ps(A)} are equivalent since we have the
following factorization of the negative Bott map:

ETQn+8 (4) — EWn+4(A) - smn (4) — Eanﬁl(A)'

Therefore, the lim and lim' groups may as well be computed with higher Witt
groups.
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Theorem 4.5. With the same hypotheses as in the previous theorem, let us assume
moreover that the ring A is hermitian regular. Then, for n > d, the positive Bott
map

EKQ7L(A) - EKQn—i-p (A)

is an isomorphism.

Proof. According to Theorem 4.2, it is enough to show that 93‘ is surjective. From
the long exact sequence of Proposition 3.2, we obtain the map of exact sequences
(4:6)
A Sd+ =~ o~ A
KQuy, = KQ, — KSCi i, » —  KQu4 1
1 Lo l(%; 1
- T Uu 72 EFaaraill 72
h_n>1KQd+qs - h_n>1KQd+qs - KSCd+2q—2 - h_I,nKQd—l-&-qs
Observe from Theorem 4.2 that v is injective because the inverse limits are reduced
to 0. Since w is defined by the cup-product with the negative Bott element, it is
reduced to 0. An elementary diagram chase now shows that 03‘ is surjective. a
Although for simplicity we have presented the arguments only in the case where
X is a sphere, we observe that the groups obtained in the exact sequences of the
previous theorems can be considered as cohomology theories with respect to pointed
spaces X, if we replace the various spectra involved by their sufficiently connected
associated spectra (so that the low-dimensional cohomology groups are trivial).
In order to pass from exactness of the sequence to split exactness as we did at
the end of Section 3, we may appeal to a general fact about cohomology theories,
that any surjective morphism like

50;_( : 8K7QX (A) - h_H}EKiQXJ,-qs(A)
always admits a section.

The following theorems are the analogs of the previous ones with a parameter
space X.

Theorem 4.6. Let A be a ring with involution such that 1/2 € A, m, p and q
be 2-powers according to Convention 0.1 and 0.2. We assume the existence of an
integer d such that for n > d the cup-product with the Bott element in K,(Z; Z/m)
induces an isomorphism

Kn(4; Z/m) — Ky yp(A; Z/m).

(a) If X is (d + q — 2)-connected, we have a split short exact sequence

: O 29T
0 = lm . KQx4ps(A; Z/m) = -KQx (A; Z/m) — lim. KQ x 4ps(A4; Z/m) — 0.

As a consequence, the groups . KQx (A; Z/m) are “periodic” with respect to X of
period p, more precisely

KQx(A;Z/m) = . KQx1p(4; Z/m).
In particular, if n > d+ q — 1, there is an isomorphism
KQu(A; Z/m) = . KQnip(A; Z/m).

(b) Moreover, if A is hermitian regular, the previous statements are still true if we
replace the number q by 1.

Corollary 4.7. For A, X as in Theorem 4.6(a), and n > d+ q — 1, the positive
Bott map

Bn sKQn(A§ Z/m) — EKQner(A; Z/m)
has
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(i) its image naturally isomorphic to the periodized KQ-theory, that is
Im(ﬁn) = h_H}aKQn—&-ps(A; Z/m);
and
(ii) dts kernel and cokernel naturally isomorphic to lime K Qn+ps(A; Z/m). Con-
sequently, if By, is either injective or surjective then it is an isomorphism.
Moreover, if A is hermitian regular, the same statements remain true on replac-
ing q by 1.

Proof. Here, we chase the following commutative diagram, where the vertical maps
are given by the cup-product with the positive Bott element:

0= ImKQ () = KQA) T 1mKQ.,.4) —0
10 1 Bn 1=
. 7 0~ A lhs . A
0— EEIEKQTLJ,—I)-FPS (A) - 5KQn+p(A) - h_n>18KQ7z+p+ps (A) —0 O

Remark 4.8. One may ask if the map 6 in Theorem 4.2 is an isomorphism in
general for n sufficiently large. This is not the case however, as is shown in the
Appendix C to [6] and in [38], where we give many examples of rings with trivial
K-theory and nontrivial KQ-theory. It follows from the 12-term exact sequence
of [33, p. 278], that for such rings 6, is an isomorphism. From the short exact
sequence of Theorem 4.2, 07 must therefore vanish, although the KQ@Q-theory is
nontrivial. Thus, 6, fails to be an isomorphism. Other examples may be found in
the paper of Hu, Kriz and Ormsby [25] for commutative rings and schemes.

However, one may hope it is so for the examples of commutative rings A consid-
ered in the Introduction, which are of “geometric nature”. See also Section 6 for
an analogous conjecture in the category of schemes.

We finish this section with an application to the computation of the KQ-groups
in terms of the K-groups when these groups are finite. (This result formally dates
from the December 2010 resubmission of the paper.) For reading convenience, we
again suppress the index € € {£1}.

Theorem 4.9. Let us assume the hypotheses of Theorem 4.6 and that for n > d
the K, -groups are finite, of order k,, . Then for n > d the K@, -groups are finite,
of order kq,, subject to the inequality

kq, +kq, 1 <kq+kapr 4+ Rapg—1
and equality kq,, = kq,, ., -

Proof. According to (3:3), there is an exact sequence

... —E&sC\? —~FksC! —xwsC!, — ...

In the case r = 2, the outer two groups are respectively K, 1 and K,, and so
assumed finite when n > d. In general, if we denote by s;, the order of the group

KS CSLT) when it is finite, we therefore have the inequality

r r/2 r/2
s, < Sp_pjo t 8y

For instance, with n > d,

sil+1 < k;z-‘,—l + k2n+2
Spt3 S St Sni3 <knp1+kngo +Ekays + knga

SgH_q_l < kn-‘rl +kn+2+ +kn+q = kd+ +kd+q—17
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where the equality follows from the assumption of K-periodicity. On the other
hand, since the ring A is hermitian regular, according to Theorem 4.2 and its proof
we have

S'(rIH—q—l = kqn + kqn+1

for n > d. This gives the required inequality. Finally, the equality comes from
Theorem 4.5. O

Example 4.10. If m = 8, we have ¢ = 8. Therefore, for n > d, we have the
inequality
kq, +kq, 1 <kqg+kgp1 +--+ Kagr.

In particular, if we assume that the groups . K@, (A) and. K@, +1(A) are finitely
generated, and that for some r and € the Witt group .W,.(4) has an infinite free
summand, then by periodicity of Witt groups after tensoring with @Q, one of the
four groups . KQ,,, -KQ, . (¢ € {£1}) must be nonzero. It now follows that at
least one of the groups Ky(A), ..., Kqi7(A) must also be nonzero.

5. THE CASE OF ODD PRIME POWER COEFFICIENTS

For the sake of completeness, we should also study K@-theory with odd prime
power coeflicients, which is much easier to handle, starting from known results in
K-theory. As is well known, if £ is an odd prime, there is a remarkable Bott element
br in the group Kyy_1yev—1(Z; Z/€") (see Section 1 of this paper). In particular,
its image in the topological K-group

Ky(—1yer—1(R; Z/t¥) = Kog_1ypw—1(C; Z/07) = /"

is the image of an integral Bott generator in Ky_1ypv—1(C) = Z. According to
Convention 0.1, we shall write p = 2(¢ — 1)¢*~! (for the period) and m = ¢” (for
the order of the coefficient group).

