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Abstract. The paper investigates preservation of a fibration F →
E → B by a localization functor L, meaning that LF → LE → LB
is also a fibration. We obtain necessary and sufficient conditions
for this, in case L is equivalent to a nullification functor PW . Ap-
plications include the fact that if such a fibration is preserved by
a nullification, then so too are all of its pullbacks. Another appli-
cation is a homological criterion for a fibration to be preserved.

0. Introduction

In order to understand the effect of a localization X 7→ LX on
homotopy groups, it is important to know the result of applying the
functor L to each of the spaces of a fibration sequence F → E → B.
The key question is whether the resulting sequence LF → LE → LB
is also a fibration sequence.

We recall some standard terminology relating to localization. A lo-
calization functor L, from the category of spaces of the homotopy type
of a CW-complex to itself, comes equipped with a natural transforma-
tion l : Id → L that is a coaugmentation, so that for each X we have

LlX ' lLX : LX
'−→ LLX. Also, one calls X local if the coaugmenta-

tion map X → LX is a homotopy equivalence, and a map g : X → Y
is an L-equivalence if Lg : LX → LY is a homotopy equivalence.

Here we ‘restrict’ attention to localizations of the form L = Lf with
respect to some map f : U → V . Such a localization Lf may be defined
by specifying that X is local if composition with f induces a weak
homotopy equivalence of function spaces map(V, X) → map(U,X).
According to [10], whether this apparent restriction is a genuine one
depends on the model of set theory being followed; in particular, if
Vopěnka’s principle is adopted, then every localization may be taken
to be of this form.

We say that a fibration sequence F → E
p→ B (of pointed spaces and

maps) is preserved by L if the natural map gives a homotopy equiva-
lence Fib(Lp) ' LF between the fibre Fib(Lp) over the basepoint in
LB (being the image under lB of the basepoint of B) and the localiza-
tion of the fibre LF . In other words, if applying L gives a commuting
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diagram of fibration sequences:

F
lF−→ LF

↓ ↓
E

lE−→ LE
↓p ↓Lp

B
lB−→ LB.

In our main result we prove a reduction of preservation of a fibra-
tion over B, by a nullification functor L = PW , to preservation of
the induced fibration over a ‘subspace’ ALB that contains the ‘non-
local’ part of B. We also point out certain conditions for L to be a
nullification functor. Recall that for any connected space W the W -
nullification of X comprises a space PW X and map X → PW X that is
initial among maps from X to PW -local, or W -null, spaces Y, namely
those Y for which the space of maps map(W, Y ) is weakly homotopy
equivalent to Y , or equally, in the pointed category, the pointed func-
tion space map∗(W, Y ) is contractible. This corresponds to L = Lf for
f : W → pt. The condition therefore applies in particular not only to
V (n)-localization, a version of homological localization with respect to
Morava K-theories (see for instance [9]), but also to the Quillen plus-
construction - see [7]. The arguments below generalize those given in
[4], [6] for the case where L is the plus-construction.

A version of the main result reads as follows. Let ALX be the ho-
motopy fibre of the localization’s coaugmentation map lX : X → LX,
with the induced map dX : ALX → X.

Theorem 0.1. Let F → E
p→ B be a fibration sequence, and let

L = Lf = PW be a homotopy nullification functor. Then the following
statements are equivalent.

(i) The fibration sequence p is preserved by L.

(ii) The pullback F → E1
q→ ALB of the given fibration sequence p

along dB : ALB → B is preserved by L.
(iii) The fibrewise localization of q in (ii) is a fibre homotopically

trivial (that is, a product) fibration sequence.

The proof is given following the proof of Theorem 4.1 below. Thus
the theorem identifies an induced fibration sequence over ALB as the
sole and full obstruction to the preservation of the given fibration se-
quence by L.

A key property of nullification follows: If PW preserves a fibration
sequence, then it preserves all its pullbacks.

Theorem 0.2. Let F → E
p→ B be a fibration sequence, and let

L = Lf = PW be a homotopy nullification functor. If this sequence is
preserved by L, then any fibration sequence induced from p via a map
X → B is also preserved by L.
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We are able to give two proofs of this result: one direct, the other a
consequence of our main theorem (4.1) below.

Acknowledgements. We would like to thank the referee for careful
reading and helpful comments. We are also very grateful to D. Stanley
for his contributions that resulted in the inclusion of (i) in Theorem
2.1 below, and the identification of the reference [11] used in various
places.

