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THE SAMELSON EX-PRODUCT
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0. Introduction

The Samelson product [6] of two maps into an H-space corresponds
broadly to their basic commutator in the loop of homotopy classes of
maps into the H-space. In the burgeoning theory of ex-spaces and
ex-maps (see, for example, [5]) it is of interest to determine under what
conditions there is an analogue in this more general setting. Thiscounter
part we derive in § 6 below, calling it the Samelson ex-product. En route
we pass through some quite interestingex-homotopy theory. In addition,
our results extend the previously known range of definition of the
'ordinary' Samelson product. All definitions and notation may be found in
§1.

The purpose of this paper, then, is to establish Theorem (6.1) below,
whose notation we now follow. Clearly, slightly different techniques are
required to prove (6.1) under each of the seven sets of conditions.
Nevertheless, a common thread runs through the proofs, which we now
outline.

Since </i,/2>ie[iC,a'K2, E]§, it suffices to consider [K, x'K2, E]g,v'K%
where the map Kiv'K2^E factors through the section s: B-*E.
Indeed, we consider [K, x'K2, Ex'E]£'v'K2, where the maps Kiv'K2^
E x' £ -> E are induced from Kiv' K2 -> E -» B. In (2.3) we show that, if
Kiv'K2*+Ki x'K2 is a closed cofibration (considered in § 3), then a f.h.e.
(fibre homotopy equivalence) g: Ex'E^Ex'E induces a bijection
from this set to a similar one. When g= 7n x(tti. 7t2) {ttj\ Ex'E->E
being projection to the y-th factor, y= l, 2) corresponds to left-
multiplication, then the fact that g* is a bijection corresponds to the
existence of a unique right-multiplicative inverse and so leads to the
existence of a unique commutator, as desired. Thus it remains to show, as
in (5.1) say, that g is truly a f.h.e.

The necessary steps in this argument are proved in rather greater
generality than the above sketch indicates. Applications of this work are
reserved for a subsequent paper. The author would like to thank the
referee for his stimulating comments.

1. Notation and definitions

In general we follow [2]. A, B are arbitrary topological spaces.
1.1 (E,p,B,s) is an ex-space if it is an object of Topa [2] and if in
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