Let us assume now that A is one of the examples of algebras described in the
Introduction. For odd primes, we use the Bloch-Kato conjecture, which is now a
theorem proven by Rost and Voevodsky, cf. [54], [55], [63], [21], [58], [59], and [64].
This implies that the cup-product with the Bott element b induces an isomorphism

K, (A; Z/m) =, ntp(4; Z/m)

whenever n > d for the type of rings A considered in the Introduction.

In order to extend our previous results to hermitian K-theory with odd prime
power coefficients, it is convenient to describe more geometrically elements of the
K-groups and K@-groups. This description in terms of “virtual” flat bundles is
given in detail in Appendix 1 of [35]. For instance, an element of . K@, (A4) can be
described as a flat A-bundle E over an homology sphere of dimension n, provided
with a nondegenerate quadratic form ¢q. With this language, we can easily define
an involution on the K @Q-groups: it is induced by the correspondence

(E,q) — (B, —q).

Let us now consider the groups . KQ,(A) = :KQ,(A) ®z Z'. The tensor product
of virtual A-bundles (when A is commutative) induces a ring structure on the direct

sum of all these groups (with e = £1). On the other hand, the previous involution
enables us to split each group .KQ,(A)" as a direct sum . KQ,(A), ® - KQ,(A)_.

Lemma 5.1. The sum decomposition of the . KQ,(A)" described above is a ring
product decomposition. In other words, the cup-product map between elements of
KQ' and KQ' is reduced to 0.
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Proof. Since we make 2 invertible in the KQ’-groups involved, one may think of
an element z of KQ', as a sum (E,q) + (£, —¢) and an element 2’ of KQ' as a
difference (E',q") — (E’',—¢'), where ¢ and ¢’ are e- and &’-quadratic forms. The
product z - 2’ is therefore (with ¢ ® ¢’ an ee’-quadratic form)

(EQE, qo¢)+(EQFE, —qo¢)—(EQF,q®—¢)—(E®E, —q@—(¢),
which is of course zero. ]

Corollary 5.2. The ring product decomposition of the direct sum of the groups
KQn(A) induces a ring product decomposition of the direct sum of the groups
KQ,(A; Z/m) when m is an odd prime power > 3.

Proof. The corollary follows from general arguments about cohomology theories
mod m [3]. O

Remark 5.3. One also has an involution on the K-groups induced by the duality
functor, as was noticed already in Section 3. If we perform the tensor product by
Z[1/2] or we take coefficients in the group Z/m with m odd, the symmetric part
is in bijective correspondence with the symmetric part of the corresponding K Q-
group. This correspondence is induced by the forgetful functor or the hyperbolic
functor [33].

Remark 5.4. Before introducing the Bott elements in this situation, it is worth
mentioning that the fundamental theorem in hermitian K-theory holds for arbitrary
rings (we no longer assume that 1/2 € A) when we localize away from 2. The details
may be found in [36, Lemma 1.1]. More precisely, in this case the symmetric part
KQ(A)', of the spectrum of KLQ(A)" is the symmetric part of the spectrum K(A)’,
whereas the antisymmetric part Q(A)" has periodic homotopy groups of period
4, which are the higher Witt groups. This remark also applies when we take mod m
coefficients with m odd.

Let by denote the Bott element in 1 KQ,(Z; Z/m)y = 1KQ,(Z)4 corresponding
to the usual Bott element bg in

Ky(Z; Z/m) = Ky(Z; Z/m)s = K, (Z)s.
The following Theorem is now obvious, since K, = KQ L

Theorem 5.5. Let A be any ring such that the cup-product map with the K-theory
Bott element bx induces an isomorphism

FR(A) = Kn+p(A)
for n > d. Then, taking cup-product with by also induces an isomorphism

Emn(A)+ = Emn+p(A)+
for the same values of n. m]

On the other hand, there is another “Bott element” b that lies in 1K7QP(Z)_ =
1Wp(Z; Z/m), which is the higher Witt group mod m. It is the image mod m of a
suitable power of u € _;W5(Z) constructed in [33] and [36, Theorem 1.4].

Theorem 5.6. For an odd prime £, let p = 2({—1)¢*~1 and m = ¢¥ as in (0.1). Let
A be any ring such that its K-theory mod m is periodic for n > d, the periodicity
being given by the cup-product with the Bott element byx. As usual, denote by KQ
the KQ-groups mod m. Then, for n > d, there is an isomorphism

KQ,(4) "5 K Q, ()

n+ps
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where 05 _ is induced by the cup-product with the sum by + b of the two previously
defined Bott elements in the group

lmp(z) = 1K7Qp(Z)+ ® 1K7Qp(Z)*’
Proof. If we consider the direct sum

KQ,(A) = KQ,(A)+ © KQ,(A),
then the cup-product with this element ' is trivial on the summand . KQ,,(A)4, and
induces an isomorphism from . K@Q,,(A4)_ to :KQ,,,,(A)_ after [32, Théoréme 3.9].
In a parallel way, the cup-product with by is trivial on the term .KQ,, (A)_ and

induces an isomorphism from . KQ,,(A) to .KQ,,,,(A)+, as shown in Corollary
5.2. The theorem follows. O

Remark 5.7. By choosing a “negative Bott element” in 1 KQ_,(Z)—, we obtain
an equivalent version of the previous theorem, in analogy with Theorem 0.4, as the
following short split exact sequence:

. T 0~ == ot .. ==
0— llnEKQn-i-ps(A) - EKQTL(A) - h_n>15KQn+ps(A) — 0.

In this exact sequence the inverse system (resp. direct system) is given by taking
cup-product with the negative (resp. positive) Bott element in 1 KQ_,(Z)_ (resp.

1KQ,(Z)+).

Remark 5.8. For simplicity, we have assumed the ring A commutative in order to
define internal cup-products. However, a closer look at the arguments shows that
we have in fact used “external” cup-products of the type

KQ(A) x KQ(Z) —KQ(4)

Therefore, the previous theorem extends easily to noncommutative rings, such as
group rings.

6. GENERALIZATION TO SCHEMES AND ETALE THEORIES

The proof and the statement of Theorem 0.4 apply verbatim to schemes for which
2 is invertible. This follows since the fundamental theorem in hermitian K-theory
has been generalized by Schlichting — see his work in progress on exact categories
with weak equivalences and duality [56]. (Of course, in the context of CW-spectra,
weak equivalences are in fact homotopy equivalences.) In this section we view this
generalization in the context of the étale descent problem for hermitian K-theory.

Let S be a regular and separated noetherian scheme of finite Krull dimension
(in the interest of generalizing these assumptions the inclined reader may compare
with [563] and [56]). Throughout, for a fixed prime ¢, we assume that Og is a sheaf
of Z[1/¢]-modules. In particular, for the important case £ = 2, 2 is invertible in S.