1. Preliminaries

All spaces are assumed to have the homotopy type of a pointed CW-
complex. Unless explicitly said otherwise we assume that spaces and
maps are pointed. It is clear that some of the results hold more gener-
ally: for example, in this section one need assume only that base spaces
are locally path-connected, in order to know that path-components co-
incide with components. Later, in order to apply Dold’s theorem [12],
it suffices to deal with D-spaces [3].

We begin with a discussion of localizations and connectedness. Re-
call from the Introduction that we have assumed that L = Lf for some
map f . In fact, it follows from the definition that if f fails to induce
a bijection on the set of components, then every local space is con-
tractible. In that event our results hold for trivial reasons. We assume
that f is a map of connected spaces. We record a useful effect of this,
which shows that L restricts to a localization on connected spaces too.

Lemma 1.1. [14](1.A.e.11) If X is a connected space, then so is LX.�

Because fibres (for example, loop spaces) play an important role in
this work, we are also obliged to consider localization of non-connected
spaces. The following observations are helpful.

Lemma 1.2. The coaugmentation map lX : X → LX induces a bijec-
tion on the sets of components of X and LX.

Proof. Since f is a map of connected spaces, the space S0 is local.
Then the result is a consequence of the bijection between [X, S0] and
[LX, S0]. �

Lemma 1.3. A space X is local if and only if each component is local.

Proof. Because it induces a bijection on components, the map X →
LX is a homotopy equivalence if and only if its restriction to each
component is. �

Another useful tweaking of our definition of localization is to use
the associated mapping cylinder cofibration construction to deform the
coaugmentation to a cofibration (cf. [5]p.44, [14]p.6). (The universal
nature of this pushout construction ensures that the functoriality of
L is retained.) This enables maps from X to a local space to factor
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through the coaugmentation X → LX (the factorization being unique
up to homotopy under X).

Turning now to fibrations, we recall that associated to any map
p : E → B and basepoint b of B there is the associated Hurewicz
fibration, or mapping path fibration, p̃ : Pp → B with E and Pp ho-
motopy equivalent over B. The fibre Fib(p) = (p̃)−1(b) is known as the
homotopy fibre of p over b, obtainable also as the pullback

Fib(p)
ι−→ E

↓ ·y ↓p

PB −→ B

where PB denotes the space of paths in B that originate at b. Here
and elsewhere we use the basepoint in B as a (usually implicit) part
of the apparatus. It is tempting to concentrate on the case where B is
connected; however, because this does not always occur, we make it an
explicit extra assumption when we use it. A fibration sequence

F
h−→ Fib(p)

ι−→ E
p−→ (B, b)

normally written simply as F
ιh−→ E

p−→ B, consists of a sequence of
maps where Fib(p) is formed with respect to the basepoint b of B and
h is a homotopy equivalence.

An important tool for us is fibrewise localization. The following re-
sult is a special case of a general construction that allows for the fibre-
wise application of any functor that preserves weak homotopy equiva-
lences.

Lemma 1.4. (Fibrewise localization.) If F → E
p→ B is a fibration

sequence, then there is a fibration sequence LF → Ē
p̄→ B and a

commuting diagram of fibration sequences

F
lF−→ LF

↓ ↓
E

a−→ Ē
↓p ↓p̄

B
id−→ B

in which a is an L-equivalence.

Proof. In the case where F = Fib(p), the result is proved in [14](1.F.3),
(1.F.4). The general case follows by naturality. �

Lemma 1.5. If, in a fibration sequence F → E
p→ B, both E and B

are local, then so is F.

Proof. By restricting attention to its basepoint component, we may
assume that B is connected. Then when E is also connected, this
result is just [14](1.A.8.e.3). Passage to the general case is obtained by
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twofold application of Lemma 1.3, by consideration of p restricted to
each component of E. �

The key question for this study is when the homotopy equivalence
F → Fib(p) gives rise to a homotopy equivalence LF → Fib(Lp) (or
equally, when LFib(p) → Fib(Lp) is also a homotopy equivalence).
In that event we say that the localization L preserves the fibration

sequence F → E
p→ B.

