CONSEQUENCES OF THE KAHN-PRIDDY THEOREM
IN HOMOTOPY AND GEOMETRY

A. J. BERRICK

§1. Introduction and statement of results. Much recent attention has been given
to geometric representation of elements of the stable homotopy groups of spheres,
m,. A particular example concerns non-singular  bilinear  maps
R™ xR — R™*"*17P; on restriction and normalisation these become biskew
maps S"xS8" — S"'""P Now the Hopf construction # applied to any map
fi8"x 8" — §"TTP yields

SEf T SEbEhL o igmiErtlsE Hf(xcosl, ysinf) = (cos 20, f(x, y)sin 20) .

If m+n > 2p, so that o = [#f] € m}, then « is said to be represented by f or by the
original bilinear map from which f arose.

The key results on this kind of representation, to be found in [1, Theorem 1], [11,
Theorem 1.1] and [18, Theorem 5.1] are

Tueorem 1. (a) If o€ m,, then 2a is bilinearly representable.
(b) There exist o€ 7}, which are not so representable.

Here we explore representability by means of immersed spheres in Euclidean
space. Although the geometry is of course quite different, the homotopy theory
involved has some overlap with the bilinear case. In particular we use the Kahn—
Priddy theorem, in the form of the following strengthening of Mukai’s corollary [15,
Theorem 2].

TueoreM 2. Ifm = u(p) and k = O(mod a,, . ), k = p+2, then the generalized
J-homomorphism
‘Ik+m.m . Hk-{-p( V;H—m.m) - nk+p+m(sk+m)
is an epimorphism,

In this assertion p(p) is the minimum value of m such that

chr +p( Vh +rr|.m) o Tch + p( VZJl.h)

whenever the Hurwicz-Radon number q,,, , divides h. It is a consequence of James
periodicity [10, (2.7)] that surjectivity need be checked for only one such h. So
u(p) < p+1 by connectivity. Moreover, for p # 1,3,7, one has u(p) < p after
Adams’ vector fields on spheres data [7, (4.4)]; further information is deducible from,
e.g., [9]. The proof of this theorem is deferred to §3 below. In §2 we prove

TueoreM 3. (i) Every element of w, is representable by an immersion of S" in

2n— e
R=""7, whenever n = p(mod a,,.,).
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(ii) For all p,n, if a € 7 is representable by an immersion of S in R*"~? which is
regular homotopic to an embedding, then o = 0.

We consider too the case where the immersion of S" factors through real
projective space P", and prove

Tueorem 4. (i) (a) If a € 7}, then, for infinitely many n, 2a is representable by an
immersion of P" in R?"~".

(b) There exist o € n5, which are not so representable.

(ii) For all even p, if o € ), is representable by an embedding of projective space,
then 20 = 0.

Remarkably, Theorem 1(a) is deducible from Theorem 4(i)(a). Theorems 3 and 4
were announced in [5, (1.6)] where further connections between bilinear maps and
immersions of projective spaces were discussed.

§2. Representations of elements by immersions. We obtain elements of =}, from
immersions of " in R2"~?, The construction may be described in any of the following
three ways.

(1) Compose the tangent bundle monomorphism with projection to the fibre, to
yield a proper map tS" — R2" 7. Take its one-point compactification, yielding a map
S"x 8" — §2"~? to which the Hopf construction is applied.

(2) The geometric Euler class (called the dual in [16]) of the normal bundie is a
p-manifold embedded in S" and canonically framed in $"x R?*! — R"*P*! (indeed,
in S" itself [16]). Apply the Pontrjagin-Thom construction. Proposition 2 of [6]
relates this description to that discussed below. In this context Theorem 3(i) asserts
that, up to framed bordism, any framed p-manifold in R2"~ ! arises in this way. This
version was first suggested to me by Dr. B. Sanderson.

