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Comparison Theorems in Homotopy Theory
Via Operations on Homotopy Sets
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In this paper we present comparison theorems in semicubical homotopy theory.
Topological versions are more or less well known and have been obtained amongst
others by A.Dorp ([6], [7]), I. M. Jam=s ([11]), P. R. HeaTE ([9]), S. P. Lam ([15]),
and the first author ([2], [3]). A partially abstract approach has been given by the
first author in [3]. We use operations on homotopy sets and the notion of CHEP (cover-
ing homotopy extension property).

1. Preliminaries

We assume that the reader is familiar with the basic notions of homotopy theory
(homotopic, homotopic under 4, over B, under 4 and over B and the corresponding
notions of homotopy equivalence) (see [5], § 0) in the framework of semicubical homo-
topy theory ([12], 1, 2, 3, {13], 1, 2, [14], 1). Notation is as in [13] and [14]. Thus &
stands for the category of sets, K for the category of semicubical sets, &}, £ denote the
face and degeneracy operators of a semicubical set. Recall the definition of a semi-
cubical homotopy system Q: £ X & — X in a category € ([13], 2.1). Every cylinder
functor in a category induces a semicubical homotopy system (see {13], 2.2). Thus semi-
cubical homotopy theory includes homotopy theory in the categories 7 op (topological
spaces), £%. (compactly generated HAUSDORFF spaces), o4 (chain complexes over an
abelian category 4 ([15), 2)), and ¥d (groupoids). It also includes equivariant homotopy
theory, that is homotopy theory in the category G-7 op of G-spaces where G is a topo-
logical group.

2. The covering homotopy extension property

Let Q : & X & — X be a semicubical homotopy system in a category &.

2.1. Definition ([14], 1.3). Let ¢: 4 > X, ¢: ¥ — B be morphisms of £, and n = 1 a
natural number. We say that (7, ¢) has CHEP (n) (CHEP = covering homotopy extension
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property), if fore =0, 1

&

Qn (X/B) ;Onaj {X/-B;,
1
4
Q (X, Y) = @y y (4,7 < Q,(4,8)
QnlAY) - > Qn.r(A,Y]
€n

is a weak limit diagram in . This means that for
/3 € Qn(X: B)) f e Qn-—l(Xr Y): x € QH(A; Y)
with 18 = gy f, el = 1%f, 1*8 = g, there exists & € @,(X, ¥) with ¢, @ = §, ;0 =/,

*P = «.
Remark. CHEP (n) is selfdual. CHEP () implies CHEP (m) for m < n.

2.2. Examples. (7, ¢) has CHEP (n) for all » in each of the following situations.

a) & = J op, © a closed cofibration, ¢ a HurEwIczZ-fibration ([18], Theorem 4);

b) & = G-T op, © a closed G-cofibration (a G-cofibration which is the inclusion of a
closed G-subspace), ¢ a G-fibration;

¢) & = ¥&, 7 a cofibration, ¢ 2 HurEwicz-fibration ([8], Theorem 2.1);

d) & = J op, < the inclusion of a relative CW-complex (X, 4), ¢ a SerrE-fibration
(18], 7.8.9); .

e) £ = J op, t the inclusion of a closed subspace 4 of a metric space X, ¥ a metric
ANR ([10], I11, 8.), ¢ a regular HurEwrcz-fibration ([1], Theorem (2.4));

f) €& = &4, 7 a normal monomorphism, ¢ a normal epimorphism ([15], 3);

g) & = ¥d, 7 the inclusion of a subgroupoid 4 of a groupoid X, ¢ a fibration of
groupoids ({4], Proposition 2.11).

Note that Example b) is due to the fact that the formulae of {18] also work in the
equivariant case, while f) can be proved by elementary computations.

2.3. Definitions. a) Let 7: 4 — X be a morphism of £, Y an object of £, and n = 1
a natural number. We say that 7 has HEP (n) for ¥ (HEP = homotopy extension pro-
perty), if for e =0, 1

el

Qn(XlY}' - » 0.1(X1Y)

» i*

Qua)Y) — 7> Qg (AT]
n

is a weak limit in 7.
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b) Let ¢: ¥ — B be a morphism of &, X an object of £, and n = 1 a natural num-
ber. We say that q has CHP (n) for X (CHP = covering homotopy property), if for ¢ = 0, 1

‘s
Qn (X,Y) —————> Q, _, (X,

9% 9%

@n(X,8) —————> Q_, (X.8)

n

is a weak limit in £.

2.4. Remark. If « is a terminal object of & and if @,(X, —), @.(4, —), @u1(X, —)
preserve terminal objects, then 7: 4 — X has HEP (n) for Y, if and only if (3, cy) has
CHEP (n), where cy : ¥ — % denotes the unique morphism from ¥ to . Dually, if ¢
is an initial object of & and if Q,(—, Y), Qu.(—, B), @u1(—, Y) preserve initial objects,
theng : ¥ — Bhas CHP (n) for X, if and only if (¢c%, g) has CHEP (n), where ¢X : ¢ — X
denotes the unique morphism from ¢ to X.

3. An operation on homotopy sets

Let @ : € X & — K be a semicubical homotopy system in a category &, let
A

/
(3.1) , ,
\ /
8
be a diagram in £. Let @’ be the semicubical subset of (4, Y) with
G=tesd T g=mp,

On=WeQnd, )| gy =Cacr .o (@D}, n=1.