For the definition of the hermitian K-theory spectrum .KQ(S), and the forgetful
and hyperbolic maps between the algebraic and hermitian K-theory of S, we refer
to Schlichting’s work [56]. In particular, as for rings, we may form the fibers . V(S)
and U(S) of the forgetful and hyperbolic maps, respectively. The generalization
of the fundamental theorem to schemes in [56] shows that there is a homotopy
equivalence
(6:7) _V(S) = Q. U(S)
such that the composite map

Q2 .KQ(S) — Q.U(S) — _V(S) — _.KO(S)
is given by the cup-product with the negative Bott element in _1 KQ_2(Z').
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With these results in hand, the proof of Theorem 0.4 carries over to the setting
of schemes. That is, if cup-product with the Bott element in K,(Z; Z/m), m and
p being 2-powers linked by our Convention 0.1, induces an isomorphism

Kn(S; Z)m) — K p(S; Z/m)
for n > d, then, for n > d + ¢ — 1 there is a split short exact sequence

0= im.KQ, () = KQ,(S) L im. KQ,, ,u(S) — 0.

We expect that the map 0% is an isomorphism in many cases of geometric interest.
(For n > d, and not just > d+ g — 1: compare with Theorem 4.5.) This question is
closely related to the so-called étale descent problem for hermitian K-theory and
explicit computations, which are our main concerns in this section.

Jardine introduced in [28] the Bott periodic étale hermitian K-theory spectra of
S with mod ¢-coeflicients
JCQ /7 (S).
More precisely, Q% /£¥(S) is the KO- or equivalently Ki-localization of Jardine’s
étale hermitian K-theory. By construction of the Bott periodic étale theory, there
exists an induced mod ¢” comparison map

Ig: KQ/t"(S) — KQ /1 (S)

obtained by taking global sections of a globally fibrant model for the presheaf
KO/t () on some sufficiently large étale site of S.

Similarly, the mod ¢* étale self-conjugate K-theory KSC® /¢¥(S) of S is defined
by taking a globally fibrant model of the presheaf XSC/¢”( ). Later in this section
we shall make use of specific fibrant models.

Recall that the notation vedy stands for the mod ¢ virtual cohomological di-
mension. When £ is odd, then vcd, coincides with the usual mod ¢ cohomological
dimension cdy. Although cds is infinite in the examples of Z[1/2] and R, the num-
ber veds is finite in both cases. For a proof of the next result we refer to [40,
Proposition 6.1].

Lemma 6.1. If vedy(S) < oo then the étale hypercohomology presheaf

HE, (=, KLQ/¢" (1))
is a globally fibrant model for JQ/¢¥(—). The same fibrancy result holds for the
presheaf KSC /¥ (—). O

The étale descent problem for self-conjugate K-theory can be solved easily using
the solution for algebraic K-theory [52]. For a point s € S, let k(s) denote the
corresponding residue field.

Theorem 6.2. The comparison map
KSC/t"(S) — KSC /e (S)
is a weak equivalence on sup{vede(k(s)) — 2}ses-connected covers.
Hence, if vedy(S) < oo then there is a weak equivalence

Licy KSC /07 (S) — KSC¥ /07 (S) =~ H,(S, Ly KSC/( ).

Proof. There exists a naturally induced commutative diagram of fiber sequences
of presheaves of spectra
Ksc/ev(-) — K/v(-) — K/ (-)
! 1 1
KSCH /(=) — KUJE(=) — K e(e) 0
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Similarly to Theorem 6.2, we do not expect that the comparison map I'g is a
weak equivalence in general, but in many cases of interest it should be a weak
equivalence on some connected cover.

Let £ be an odd prime, and let the subscript 4+ as in K| denote the symmetric
part of K-theory. Then the forgetful and hyperbolic functors induce isomorphisms
between the symmetric parts of the algebraic and hermitian K-groups of S at /.
This allows us to infer the following result by referring to [52] and to Corollary 6.8
for the symmetry of étale hermitian K-theory at odd primes.

Theorem 6.3. Let £ # 2. The comparison map
KO/ (S) 4 — QU 1(8) 4 == LQ /17 (S)

is a weak equivalence on sup{vedy(k(s)) — 2}ses-connected covers.
Hence, if vedy(S) < oo then there is a weak equivalence

Ly KQ/(8)4 — KQ /() = HE,(S, Liu LQ/ (). O

At ¢ = 2, we prove Theorem 0.13 stated in the Introduction. In the following,
let n > sup{veda(k(s)) — 1}ses + g — 1. Inverting the positive Bott element in the
direct sum decomposition

E@n,n«%l (S) = PETQ”(S) EB EKSC'ELplpfl (S)

yields
A “11 ~ FFaoAP) -
EKQn,n-&-l(S)[B 1] = EKSCnp+p—1(S) [6 1]'
In order to simplify the right hand side of this isomorphism, we first use the fact
that if vedz(S) < oo then there is a weak equivalence
 (r (et
xsc™ (s)871 — £5e™ (S).
Then, by étale descent for self-conjugate K-theory shown in Theorem 6.2, the
induced comparison map
— (et
xsc" (s) — ks (S)

is a weak equivalence on sup{veda(k(s)) +r —4}scs-connected covers. Hence, there
is an isomorphism

KSCYL, 1 (S)[87) = KSC,,1(9).
As a result,
eKiQn,n-i-l(S) = ETQn(S) & €K7QTL+1 (S)
maps by a split surjection onto its Bott localization
KQupni1(9)871) % KQ (8) © K Qi (9):
By looking at one component at a time, we deduce that there is a split surjection

cKQ, () — KQ,(9)[67"]

and an isomorphism

for all n. O

Our next result is a local-global comparison theorem. It will be a consequence
of the homotopical setup due to Jardine, see e.g. [29], and the rigidity theorem for
hermitian K-theory of henselian pairs proven by the second author in [34, Theorem
4], cf. the unpublished work [27] for an approach using homotopy theory of simplicial
presheaves. The specific result we use is as follows.
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Theorem 6.4. ([34]) Let (A, I) be a henselian pair with ¢ € A* NZ such that I is
invariant by the involution on A, and A+ A =1 for some X\ € A if q is even. Then
the map of rings with involutions A — A/I induces an isomorphism

KQ,(A; Z)q) — .KQ,(A/I; L/q)
for all e and n > 0.

We note that the sharper bound for the connected covers in the theorem below
(relative to that in Theorem 0.13) equals the one shown for algebraic K-theory in
[52].

