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Binate towers of groups
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1. Introduction. Recent years have seen an increasing focus on groups having trivial
homology with constant coefficients. Many examples of these acyclic groups are to be
found in [4] and [12]; some of their group-theoretic properties are examined in [5). At the
heart of many of the proofs of acyclicity is a structure called “binate” in [4] (“pseudo-mi-
totic” in [20], [21], [24]). Binate groups arise in a wide variety of areas of mathematics; for
example, combinatorial group theory [2], geometry [18), [21], topology [16], [10], algebraic
K-theory of rings [25] and of operator algebras [14], cohomology of groups [3], and
harmonic analysis [12].

Binate groups are those in which all finitely generated subgroups are arranged in pairs.
Each is embedded both by the natural inclusion and as a subgroup, commuting with this,
which satisfies a certain commutator property. This process leads to a binate tower
H=H,< H, <...based on each finitely generated subgroup H. It is these binate towers
that determine the acyclicity of the group itself. Such towers have a rich structure, whose
study is the main purpose of this work. -

In Section 2 it is shown that there exists an initial object % (H) in the category of all
binate towers with a given base H. % (H) is called an HNN binate tower, being obtained
by successive HNN-extensions on H = % (H),. The group % (H), has recently been
studied by [1] and [11] in connection with representations of automorphism groups. We
use % (H) to investigate circumstances under which a given morphism of towers becomes
a binate tower morphism.

Section 3 studies the important topic of minimal binate towers with a given base. We
show that such objects always exist, and are precisely the images of HNN binate towers.
This reveals that the category of binate towers is more complex than claimed in [4] (1.3).
Elucidation of this point was one of the main motivations for the present work. Our
results may be summarized as follows.

Theorem 1.1. Every binate tower H=Hy, < H, < ... admits a unique smallest subbinate
tower H= Hy < H'| < .... Moreover, {H}} is a quotient binate tower of % (H) in a unique
way.

This theorem is vital to the study of representations of binate and other acyclic groups
in [1] and [6].
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There is a sense in which maximal binate towers also exist. The surprisingly subtle
question of the existence of an extension to binate towers (based on groups A, B) of a
group homomorphism f: A — B is the subject of Section 4. Here it is observed that the
category of all binate towers admits an initial object, denoted % (1).

% (1) has a number of remarkable properties. For example, the main result of [9] is that
% (1), is not subgroup separable. Properties of a hopfian (or more accurately, nonhopfian)
nature are examined in Section 5. Despite the homological triviality of its limit, the
homology of the groups at each stage of the tower grows apace. The calculations are
performed in Section 6. (See [1] for applications to representations of binate groups.)
There are also relations with the Kervaire problem on normal generators of free products
with the infinite cyclic group, discussed in Section 7. In particular, it is noted that
affirming the Kervaire Conjecture for all binate groups would suffice to affirm it for all
groups. For certain binate groups this is done in Section 7.

The authors are pleased to express their gratitude for the hospitality of the CRM of
Barcelona, where much of this work was done.

2. Binate towers and related categories.

Definition 2.1. A4 binate tower {(G,,a;,u;)} consists of a sequence of triples defined
for i = 0, with
(i) {G.} a tower of groups in that G, <G, < ...;
(ii) group homomorphisms a;:G; - G;,,; and
(i) non-trivial elements ;e G, , satisfying
(2.2) [o;(x),u}=x forall xeG,.
(Here [a, b] denotes the commutator a~' b~ ' ab.) G, is called the base, lim {G;} = | ) G,
iz0

the limit, the maps a, the structure maps and the elements u; the structure elements of the
binate tower {(G,, o, u,)}.

We refer to {(G;,a;,u;)} as a binate structure on the tower {G}.

Remark 2.3. (1) For any groups A £ B, let C5(A) denote the centraliser of A in B. Then each

a;: G, = Gy, is injective, with image contained in Cg,, , (G)). The first assertion is immediate from
(2.2). The second follows by applying (2.2) to the commutator identity

fos (%) o (y), 1) = [t (), 1) [[ox; (), ), 0 ()] [ (), 4] -

Since the left-hand side is just x y, the right-hand middle term, [x, o;(y)], is trivial for all x,y in G,.
(2) For each i, u;e G,,, — G,. For otherwise, the relation (2.2)

[y (up)y )] =

would force u; to be trivial.

