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From ideal class groups to K-groups

Number field = finite field extension of Q.
Its subring of algebraic integers is a Dedekind domain A:
for any two nonzero ideals a C b of A, d! ideal ¢ of A such that

a = bc.

Then the A-module isomorphism classes [a] of nonzero ideals are
called ideal classes.
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From ideal class groups to K-groups

The ideal classes form an (additive) group under multiplication of
ideals, the ideal class group C{(A) of A, with zero element the
class [xA] of any principal ideal xA.

Jon Berrick Intertwining matrices for ideal class groups and K-theory



From ideal class groups to K-groups

The ideal classes form an (additive) group under multiplication of
ideals, the ideal class group C{(A) of A, with zero element the
class [xA] of any principal ideal xA.

A number ring = C/{(A) finite abelian group.

Key topic in algebraic number theory — Kummer (1850, for e.g.
Fermat conjecture), Dedekind (1871).
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From ideal class groups to K-groups

Open questions... e.g. For real quadratic fields, how many class
groups are zero?

Example. Cl(A1 = Z[V/—5]) = Z/2 generated by e.g. ideal
A1(2 + /=5, 3), with (A1(2+ /=5, 3))2 = A;(2 + V-5).

Easy to check:

up = 2 + +/—5 is not associate to a square in Aj.
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From ideal class groups to K-groups

Lemma
In any Dedekind domain A, any ideal a with [a] of order n in
Cl(A) has u, b € a such that a = A(u, b) with
(a)
(A(u, b))" = A(u),

and
(b) u not associate in A to a proper power.
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From ideal class groups to K-groups

Generalization to K-theory.

For more general ring R,

Ko(R) = group completion of monoid of isomorphism classes of
f.g. projective R-modules under direct sum.

For A Dedekind, Ko(A) = Z @ Cl(A).
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From ideal class groups to K-groups

Generalization to K-theory.

For more general ring R,

Ko(R) = group completion of monoid of isomorphism classes of
f.g. projective R-modules under direct sum.

For A Dedekind, Ko(A) = Z @ Cl(A).

J H C Whitehead (1940s, for simple homotopy theory):
Ki(R) = lim GL,R/E,R.
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From ideal class groups to K-groups

Generalization to K-theory.
For more general ring R,
Ko(R) = group completion of monoid of isomorphism classes of
f.g. projective R-modules under direct sum.

For A Dedekind, Ko(A) = Z @ Cl(A).

J H C Whitehead (1940s, for simple homotopy theory):

Ki(R) = lim GL,R/ExR.

Quillen (1970): i > 1 Ki(R) = li

—

7((BGL,R)™).
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Two problems

Problems. |. For j > 1, definition of K;(R) uses matrices — but
not for i = 0.
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Two problems

Problems. |. For j > 1, definition of K;(R) uses matrices — but
not for i = 0.
I. Quillen’s definition gives all K-groups except the most-studied!
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Two problems

Problems. |. For j > 1, definition of K;(R) uses matrices — but
not for i = 0.

I. Quillen’s definition gives all K-groups except the most-studied!
Aim. Remedy these defects, by a definition of Ky(A) (A
commutative) using matrices that extends to a definition of all
K-groups.

Here, mostly discuss .
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Intertwining matrices and ideal class groups

For a matrix S over A, write
A (S) = ideal of A generated by the entries of S.

Example.

Cl(Ay = Z[V=5]) = Z/2 = [(a)]
where a = A;1(2 + /=5, 3),with

(A1(2+ V=5, 3))? = Ai(2 + V-5).
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Intertwining matrices and ideal class groups

Clearly
2+ /=5 -3

1= 3 ~14++/=5

has A; (51) = a.
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Intertwining matrices and ideal class groups

Clearly
s { 2++/-5 -3 ]
1= 3 ~1++/-5
has A; (51) = a.
Also,
detS1 =u; =2+ \/?5 Qé U(Al),

SO 51 ¢ GLz(Al).
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Intertwining matrices and ideal class groups

Thus,
(A1 (51))? = Aq(detS;).
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Intertwining matrices and ideal class groups

Thus,
(A1 (51))? = Aq(detS;).