Theorem 6.5. Suppose that ') is a weak equivalence on (veda(k(s)) — 2)-
connected covers for every residue field k(s) of S. Then the comparison map

Ig:.KQ/2"(S) — LQ%/2¥(9)
is a weak equivalence on sup{veda(k(s)) — 2}scs-connected covers. O

Proof. There is a functorially induced commutative diagram with the mod 2
comparison map displayed on top:

EICQ/Q(S) — Hgt(sa LICL{ E]CQ/2( ))

! !
HRis (9, LQ/2())  — HR(S, HE (S, Lxw LQ/2()))

We claim that the vertical maps are weak equivalences. By the Nisnevich descent
theorem in [56], this holds for the left hand side. For the right hand side, the
étale topology is finer than the Nisnevich one; so, the direct image functor maps
Hg, (S, Ly KQ/2()) to a globally fibrant object on the Nisnevich site of S. We
claim that the mod 2 comparison map is a stalkwise weak equivalence on the given
connected cover for the Nisnevich topology. In fact, let A be a Hensel local ring
with residue field k£ and consider the functorially induced commutative diagram

KQ/2(A) — KQ/2(k))

! !
HE (A, Lxw LQ/2())  — M (k, Ly KQ/2())

Combining the previous theorem concerning rigidity for hermitian K-theory and
the equivalence between the étale sites of A and k, this reduces the stalkwise weak
equivalence to the assumed case of fields. It follows that the lower horizontal
map in Diagram (6) is a stalkwise weak equivalence on the same connected covers
between globally fibrant objects, and hence it is a pointwise weak equivalence on
sup {ved(k(s) — 2}, g-connected covers. O

Motivated by the local hypotheses of Theorem 6.5, we make the following forecast
of the outcome of the étale descent problem for hermitian K-theory.

Conjecture 6.6. Suppose that k is a field of characteristic # 2. Then the com-
parison map

Ty : KQ/2 (k) — KQ% /2" ()

is a weak equivalence on (veds(k) — 2)-connected covers.

Conjecture 6.6, in conjunction with Theorem 6.5, predicts that, in many cases of
interest, hermitian K-theory is Bott periodic on some connected cover. Our earlier
results on Bott periodicity can be taken as oblique evidence for this conjecture.
For n > veda(k) + g — 1, recall the exact sequence of K@-groups with 2-power
coeflicients:

(k) — 0.

n+ps n+ps

0 — m KQ, (k) L= KQ, (k) Lo i KQ
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By Bott periodicity, Conjecture 6.6 implies that the inverse limit is trivial, i.e.

lim. KQ, .0 (k) = 0.

n+ps

In other words, the field k should be hermitian regular (Definition 0.5). Conversely,
if the inverse limit is trivial, then there is an isomorphism

9+: ETQn(k) i h_H}EKiQrH»ps(k)

for n > veda(k) — 1, according to our Theorem 4.5. As noted in the Introduction,

a proof of the above conjecture is to appear in a joint paper with Schlichting [7].
Lemma 6.1 can be motivated by the conditionally convergent right half-plane

cohomological descent spectral sequence established by Thomason [60]:

(6:8) cEDY = HY (S, TgLku KQ/U7 () = mq—pHE, (S, Lxu KQ/E"()).

Here the coefficient sheaf indicated by 7, is the étale sheafification of the presheaf
of stable homotopy groups m.Lxy :KQ/¢¥( ). The concept of “conditional con-
vergence” for spectral sequences was introduced by Boardman in [8]. A useful
consequence is that the descent spectral sequence (6:8) converges strongly provided
that there exists only a finite number of nontrivial differentials. Thus, the spectral
sequence (6:8) is strongly convergent if S has finite mod ¢ étale cohomological di-
mension. (This will be the case in all the examples we consider.) The d,-differential
in (6:8) has bidegree (r, 1 —r).

In order to identify the étale stalks of ;KX Q/¢¥( ), and consequently the Es-page
of (6:8), cf. [28], [67, Theorem 2.6], we invoke the Rigidity Theorem 6.4 together
with the homotopy equivalences

(6:9) Q1 (A) ~ KO/ (C) =~ { ’gz{fg/(ﬁ)(m ol

for a strict Hensel local ring A. The above is very similar to the case of algebraic
K-theory, where the étale sheaf associated to the presheaf
U m, /" (U)

is the Tate twisted sheaf of roots of unity u%’,k when n = 2k is even, and trivial
when n is odd. For XSC and .KQ at ¢ we have:

Corollary 6.7. ([57]) The étale sheaf associated to the presheaf
U m,(KSC/e(U))

is given by:

nmod4 | £ =2 {#£2

®2k ®2k
4k v H‘Zu

dk+1 | p$* 1o
4k+2 | pH*t 1o

2
Ak 43 H§®V2k+2 #%2“_2

Corollary 6.8. ([28], [57]) The étale sheaf associated to the presheaf
U = mp(KQ/(U))
is given as follows.

(1) For{ =2 by:
(2) For £ #2 ande = +£1 by ,u?;% if n = 4k, and trivial otherwise.
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nmod8 |[e=1L,v=1 |[e=—-1,v=1 |e=1L,v>1 |[e=—-1,v>1
]k §4k M§>4k é@yzlk M?yﬁlk

8k+1 | pg*t! 0 gk 0

Sk +92 ?4](:4’1 0 <M5®4k+1)@2 0

8k 43 Ué®4k+1 0 U£®4k+1 0

8k 44 Mg§4k+2 S§4k+2 MS§V4I§+2 S§V4k+2
8k+5 |0 PAk+3 0 FAr+a
8k+6 |0 Qa3 0 pgHrsye2
8k+7 |0 ps e 0 pg s

Remark 6.9. In Corollary 6.8, the (4,2)-periodicity in the change of symmetry
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between the e = 1 and € = —1 cases in the table for £ = 2 is given by cup-product
with a generator of _1 KQ,(C; Z/2"). The case £ # 2 is similar. In degrees 8k + 2,

recall that RP? is a mod 2 Moore space and I?E(RPZ) & Z/4 generated by the

tangent bundle, while the universal coefficient sequence splits for v > 1.

As a consequence of Lemma 6.1 and Corollary 6.8, we conclude that if veds(S) <
oo then there exist conditionally convergent cohomological spectral sequences

P,q __
1E27 -

and

p,q __
BP9 =

Héjt(S, M§®4k)

( )

HZ.(S, u?‘lk“) q=28k+2
( )
( )

q = 8k
=8k+1

q=8k+3

HE (S, u5"42) g =8k +4
0 q=5,6,7 (mod 8)
Hf (S, u5™ ) q=8k

)
)

S, u$HE3Y g =8k +6
)

q=8k+4
q=8k+5

q=8k+T7

= 1 KQ ,/2(9).

g=1,2,3 (mod 8)

And for v > 2, the descent spectral sequences take the forms

P,q __
1E27 -

and

P9 __
L BP9 =

Hé)t (S, M?V%)

q=5,6,7 (mod 8)

q = 8k
) g=8k+1
)92 g =8k +2
) qg=8k+3
) q=8k+4
q =8k
°) q=8k+4
) qg=8k+5
)92 ¢ =8k+6
) q=8k+7

g=1,2,3 (mod 8)

=

= 1KQ2t—p/2V(S)7

L KQS,/27(8).
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For £ # 2 and cdy(S) < oo, the descent spectral sequence takes the form
H? (S, 18%) q=0 (mod 4) &
Epaq — ét alufv q > K Z S .
o {0 q # 0 (mod 4) K /(5

Note that the Es-pages are independent of the symmetry €. This is not surprising
since on symmetric parts K-theory mod ¢¥ maps by a weak equivalence to hermitian
K-theory mod ¢”.