(3) Again compose the tangent bundle monomorphism with projection to the
fibre, but this time only after having added a trivial line bundle and restricted to
sphere bundles. Apply the Hopf construction to this (right-skew) map
f:8"x 8" — §n-p,

The third description is the most readily interpreted in homotopy theory. For,

because f comes from a vector-bundle morphism, it has adjoint
S':8" = Vapi1-pn+1- Now recall that the generalized J-homomorphism

Jant1-pmer: nn(V2n+l—p.n+l) i 7‘2n+1(szn+l_p)
is defined by the Hopf construction on the evaluation map
P 8" X Vopsyopus1 = soe,
as detailed in the proof of Lemma 2.1 below. Thus J,, 4, ,+:(f") coincides with

the element of n,,.,(S?"*!~?) = = obtained by applying the Hopf construction
directly to f.
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However, in [3] we related [ f"] € (V241 -p,0+1) to the Smale invariant of (the
regular homotopy class of) the original immersion. In consequence, the above
construction factors as

Smal
Imm (S”, R%" —p) I— nn( VZn —p,n) —

J2n+l—p n+1
3 2 l—
nn(V2n+1—p,n+l) — n2n+l(s " p)_

When n = p (moda,,,,), then each of these three maps is surjective, by [17,
Theorem A], stability, and Theorem 2 above, respectively, proving Theorem 3(i). For
Theorem 3(ii), note that an embedding has a normal fibre bundle that is homotopy
trivial [12]. It therefore has a normal vector field so that its Smale invariant factors
through #,(V2,_p—1,0) & To(V2ns1-p,0+2)- Moreover, there is an exact sequence

nn(V2n+l-—p,n+2) — nn(V2n+l—p.n+l) —_— nn—l(sn_p_l)a

with J,, ., _, .+, factoring through the latter map, as in (3.1) below.

We now study the case where S" is immersed as the composition of the double
covering S" — P" with an immersion of P" in R*"~?, whence f:8"x 8" —» §?""? is
biskew. In order to prove Theorem 4(i)(a) we require as before that n=p
(mod a,,.,); we further need the existence of an immersion g: P" — R*"~7~1, So let
n = p+t(2°—1)a,,,. This gives

a(n) = a(p)+a(t(22—1))

)

= a(p)+p.

Use [13] to guarantee the existence of g. From [4, Theorem 1.1(c), Lemma 6.1], g
determines an element y € #,(V;,_, ,+,) (there called its Smale invariant) such that,
for any B e m,(Vaps1-pns1),

L) +B+H(—1)""ok(p) € T(Vans1-pon+1)
is similarly induced from an immersion of P" in R*"~?. Here, composition of y by
i:Van—pn+1 & Vans1-pn+ corresponds to composition of g by R2"~7~1 ¢, R2"7P,
and ¢ is the involution on V,.,_, .+ which changes the sign of every element of

the (n+1)frame. Now suppose a€m,,.,(S"*!7?). From Theorem 2,
& = Jyp+1-pn+1(B) for some B as above, while (3.1) implies that

J2n+l-p.n+l o i* = iEn+2 o n+1600 i* =0.
So Theorem 4(i)(a) follows from the next lemma.

Lemma 2.1.
Js.! o O'* = (_ 1)"]5.! : 7[r( V;,r) E— nr-H(Ss) .
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Moreover, if r+t < 2s—1, then
(—l)s"s,t = (_1)“’s.:'

Proof. Let A,:8'~! — §'~! be the antipodal involution, of degree (—1)". Define
p:STIxV,, — 5 by

p((xla eeey xn)a (21’ seey 21)) = zxigi .

For f:8 - V,,, a representative of J,, 0 g,[f] is given by the Hopf construction
on the composition

1 x xo
St xS _—’S‘_‘XVs,r ___)8t—1szJ L»S’_‘ R

The required results follow from the commutativity of the diagram.

Sr—l X Vs.r
A,y \P‘
Ixo p
Sl x Vs.r — 8! XVS', —_—— Ss-l

A
N

An immediate consequence of (2.1) is that elements of n,,,,(S*"*! ) derived
from our construction must have order 2, if n+p is odd. Similarly, if we begin with
an embedded P" in R?>"~?, then the map S"x S" — S$?"~7 is invariant under the
interchange involution on §" x ", [2, Theorem 1(b)], and therefore yields an element
of 7,,,,(8*"**~?) of order 2, if n is even. Together these two observations imply
Theorem 4(ii).

