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ABSTRACT

By means of abstract homotopy theory, it is shown that an ex-map which is a homotopy equivalence is in fact an ex-homotopy equivalence
(given suitable conditions). The power of this categorical approach is that it has much broader applicability than directly topdiogical arguments.

INTRODUCTION AND NOTATION

This note argues that abstract homotopy theory [17],
[19], [20] provides a convenient framework for the study
of ex-homotopy theory [12], [15], [16]. The set [X, E] B
of B-homotopy classes of B-maps (defined in the next
paragraph) in a category C with homotopy system is
considered in£l, generalising to Cg the treatment of
TopB appearing in [5]. The advantage of this approach
is seen in.? 2 when we choose C embedded in Top^. Then
abstract homotopy theorems about fibre-homotopy
equivalence become theorems on ex-homotopy equivalance.
Independent (but contemporaneous) treatments of an
abstract homotopy-theoretic approach to ex-homotopy
theory are presented in [4] and [18].

Our terminology is standard, namely, for an object B
in a category C, the category Co "over B" has as objects
morphisms X—>B in C and as morphisms commuting
triangles over B in C:-

X. + x.

\/
B

Then, for any object A in C, the category CA (of objects
"under A") is most readily defined as the opposite category
of C^. Finally, by performing both constructions simul
taneously, one obtains CA with objects A-»X-+B and as
morphisms commuting diagrams in C:-

'X,

]B

Thus, when C is the category Top of topological spaces and
continuous maps, then Topg provides the setting for ex-
homotopy theory. (When A or B is the empty space, then
Topg specialises toTopB, Top Arespectively.)

1. THE SET [X, E]B

We begin with a technical lemma. Notation is as
in [17]; however, to aid the uninitiated we make
the following brief remarks. A homotopy system
J, = (l» J0, J|» q) on a category C comprises a covariant
functor I : C-*C together with three natural transformations

j0, j| : id/-»-*l, q : l-*id/-> satisfying q o j = q o j\ = id. The
principal example is the homotopy system T of Top, where
I corresponds to the functor X*-?X x [0,1] and natural
transformations j , j(, q to the respective maps x»->(x, 0),
x»->(x, 1), (x, t)-*x (xeX, te[0, 1]). Kan conditions on
J, are assumptions of the existence of morphisms
("solutions") which allow certain diagrams to be filled
in to form commuting polygons; in the case of T on Top
(and Topg) the conditions DNE(n), E(n) are satisfied by
virtue of the n-dimensional "bucket lemma": [0, 1]n
is a retract of [0, 1]n. Finally, the term h-fibration is
defined prior to Lemma 1.6 below, since an h-fibration in
C is just what is there called an h-fibration with respect to
C in the special case C" = C.

LEMMA 1.1. Let I be a homotopy system on a category C
which satisfies the Kan-conditions DNE(2), E(3). Let
p: E-» B be an h-fibration, and suppose d>, d>': IX-+ E have
pod) =pod)' : IX-»Bandd)0 gd)Q- Then d>1 g4>{.

Proof: Since \ satisfies DNE(2), so does Xg' by (3.7) of
[17]. Let1*7: IX -*E be obtained as A« of a solution A to

the (2,1,1)-equation);with V^ :(D0B(I)o'J;o=(I,'r'? =(I)'-
Now consider the (3,1,1)-equation Ywith y£ =po(& o
Qx°Q\X' yl =y*= ^13 =pod)oq,x,)^ =poA- ,ts
solution « has -Uj = 11« : IIX-» Brepresentable as

pod)! oqx= Oj^

poifMu^o

poa>1oqx =0J1l)2o

Since p : E -* B is an h-fibration, there exists 0'l IX -* E
with po@=ju^ and @o l0\xft*p- So
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