Theorem
[ Ber| For a commutative ring A and non-zerodivisor S € M,(A),

(A(S))" = A(detS) <= S Ma(A) = M,(A)-S.
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Intertwining matrices and ideal class groups

Thus,
(A1 (51))? = Aq(detS;).

Theorem
[ Ber| For a commutative ring A and non-zerodivisor S € M,(A),

(A(S))" = A(detS) <= S Ma(A) = M,(A)-S.

A T an
® 1®
An & An
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Intertwining matrices and ideal class groups

Call such an S an intertwining matrix; write S € Int,(A).
Clearly Int,(A) monoid with

A* . GLp(A) C Intp(A) € M,(A)

where A% refers to multiplication by a non-zerodivisor scalar
(matrix).
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Intertwining matrices and ideal class groups

(A(S))" = A(detS) = n[A(S)] = [A(detS)] = 0 € CL(A).

However, for S € A* - GL,(A), already [A(S)] = 0 € C{(A).
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Intertwining matrices and ideal class groups

Theorem

[ Ber]

(a) The quotient Int,(A)/ (A* - GL,(A)) has a well-defined
monoid structure (from matrix multiplication) that is in fact an
abelian group.
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Intertwining matrices and ideal class groups

Theorem
[ Ber]
(a) The quotient Int,(A)/ (A* - GL,(A)) has a well-defined

monoid structure (from matrix multiplication) that is in fact an
abelian group.

(b) For A Dedekind,

Int(A)/ (A% - GLy(A)) — 4CU(A)
S — JA(S)]

is an isomorphism onto the n-torsion subgroup of C{(A).
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Intertwining matrices and ideal class groups

Example.

> 2y/-5 —4-/-5
5 :(2+\/?5)[4+\/TS —4+\/—75}
GAi< -GLQ(Al).

So
S? =1 € Inty(A1)/ (Af - GLa(A1)).
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Intertwining matrices and ideal class groups

Example.

> 2y/-5 —4-/-5
5 :(2+\/?5)[4+\/TS —4+\/—75}
GAi< -GLQ(Al).

So
S? =1 € Inty(A1)/ (Af - GLa(A1)).

However, because u; = 2 + v/—5 = det S7 is not associate to a
square in Ag,

S 7’5 | € Intg(Al)/ (Ai< -GLg(Al)).

Hence S; € Inty(A1) represents the nontrivial element of C4(A7).
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Intertwining matrices and ideal class groups

By the lemma above, need a way of finding u € A such that
(a)  (A(u,b))" = A(u), and
(b)  wis not associate in A to a proper power.
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Intertwining matrices and ideal class groups

By the lemma above, need a way of finding u € A such that

(a)  (A(u,b))" = A(u), and

(b)  wis not associate in A to a proper power.

For a number field F with ring of integers A, let | = [F : Q], and
for u € A let the characteristic equation for u over F be

/
> (1) N;(u) = 0. (%)

Jj=0

for some No(u),. .., Nj(u) € Z. (In fact, No(u) is the norm of u.)
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Intertwining matrices and ideal class groups

By the lemma above, need a way of finding u € A such that

(a)  (A(u,b))" = A(u), and

(b)  wis not associate in A to a proper power.

For a number field F with ring of integers A, let | = [F : Q], and
for u € A let the characteristic equation for u over F be

/

> (1) N;(u) = 0. (%)

Jj=0

for some No(u),. .., Nj(u) € Z. (In fact, No(u) is the norm of u.)
[ KarLam] showed how to use this equation to find elements that
detect nontrivial elements in the class group. However, their
method uses the Dennis trace map in K-theory mod n, not
matrices.
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Intertwining matrices and ideal class groups

Conditions (i),(ii) below are due to [ KarLam]. A be a number ring.
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Intertwining matrices and ideal class groups

Theorem
[ BerLim] (a) Suppose that there exists u € A such that:

(i) the integers No(u), Ni(u) are coprime; and

No(u)| = b").

