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ABSTRACT

By means of abstract homotopy theory, it is shown that an ex-map which is a homotopy equivalence is in fact an ex-homotopy equivalence
(given suitable conditions). The power of this categorical approach is that it has much broader applicability than directly topdlogical arguments,

INTRODUCTION AND NOTATION

This note argues that abstract homotopy theory [17],
[19], [20] provides a convenient framework for the study
of ex-homotopy theory [12], [15], [16]. The set [X, El g
of B-homotopy classes of B-maps (defined in the next
paragraph) in a category C with homotopy system is
considered in§ 1, generalising to Cp the treatment of
Topg appearing in [5]. The advantage of this approach
is seen ing 2 when we choose C embedded in Top”™. Then
abstract homotopy theorems about fibre-homotopy
equivalence become theorems on ex-homotopy equivalance.
Independent (but contemporaneous) treatments of an
abstract homotopy-theoretic approach to ex-homotopy
theory are presented in [4] and [18].

Our terminology is standard, namely, for an object B
in a category C, the category Cp "over B" has as objects
morphisms X—=>B in C and as morphisms commuting
triangles over B in C:-

N

Then, for any object A in C, the category CA (of objects
“under A") is most readily defined as the opposite category
of Cx. Finally, by performing both constructions simul-
taneously, one obtains Cé with objects A-»X-B and as
morphisms commuting diagrams in C:-

A

x,‘{—-—>\ Xq
S

Thus, when C is the category Top of topological spaces and
continuous maps, then TopB provides the setting for ex-
homotopy theory. (When A or B is the empty space, then
TopB specialises to TopB, Top A respectively.)

1. THE SET [X, El g

We begin with a technical lemma. Notation is as
in [17]; however, to aid the uninitiated we make
the following brief remarks. A homotopy system
Il = (I, igr Ir @) on a category C comprises a covariant

~
functor | : C—C together with three natural transformations
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) are

Jgr it idC—H, q: I—HdC satisfying g o j =qo j =id. The
principal example is the homotopy system T of Top, where
| corresponds to the functor X=X x [0, 1] and natural
transformations jo, i, q to the respective maps x-(x, 0),
x=3x, 1), (X, t)=x Jx €X, t€[0, 1]). Kan conditions on
assumptions of the existence of morphisms
(“solutions’’) which allow certain diagrams to be filled
in to form commuting polygons; in the case of T on Top
(and TopB) the conditions DNE(n), E(n) are satlsﬁed bY
virtue of the ndnmensuonal “bucket lemma’: [0, 11"~

is a retract of [0, 1]1". Finally, the term h-fibration is

defined prior to Lemma 1.6 below, since an h-fibration in

C is just what is there called an h-fibration with respect to
C"in the special case C’=C,

LEMMA 1.1. Let | be a homotopy system on a category C
which satisfies the Kan-conditions DNE(2), E(3). Let
p:E-» B be an h-fibration, and suppose @, @' : IX—* E have
po®=po@®’: IX=>Band® F®d .. Then @4 ‘éqpfl

Proof: Since | satisfies DNE(2), so does 1lg' by (3.7) of
[17]. Let¥: IX—E be obtained as]L.l of a solution A to
the (2,1,1)-equation? with VT D, B ,yo fD,V1 =0’

Now consnder the (3,1 1)equatlon anh V =po@,o0
Ay 0 Q. ¥ —?’ 'P1 pocDoqlx,Vo pod. lIts
solutionu hasa1 = 131-a : 11X B representable as
pod, oqx=(p!|)%
\ \
poys= (u1)1 ] PO®1oqx—(u1)1’

A
r

Pody oqx=(u11)20

Since p : I1E-)B is an h-fibration, there exists @:[IX—=E
withp o @=u1 and QOJOIXElp. So
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= o ; P : - !
®1= WoB O0lg1x%JoXB ©°111X%loxB

B OoixoiixB O oix0itxE w1= @

whence @, B (])1 (B being an equivalence relation, by (3.8)
of [17]).

Henceforth assume that | satisfies. DNE(2), E(3). Define,
for p:E =B an h-fibration,

[X(h), E(p)] g

— with h and/or p omitted in the absence of ambiguity —
as the set of ‘homotopy over B’ equivalence classes of
morphisms f:X—E such that p o f = h:X—=>B. We define
certain mappings among these sets, to show that they may
be considered as homotopy invariants of h: X—>B and
p: E—B.

Given a morphism @ : | X—=B, define

Ox: [X (9 ), Elg »[X(9,),Elg
by setting, for :X—>E withpof= 0 g AP B,

Ou(f)= @4 € [X(0,) Elg
where @:IX+E has p o= @,(DO% f. Lemma 1.1 shows
pxto be well-defined. (Note that there tends to be the
usual confusion in notation of equivalence classes with their
representatives.)
IX—B, § : IX—=*>B with ¢
IX—=>B may be deflned as 41 of a
solutlon Ato the (2,2,0)-equation ¥ with }/ —q’)

=9 4 0ay IfAis lifted to A2 [IX2E W|th po /\ Al

Given morphisms @ :

¢4, a morphismdo:

A°Jo|x B@wherepo®=¢,@ B f: X7E, then

iy s ller i o
4’%04)‘&“)_(“1)1_(‘\1)1B(A‘])O

2 =
(2)q = (99 g (.