Examples 1.6. Here are some examples of fibrations not preserved by
a certain nullification. Most examples in the literature appear to be of
path fibrations ΩB → PB → B, where the space B has contractible
localization whereas ΩB does not, the localization being with respect to
some homology theory. Perhaps the oldest example using extraordinary
homology theory is B = K(G, 2) where the homology theory is K-
theory [1]. Recently Langsetmo & Stanley have given examples with
B of arbitrarily high connectivity, with respect to mod p K-homology
[17]. A different kind of example appears in [5]p.56, where it is shown
that for any nonzero ring R (having additive group of all finite matrices
MR and direct limit general linear group GLR) the fibration

B(MR) → BGL

(
R R
0 R

)
→ BGLR×BGLR

is not preserved by the plus-construction.

Lemma 1.7. In the diagram above of fibrewise localization, L preserves
p if and only if L preserves p̄.

Proof. Since a is an L-equivalence, the spaces LE and LĒ are homo-
topy equivalent. �

This result has a quick application that we use later.

Lemma 1.8. Any fibration sequence F → E
p→ B with LF contractible

is preserved by L; so if in addition B is connected then Lp is a homotopy
equivalence.

Proof. In this case p̄ is a homotopy equivalence, so that Lp̄ is too (cf.
(1.H.1) of [14]). �

However, in order to make further progress, we need to impose a
condition on the localization L.

2. When is a localization a nullification?

In this section we discuss a condition that allows one to prove the re-
sults of the Introduction concerning preservation of fibration sequences.

This enables us to establish the following recognition principle for
localizations of the desired form. First, let ALX be the homotopy fibre
of X → LX over its given basepoint. In the list below, (i) follows the
convention that two localizations are equivalent if they have the same
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local spaces. Notice that in the proof, in order to deduce (i) from the
other conditions, we do need to assume that L = Lf for some map f
of connected spaces.

Theorem 2.1. For any localization L = Lf with f a map of connected
spaces, the following are equivalent.

(i) L is equivalent to a nullification.

(ii) If, in any fibration sequence F → E
p→ B, both F and B are

local, then so is E.

(iii) Every fibration sequence F → E
p→ B with B local is preserved

by L.
(iv) For every space X the space LALX is contractible.
(v) For every space X the space ALX is connected, and AL(ALX) =

ALX.

Proof. In the proof we may replace B, E by the component of the
basepoint and thus take them to be connected.
(i) ⇒ (ii). This is shown in [9](4.2) and [14](1.A.8.e.6).
(ii) ⇒ (iii). By Lemma 1.7 it suffices to show that the fibration se-

quence LF → Ē
p̄→ B obtained by fibrewise localization is preserved

by L. Now (ii) yields that Ē is local. So the fibrewise localization con-
sists entirely of local spaces and is therefore homotopically unchanged
by L.
(iii) ⇒ (iv). If we apply L to the fibration sequence ALX → X → LX
with local base we still get a fibration sequence, by (iii). But L is
idempotent, so the fibre LALX of LX → LLX is contractible.

(iv) ⇒ (ii). Suppose that F → E
p→ B is a fibration sequence with

E and B connected, and both F and B local. Then since B is local, p
must factor through lE : E → LE via q : LE → B. This gives rise to
the diagram

F
m−→ Fib(q)

↘ ↙
E

lE−→ LE
↘p q ↙

B

By Lemma 1.5, Fib(q) and then Fib(m) are both local spaces. How-
ever, in this situation (see [11]Lemma 2.1 or [5]p.35) Fib(m) coincides
with Fib(lE) = ALE. Since it is already local, we have ALE = L(ALE),
which is contractible by assumption. Therefore lE is a homotopy equiv-
alence, making E local, as required.
(iv) ⇒ (v). We again use the fact that the space S0 is local. Since
by universality every map from ALX to S0 must factor through the
contractible space LALX, it follows that ALX is connected. We are
therefore able to iterate the construction. Then by (iv) AL(ALX) is the
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homotopy fibre of the localization map from ALX to the contractible
space LALX. Hence the result.
(v) ⇒ (iv). Again we exploit the fact that AL(ALX) is the homotopy
fibre of the localization map (of connected spaces) ALX → LALX.
(iv) ⇒ (i). With L = Lf where f : U → V, we let W = (ALU) ∨
(ALV ). We invoke the result [14](1.D.5)(iv) that for any map g

Lg(X ∨ Y ) ' Lg(LgX ∨ LgY ).