(3) Definition 2.1 is robust with respect to the obvious variations to formula (2.2). Some authors
prefer to write the commutator as, say, (a,b)=aba™'b"'. I B;: G,— G,,, is defined to be the
homomorphism

x> up b () u;,
then, using (1) above, we obtain the formula

(Bi(x),u) = x.
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Thus Definition 2.1 remains unchanged when this alternative definition of commutators is used.
Likewise it is not difficult to see that (2.2) may be replaced by either

[ 0 (x)] = x
or

(U, 0 (x)) = x

without altering the definition.

Definition 2.4. Let {(G;,a;,u;)} and {(H;, B;,v;)} be binate towers. A morphism of
{(G;,a;, u)} into {(H,, B;,v,)} is a sequence {¢;} satisfying;

@) {e}:{G;} - {H;} is a morphism of towers;
(“) Civr°=Pi° o,
(iif) @ivy () = v;.

(Note that (ii) and (iii) should be valid for all i = 0.)

BTow will denote the category of binate towers and morphisms between them. If
{(G;, o;,u)} is a binate tower, Lemma 1.5 in [2] shows that lim {G,} is acyclic. It is known
that not all acyclic groups can occur as limits of binate towers; for, by [2] Lemma 1.5 limits
of binate towers cannot be finitely generated, whereas acyclic groups may be (see [2), [7]
and [13] for examples).

Definition 2.5. For any group H we have a subcategory BTow,, of BTow. The
objects of BT ow, are binate towers {(G;, «;, u;)} with base G, = H. The morphisms {¢;}
of BTow, have to satisfy the additional condition that ¢, = Id,,.

We have the obvious notions of subbinate towers and quotient binate towers.

Remark 2.6. (1) For any group H there is a special object # (H) in BT ow,, which we refer to
as the HNN binate tower with base H. To define it, let % (H), = H and for each i = 0 let
U (H). = gp <% () x % (H),,t,]t7 ' (1, h)t, = (h,h) for each hea (H),>.
Thus, as in [2], % (H),., is the HNN-extension of % (H), x % (H), arising from the monomorphism
Vi xU(H)—~ U (H),x % (H), (1,h)s(hh).
We regard # (H), as a subgroup of # (H),,, via h—(h,1). Let 0,:% (H), - % (H);,, be defined by
0,(h) = (1, h). Observe that for any he % (H); we have
[0;(h), e =, h~ )7 (L by = (4L, Y (k) = (b, 1) =h. ~
(In fact the relations
tl-l (11 h) ti = (hv h)
and
[0;(h). el =h

are cquivalent.) Thus % (H) = {(# (H),,0,,t)} is indeed an object in BT ow.

(2) Among binate towers, % (1) occupies a unique position (see (4.2) below). We examine some of
its properties later. Note now that from its definition we may give it a combinatorial description, as
follows. First recall that for each i we regard % (1); as a subgroup of # (1);,, via h— (h,1). Then
denote the element 8, ...0, (t;) (Whose definition requires that i, > ... > i, > i,) by the sequence
iy...i51,. Clearly all (strictly) decreasing (finite) sequences of non-negative integers arise in this way.
The empty sequence 0 is taken to represent the identity element of the group. For such sequences
a=i,...0,i, and y =j,,...j, j, we write y > a whenever j, > i, or y = (in other words, whenever

‘7*
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the concatenated sequence ya =j,...jj, i,-..i, i, also has the required form). With this notation
we evidently have lim# (1) as the group generated by all decreasing sequences of non-negative
integers, subject to the defining relations

biwyBl=0 y>j>aj>p;

iwvj] =y y>j>a.
Moreover, 4 (1), is the subgroup generated by all 2* — 1 such sequences a where k > a, and thus by
all k sequences (k —1)...(j +1)j,j=0.