Then we exhibit an n X n matrix S that is an intertwining matrix
of determinant u.

(i) |No(u)| is a proper power (say,
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Intertwining matrices and ideal class groups

Theorem
[ BerLim] (a) Suppose that there exists u € A such that:

(i) the integers No(u), Ni(u) are coprime; and

(i) |No(u)| is a proper power (say, |No(u)| = b").

Then we exhibit an n X n matrix S that is an intertwining matrix
of determinant u.

(b) The element represented by S in the ideal class group has
order n if and only if u is not associate in A to a proper power (of
exponent dividing n).

Jon Berrick Intertwining matrices for ideal class groups and K-theory



Intertwining matrices and ideal class groups

The n X n matrix S is given by

u —b
xb yb+ zu

when n = 2; or, for n > 2:

f'u —b 0 0 T
0 wuvw -—b
5— 0 u
0
0 0 : . u —b
Lxb yp 0O --- 0 zu |

(where x,y,z € A are constructible from the proof).
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Intertwining matrices and ideal class groups

Example 1. u; = 2 + /=5 € Z[v/—5] has characteristic equation
W —4u+9=0

so No(u1) = 3% and Ny(u1) = 4. So (a) holds with b; = 3, and we
already know that (b) holds.
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Intertwining matrices and ideal class groups

Example 1. u; = 2 + /=5 € Z[v/—5] has characteristic equation
W —4u+9=0

so No(u1) = 3% and Ny(u1) = 4. So (a) holds with b; = 3, and we
already know that (b) holds.
The algorithm gives x =1, y = -1, z=1, and so

s | w —b; _ 2++v/-5 -3
! by —b1+uy 3 —14++v-5 |’
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Intertwining matrices and ideal class groups

Example 2.
iy =2++/—=23€ Ay =Z[1/2 +/—23/2]
has characteristic equation
u? —4u+27=0

so No(uz) = 3% and Ni(up) = 4. So (a) holds with by = 3, and an
easy parity check shows that (b) holds.
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Intertwining matrices and ideal class groups

Example 2.
Uy =24++/-23 € Ay = Z[1/2 + /—23/2]
has characteristic equation
u? —4u+27=0
so No(uz) = 3% and Ni(up) = 4. So (a) holds with by = 3, and an

easy parity check shows that (b) holds.
The algorithm gives x = 4up — 2, y =1 —2up, z =4, and so

u» —b2 0
S = 0 u> —by
L (4u2 — 2)b2 (l — 2U2)b2 4U2
2++—23 -3 0
= 0 2++/-23 -3
| 18+12y/-23 —-9—-6v—-23 8+4y-23

Therefore [Az (S2)] has order 3 in CU(Az) = Z/3.
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Intertwining matrices and K-theory

Il. Extension of Quillen's definition to encompass Ky information.

Theorem
[ Ber] Inclusion induces a natural map

7i(BGL, At) — (B Int, AT)

which is an isomorphism for i > 2.
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Intertwining matrices and K-theory

Il. Extension of Quillen's definition to encompass Ky information.

Theorem
[ Ber] Inclusion induces a natural map

7i(BGL, At) — (B Int, AT)

which is an isomorphism for i > 2.
For i =1, this map is a monomorphism;
and its abelian cokernel is given by a group extension

Prin A — Cokernel — Int, A/ (A* - GL, A),

where Prin A = group (A*)~1A* /U(A) of principal fractional
ideals of A,

and the quotient group is naturally isomorphic to a subgroup of
Ko(A) of exponent n.
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Intertwining matrices and K-theory

We've already seen that when the commutative ring A is a
Dedekind domain,

Int, A/ (AX - GL, A) = ,Cl(A).
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Intertwining matrices and K-theory

Summary

Intertwining matrices give:

» a novel way of retrieving classical results — and more? — for
ideal class groups
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Intertwining matrices and K-theory

Summary

Intertwining matrices give:
» a novel way of retrieving classical results — and more? — for
ideal class groups

» a means of defining higher K-theory that includes Ky
information
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Intertwining matrices and K-theory
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