First, in the case g = f it immediately shows, using (iv), that LW '
pt. Then by [14](1.C.5) every Lf -local space is W -null. Second, with
g : W → pt it yields that

PW (PW (ALU) ∨ PW (ALV )) ' PW W ' pt,

the latter equivalence following from the definition. So we deduce from
[14](1.A.8.e.9) that

map∗(PW (ALU) ∨ PW (ALV ), PW (ALU)) ' pt,

which implies that PW (ALU) ' pt, and similarly for PW (ALV ). Thus
in the commuting square

PW U
PW f−→ PW V

↓ ↓
PW LU

PW Lf−→ PW LV

both vertical arrows are homotopy equivalences. After [14](1.C.5), Lf
is already a homotopy equivalence. This leaves PW f as a homotopy
equivalence, and by [14](1.C.5) again every W -null space is Lf -local.�

Here is a class of localizations for which the above conditions are
satisfied.

Corollary 2.2. Let X be a class of groups (called X -groups) closed
under passage to

(i) group extensions of X -groups by X -groups,
(ii) subgroups of X -groups, and
(iii) quotients of X -groups by central subgroups.

If L is a localization having as local spaces precisely the spaces all of
whose homotopy groups lie in X , then L satisfies Theorem 2.1(ii).

Proof. The proof follows directly from the group extensions (with
i ≥ 1)

Im[πi(F ) → πi(E)] � πi(E) � Ker[πi(B) → πi−1(F )]

that arise in the exact homotopy sequence of a fibration sequence F →
E → B. (Recall that the extension

Im[πi+1(B) → πi(F )] � πi(F ) � Im[πi(F ) → πi(E)]

is always central.) �
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In particular, this corollary affords an immediate proof that the plus-
construction satisfies Theorem 2.1(ii), for its local spaces are just those
whose homotopy groups lack nontrivial perfect subgroups. A less direct
proof can be obtained by expressing the plus-construction in the form
PW for suitable connected W [14], [7].

Example 2.3. Suppose that the localization L = Lf has underlying
map f : S2 → S2 of degree p. It is shown in [14](1.H.4) that LAL(S2)
is not simply-connected. So by the theorem, L cannot be equivalent to
a nullification.

3. Localizations and homotopy pullbacks

Henceforth we assume that the localization L = PW satisfies the
conditions of Theorem 2.1 above.

Proposition 3.1. If a pointed fibration sequence F → E
p→ B, with

F connected, is preserved by L, then any pointed fibration sequence p1

induced from p via a map B1 → B is also preserved by L.

Proof. We can assume that B1 is connected – otherwise we work
with the basepoint component of B1. As in [11] Lemma 2.1, there is a
diagram

ALF −→ F −→ LF
↓ ↓ ↓
G −→ E1 −→ LE
↓f1 ↓p1 ↓Lp

H −→ B1 −→ LB

that depicts the induced fibration sequence p1 and its map, via compo-
sition, to the localized fibration sequence Lp. The rest of the diagram
is determined by taking homotopy fibres of the horizontal right-hand
maps, and by [11] has the property that ALF is also the homotopy
fibre of the induced map f1. Since (by 2.1(iv)) L(ALF ) is contractible,
Lemma 1.8 shows that the fibration sequence f1 is preserved by L.
Also, we know from Theorem 2.1(iii) that all the horizontal fibration
sequences are preserved by L, since they have local bases.

Then localization of the lower right square gives rise, as in [11] again,
to the fibration sequence diagram below.

Fib(Lf1) −→ Fib(Lp1) −→ LF
↓ ↓ ↓
LG −→ LE1 −→ LE
↓Lf1 ↓Lp1 ↓Lp

LH −→ LB1 −→ LB

This reveals that the map from Fib(Lp1) to LF has contractible fibre
Fib(Lf1) ' L(ALF ), and so, since LF is connected by Lemma 1.1, is
a homotopy equivalence. Therefore our induced fibration sequence p1

is preserved by L, as claimed. �
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We now present a partial converse to the above result. It will be
crucial to our main argument.

Lemma 3.2. Suppose that

D −−−→ E

q

y p

y
A −−−→ B

r−−−→ C
comprises a homotopy-Cartesian square along with a fibration sequence
A → B

r→ C where C is local. Then
(a) There is a homotopy equivalence of homotopy fibres: Fib(Lq) '
Fib(Lp);
(b) p is preserved by L if and only if q is preserved by L.