Theorem 2.7. Let T = {G;, o;, u;} be any object in BT ow,,. Then there exists a unique
morphism {r;} in BT owy, from % (H) into 9. Thus % (H) is an initial object in the category
BTow,.

Proof. First we show that if there exists a morphism {z,;}: % (H) - J in BTowy, then =, , is

completely determined by =;. In fact, 7, | |% (H), = m, yields ;. , (h, 1) = =, (h) for each he % (H);. We
have

(2.8) T4 °0,(R)=0a;°om,(h) for all he¥ (H),.
Also
(2.9) Ty (8) = u;.

From % (H),, , = gp {0,(% (H))), t,;> and (2.8) and (2.9), we see that x, ., is completely determined by
n;. For {n;} to be a morphism in BTow,, n, has to be Id,. Thus if there exists a morphism
{n;}: % (Hy— 7 in BTowy, it is unique.

The existence of {n;} is already established in [4]. O

Remark 2.10. If 7 = {(G,,o,, u;)} is an object in BTowy, {n;}: % (H)— J is a morphism in
BTowy and Ker n; = K; £ % (H),, then from =, . , (1, h) = a; (=, (h)) = 1 for all he K, we immediately
see that K; x K; £ Kern, ., . Thus (in contradiction to [4] (1.3)) the converse to Theorem 2.7 can hold
only under this family of conditions.

Theorem 2.11. Let {G} be an object in T owy, and let {r;}: {% (H);} = {G;} be a surjec-
tive map in T owy, where % (H) = {(¥ (H);, 0;,t)} is the HNN binate tower with base H.
Let K,=Kermn;. If K;xK;, regarded as a subgroup of % (H),,, via the inclusions
K xK;o UH)xUH); & UH),;4,, satisfies K;xK; < K;,, (for all i = 0) then there
exists a unique binate structure {(G,,a;,u;)} on the tower {G,} rendering {rn;} a morphism
in BTowy.

Proof. If there exists a binate structure on the tower {G,} rendering {n;} a map of binate towers,
then the structure elements u,€G,,, have to be =m,,,(t); we seek to define structure maps
®;:G;— G, so as to satisfy n;, ,° 0, = ;o 7,.

We have n;,., ° 0,(K,) = =, , (1 x K;) = 1. Since n;: % (H); — G, is surjective with Ker n; = K;, there
exists a unique homomorphism «;: G; = G, , such that n;, , °8; = «;° 7;. To complete the proof of

Theorem 2.11 we have only to show that if g € G, then [«;(g), ;] = g. We know that g = =, (h) for some
he% (h);. Hence

(o (g), u]] = [ot 70; (), 7v;.0 (8]
= 141 6,(h), 4y ()]
=741 ([0, (h), £)))
=741 (h)
=mn;(h) since ., |% (H); = m
=g. O
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Remark 2.12. Theorem 2.11 fails if we omit the assumption that each =;: % (H); = G, is surjec-
tive. For instance, let A be any non-acyclic group, G,=H, G,=%(H);xA for i=1 and
n;: % (H); - % (H); x A = G, the obvious inclusion for i 2 0. Then lim {G,;} = (lim {# (H),}) x 4, and
lim {#% (H),} is acyclic from Lemma 1.5 of [4). Since A4 is not acyclic it follows that lim {G,} is not
acyclic. Hence there cannot exist any binate structure on the tower (G,}.

The significance of images of the HNN binate tower is revealed in Section 3 below. We turn now
to another construction on binate towers, applied in Section 7 below.

Lemma 2.13. 4 finite direct product of binate towers is a binate tower.

We omit the straightforward proof. To apply this result to binate groups, recall from
[4] that a group G is binate if each of its finitely generated subgroups is the base of a binate
tower of subgroups of G.

Proposition 2.14. ([20].) A direct product of binate groups is binate.

