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0. Introduction and notation

. Ever since the K-theoretic solution to the "vector fields on spheres- problem [I]
he machinery of K-theory has been felt to exceed both in power and accessibility

that of ordinary cohomology. For example, the solution of the Hopf invariant one
problem involves delicate manipulation or secondary cohomology operations or far
more simply, a short calculation in K(S2k vfB*) of ^ o if,2 = ^0-*3 f51 Also
because of the generalization to the equivariant theory, many spaces (for example'
homogeneous spaces as in [11]) are more readily computable in K-theory than
cohomology. J

Of course, relative suitability depends on the particular problem being considered
and the two theories are interdependent through, for example, Atiyah-Hirzebruch
[7] and Segal [22] spectral sequences. Nevertheless, in view of the cohomolocical
apparatus available [18], it is surprising that no systematic K-theoretic attack has
hitherto been mounted on the fundamental problem of determining the existence of a
(never-zero) cross-section of a vector bundle. To pose the question explicitly, let C
denote (throughout this paper) acompact Lie group, acting on acompact space B
Suppose £ is a complex ^-dimensional G-vector-bundle over B, with associated
sphere bundle projection p:SE^B. We seek an equivariant cross-section
s.a - i£ ol p (p os = lB) or rather, conditions on /C*(S), K*(SE) which guarantee
that no such section can exist. (In general we treat K*(X) as bigraded, and later
KG(X) will refer to the /(G)-adic completion of K*(X) as an K(G)-module, where
HO) is the augmentation ideal of the unitary representation ring R(G))

First recall [5] that exterior multiplication by s induces an isomorphism of the
exterior power bundles Acv(£) = © A'm A0*^) = © A2i +,(E) over B
associated to £. Thus, in Kc(Bl ' *° ' >o' x

;._,(£) = Aev(£)-Aodd(£) = o,

so that /..,(£) the "K-theory top Chern class", serves as a primary obstruction to
the existence of 5. The remarkable fact is how much information is conveyed by its
vanishing In §1 below we point out how it forces the vanishing of various alternative
primary obstructions. Then in §2 and §3 we show that it completely "ties up" the
algebra of K*(SE). Specifically, (2.2) and (3.1) together imply the following.

1Theorem 0.1. //;._,(£) =0in K0(B), then as K*(B)-alyebraS
K*(SE)* K*(BxSC).

Hence 5£ is K*(B)-algebraically indistinguishable from the sphere bundle of the
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