Proof. For the diagram with both squares homotopy-Cartesian

D
q−−−→ A −−−→ PCy y y

E
p−−−→ B

r−−−→ C

we have from Theorem 2.1(iii) that the mapping path fibrations of both
r and r ◦ p are preserved by L. So there is also a commuting diagram

LD → LE
↓Lq ↓Lp

LA → LB
↓ ↓Lr

PLC → LC

with the outer rectangle and lower square homotopy-Cartesian. These
combine to give the upper square homotopy-Cartesian as well. This
gives (a). Then we have Fib(Lq) ' Fib(Lp) and Fib(q) ' Fib(p). So
Fib(Lp) ' LFib(p) precisely when Fib(Lq) ' LFib(q), which is the
content of (b). �

4. Main results

We now use part of the above to prove the main result of the intro-
duction. First, a reminder and some notation.

Recall [15] that, with autF (respectively aut◦F ) as the monoid of
self-equivalences (resp. pointed self-equivalences) of a connected space
F , there is a universal fibration

F −→ Baut◦F −→ BautF.

If a basepoint has not already been specified, we may choose one so
as to make pointed the space F , and thereby any fibration sequence
commencing with F . We also exploit the easy fact, proved via Lemma
1.2, that if a fibration sequence is preserved by L, then so is any other
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fibration sequence fibre homotopy equivalent to it. Thus a fibration

sequence F → E
p→ B gives rise to a pullback of fibration sequences

F
id−→ F

↓ ↓
E −→ Baut◦F
↓p ·y ↓
B

p̂−→ BautF

while functoriality gives a commuting diagram [14](1.F.1.2)

F
lF−→ LF

↓ ↓
Baut◦F −→ Baut◦LF

↓ ↓
BautF

ζ̂−→ BautLF

Moreover [14](1.F.1.4), we have ζ̂ ◦ p̂ = (p̄)ˆ, or equally, the fibration

sequence LF → Ē
p̄→ B is induced from the fibration sequence

LF → Baut◦F
ζ→ BautF,

where ζ is obtained by pulling back over ζ̂ the universal LF -fibration
sequence. More generally, the above considerations apply to non-
connected F as well, provided that one makes the appropriate replace-
ment for the universal fibration sequence over BautF [2].

Theorem 4.1. Let F → E
p→ B be a fibration sequence. Then the

following statements are equivalent.

(i) The fibration sequence p is preserved by L.
(ii) The composite

ALB
dB→ B

p̂→ BautF
ζ̂→ BautLF

is nullhomotopic.

(iii) The pullback LF → E1
q→ ALB of the fibration sequence

LF → Ē
p̄→ B

over dB is fibre homotopy trivial and thus LF ' LE1.

Proof. ζ̂ ◦ p̂ ◦ dB classifies the pullback LF → E1
q→ ALB of the

fibration sequence LF → Ē
p̄→ B over dB. So (ii) and (iii) are equiv-

alent. We therefore have to show that this fibration sequence is fibre
homotopy trivial precisely when p is preserved by L, or equivalently, by
Lemma 1.7, when p̄ is preserved by L. However, by Lemma 3.2 applied
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to the diagram

E1 −→ Ē
↓q ↓p̄

ALB
dB→ B

lB−→ LB

this last is equivalent to its pullback q over dB being preserved by L.
Now by Theorem 2.1(iv) L(ALB) is contractible. So q is preserved by
L just when there is a map of fibration sequences:

LF −−−→ E1 −−−→ ALB

=

y y y
LF

'−−−→ LE1 −−−→ pt

Since by the Dold theorem [12] any fibration sequence is fibre homotopy
trivial if and only if the inclusion of the fibre admits a left homotopy
inverse (cf. [16](4.3)), it follows that q is preserved by L precisely when
it is a fibre homotopy trivial fibration sequence. �

Proof of Theorem 0.1. The equivalence of (i) and (ii) is immediate
from Lemma 3.2. The equivalence of (ii) and (iii) follows by apply-
ing the equivalence of Theorem 4.1(i), (iii) to the fibration sequence q
instead of p, using the fact (2.1(v)) that AL(ALB) = ALB. �

Proof of Theorem 0.2. First, note that if B
p̂→ BautF is the

classifying map for a fibration sequence over B, then the composite

X → B
p̂→ BautF is the classifying map for the induced fibration se-

quence over X. Thus, from the equivalence of (i) and (ii) in (4.1), we
are reduced to showing that if the composite

ALB
dB→ B

p̂→ BautF
ζ̂→ BautLF

is nullhomotopic, then so is the composite

ALX
dX→ X → B

p̂→ BautF
ζ̂→ BautLF.

