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1. The Theorem

Theorem. Any finite-dimensional complex representation of an acyclic group A
restricts trivially to anyfinite subgroup of A.

There are two reasons why this is a remarkable result. First, the definition of an
acyclic group involves no representation theory but is strictly homological. (Recall
that A is acyclic if H((A;Z) = 0 for all i > 0.) Second, previous evidence had suggested
an abundance of normal subgroups of acyclic groups. For example:

(1.1) [8] Any group G may be normally embedded in a group which is itself a
normal subgroup of an acyclic group.

(1.2) [11] Any perfect group is a homomorphic image of a {torsion-free) acyclic
group.

In recent years acyclic groups have received increasing attention as a result of their
importance in algebraic K-theory, foliation theory, cohomology of groups and
elsewhere. See [8, 10] for collections of examples.

2. Proof of the Theorem

Let &G denote the maximum perfect subgroup (perfect radical) of a group G.

(2.1) IfXis an acyclic space and SPit^Y) = 1 then [X, Y] is trivial.

Proof We use Quillen's plus-construction [4, Chapter 5]. We have, for any map
fX^Y,

f

f

however, because iPn^Y) = 1, the map Y-*Y+ is just id: Y-* Y. On the other hand
nx{X) is perfect, so X+ is both acyclic and simply-connected, hence contractible. Since
/ factors through a contractible space, it is nullhomotopic.

Now to the proof of the main result. In fact we prove the more general assertion
that any homomorphism p: A -* GLao(C),where GL^C) = dirlim GLn(C), has trivial
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