Proof. Any finitely generated subgroup of the product lies in a finite product of finitely
generated subgroups of the factors, and hence by the lemma forms the base of a binate tower. [

3. Minimal binate towers.

Lemma 3.1. Let T = {(G, «;, u;)} be a binate tower in BT ow,,. Then there is a smallest
subbinate tower of 7 in BT owy,.

Proof. Let 4, = H, 4, = gp {a, (H),uo) < G, and inductively 4, , , = gp {a;(4,), u,>.
Then {(4;, ;| A;,u)} is the smallest subbinate tower of J in BTow,. [J

Definition 3.2. An object 7 ={(G,,o;,u,)} in BTow, will be called a minimal
object of BTowy if 7 is itself the smallest subobject of 7 in BT owy,.

From Lemma 3.1, we see that 7 is a minimal object of BT owy, if and only if G, = H
and G;,, = gp<{%;(G)),u,> for every i Z 0.

Because of Theorem 2.11, we refer to the binate tower % (H) as the universal binate
tower with base H. From the very definition % (H),,, = gp <0;(% (H),),t,>. Hence % (H)
is a minimal object in BTow,.

In terms of the concept of minimality of objects in BT owy, the following proposition
characterises the objects of BTow, which can be obtained as the images of % (H) in
BTowy.

Proposition 3.3. Let 7 = {(G;, «;,u)} be in BT owy,. Then there exist a surjective mor-
phism U (H) - " in BTowy, if and only if 7 is a minimal object in BT ow,,.

Proof. Suppose {n}:%(H)—J is a surjective morphism in BTow,. From G, =
Tiwy (U (H)is o), =1y (8, apomy=m;,,°6, for all i20 and % (H),,, =gp <0,(% (H)), 1), we
immediately see that G, , = gp {®;(G)), ;). Thus J is a minimal object in BTow.

Conversely, assume that 7 is minimal in BTow,. Theorem 2.7 yields a unigue morphism
{n}:%(H)— 7 in BTow,. By induction on i, we show that =,;:% (H); » G, is onto for all i. For
i=0, we have

7o = [dg: % (H)g — H = G,.
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Assume i = 1 and that n;_,: % (H);,_, — G,_, is onto. From

G, =gp<ay- 1 (Gi— 1)ty 1)
=gp ety y Ty (¥ (H);_ ) w1 )
= gp {m; 0, (% (H);- ), my (8- 1))
=m,gp <0, (U (H)_ 1) t;~ )
= m; (% (H),)

we see that n,: % (H), - G, also is onto. [J

This result makes clear that (1.2) of (4] defines what we now call a minimal binate tower.
Thus (1.3) of [4] becomes our definition of a binate tower; one can assert that every
minimal tower is a binate tower, but not conversely.

Theorem 1.1 above now follows by combining (2.7), (2.11), (3.1) and (3.3). In particular,
it applies to any finitely generated subgroup H of a binate group. We also show that it
is possible to speak of maximal binate subtowers of a given tower.

Proposition 3.4. Let {A,} be a tower of groups H= Ay < A, < .... Suppose there exists
an object B = {(B;,o;,u;)} e BTow, with the property that {B,} is a subtower of {A;} in
that each B; < A;. Let

& ={# = {(B,a;,u)} e BTow, | is a subobject of B’ in BTow,
and {Bj} is a subtower of {A;}}.

Then there exist maximal elements in &.

Proof. For o, in & we write o < &' if o is a subbinate tower of &’ in BTow,. Let {s#,},.,
be any totally ordered family in &, and write o, = {(4,;,, ;,4,,)}. Define E; = U A, ;. Then there
r

ye
exist well-defined homomorphisms o;: E; — E;,, for i 20 satisfying «;|A4, ;= a, ;. Also clearly
u,;=u, for any y,7 in I'. If we set u;=u, ;, then it is easily checked that {(E,, o, u)} is in &
and hence is an upper bound for {&/,},. in &. By Zorn’s Lemma, there exists a maximal element
inéd. (O

4. Change of base. Let & = {(4,,0;,4q,)} be in BTow, and let f:4 — B be a group
homomorphism. A natural question is to find an object & = {(B;,8:,b)} in BTow,
admitting a morphism { f;}: &/ — # in BT ow extending f: A — B. Further, we would like
the Z so constructed to be in some sense canonical; for example, minimal among those
objects of BTowj admitting such a morphism. This is evidently possible when &/ is the
HNN binate tower % (A), as we now record.