SO(,[J*O [ Rz (ﬁbw )\R'

Now ¢ican always be chosen "inverse” to ¢, that is

=0,
‘Po o qx.Thls immediately yields the following

35.11 of a solution to the (2,2,1)-equation W|th]
=Vq=
generallsatmn of [B] (2.5).

PROPOSITION 1.2. Let®?: IX—>B be a homotopy in C
where | satisfies DNE(2), E(3). Then

0 X (9), Elg=>[X (¢4), Elg

is a bijection.

Given an h-fibration p:E 2B in C, we now define a
contravariant functor H from CB to Ens, the category of
sets and set functions. If h: X =B is an object in CB' set

H (h: X—=B) = [X(h), E] B’

If g: X1—>X2 with hy 0 g=hq: X; =B, hy:Xy—=B, let Hig),
written g*, be the function
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sending k:X,—>E over B to k 0 g¢ Xy=>E. Itis trivial to
verify that H is indeed a contravariant functor.

Suppose given 9y 91 X1-—»X2, h:X,—>B and a homo-
topy @ : 1Xq =X, from gg to gq. Then h o : IX—>Bisa
homotopy from h o g, to h o gq; by Proposition 1.2, it
induces a bijection

(ho @ )g : [Xq (hogy) Elg—2[Xq (hogy) Elg.

Thus H is in a sense a homotopy functor. This sense may be
made more precise when g: X=X, is an h-equivalence

with inverse f: X5—>X say, and ¢: idx2 ~go f. It follows
from Lemma 1.1 and Proposition 1.2 (since both * g* (k)
=kogof and (ho ¢)x(k) are homotopic to k: Xo—E
through homotopies ‘‘covering’’ h o @) that

=(hog)g : [Xy (h), Elg=~[X, (hogof), Elg,

is a bijection. Likewise g* f* is a bijection, whence g*, f*
are too. This establishes the ““only if”” part of the following
characterisation of h-fibrations; the *if” part follows a
fortiori on letting g=j,y : X—?IX (with h-inverse qy:
IX—=X).

THEOREM 1.3. p: E->B is an h-fibration if and only if for
all h-equivalences g : X.l —>X2 the function

g" : [Xy, Elg=[X4, Elg

is a bijection.

One may alternatively concentrate on E, considering
the map % : [X, E(p.l)] B—>[X E(po)] induced from a
homotopy 7 : IE-B from p, to pq (both h-fibrations).
Analogously to Proposition 1.2 we obtain

PROPOSITION 1.4. Letz: IE—B be a homotopy from
PotoPp Py : E->B an h-fibration, v = 0.1. Then

¥ [X, E (pg)] g2 [X, E (py)) g

is a bijection.

In this case the result derived analogously to the “only
if" part of Theorem 1.3 takes the following relatively
familiar form.

THEOREM 1.5. Let g: E{—>E5 be an h-equivalence with
p: E2—>B, pog: E1—>B h-fibrations. Then composition
with g induces a bijection

i [X, E1]B""[X, E2]B'

Note that (6.1) of [17] is a corollary of this theorem.
Actually, our methods prove two stronger results than the
above statement of the theorem. Firstly, we can say that
g« has a left (resp. right) inverse as g has a left (resp. right)
h-inverse. Secondly, let C’' be a full subcategory of C
closed under the homotopy system | in C. We say that a
morphism p: E=>B in C is an h-fibration with respect to
C’if for any object X in C” and commuting diagram

E
| »
B

x

J.0)(

f
IX—
P
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there exists a “’diagonal”’ @: IX=>Ewithpo d=¢: IX>B
and (Doﬁ f: X—=>E. For such a C’ we then have

LEMMA 1.6. The conclusion of Theorem 1.5 holds if p,
p o g are taken merely to be h-fibrations with respect to
C’, where X is an objectinC".

At this point it is worth observing that the derivations
of g*, gs, dualise to provide a characterisation of h-
cofibrations; for example, the dual of Theorem 1.3
generalises (2.2} of [3].

2. EX-HOMOTOPY RESULTS
We turn now to consideration of ex-homotopy theory,
that is, Top‘an As in [17] a homotopy system | on a
category C induces a homotopy system on Cpg. However,
CifA G CA does not in general inherit a homotopy system

from | yielding the relation of homotopy under A. We
remedy this deficiency.

