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1. π-realization

(a) Top3 X
X7−→ π1(X ), π2(X ), . . .

Eilenberg-Mac Lane 1943

(b) Gp3 G
X7−→ π1(G ), π2(G ), . . .

Kan-Thurston 1975

2. H-realization

(a) Top3 X
X7−→ H1(X ), H2(X ), . . .

JC Moore 1954

(b) Gp3 G
X7−→ H1(G ), H2(G ), . . .

Baumslag-Dyer-Miller 1983

Jon Berrick & Michel Matthey Homological realization of groups, via K-theory



History: Realization problems
H-realization for groups

Michel’s response !
Further strongly torsion generated groups

1. π-realization

(a) Top3 X
X7−→ π1(X ), π2(X ), . . .

Eilenberg-Mac Lane 1943

(b) Gp3 G
X7−→ π1(G ), π2(G ), . . .

Kan-Thurston 1975

2. H-realization

(a) Top3 X
X7−→ H1(X ), H2(X ), . . .

JC Moore 1954

(b) Gp3 G
X7−→ H1(G ), H2(G ), . . .

Baumslag-Dyer-Miller 1983

Jon Berrick & Michel Matthey Homological realization of groups, via K-theory



History: Realization problems
H-realization for groups

Michel’s response !
Further strongly torsion generated groups

1. π-realization

(a) Top3 X
X7−→ π1(X ), π2(X ), . . .

Eilenberg-Mac Lane 1943

(b) Gp3 G
X7−→ π1(G ), π2(G ), . . .

Kan-Thurston 1975

2. H-realization

(a) Top3 X
X7−→ H1(X ), H2(X ), . . .

JC Moore 1954

(b) Gp3 G
X7−→ H1(G ), H2(G ), . . .

Baumslag-Dyer-Miller 1983

Jon Berrick & Michel Matthey Homological realization of groups, via K-theory



History: Realization problems
H-realization for groups

Michel’s response !
Further strongly torsion generated groups

1. π-realization

(a) Top3 X
X7−→ π1(X ), π2(X ), . . .

Eilenberg-Mac Lane 1943

(b) Gp3 G
X7−→ π1(G ), π2(G ), . . .

Kan-Thurston 1975

2. H-realization

(a) Top3 X
X7−→ H1(X ), H2(X ), . . .

JC Moore 1954

(b) Gp3 G
X7−→ H1(G ), H2(G ), . . .

Baumslag-Dyer-Miller 1983

Jon Berrick & Michel Matthey Homological realization of groups, via K-theory



History: Realization problems
H-realization for groups

Michel’s response !
Further strongly torsion generated groups

1. π-realization

(a) Top3 X
X7−→ π1(X ), π2(X ), . . .

Eilenberg-Mac Lane 1943

(b) Gp3 G
X7−→ π1(G ), π2(G ), . . .

Kan-Thurston 1975

2. H-realization

(a) Top3 X
X7−→ H1(X ), H2(X ), . . .

JC Moore 1954

(b) Gp3 G
X7−→ H1(G ), H2(G ), . . .

Baumslag-Dyer-Miller 1983

Jon Berrick & Michel Matthey Homological realization of groups, via K-theory



History: Realization problems
H-realization for groups

Michel’s response !
Further strongly torsion generated groups

1. π-realization

(a) Top3 X
X7−→ π1(X ), π2(X ), . . .

Eilenberg-Mac Lane 1943

(b) Gp3 G
X7−→ π1(G ), π2(G ), . . .

Kan-Thurston 1975

2. H-realization

(a) Top3 X
X7−→ H1(X ), H2(X ), . . .

JC Moore 1954

(b) Gp3 G
X7−→ H1(G ), H2(G ), . . .

Baumslag-Dyer-Miller 1983

Jon Berrick & Michel Matthey Homological realization of groups, via K-theory



History: Realization problems
H-realization for groups

Michel’s response !
Further strongly torsion generated groups
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(a) Dedekind3 D
X7−→ K̃0(D)

Claborn 1966; Leedham-Green 1972

(b) Ring3 R
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H-realization for groups

G finite: |G | = m ⇒ mH̃?(G ) = 0
and for infinitely many n Hn(G ) 6= 0.

G locally finite: H�(G ) = 0 ⇒ H̃?(G ) = 0
Henn 1990s

G poly-(Z or locally finite):∣∣∣H̃?(G )
∣∣∣ < ∞ ⇒ H̃?(G ) = 0

AJB-Kropholler 2001

So, consider G torsion generated.
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Say G strongly n-torsion generated if ∃ xn ∈ G with
o(xn) = n and 〈〈xn〉〉 = G ,

strongly torsion generated (stg) if ∀n ≥ 2 G is strongly
n-torsion generated.

Examples 1. Infinite simple group with torsion of all orders –
e.g. A∞ (stable alternating gp)
2. Group normally gen’d by stg gp – e.g. E (R) (stable gp
gen’d by eltry matrices)

G ∈Stg ⇒ H1(G ) = 0
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A ∈ AbGp ⇒ A = K0(D)/Z
= K2(S

2D)/Z
= Z(St(S2D))/Z
= Z(St(S2D)/Z)

Observe: St(S2D)/Z ∈Stg

Hence: Stg3 G
X7−→ Z(G ) AJB 1991

Similarly, using E (SnR):

Stg3 G
X7−→ H1(G ) = 0, . . . , 0, Hn(G )

Later, using combinatorial group theory:

Stg3 G
X7−→ H1(G ) = 0, H2(G ), . . . AJB-Miller 1992
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K -theory of C ?-algebras
K := C ?-algebra of compact operators on a separable complex
Hilbert space K ∼= colimn Mn(C)

K top
n (K) ∼=

{
Z n even,
0 n odd.
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Given an abelian group M , choose a presentation for M of the
form

0 −→ Z[J ]
f−→ Z[I ] −→ M −→ 0 ,

with free abelian groups having basis sets I , J .