The following results are concerned with Bousfield ¢-adic completions (denoted
by #) of the self-conjugate and hermitian K-theory spectra. Bousfield introduced
this notion in [12]. First we shall tabulate the corresponding étale sheaves. Let
ZZ@’“ denote the kth Tate twist of the ¢-adic integers.

In the example of self-conjugate K-theory the étale sheaves are periodic in the
following sense.

Corollary 6.10. The étale sheaf associated to the presheaf
U — m(KSC(U) 4)
of £-adically completed self-conjugate K -theory is given by:

nmod4 | £ =2 {#2

4k 75 Z3%*
dk+1 | p$* 1o
4k+2 |0 0

4k +3 Z§2k+2 Z?2k+2

For hermitian K-theory the étale sheaves are periodic in the following sense.
Corollary 6.11. The étale sheaf associated to the presheaf
U mp(KQU)4)

of £-adically completed hermitian K -theory is given as follows.
(1) For £ =2 by:

nmod8 |[e=1 e=-—1
8k 3% |z

8k+1 | uS* 1t 10
8k+2 | uS* T 10

8k +3 0 0
8k + 4 Z5®4k+2 Z§)4k+2
8k+5 |0 pAk+s
8k+6 |0 pAk+3
8k + 17 0 0

(2) For £ #2 and e = +£1 by Z?zk if n = 4k, and trivial otherwise.

In the following, étale cohomology is continuous étale cohomology [15], [26].

As a result of the previous corollaries, the descent spectral sequences for the
2-completed étale self-conjugate étale K-theory and hermitian K-theory of S take
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the forms
HY (S, Z$%%) ¢ =4k
HP (S, u$* 1y q=4k+1 "
EP9 — e\~ 2 = KSC¢ S
149 Hst(sa Z§2k+2) q= 4k+3 q—p( )#a
0 q=4k+2
HY (S, Zgi*:) q=28k
HE(S, p3™ ) g =8k +1 ,
VEPT= S HE(S, pST) g =8k +2 = 1KQy",(8)%,
HY (S, Z5*2) ¢ =8k+4
0 q=3,5,6,7 (mod 8)
and
HY (S, Z9*%) ¢ =8k
HE.(S, Z9%2) g =8k +4 ,
B = 0 HE(S, u5* ) g =8k+5 = 1 KQ,L (5%
HY (S, p$*3) ¢=8k+6
0 q¢=1,2,3,7 (mod 8)

For ¢ # 2 the descent spectral sequences take the forms
HY(S,Z3%%)  q=4k ,
VBRT = 3 HE(S, Z) g =k 43 = KSC(S)#,
0 g=1,2 (mod 4)

and

HE (S Z®%) g =0 (mod 4) ét
6-E'P;q: ét y Hy EK _ S .
2 {0 q % 0 (mod 4) — ()%

Our next objective is to compute f-adically completed étale self-conjugate and
hermitian K-groups in terms of étale cohomology groups. To this end we need some
more notation.

Let A e B denote an abelian group extension of B by A, so that there exists a
short exact sequence

0—A—AeB— B —0.

Lemma 6.12. If cda(S) = 2 and HY,(S,Z5") = 0 fori > 0 then the 2-completed
étale hermitian K-groups of S are computed up to extensions in the following table.

nmod 8 | 1KQ.'(S)y 1 KQSH(S) 4

8k >0 Hézt(s, /~‘§®4k+1) b Hélt(Sa ﬂ§®4k+l 0

8k+1 | Hi(S,pus* 1) o Hy (8,5 h) 10

8k+2 | Hz(S.Z5"%) 0 HY (S, us ™) | HE(S,251F2)

8k+3 | HL(S, 252 HE (S, 15" *2) o H (S5,251%+2)
8k + 4 0 H(?t (S’ M5®4k+3) i Hélt(Sv M§®4k+3)
8k + o 0 Hé}t (S’ M§®4k+3) i Hgt(S7 Mg§4k+3)
8k + 6 Hé2t(57 Zé®4k+4) HéQt (Sv Zg§4k+4) b Hgt(sv ﬂg§4k+3)
8k+7 | HE(S, p5* ) @ HY(S, 25" | HY (S, 25*")
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Remark 6.13. The assumption on the vanishing of HY, (S, Z$") for i > 0 in Lemma
6.12 is a commonplace and holds for the examples considered in Section 7. We note,
however, that the assumptions in Lemma 6.12 are not satisfied for the field of real
numbers, and for number fields with at least one real embedding.

Lemma 6.14. If ¢ is an odd prime and cde(S) < 7 the £-completed étale hermitian
K-groups of S are computed up to extensions in the following table.

nmod4 | .KQS(S)y

4k >0 | Hj (S, Z7°) @ H(S, Z7°")
Ak +1 | HL(S,Z$* ) e H3 (S, 252
Ak +2 | HS(S,Z2% ) o HZ (S, 252
4k +3 | H3 (S, Z5* ) o HL (S, 277 +2)

Corollary 6.11 and the corresponding result for algebraic K-theory imply the
next result by inspection.

Corollary 6.15. The étale sheaf associated to the presheaf
U mn(V(U)g)

of £-adically completed hermitian V -theory is given as follows.
(1) For £ =2 by:

nmod8 | e=1 e=—1
8k 0 0

8k + 1 Zg§4k+1 Zgbélk‘-‘rl
8k+2 | uS* T 10
8k+3 | uS* 2 10

8k+4 |0 0

8k + 5 Z§4k+3 Z§)4k+3
8k+6 |0 p ks
8k+7 |0 pAkrd

(2) For € #2 by ZP* ™ if n = 4k + 1, and trivial otherwise.

The previous corollary allows us to immediately identify the Es-page of the de-
scent spectral sequence for ¢-adically completed étale hermitian V-groups in terms
of étale cohomology. As a consequence, imposing a commonplace restriction on the
étale cohomological dimension yields the following computation.

Lemma 6.16. If cdy(S) = 2 and HY(S, Z$") = 0 for i > 0, then the 2-completed
étale V -groups of S are computed up to extensions in the following table.

The previous computations are supplemented by more specialized examples in
the next section. For the earliest étale K-theory computations we refer the reader
to [15] and [60]. It is worthwhile to point out that the difference between the étale
K-theory, in loc. cit., and the étale hermitian K-theory computations in this paper
is reminiscent of the situation for the classical Atiyah-Hirzebruch spectral sequences
based on complex and real topological K-theory. This analogy is evident on the
level of étale stalks by comparison with the complex and real K-theories of a point.
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n mod 8 1Vft(5)# ,1V,r(;’t(5)#

SE>0 | HA(S. 05 ) o (5,257 | HY(S.25 ™)

8k + 1 HE (S, ﬂ£®4k+2) ® Hy (S, U§®4k+1) 0

8k +2 He, (S, /~L§4k+2) o HE (S, ﬂ§®4k+l) 0

8k +3 HéQt(Sa Z§)4k+3) ° Hgt (57 M§®4k+2) Hgt (57 Z£®4k+3)

Bbd | HL (5,25 H2,(5,54) o Y (5,25 +9)
8k+5 |0 HE (S, g ") o HY (S, 55 *2)
8k+6 |0 HE (S, 5 ) 0 HY (S, p5**+2)
8k +7 | H(S.25+) H2 (5,257 o HY,(S, 15 +4)

7. APPLICATIONS TO FINITE FIELDS, LOCAL AND GLOBAL FIELDS

In this section we point out some computational consequences of the above re-
sults. The examples are geometric in nature and relate to finite fields, and to
local and global number fields. Our main interest and focus are on the 2-primary
computations.