Define CA'-ll as the category whose objects are
morphisms of C of the form I"f: I"A—=>1"X, n» 0, and
whose morphisms (h’, h”’) are given by commuting diagrams

"¢
A ————— 17X

|m
LY\ LL '
Then | induces a homotopy system ,_I,A = (IA, jA, jA, qA)
onCMwith 1A (1M I"A=IMX) = (171 £ 17T A+ ),
L, h") = (K, 107, i (7% IPASITX) = iy, iy v =
0,1,q™ (I"f: I"NA->1"X) = (q, q). Then h"éh'{; X->YinC
o

if and only if (ids, h”) *(idp, h?) with respect to | in
CA&L o 1

Lemma 1.6 now yields the following theorem (cf. (6.1) of
[15]). (Recall that I,IA satisfy DNE(2), E(3), where T is
the standard homotopy system on Top.)

THEOREM 2.1 If s:A—=>X is a closed cofibration and
py:Ev—B is a fibration (v = 1,2) with g: E1—>E2 in

Toppg a homotopy equivalence, then the function
9 : [X, E418~>[X, E,1 5
induced by composition with g, is a bijection.

Proof: Set C = TopA'I. Let the objects of C’ be maps
jxid: Ax [0,11">Y x [0,11" where j : A=Y is a closed
cofibration, n> 0. By virtue of [30] Theorem 1, [30]
Theorem 4 (cf. [13]) states that.pq, p, are fibrations with
respect to C’. Lemma 1.6 now applies. (Recall fr%m (71
Satz (2.18) that g is already an h-equivalence in Top”.)

An application of this result may be found in {3].
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Using (7.6.22), (7.8.9) of [29] instead of [30] leads to
the same conclusion when p4, py are weak fibrations (Serre
fibre spaces), provided that (X, A) is a relative CW-complex.
Similarly one may argue on g" to obtain the following
theorem.

THEOREM 2.2. If sy : A->Xy is a closed cofibration
[resp. {(Xv , A) is zrelative CW-complex] (v = 1, 2) with
g: X1—>X2 in Top” a homotopy [resp. weak] equivalence,
andifp:E-Bisa [?'esp. weak] fibration, then composition
with g induces a bijection

» A A
g : IX2, E] B')[Xt‘. El B

Two-fold application of this theorem yields a sufficient
condition for a homotopy equivalence to be an ex-homotopy
equivalence. (The obvious statement for weak fibrations is
omitted.) {cf. (6.1) of [8].)

COROLLARY 2.3. Letg: E;—E, be a map in Top”
which is a homotopy equivalence. If sy : A9Evis a
closed cofibration and py : E~>B is a fibration (V =1, 2),
then g is an ex-homotopy equivalence.

Other forms of this comparison theorem may be
obtained by combining the above techniques with a diligent
search through the literature. Applications include metric
ANRs [1] (2.4), simplicial sets and Kan fibrations [23]
(7.17), [28], shape and s-fibrations [14], [24], and equi-
variant fibre homotopy equivalence [2] § 10, [25], [26],
[27). (Also cf. [22]§ 8, discussing A< E,.) Local-global
versions of the result follow from [6], [10], [11].

Suppose A = B in Corollary 2.3 : it is natural to ask
‘When is the section of a fibration a closed cofibration?’.
Theorem 2.4 below provides a sufficient condition,

As in [29] p. 256, define a bundle pair, base B, to
comprise a total pair (E, E), fibre pair (F, F) and a projection
map p: E—=B such that there exists an open covering
{V} of B and for each V € {V} a homeomorphism
D, :V x (F, F)—)(p_1 (v), p"1 (V) N E) over V. In the
case F = fy @ point in F, the maps @  1:V x f,—E
combine to induce a canonical section s : B—E of p. We
say the bundle pair is numerable if some such covering
{V}is, i.e.{V}admits a refinement by a locally finite
partition of unity.

THEOREM 2.4, The canonical section of a numerable

bundle pair, whose fibre pair consists of a space and its

non-degenerate base-point, is a cofibration; the projection

map is a fibration. If further, either

(i) the base is compact and the fibre is a T1-space, or

(ii) both base and fibre are Hausdorff spaces, then the
section is a closed cofibration.

Proof: The projection map is a fibration by [8] Theorem
(4.8). Since f, is a non-degenerate base-point of the fibre
F, the inclusion map is a cofibration. Then, by [31]
Theorem 6, so is the inclusion V x f09V x F. Thus, by
{71 (1.8), (1.10)

i (]
v : VISs v x Focd V x F=Yp=1 (V) is a cofibration. In
other words, the pair (|:>"'1 {V), s (B)n p"1 (V) ) has the
homotopy extension property, for all sets V in the
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numerable covering {V} of B. By [9], so does the pair
(E, s (B)), —i.e. s is a cofibration.

Finally, (i) trivially ensures that s (B) is closed in E,

while (ii} is equivalent to E's being Hausdorff. In which
case [7] (1.17) implies that s (B) is closed in E.

10.

11.

12,

13.
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