Finally, Theorem 4(i)(b) may be proved by an argument involving biskew maps
analogous to that used in [1] for bilinear maps. Indeed that was the original proof,
as this work was originally done in ignorance of [11], owing to the present author
having been in Nigeria at the time of its publication. More simply, however, one can
instead use the striking result [11, Theorem 3.1], in the form that any element of 7§,
obtained from the Hopf construction on a biskew map is bilinearly representable.
Then, in view of our analysis above, Theorem 4(i)(b) is an immediate consequence of
Theorem 1(b); likewise Theorem 1(a) follows at once from Theorem 4(i)(a).

§3. Homotopy details. We indicate how Theorem 2 is proved, and mention a
couple of its homotopy consequences. The key diagram is the following, which
commutes (up to sign) for all k, p, m after naturality, [15, Proposition 3], {8,
Theorem 2] and [6, (7.14)].

i
nk+p(Pz+m-l) — nk+p(Vk+m.m) _— nk+p—l(0k) E— n2k+p—l(Sk)

l 9 le+.,..,., \.éo lP* lH (3.1)

m Em+l k
et pl85) —— Ty paml S ™) —— Mgy 1 (8471) — Mgpg -y (S*7Y)
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Note that i,, E"*!, E* are epimorphisms for k = p+2, isomorphisms for k > p+2.
Fixing p > 0, suppose a,,,|h. In [15], Mukai deduced from the Kahn-Priddy

theorem that

p+200 : Ta p(Vapp) — 7‘1.+p—1(sh_1)

so long as h > p+2. However this proviso may be dropped after consideration of
the two cases p+2 = h, namely

So
p=2: me(Vzs4) » 5(S°) > 5(Vs,s)

800
p=06: m,(Vies) — 7‘13(87) — 7;3(Vie,9) -

In each case the latter map of the exact sequence is trivial, after [9]. From the
definition of u(p),

. h_
u(p)‘so . 7‘:.+p(V;.+u(p).n(p)) — nh+p(V2h,h) E— 7th+p-1(s l)

is therefore onto.

Now suppose given k > p+2,k = 0 (moda,,,,) as in the statement of the
theorem. Retain & = 0(mod a, . ,) but specialize to h > k (e.g. h = ka, ., would do).
Because k = O(moda,,,,) there exists a cross-section class 6 € m,_,_,(V;_,. o) +1)
and so, by [10, (2.7)], a commuting square

#(p)ao k-1
nk+p(Vk+;&(p}.u(p)) ? 7rk+p-l(s )

e

up)0 h—
Tt o Vit i, i) > Myap-1(S"71)

in which E"~* is an isomorphism provided p < k—2 (or p = k—2 = 2, 6 from the
classical exactness of (3.2) below), and both & (for p < k—1) and the lower ,,d,
are epimorphisms. Moreover, ., factors as

. , k—1
#(9)50 . nk+p(Vk+Mr).u(p)) nk+p(I/lc+m.m) EE— nk+p—l(s )

whenever m = pu(p). Hence the theorem and its variants follow from (3.1).
One immediate consequence concerns the sequence

E H
0 — 1 (S") — My (S"FY) —— m,4y(S2"F1) — 0 (3.2)

which is classically known to be (split) exact for n = 1, 3, 7, and otherwise is exact
for ¢ < 2n—1 but not for g = 2n—1, 2n. Application of Theorem 2 to (3.1) reveals
when H is surjective in the E- H-P sequence.
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CoroLLARY 3.3. Suppose r < 3n is such that a,,(,,,+,|(n+ 1) whenever p < r—2n.
Then (3.2) is exact in the range 2n < q < r.

Geometrically, this says that two compact manifolds embedded in R? with
codimension n are framed bordant, if, and only if, they are framed bordant in R7*!,

We conclude with an application to the set 7}7,(S") of homotopy classes of maps
S"*? - §" which factor through P"*?,

CoroLLARY 3.4. Ifa,,., |(n+p+1) < 2n, then
ns‘l’]p(s") = 7tn+p(S”) .