Example 7.1. In what follows, we apply Lemma 6.14 to some classes of examples.
Throughout, ¢ is an odd prime number.

(1) If S is a d-dimensional smooth complex variety then cd,(S) < 2d. Lemma
6.14 computes the group . KQ% (S)4 up to extensions if S is of dimension
at most 3. For curves and surfaces there are no undetermined extensions.
Detailed computations of the algebraic K-theory of S were worked out in
[44] and [45].

(2) If S is a smooth curve over a number field then cdy(S) = 4. In this case,
for n > 0, there are no undetermined extensions in the computation of
cKQ%(S)4 given in Lemma 6.14. For detailed computations of the alge-
braic K-theory of S we refer to [51].

(3) The ring Op [1/{] of ¢-integers in any number field F' has cohomological
dimension c¢d¢(OF [1/€]) = cd,(F) = 2. In particular, . KQS (OF [1/€]) 4 is
trivial when 0 < » = 0,1 (mod 4) and finite when n = 2 (mod 4). The
same cohomological dimension bound holds for local number fields and their
valuation rings, e.g. the field of f-adic numbers.

Let F be a field of characteristic # 2 and (, be a primitive 7 th root of unity.
For ¢ € Z, let w;(F) be the maximal 2-power 2" such that the exponent of the
Galois group of F((n)/F divides i. If F contains (4 and i = 2 k with k odd, then
w;(F) = 2"+* where 7 is maximal such that F contains a primitive 2"-root of unity.
If i is odd, w;(Q(v/—1)) = 4, while if /=1 & F then w;(F) = 2. In all our examples
the number w;(F') is finite.

Using Lemma 6.12 and the étale cohomology groups of finite fields, we tabulate
the 2-completed étale hermitian K-groups of F; for ¢ odd. Our findings are in
agreement with Friedlander’s computation of the hermitian K-groups of Fy in [19].

Example 7.2. Let F; be a finite field with an odd number of elements ¢t. The
2-completed étale hermitian K-groups of [F; are computed in the following table.

The extension problem for 1 KQg\ . | (F;)x can be resolved using the homotopy
fibration [33]

KSC(F;) — Q.KQ(F;) T Q71 KCO(Fy).
The group K SCsy(F;)x has order 2, cf. Example 7.12, and is a direct summand

of 1 KQsk+1(Ft)x. This also resolves the extension problem in degree 8k + 5 for
e=—1.
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nmod 8 [ {KQ¥(F)y | 1KQF(F)y
8k>0 |Z/2 0

8k+1 | (2/2)? 0

8k+2 | 7Z/2 0

8k +3 | Z/wapi2(Fy) Z[wak12(Fy)
8k+4 |0 Z/2

8k+5 |0 (2/2)?
8k+6 |0 Z/2

8k+ 7 | Z/wapa(Fy) L[ wag+4(Fr)

Example 7.3. Lemma 6.12 applies to every dyadic local field F, i.e. every finite
extension Qf the 2-adic numbers Q. If the field extension degree [F' : Q] = d, then
HE (F, Z5°) = 6ioZa, HY(F, Z5') = 25" © Z/2, HE (F, Z5") = Lo,

73 7/2 i > 1 odd,

1 ®iy _
Hét(F7 ZQ >_{ ZgGBZ/wi(F) i even,

and
Z/wz_l(F) i >1 odd,
7/2 i even.
The 2-completed étale hermitian K-groups of F' are computed up to extensions
in the following table.

H2(F, 757) = {

nmod 8 | | KQV (F)4 L KQSH(F)y

8k >0 | Z/2e (Z]2)7F2 0

8k+1 | (Z/2)12 e7Z/2 0

8k+2 |Z/2e7)2 72

8k+3 | Z3® Z/wiki2(F) Z[2 (23 ® L/ wini2(F))
8k+4 |0 7./2 e (Z.)2)+2

8k+5 |0 (Z/2)4+% 0 7,/2

8k+6 | Z/2 72072

8k + 7 Z/QO(Zg@Z/W4k+4(F)) ZSGBZ/w%H(F)

For a non-dyadic local field, i.e. a finite extension of the p-adic numbers Q,
for some odd prime p, the 2-completed étale hermitian K-groups are comprised of
finite groups in positive degrees. The étale cohomology computation leading to this
conclusion is given in [41, Proposition 7.3.10].

Example 7.4. The 2-completed étale hermitian K-groups of a finite extension F'
of Q, for p odd are computed up to extensions in the following table.

nmod 8 | 1 KQS (F)y G KQS(F)y
BE>0 | Z/2e(Z)2) 0

Sk+1 | (2/2)?%eZ/2 0

Sk+2 |Z/2eZ/2 7.)2

8k +3 | Z/wak+2(F) 7)2 @ L] wak12(F)
8k+4 |0 7./2 e (Z,/2)?
8k+5 |0 (Z)2) 0 2,2
8k+6 |7/2 7)207,)2

8k+7 |Z/20Z/winssa(F) | Z/wania(F)
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A totally imaginary number field F is called 2-regular if the 2-Sylow subgroup
of K3(OF) is trivial. The Gaussian numbers Q(y/—1) is an example of such a
number field. For the étale cohomology of Op [1/2] the 2-regular assumption im-
plies that HZ (Op [1/2], Z5") is trivial for i # 0,1 [48, Proposition 2.2]. Moreover,
HL(Op[1/2], Z5") identifies with Z$®Z/w;(F) for i # 0, and HL (O [1/2], u$") =
(Z/2)¢*! where ¢ denotes the number of pairs of complex embeddings of the num-
ber field F. By way of example, the number w;(Q(v/—1)) = 22t()2 for all i , where
()2 is the 2-adic valuation of i.

With these preliminaries in hand, we are ready to state the following computa-
tion.

Example 7.5. Let F' be a totally imaginary 2-regular number field with ¢ pairs
of complex embeddings. The 2-completed étale hermitian K-groups of its ring of
2-integers OF [1/2] are computed up to extensions in the following table.

nmod8 | 1K@, (Or [1/2])g | 1KQy (Or[1/2])4
8k>0 | (Z/2)°! 0

8k+1 | (2/2) 0 7/2 0

8k+2 |2/2 0

8]€+3 Zs @Z/w4k+2(F) Zé @Z/w4;€+2(F)
8k+4 |0 (Z/2)c+1

8k+5 |0 (Z/2)+ 0 Z/2
8k+6 |0 72

8k+ 7 Zg @Z/w4k+4(F) Zg @Z/w4k+4(F)

Remark 7.6. We expect that 1KQS,,,(Op[1/2])% and _1KQS, ,5(OF [1/2])4
are elementary abelian 2-groups of rank equal to ¢ + 2.