We assume that @ satisfies the Kan-conditions DNE (2) and DNE (3) ([12}, 3, [13], 2).
Then the Kan-conditions E (2) and E (3) hold for Q'. Let & be the fundamental group-
oid JIQ’ of Q' ([13], 1). Thus the objects of & are the morphisms j: 4 — Y of § with
gj = p¢, while the morphisms % :§ -4’ of ¥ are equivalence classes u = [@] of ele-
ments G € Q,(4, Y) with Gy = j, &, = 7§’ and ¢,.G = {i{(pr).

We are now in a position to define a groupoid operation.

3.2. Definitions. Assume that (4, ¢) has CHEP (2).

a) Let j: 4 — Y be an object of &’. Then define

to be the set of homotopy classes [f]4 under 4 and over B from (3, p) to (§, g).



28 Math. Nachr. 121 (1985)

b) Let u = [G] : § — j’ be a morphism of ¥’, and 114 € 16, 2), G> D)4
Since (¢, g) has CHEP (1), there exists L € @(X, ¥) such that Ly = f, gL = {}(p),
1*L = G. For ' := L; we have f'v == §', ¢f' = p. Then define
(Tw) [f15 := ['13-
Using the Kax-conditions, CHEP (2) for (7, ¢) and Lemma 2.1 of [14], it is not

bard to show that 7T is well defined on morphisms and gives a functor 7': &' — . It
follows that T'w is a bijection.

Remark. The construction of 7 is a modification of a special case of [14], 2.2.
The following naturality condition is crucial for the applications.

3.3. Lemma. Let

be o diagram in & such that the left square commutes, &, v . v — q are morphisms over B
and (7, ¢) has CHEP (2). Let v : & =~ n be a homotopy over B. Then u:= [k*y] : &k — nk
B

18 a morphism of §'. We clavm that the diagram
[lip) . (§k,q)1}4
Fx
[(i,p), (k,r11} Tu
LR
v A
Lti,p),(nk.q)lg
where §,[f18 = [£/1%, 18 commutative.

Proof. If [f]4¢€([(%, p), (k,7)]5, then L :=f*p satisfies L, =&k, g.L = Ci(p).
1*L = k*y. Thus

(Tw) &,0f15 = (L5 = (15 = mlfl5. O
By standard arguments (see [53], (10.5)) we obtain

3.4. Proposition. Let
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be a commutative diagram i & such that (7, ¢) and (3, r) have CHEP (2). Then, if g is a
homotopy equivalence over B,

% : [(Z, P); (7’ Q)]g - [(7‘: P), (k: T)]ﬁ
18 brjective.
4. Comparison theorems

We apply the results of section 3 to deduce comparison theorems in homotopy
theory. ,

Let @ be a semicubical homotopy system in £ such that @ satisfies DNE (2) and
DNE (3).

4.1. Proposition. If in the commutative diagram in &
1t 5
N, A
)
each of (1, p), (3, @), (4, P), (4, ) has CHEP (2), then f is a homotopy equivalence under 4
and over B, provided that either

89 f s a homotopy equivalence over B
or
{1*) '/ is a homotopy equivalence under 4.

Proof. By duality, we may restrict ourselves to condition (1). The assertion is
equivalent to the fact that
Fx 1 16, p), G, P)]g — (6, ), (7, D]z
and .
fe 210G, 9) G D)3 =, 0) U, D13
are bijective. But this follows from 3.4. [J

By specialization according to 2.4, we get the following results due to Dorp ([7],
3.6, [6], 6.1) in the topological case.

4.3. Proposition. Let

be a commutative diagram +n € such that 1, j have HEP (2) for X and Y. Then, if f is @
homotopy equivalence, f 13 a homotopy equivalence under 4.
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4.4. Proposition. Lez

X ———f———> Y
g
be a commutative diagram vn € such that p, g have CHP (2) for X and Y. Then, if f 15 a

homotopy equivalence, f is a homotopy equivalence over B.

Example. £ = Jop, X, Y CW-complexzes, p, ¢ SERRE-fibrations.
Combination of 4.1, 4.3, 4.4 yields our main result.

4.5. Theorem (Comparison theorem). If in the commuitative diagram (4.2) f is @ homo-
topy equivalence, then f vs a homotopy equivalence under A and over B, provided that both
(1) and etither (2) or (2*) hold:

(1) (), (1, @), (7, p), (j, @) satisfy CHEP (2)
2) 1,  satisfy HEP (2) for X and ¥,
(2%) P, q satisfy CHP (2) for X and Y.

4.6. Examples. The following table contains a series of examples of Theorem 4.5
(see [11], (8.1), [2], 2.3, [3], 2.3, [9], 2.3).

& ¥ ) b, q

J op closed cofibrations Hurewicz-fibrations

G-J op closed G-cofibrations G-tibrations

51 cofibrations Hvurewicz-fibrations

Jop inclusions of relative SzrrEr-fibrations
CW-complexes

J op inclusions of 4 as a closed  regular HurEwIcz-fibrations
subspace of a metric ANR

oA normal monomorphisms normal epimorphisms

sd inclusions of 4 as a sub- fibrations of groupoids
groupoid

4.7. Remark. As one expects from the topological case ([5], (2.18), (6.21)), Propo-
sition 4.3 and, dually, 4.4 hold, if the homotopy extension property HEP (2) is weakened
to the weak homotopy extension property WHEP (2) ([13], 3.8) and, dually, the cover-
ing homotopy property CHP (2) is replaced by the weak covering homotopy property
WCHP (2) ([13], 3.1 (2)) (see also [12], 6).

Thus the generalized version of 4.4 applied to the category J op, together with
Proposition 4.3 applied to the category 7 opg of topological spaces over B, gives Lam’s
comparison theorem ([15], 1.3) which assumes ¢ and § to be cofibrations over B and p
and ¢ to be weak fibrations (= h-fibrations in the sense of [5], (6.4)).
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