REMARKS ON THE STRUCTURE OF ACYCLIC GROUPS

A.J. BERRICK

1. The Theorem

THEOREM. Any finite-dimensional complex representation of an acyclic group A
restricts trivially to any finite subgroup of A.

There are two reasons why this is a remarkable result. First, the definition of an
acyclic group involves no representation theory but is strictly homological. (Recall
that A4 is acyclic if H/(A;Z) = 0 for all i > 0.) Second, previous evidence had suggested
an abundance of normal subgroups of acyclic groups. For example:

(1.1) [8] Any group G may be normally embedded in a group which is itself a
normal subgroup of an acyclic group.

(1.2) [11] Any perfect group is a homomorphic image of a (torsion-free) acyclic
group.
In recent years acyclic groups have received increasing attention as a result of their

importance in algebraic K-theory, foliation theory, cohomology of groups and
elsewhere. See [8, 10] for collections of examples.

2. Proof of the Theorem
Let 2G denote the maximum perfect subgroup (perfect radical) of a group G.

(2.1) If X is an acyclic space and Pn,(Y) = 1 then [X, Y] is trivial.

Proof. We use Quillen’s plus-construction [4, Chapter 5]. We have, for any map
[ XY,

f

X — Y

L,

f

X& —_— Y+ ;

however, because Zx,(Y) = 1, the map Y- Y* is just id: ¥ = Y. On the other hand
7,(X) is perfect, so X* is both acyclic and simply-connected, hence contractible. Since
S factors through a contractible space, it is nullhomotopic.

Now to the proof of the main result. In fact we prove the more general assertion
that any homomorphism p: 4 - GL (C), where GL (C) = dirlim GL ,(C), has trivial
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restriction to any finite subgroup of A. Since any element of A4 of finite order is a
product of elements of prime power order, it suffices to establish the triviality of p on
any cyclic subgroup C of prime power order. We therefore show that the restriction
I(A) - I(C) of augmentation ideals of complex representation rings is the zero-map.
In the commuting square

I(A) —— [BA,BGL_(C)]

| 1

I(C) >— [BA,BGL.(O)],
the lower horizontal map corresponds to the injective map [1, (6.11), (7.2)]
KC)— IC)* — R(BC),
while by (2.1) (B4, BGL_(C)] = 0 since 7,(BGL(C)) = K(S*) = 0.

Although T now have other, more recent proofs (also topological), the one
presented here bears most directly on acyclic groups.

3. Consequences and remarks

Much of this section and the next is a group-theoretic exercise on the normal
subgroup structure of a group 4 having the property of the theorem, under the
assumption that A4 is perfect (occasionally, superperfect).

Thus for example a residually finite acyclic group must be torsion-free.

One immediate consequence of the theorem is (a) of the following; in view of (1.2),
(b) is just a reformulation of the Feit-Thompson odd-order theorem.

(3.1) (@) A torsion-generated acyclic group has no subgroup of finite index.
(b) A torsion-free acyclic group has no normal subgroup of odd index.

(3.2) If N A is finitely generated and residually finite, then its torsion elements
are central in N; in particular, if N is generated by torsion elements, then N is abelian,
hence finite abelian.

Proof. Since the hypotheses imply that Aut(N) is residually finite, apply the
theorem to the map from the acyclic group to Aut(N) induced by conjugation.

(3.3) Two consequences of (3.2) are especially striking. The second is an
observation of C. Soulé.

(@) A finite group is normal in an acyclic group if and only if it is abelian.

A stronger version of sufficiency appears as (3.6) below.

(b) GL,(Z) is normal in an acyclic group if and only if n =1 or co.

For the case n = o0, see [14]. Similar assertions hold for more general rings R with
K,(R) finitely generated and satisfying a suitable stable range condition.

(3.4) If a \-relator group with torsion is normal in an acyclic group, then it is not
residually finite.
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(3.5) (3.4) has an interesting relation to the following two areas of research.

(a) G. Baumslag’s Conjecture: All 1-relator groups with torsion are residually
finite.

(b) [3] Any torsion-free 1-relator group which is perfect-by-infinite cyclic is
acyclic-by-infinite cyclic. There exist such.

(3.6) The following result, when taken together with the part of (3.3)(a) that
follows from the theorem, says that among finite groups only the abelian groups can
be normal in acyclic groups, but among the abelian groups all conceivable normalities
may be realised.

Let G be abelian, P < Aut(G). Then there exists an acyclic group A with G normal
in A and A/C (G) = P if and only if P is perfect.

Proof. ‘Only if’. Obvious, since A4 is perfect.
‘If*. As in (1.2) there exists an acyclic group B and epimorphism B-» P. With
Ag = M(A,(Z,G)) as in [7], observe that any ae Aut(G) extends to &e Aut(4;) via

[ 3=0,
W =1x 1> 0

A
Therefore set A = A;>a B via the B-action on A given by B — P>+ Aut(4,). Then
C(G) = Ag>Ker(B—» P), so 4/C,(G) = P. Thus 4 is acyclic because 4 acyclic
forces H,(A4) ~ Hy(B) =0 from A, A—» B.

(3.7) Because finitely generated subgroups of linear groups over fields are
residually finite [12, (7.11)], it follows from the theorem that, at least for a finitely
generated acyclic group, the conclusion of the theorem holds for finite-dimensional
representations over arbitrary fields.