In the following discussion of étale V-theory we shall specialize Lemma 6.16 to
the previous examples of finite fields, local fields and totally imaginary 2-regular
number fields. As for hermitian étale K-theory, it turns out that the étale V-groups
of dyadic and non-dyadic local number fields are completely different; although in
some degrees we are only able to compute these groups up to extensions, we can
conclude that the former allow free summands in some degrees while the latter are
always finite abelian groups.

Our computation of the 2-completed étale V-groups of finite fields is in agreement
with Hiller’s results for V-groups in [22].

Example 7.7. Let F; be a finite field with an odd number of elements ¢t. The
2-completed étale V-groups of F; are computed in the following table.

nmod 8 | 1 Vit (Fy)y 1V (Fe) 4

8k >0 | Z/wigs1(Fr) | Z/waps1(Fy)
8k +1 7/2 0

8k+2 | (Z/2) 0

8k +3 7/2 0

8k + 4 Z/w4k+3(Ft) Z/w4k+3(Ft)
8k +5 0 Z]2

8k+6 |0 (Z/2)?

8k + 7 0 Z7)2
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The extension problem in degree 8k+2 can be resolved using that 1 K Qsky2(F1)#
has order 2 and is a direct summand of 1 Vgg42(F;)x. Likewise, this also resolves
the extension problem in degree 8k + 6 for ¢ = —1.

Next we turn to local number fields. We find it convenient to distinguish between
dyadic and non-dyadic local fields.

Example 7.8. The 2-completed étale V-groups of a dyadic local number field F
of degree d are computed up to extensions in the following table.

nmod8 | 1V, (F)y 1 Vi (F)#
8k>0 |Z/2e (20 17/2) 7872

8k+1 | Z/2e(Z/2)+2 0

8k+2 | (Z/2)? eZ/2 0

8]€+3 Z/’IU4k+2(F).Z/2 Z/W4k+2(F)
8k+4 |Z$dZ/)2 7)2 (73 S 7)2)
8k+5 |0 7./2 e (Z,)2)%+2
8k+6 |0 (Z./2)™+2 0 7,/2
8k+7 Z/w4k+4(F) Z/U}4k+4(F)OZ/2

If 4 is even, the number w;(Qy) = 22+ ()2,

For non-dyadic local number fields the étale V-groups turn out to be torsion
abelian groups.

Example 7.9. The 2-completed étale V-groups of a non-dyadic local number field
F are computed up to extensions in the following table.

n mod 8 1Vft(F)# ,1VSt(F)#

8k >0 | Z/2eZ]2 72

8k+1 |Z/2e(Z)2) 0

8k+2 | (Z/2)?e2Z)2 0

8]€+3 Z/w4k+2(F)oZ/2 Z/U}4}c+2(F)
8k+4 |Z/)2 7.)2 0 7./2

8k+5 |0 7)2 e (Z)2)?
8k+6 |0 (Z)2)% 0 Z)2
8k+ 7 Z/w4k+4(F) Z/w4k+4(F)OZ/2

Our last example concerning étale V-theory deals with totally imaginary 2-
regular number fields. We refer to the discussion prior to Example 7.5 for some of
the salient features of these number fields.

Example 7.10. Let F be a totally imaginary 2-regular number field with ¢ pairs
of complex embeddings. The 2-completed étale V-groups of its ring of 2-integers
Opr [1/2] are computed up to extensions in the following table.

Remark 7.11. We expect that V!, o(Or[1/2])4 and 1V (Op[1/2])4 are
elementary abelian 2-groups of rank equal to ¢ + 2.

The next examples concern self-conjugate algebraic K-theory.

Example 7.12. The 2-completed K SC-groups of a finite field F; of odd charac-
teristic are given in the following table.
Recall that 7 denotes the duality functor in algebraic K-theory. The map

Tn(1—7) : Kp(Fy)y — Ky (Fy) 4

is multiplication by 2 if n = 1 (mod 4) and trivial otherwise.
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nmod8 | 1V (O [1/2])4 1V (Or [1/2]) 4
8k >0 Zg @Z/w4k+1(F) ZE@Z/’LUMHJ(F)
sk+1 | (z/2)°+ 0
8k+2 | (Z/2)H 0 7/2 0
8k+3 |2/ 0
8]€+4 ZS @Z/W4k+3(F) ZS @Z/w4k+3(F)
8+5 |0 (Z/2)+
8k+6 |0 (Z/2) 0 Z,/2
8k+7 |0 zZ/2

n mod 4 KSC,(Fy)x

% >0 72

4k +1 72

4k + 2 Z/w2k+2(Ft)

4k +3 Z/w2k+2(IFt)
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Example 7.13. Let F be a totally imaginary 2-regular number field with ¢ pairs
The 2-completed KSC-groups of its ring of 2-integers
Opr [1/2] are given in the following table.

of complex embeddings.

n mod 4 KSC,(Or[1/2])4
% >0 Z/2)" T

ak+1 7/2

4k + 2 Zg@Z/w2k+2(F)
4k + 3 75 ® 7/ wapy2(F)

The map

(L= 7)1 Kn(OF [1/2]) — Kn(Or [1/2])4
is multiplication by 2 if n = 1 (mod 4) and trivial otherwise. There is an exact
sequence (with A = Op [1/2])

0— KSan+1 (A)# — K2n+1(A)# — K2n+1(14)# — KSCQn(A)# — 0.

In the examples above, the assertions concerning 7, (1 — 7) follow by inspection,

using the computations of K, (F) [47] and K,,(Op [1/2])4 [48, Theorem 3.1].

A systematic approach to the K SC-computations is to first compute the descent
spectral sequence for étale K SC-theory obtained from Corollary 6.10, and then
invoke Theorem 6.2. In general, if cda(S) < oo, this approach gives “in sufficiently

high degrees” a strongly convergent cohomological spectral sequence

HY(S,Z25%%)  q=4k

pq __
1E2 -

0

8. APPLICATIONS TO GROUP RINGS, COMPLEX VARIETIES AND COMMUTATIVE

Hgt(& U?2k+1)
HE(S, Z52M2)

qg=4k+1
q=4k+3
q=4k + 2

“ = KSCy p(S) 4

BANACH ALGEBRAS

Let G be a finite group and R be the ring of S-integers in a number field. Let
m be a prime power which is prime to the order of G. In [66], Weibel proves a
periodicity theorem for the higher algebraic K-theory of the group ring A = R[G],
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with coefficients in Z/m. More precisely, the cup-product with the Bott element in
K-theory induces an isomorphism

Ki(A; Z/m) = Kiyp(A; Z/m)

for ¢ > 0. Here, the integers m and p are linked according to our Convention
0.1. We can apply our periodicity theorems of Section 4 in order to show that, for
1/2 € A and any involution on A, for instance the one induced by g — ¢g~!, we

have a split short exact sequence for m a power of 2 and i > ¢ — 1.