Lemma 4.1. f: A — B determines for each i a unique homomorphism % ( f);: % (A); = % (B);
and so a morphism U (f'): U (A) — % (B) that makes %: G p — BT ow a (covariant) functor.

Since the trivial group 1 is initial in the category of groups, this lemma combines with
Theorem 2.7 to yield the following.
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Proposition 4.2. The HNN binate tower % (1) is initial in the category BTow.

The most general case of the problem of extending a homomorphism f: A — B encoun-
ters the difficulty that push-outs need not preserve monomorphisms. However, when
is a minimal object in BT ow , in the sense of Definition 3.2, and f is an epimorphism,
we determine sufficient conditions ensuring the existence of such a binate tower %.

Assume then that Z satisfies the minimality condition A4;,, = gp{«;(4)),a;) for
all i=0. Let #(A) and % (B) denote the universal binate towers with base 4 and B
respectively. As in the lemma, the epimorphism f: A4 — B extends to an epimorphism
{%(f);}:%(A) — % (B) of binate towers in a unique way. Let K, = Ker# (f);. Then
from Remark 2.10 we see that K;x K; < K;,,. Since Z is minimal, there exists a
unique epimorphism {n;}:#(4)—> 7 in BTow,. Let L,=Kern;. Then L, = {1},
L;xL;<L;,,.Since K; and L, are normal in % (4); we see immediately that

gp<{L;vK;>=L,K;=K,L,

Moreover K;L;=1% (A); and K; L, S U (A);n K,y L;,.

Theorem 4.3. Let the notation be as in the paragraph above. Suppose that K;L; =
U(A);NKiy Ly, foralliz0.

Then there is a tower B = {B,}, with base B and B; = % (A);/K; L;, which admits a unique
binate structure such that there is a morphism {f;}: T — & of minimal binate towers
extending f+ A — B.

Proof. In this proof we repeatedly use the following device for converting monomorphisms into
inclusions. Let t: G — H be a monomorphism with image H. Then the push-out

H < H
o

constructs a group G = G} A that contains G and is isomorphic to A via an isomorphism that
restricts to 7 on G.

We define B, inductively. Let B,=B and observe that By A/K = % (A)y/KgL,.
Since K;L;,=#(A);nK;,,L;.,, the inclusions % (A4)< #(A);,, induce monomorphisms
U(A)/K; L~ % (A); /Ky Lis, and hence, by the above device, inclusions B, B,,, with
By =U(A)+/Kis  Lis,. Now on the tower # = {B,} there exists a unique binate structure
rendering {n,}: % (4) - % a map of binate towers, where 5,: % (4); — B, are the canonical epimor-
phisms. Since Kerm =L, <K;L;, we have unique homomorphisms f;:4,— B, with
Siemy=ng:U(A); — B,

We check that & = {B;} admits the structure of a minimal binate tower, and that {f;} is
indeed a morphism in BTow. Let M,=%(f),(L). Since ¥ (f);:%(A),—»%(B), is an epi-
morphism for each i >0 and L, is normal in #(A4),, we see immediately that M, is normal in
% (B);. Moreover % (f); ' (M))=K,L,. From L;x L, S L;,, we immediately get M, x M, =M,,.
Moreover M, = f(Lo)= f({1})={1}. The condition for the validity of M,=%(B),nM,,,
is precisely #(f)7'(M)=%(A)nU(f) 3, M,,,) or K,L,=%(A),~K,,,L;,,. The maps
U(f);: % (A); - % (B), induce isomorphisms % (4)/K, L, = % (B),/M, rendering
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B,
/ 15

U (A),; u(A)/K,L,
‘W(f).l =

U(B), —— U (B)/M,

commutative (where the horizontal maps are the canonical projections). From this diagram we
obtain the composite epimorphism 1,: % (B;)—» B,. Clearly

%A < U(A).,
‘?l(f):l l‘?l(f)m
% B), < #(B).,
i l li...
B, <> B,

is commutative.