Adapt f , e.g. by converting the integral matrix of presentation
to one with nonnegative entries, to get C ?-algebra map

ϕ :
⊕̂

J

K −→
⊕̂

I

K

Its mapping cone Cϕ gives an extension of C ?-algebras

0 −→ S top
C (

⊕̂
I

K) −→ Cϕ −→
⊕̂

J

K −→ 0.

This extension gives a 6-term exact sequence in K -theory of
C ?-algebras.
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Next, use affirmed Karoubi conjecture identifying algebraic and
topological K-theory for stable C ?-algebras.

Proposition
For any abelian group M, there exist nonunital C ?-algebras
EM := S top

C (Cϕ) and FM := EM⊗̂K , such that, for every n ∈ Z,

K alg
2n (FM) ∼= K top

2n (EM) ∼= M

and
K alg

2n+1(FM) ∼= K top
2n+1(EM) = 0 .
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Using unitalization ˜ and algebraic suspension S , for abelian
groups A, A2, A3, define a group

G := St(S4
(
F̃A

)
)× E(S4

(
F̃A2

)
)× St(S5 (FA3)) .

Theorem
Let A, A2, A3 be any three abelian groups. Then, there exists
G ∈Stg such that:

(i) Z(G ) ∼= A;

(ii) H1(G ) = 0 (∵ stg)

(iii) H2(G ) ∼= A2 (∵ H2(E(R)) ∼= K2(R))

(iv) H3(G ) ∼= A3 (∵ H3(St(R)) ∼= K3(R))

(v) For infinitely many n, Hn(G ) ∼= Z⊕♦ (∵ Arlettaz :
K alg

n (R) −→ Hn(St(R)) −→ K alg
n (R) is mult’n by k > 0).

Jon Berrick & Michel Matthey Homological realization of groups, via K-theory



History: Realization problems
H-realization for groups

Michel’s response !
Further strongly torsion generated groups

Using unitalization ˜ and algebraic suspension S , for abelian
groups A, A2, A3, define a group

G := St(S4
(
F̃A

)
)× E(S4

(
F̃A2

)
)× St(S5 (FA3)) .

Theorem
Let A, A2, A3 be any three abelian groups. Then, there exists
G ∈Stg such that:

(i) Z(G ) ∼= A;

(ii) H1(G ) = 0 (∵ stg)

(iii) H2(G ) ∼= A2 (∵ H2(E(R)) ∼= K2(R))

(iv) H3(G ) ∼= A3 (∵ H3(St(R)) ∼= K3(R))

(v) For infinitely many n, Hn(G ) ∼= Z⊕♦ (∵ Arlettaz :
K alg

n (R) −→ Hn(St(R)) −→ K alg
n (R) is mult’n by k > 0).

Jon Berrick & Michel Matthey Homological realization of groups, via K-theory



History: Realization problems
H-realization for groups

Michel’s response !
Further strongly torsion generated groups

KO-theory of real C ?-algebras is more subtle.

Proposition
Let M be an abelian group. Then, there exists a real
C ?-algebra EM with the following topological K-theory :

n (mod 8) 0 1 2 3 4 5 6 7

KOtop
n (EM) M 0 0 0 M M/2 Ω2(M) 2M

where Ω2(M) is a suitable abelian group (may depend on
presentation for M) sitting in a short exact sequence

0 −→ M/2M −→ Ω2(M) −→ 2M −→ 0 .

So can strengthen to H4(G ) ∼= A4 and H5(G ) ∼= A5.
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Can this be improved further?

For real Banach algebras (if Karoubi conjecture holds for nine
consecutive non-positive dimensions), best possible is

n 2 3 4 5 6 7 8

Hn(G ) A2 A3 A4 A5 A⊕ A6 A7 A8

H9(G ) ∼= 2A⊕ (A⊗ A3)⊕ A9 ⊕ Tor(A, A2)

H10(G ) ∼= H ⊕ (A⊗ A4)⊕ A10 ⊕ Tor(A, A3)

where H is an abelian group mapping onto A/6.
The extra terms involve Baues-Goerss’ analysis of the
Whitehead exact sequence.
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Further strongly torsion generated groups

Theorem
G1, G2 ∈ Stg =⇒ G1 × G2 ∈ Stg.
More generally, a (possibly infinite) cartesian product of stg
groups is stg.

Seek further “classical” examples.

1. Form ring (R , Λ).

Theorem

EU(R , Λ) = [U(R , Λ), U(R , Λ)] ∈ Stg,

e.g. Sp(Z), [O(Z), O(Z)] ∈Stg.
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2. Automorphism groups of free groups.

Aut+(Fn) −→ Out+(Fn) −→ SLn(Z)
↓ ·y ↓ ·y ↓

Aut(Fn) −→ Out(Fn) −→ GLn(Z)

Theorem

Aut+(F∞), Out+(F∞) ∈ Stg.
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3. Mapping class groups.

They don’t work, since those that stabilize are torsion-free.

4. Braid groups.
Bn(D

2) is torsion-free; Bn(S
2) doesn’t stabilize.

Theorem
For odd n, Bn(S

2) is strongly 2(n − 1)-torsion generated.
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