For the proof, choose m > u(p)+1 and M = 0(mod a,,,) with M > 2n+p+2.
Letj:S¥""7=2 — ¥}/ _np—1.m+1 b€ the inclusion map. From Theorem 2, (3.1) and
[14, §2 Corollary 2]

Tpg_n_o(S¥7"7772) = Im,,d,
= Kerj,
= Keri, ' oj,
= BN,

so that the result follows on desuspension.

As an example, (3.4) shows immediately that for p =9, say,
n573(S?2) = m3,(S?2), whereas previously an Adams spectral sequence argument was
required for this. Further, when p > 20, so that the calculations of [14] no longer
apply, (3.4) provides new information.

References

1. G. Al-Sabti and T. Bier. “Elements in the stable homotopy group of spheres which are not bilinearly
representable”, Bull. London Math. Soc., 10 (1978), 197-200.
2. A.J. Berrick. “Axial maps with futher structure”, Proc. Amer. Math. Soc., 54 (1976), 413-416.
3. A. J. Berrick. “Induction on symmetric axial maps and embeddings of projective spaces”, Proc. Amer.
Math. Soc., 60 (1976), 276-278.
4. A.J. Berrick. “The Smale invariants of an immersed projective space”, Math. Proc. Camb. Phil. Soc., 86
(1979), 401412
5. A.J. Berrick. “Projective space immersions, bilinear maps and stable homotopy groups of spheres”,
Proc. Siegen Sympos. in Topology 1979, Springer Lecture Notes in Math., 788 (Springer, 1980),
1-22.
. J. M. Boardman and B. Steer. “On Hopf invariants”, Comm. Math. Helv., 42 (1967), 180-221.
7. M. C. Crabb and B. Steer. “Vector-bundle monomorphisms with finite singularities”, Proc. London
Math. Soc. (3), 30 (1975), 1-39.
8. B. Gray. “Bilinear forms, 1", J. London Math. Soc. (2), 16 (1977), 124-130.
9. C. S. Hoo and M. E. Mahowald. “Some homotopy groups of Stiefel manifolds”, Bull. Amer. Math.
Soc., 71 (1965), 661-667.
10. I. M. James. “The Topology of Stiefel Manifolds”, London Math. Soc. Lecture Note Series, No. 24
(Cambridge Univ. Press, Cambridge, 1976).
11. K. Y. Lam. “Non-singular bilinear maps and stable homotopy classes of spheres”, Math. Proc. Camb.
Phil. Soc., 82 (1977), 419-425.
12. W. S. Massey. “On the normal bundle of a sphere imbedded in Euclidean space”, Proc. Amer. Math.
Soc., 10 (1959), 959-964.
13. J. Milgram. “Immersing projective spaces”, Ann. of Math., 85 (1967), 473-482.

=)



78 CONSEQUENCES OF THE KAHN-PRIDDY THEOREM IN HOMOTOPY AND GEOMETRY

14. R. J. Milgram, J. Strutt and P. Zvengrowski. “Computing projective stable stems with the Adams
spectral sequence”. To appear.

15. J. Mukai. “An application of the Kahn-Priddy theorem”, J. London Math. Soc. (2), 15 (1977),
183-187.

16. M. Raussen and L. Smith. “A geometric interpretation of sphere bundle boundaries and generalized
J-homomorphisms with an application to a diagram of 1. M. James”, Quart. J. Math. Oxford (2),
30 (1979), 113-117.

17. S. Smale. “The classification of immersions of spheres in euclidean spaces”, Ann. of Math. (2), 69
(1959), 327-344.

18. L. Smith. “Nonsingular bilincar forms, generalized J homomorphisms, and the homotopy of spheres
17, Indiana Univ. Math. J., 27 (1978), 697-737.

Dr A. J. Berrick, 55P99: ALGEBRAIC TOPOLOGY; Homotopy
Department of Mathematics, theory.

National University of Singapore,

Kent Ridge,

Singapore 0511. Received on the 9th of April, 1980.