- +
0 — lime KQupps(A; Z/m) 2 (KQy(A; Z/m) 25 lime K Qi ps(A; Z/m) — 0.

Here the number ¢ is given by our convention 0.2. We note that Weibel’s theorem
is also true for ¢ > 0 if we replace the number ring R by a local field.
In particular, the K @Q-groups are also periodic, i.e.

EKQl(A, Z/m) = EKQier(A; Z/m)

at least for ¢ > ¢ — 1. In fact, a more careful analysis forces us to distinguish two
cases according to the parity of m.

If m is even, the condition that the order to G is prime to m implies that G
is of odd order. According to the famous theorem of Feit and Thompson [17],
this implies that G is solvable. Therefore, for 2-primary coefficients, we have a
periodicity statement only for a special class of solvable groups.

If m is odd, we already know, without the hypothesis 1/2 € A, that the group
KQ;(A; Z/m) splits into the direct sum

KQi(A; Z/m) = . KQi(A; Z/m)4 © KQi(A; Z/m)—.
In this direct sum decomposition, the group .KQ;(A; Z/m)_ is the higher Witt
group with Z/m coeflicients and we have the periodicity isomorphism
KQi(A; Z[m)- = _KQi2(A; Z/m) -

for all values ¢ € Z. On the other hand, the group .KQ;(4; Z/m)4+ may be iden-
tified with K;(A; Z/m),, the symmetric part of K;(A; Z/m) with respect to the
involution given by the duality. Since this involution is compatible with the Bott
map, Weibel’s theorem [66] implies another periodicity isomorphism

KQi(A; Z)m)y = cKQisvp(A; Z/m)+
but only if 4 > 0. Summarizing, we have proved the following theorem.
Theorem 8.1. Let G be a finite group and let R be the ring of S-integers in a
number field. If m is a 2-power and if G is of odd order, then we have a periodicity
isomorphism
KQi(R[G]; Z/m) = . KQi1p(R[G]; Z/m)
if1/2 € R and if i > q—1. On the other hand, if m is an odd prime power and if G

is an arbitrary finite group whose order is prime to m, we have the same periodicity
isomorphism, with only the restriction that i > 0.

Remark 8.2. As in Section 6, we may conjecture that, in the case where m is a
2-power, the inverse limit

liﬂleKQi+ps (A; Z/m)
is reduced to 0. In other words, we conjecture that the ring A is hermitian regular
according to Definition 0.5. This will imply that the positive Bott map

KQi(R[G]; Z)/m) — KQiyp(R[G]; Z/m)

is an isomorphism for ¢ > 0 according to Theorem 4.5.
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Let us now turn our attention to a smooth complex variety S of dimension n. As
we briefly mentioned in Section 6, the étale dimension of S is 2n. As a consequence
of Artin-Grothendieck theory, it is well-known that the Betti cohomology of S with
coefficients Z/m is isomorphic to the mod m étale cohomology. The same result is
valid for any cohomology theory by the method initiated by Dwyer and Friedlander
[15]. For instance, the mod m étale K-theory of S coincides with the mod m
complex topological K-theory of Atiyah and Hirzebruch. By the same argument,
the mod m étale { KQ-theory coincides with the mod m K-theory of complex vector
bundles provided with a nondegenerate symmetric bilinear form. This theory is well
understood and is detailed for instance in Appendix B to [6]: it is the usual mod
m topological real K-theory. In the same way, the mod m étale _;KQ-theory
coincides with the mod m K-theory of complex vector bundles provided with a
nondegenerate antisymmetric bilinear form. This theory is also well understood: it
is the usual mod m topological symplectic K-theory. In both cases, we shall write
ETQZOP(S), with ¢ = 1,—1 if we consider symmetric or antisymmetric bilinear
forms respectively.

Theorem 8.3. Let S be a smooth complex variety of dimension n. Then the mod m
étale . KQ-theory of S coincides with the mod m topological K -theory of its complex
points, real or symplectic according to €. Moreover, the canonical map

- ——t ~ TFAOP

cKQi(5) — KQ; (5) = KQ; (5(C))
is split surjective’” when i > 2n+q— 1. Moreover, for odd prime power coefficients,

it is an isomorphism for i > 2n — 1, with an identification of €KQ:OP(S’) with
?FOP(S)% the symmetric part of?:Op(S) with respect to the involution induced by

7

the duality functor.

Proof. This theorem is mostly a consequence of the general results in Section
6. What remains to be shown is that .KQ,(S)_ is zero for odd prime power
coefficients: this is a consequence of the fact that —1 has a square root in C.
Therefore, the classical Witt group and also the higher Witt groups have only
2-torsion. O

Let us now consider a real or complex commutative Banach algebra A. It is a
theorem of Fisher [18] and Prasolov [46] that the natural map

KM'8(A;Z)m) — K{°°(A; Z/m)

is an isomorphism for ¢ > 1. In particular, the groups K?lg(A; 7Z/m) are periodic
of period 2 if A is complex and of period 8 if A is real. In this context, it is natural
to state the following conjecture.

Conjecture 8.4. Let A be a real or compler commutative Banach algebra with
involution. Then the natural map

KQ(A;Zfm) — KQ[™(A;Z/m)
is an isomorphism for i > 1.

Applying the general arguments in this paper, we can prove a theorem that
would also be a consequence of this conjecture, namely the periodicity of the groups
EKQ?Ig(A; Z/m), which we simply write . KQ;(A;Z/m). More precisely, the theo-
rem of Fisher and Prasolov implies that the Bott map K;(A;Z/m) — K;1,(A;Z/m)
is an isomorphism for ¢ > 1, with m and p being related by our Convention 0.1.
From Theorem 0.13, we therefore deduce the following periodicity pattern for the
groups | KQ;(4;Z/m).

In [7], we show that in fact this canonical map is an isomorphism when ¢ > 2n — 1.
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Theorem 8.5. Let A be a real or complex commutative Banach algebra with invo-
lution. Then we have an isomorphism

KQi(AZ)m) = (KQiyp(A; Z)m)
ort =~ q, where m, p ana q are 2-powers re.ate y our Conventions U.1 an .
) > h d 2 lated b C t1 0.1 and 0.2.0

As a matter of fact, if m is an odd prime power, we can prove a much better result.
For, we know already by our general theory that the subgroup . KQ;(A;Z/m)_ is
periodic of period 4 for all values of i. Moreover, .KQ;(A;Z/m)4 is isomorphic
to K;(A;Z/m)4, the symmetric part of K-theory which (as a direct consequence
of the theorem of Fisher and Prasolov) is periodic of period 4 if A is complex or
real. Summarizing, we get the following more precise theorem for m an odd prime
power.

Theorem 8.6. Let A be a real or complex commutative Banach algebra with invo-
lution and let m be an odd prime power. Then, for i > 1, we have an isomorphism
given by the cup-product with a Bott element

KQi(AZ/m) — KQisa(A;Z)m).
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