However, naturality of the coaugmentation implies that there is a com-
muting square

ALX −→ ALB
↓dX ↓dB

X −→ B ,

whence the result follows. �

5. Application

To conclude, we provide an example of application of our main re-
sults. We begin with a lemma that provides a link between acyclic and
nilpotent spaces.
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Lemma 5.1. The following conditions on a connected space A are
equivalent.

(i) A is acyclic.
(ii) There are no essential maps from A to any space whose funda-

mental group contains no nontrivial perfect subgroup.
(iii) There are no essential maps from A to any nilpotent space nor

to any homotopy limit of a diagram of nilpotent spaces.
(iv) There are no essential maps from A to any Eilenberg-MacLane

space of the form K(Q, n) or K(Cp, n), where n ≥ 1 and Cp

denotes a cyclic group of prime order.

Moreover, these conditions imply that no essential map from A in-
duces the trivial map on fundamental groups.

Proof. To argue from (i) to (ii), apply the plus-construction to a map
from A to a space Y. In the commuting diagram

A −→ Y
↓qA ↓qY

A+ −→ Y +

if A is acyclic then A+ is contractible, while if the fundamental group
of Y lacks nontrivial perfect subgroups, then Y + = Y. Reduction from
(ii) to (iii), and from (iii) to (iv), is just an obvious specialization.

The deduction of (i) from (iv) is of course via universal coefficient
arguments; however, one has to take care to avoid assumptions that
homology has finite type. Proceeding as in [8], we first use trivial-
ity of each [A, K(Q, n)] to note the vanishing of rational cohomol-
ogy in all positive dimensions. It follows by universal coefficients
that all the groups Hom(Hn(A; Z), Q) are trivial, and thus that the
groups Hn(A; Z) are torsion. On the other hand, triviality of each
Hn(A; Cp) = [A, K(Cp, 1)] ensures that of its direct summands

Hom(Hn(A; Z), Cp) and Ext(H̃n−1(A; Z), Cp) .

The vanishing of the former implies that multiplication by p on H =
Hn(A; Z) is always surjective. Therefore there is an exact sequence

0 → pH → H
p→ H → 0;

its Hom-Ext sequence gives Hom(pH, Cp) = 0, so that pH = 0. Hence
multiplication by p on H is an isomorphism. This being true for all
primes p, and H being a torsion group, H must be trivial. Hence A is
acyclic.

For the final assertion, we use the fact that any map A → Y that is
trivial on fundamental groups must factor through the plus-construction
space A+. However, acyclicity of A makes A+ contractible. �

The following generalizes Theorem 1.1(b) of [4]. However, since the
proof strategy is different here, even in that case it affords a new proof.
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In essence the result deals with fibration sequences over acyclic spaces,
which in general will not be preserved by localizations – think of the
path fibration. However, in the following special example preservation
is guaranteed.

Corollary 5.2. Let F → E
p→ B be a fibration sequence of connected

spaces, with the following properties.

(i) LF is a nilpotent space.
(ii) Im(π1(ALB) → π1(B)) acts nilpotently on H∗(F ; Z).
(iii) ALB is acyclic.

Then p is preserved by L.

Proof. The action of π1(ALB) on H∗(F ; Z) is induced from that of
π1(B). Then the action of π1(ALB) on H∗(LF ; Z) is induced from that
on H∗(F ; Z), and hence by (ii) is also nilpotent. So, because of (i), we
can apply the last sentence of [15], at least for each Postnikov section
PnLF of LF. For then the composite

ALB
dB→ B

p̂→ BautF
ζ̂→ BautLF → Baut(PnLF )

factors through a nilpotent space, and so by Lemma 5.1 must be nullho-
motopic. To see that the map to BautLF must also be nullhomotopic,
we apply the short exact sequence of [13]:

proj lim1 π2(Baut(PnLF )) � π1(BautLF ) � proj lim π1(Baut(PnLF )).

Here the induced homomorphism on fundamental groups must map
π1(ALB) into the abelian kernel of the sequence. Since π1(ALB) is
however a perfect group, the homomorphism must be trivial. So, by the
lemma again, the map from ALB to BautLF is after all nullhomotopic
too. The result is then immediate from Theorem 4.1. �

It would be interesting to see whether this result has a counterpart
in other homology theories.
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