(3.8) It is immediate from the theorem that torsion-generated acyclic groups
belong to the class of groups which admit no non-trivial finite-dimensional complex
representation. By the result quoted in (3.7), this class also contains any finitely
generated group which has no proper subgroups of finite index (such as Higman’s
torsion-free 4-generator acyclic group [2]). According to [9)], it also contains the
commutator subgroup of GL, D whenever D is a division algebra which is infinite-
dimensional over its centre. A continuous analogue is the result [13] that a connected
semisimple Lie group without compact simple constituents admits no non-trivial
finite-dimensional unitary representation.

4. Torsion-generated acyclic groups

(4.1) Let 4 be a torsion-generated acyclic group, and write 4, = A/2(A).
Because A is perfect, 4, is centreless.

(4.2) Here it is useful to consider the class 7 of groups which contain no non-
trivial homomorphic image of a torsion-generated acyclic group. Evidently J is
closed under the formation of subgroups, cartesian products (hence residually-
closed) and extensions. Clearly,  contains all torsion-free and soluble groups, and,
by the theorem, all groups admitting faithful complex representations. Since acyclic
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groups A are superperfect, 7 also contains all quotignts of 7 -groups G by subgroups
N in the hypercentre of G or which have Out (N) in 7 ; for in either case the induced
extension over the acyclic group is trivial (compare [6]), making the map 4 —» G/N
factor through G. Also, because A, is centreless, it can admit no normal subgroup
whose automorphism group lies in 7, and so, in particular, no finitely generated
residually finite normal subgroup.

(4.3) Since A has no finite non-trivial quotient while A, is centreless, 4, has no
proper subgroups of finite index ; each element and each non-normal subgroup of A, has
infinitely many conjugates. (Compare [8, (2.3)].)

(4.4)  Any just-infinite normal subgroup of A, is an infinite simple-by-finite abelian
group.

Proof. First, we check that the subgroup, M say, may not be residually finite.
For by [15, Proposition 9] M has only finitely many subgroups of each finite index n;
their intersection H(n) is therefore characteristic in M, hence normal in 4,. Because
M/ H(n) is finite the induced map 4, — Aut(M/H(n)) is trivial, making [4,, M] <
H(n). Since [, H(n) = 1 for M residually finite, this forces M to be central in 4,, a
contradiction of (4.1). Thus by [15, Proposition 1] M is monolithic with monolith a
finite direct product of isomorphic simple groups. Then by (4.3) there is just one
factor in the product and it cannot be finite. To check that the monolith of M is the
commutator subgroup M’ observe by [15, Proposition 9] again that any normal
subgroup of M contains a characteristic subgroup K. Since Aut (M/K) is finite, the
A-action is trivial and [4,, M] < K. The same conclusion may be deduced for any
non-central just-infinite normal subgroup of A.

(4.5)  For M normal in A, (or A) the following are equivalent.

(i) M/M"is fg.

(i1) There exists n > 1 such that, for the lower central series term y, M and for any
prime field £, the abelianisations M,, ® £ and (y,M),,® £ are finite-
dimensional over £.

(iii) M is f.g. abelian or infinite perfect-by-f.g. abelian.

ab

Proof. Clearly (iii) implies the others. Note as before that the perfect subgroup
of (iii) cannot be finite. We work first with M normal in 4,. For (i) = (iii), observe
that, being f.g. metabelian, M/M" is f.g. residually finite; hence, as with (3.2), it is
abelian.

To check (ii) = (iii), we note that the action of 4 on M, @ # corresponds to a map
through 4 to some GL,(#). Since GL,(#) admits a faithful finite-dimensional
complex representation, the homomorphism must be trivial. It follows that A, acts
trivially on M, = M/M . Therefore [4,, M] = M’. Since A, is perfect, application of
the Three Subgroups Lemma to 4,,4,,M and to 4,, M, M yields that

M’ =[A4, M] = [A,,[4,, M]) = [4,,[M, M]] = [[4,, M], M] = y,(M).

’

Thus in the second part of the hypothesis y, (M) = M’; repetition of the above
argument now shows that M’ = M"” as required.
Finally, we obtain the corresponding results for N normal in 4. Since (i) and (ii)
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are preserved by central quotients, we deduce from the above that [4,N]=
[A,NZ(A)) S NZ(A)=N"%Z(A4). It follows that [4/N",[A/N",N/N"|j=1,
whence N/N” is central in perfect A/N”. This leaves N' = N”.

(4.6) Note that the hypothesis that 4 be torsion-generated may be weakened in
(4.5), provided that the subgroup T(A4) generated by all elements of A4 of finite order
is large in relation to the normal subgroup N. Specifically, similar arguments show that
(i) = (iii) still when N < T(4) N'C\(N/N"), and (ii) = (iii) provided N < 2(T(4) N).
Thus, for example, an f.g. soluble normal subgroup of an acyclic group must be
abelian.

(4.7) Of course, in this context there is always a trivial method for obtaining
perfect normal subgroups, namely by taking for 4 a direct product of acyclic groups.
For a partial converse to this, suppose that a perfect normal subgroup P of A has
Out(P)e 7 . Then because Hom (4, Out (P)) is trivial, the obstruction to non-triviality
of the extension P> A4 -» A/P lies in H*(4/P;Z(P)) [6). Now the exact sequence

Hy,(A)— H,(A/P)—> H,(P),— H (4)— H,(A/P)

and the universal coefficient theorem together make the obstruction group vanish.
Hence A = Px A/P, so that P is after all a torsion-generated acyclic group.

(4.8) Similarly to the previous arguments, if N normal (but non-central) in 4 has
the map Aut(N)— Out(N/?N) factoring through a group in J, then, using [5,
(2.5)], one has that N is infinite perfect-by-abelian.

It is a pleasure to acknowledge the stimulus of cohversations with D. Benson and
P. Kropholler to this work, and to thank the referee for very helpful comments on its
presentation.
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