The map {,}:% (B) - # = {B,} in Tow, satisfies the condition of Theorem 2.11. Hence there
exists a unique binate structure {B,, 8,,b,} on @ rendering {4,}: % (B) - {B,, §;,b;} a map of binate
towers Actually B,:B;— B;,, arc the unique homomorphisms making 4,;,,°¢;= §;°4; and
b; = 4;(u;) where

#(B)1+y = gp ¥ (B); x % (B), ulu; ' (1,x)u; = (x,x) for all xe(B);>

and ¢;(x) = (1, x) for any x €% (B),. Further, the fact that {4,} is surjective makes £ a minimal binate
tower by Proposition 3.3. Let

U(A)iyy =g LU (A, XU (A, 167 (L, ), =(,y) for any ye# (A),)
and 0,(y) =(1,y) for any ye# (A),. Then in the diagrams

LAEN
U(A)yoy ——————» U(B),

/ Ty / Aisy
()

% (A), l % (B)
n, / Ay fix l;. By,

4

A, 7 B,
(s
U (A4, — (B
0,
/ |7'n| P / Ay
¥

L Al+ 1 Bl+l
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the “ceilings” and the “walls” are commutative. From the epimorphic nature of =, it is easily checked
that the “floors” in these diagrams are also commutative. Also,

Ji@a)= fim(t) = 4U(f)(t) =24 (u)=b,.
This shows that { f;} is a morphism of binate towers, thus completing the proof of Theorem 4.3. [J

5. Hopfian properties of the HNN binate tower. Let G = lim % (1) denote the limit of the
HNN binate tower % (1) with trivial base. Our aim here is to show that G fails to be either
hopfian or cohopfian in a quite dramatic way. First recall the definitions (from, for
example, [17]).

Definition 5.1. A group H is hopfian (tesp. cohopfian) if no proper quotient (resp.
proper subgroup) of H is isomorphic to H.

Theorem 5.2. The group G admits a normal series
1=N,<N<..<|JN=G
and filtration )
1=0Qk<...<Ql<Qo=G
such that for all k = 0

() N is anormal complement of Q, in G; that is, G is isomorphic to the semidirect product
N, xQ,; and
(ii) Q, is isomorphic to G.

Thus every nontrivial element of G lies both inside the kernel of some map to a quotient
of G which is isomorphic to G, and outside some subgroup of G which is isomorphic to G.

Proof. We continue with our previous notation for % (1) = {(H,,6,,t)}. For each k,I =0 we
set Hy =% ({t, - D), and denote the Ith structure element by ¢, ,. To establish the semidirect
product structure of G, we define, for each k,!=0, homomorphisms G H = H, .., and
@i Hyvyiy = Hyy with g 100, , =1d: H, ;- H, ;. For each k, these are defined inductively on I,
starting with o, (8, _,) =1, and @, 4(t,) = &, -, 040 (H, x H,) = 1. Thereafter, given g, ,_, and
k.11, We define g, ; and g, , by the rules:

Okt 1-1) = tesys

Ol (Hy oy XHy o)) =04 1= X0y y_y;
Gt (e =ty

Q| (Howr X Hyn ) =@y -y X @41y

It is easy to see that these functions do indeed define homomorphisms, that always g, ;°0, ;= Id,
and that they are compatible as I varies, so as to define homomorphisms o, : UH,;—» G and

2:G— {TJ H,, with g,°0, =1d: | JH, ,— (]) H, ,. Therefore, putting N, = Kerg, and Q, =Imag,
1
gives (i) of the theorem.
For (ii), observe that, since each o, is injective, each Q, is isomorphic to U H,, = lim % (Z), where

]
Z denotes the infinite cyclic group (generated by the appropriate t, ). Finally, it is easy to verify,
by induction on /, that when k = 0 we also have, for each [ 2 0,

00,:1°Q =1d:H,\, = Hy,,.





















