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ABSTRACT. We discuss two classes of acyclic groups that are commuta-
tor subgroups of finitely presented groups with infinite cyclic abelianiza-
tion. The first is algebraic and includes groups first exhibited by Baum-
slag & Gruenberg, of which it is shown that Epstein’s acyclic group is
a special case. The second class is geometric, and is shown to include a
number of wild arc groups in the literature.

0. INTRODUCTION

This paper introduces unifying ideas to the study of acyclic groups of
low dimension. Acyclic groups, those groups whose positive degree trivial-
coefficients homology vanishes, occur in many areas of mathematics, so it is
perhaps surprising that some systematization is possible.

It was shown in [15] that the automorphism groups of large mathematical
objects tend to be acyclic. To prove this, one exploits the presence of a
special structure, called a binate structure in [5]. A number of other historic
examples exhibit binate structure (see [6] for a survey).

Examples of acyclic groups without binate structure have been more spo-
radic. The most famous is Higman’s four-generator, four-relator group. In
view of the fact that binate groups have no nontrivial finite quotients [1], it
is noteworthy that, when originally introduced in [17], this group was also
shown to have no nontrivial finite quotient; the proof of acyclicity followed
only two decades later [10]. The first groups announced as acyclic were those
of Baumslag-Gruenberg [4] and Epstein [11] in 1967. Whereas the former
group is defined purely algebraically (as the perfect commutator subgroup
of a two-generator, one-relator group with infinite cyclic abelianization), the
latter is described as the fundamental group of an open manifold.

In this work, we expand these algebraic and geometric approaches, to
highlight the following two classes of acyclic groups that are commutator
subgroups of finitely presented groups with infinite cyclic abelianization.

Theorem A. Let

B = <xn | r(xn,ﬂfn+1, e 7xn+l€)>nEZ

where T is a word in the free group of rank k + 1. Then the following state-
ments are equivalent.

(a) r has exponent sum zero in k of its variables, and exponent sum +1
i the remaining variable.
(b) B is a perfect group.
(c) Define G = (z,y| r(z,yzy~',... ,yFay=F)). Then
(i) Gap is infinite cyclic,
(ii) B is isomorphic to the commutator subgroup of G, and
1
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(iii) B is acyclic.
We call groups B that satisfy the above conditions acyclic groups of
Baumslag-Gruenberg type, and show that Epstein’s group is an example.

Theorem B. Let A be a smooth knot in X = S? x S' such that [)]
generates Hi(X). Then the connected infinite cyclic cover of X \ X is the
complement of a wild arc k in S® with the following properties.

(i) S3\ & is aspherical;

(ii) 71 (S3\ k) is the commutator subgroup of 71 (X \ \) with

T (X A\ N)/m1(S%\ k) = Z;
(iii) m1(S®\ k) is acyclic.

Wild arc groups studied by Fox and Artin more than half a century ago
[13] fit into this framework, as also do those studied recently by Freedman
and Freedman [14]. In general, there is a rich class of acyclic wild arc
groups that may be formed from a simple basic pattern that we call a stitch.
Knot theory suggests guidelines for more systematic study of this class. We
expect that many properties of knots and links, such as unknotting number,
tunnel number, bridge index, symmetries, could be suitably translated and
discussed in the context of stitches and wild arcs. A sample is the following.

Theorem C. Let k be the wild arc in S® corresponding to a tunnel number
1 stitch. Then 71(S3\ k) is a group of Baumslag-Gruenberg type, in that
G = m1(S? x SY\ \) and its commutator subgroup B = 71 (S®\ k) satisfy the
equivalent conditions of Theorem A.

The authors are grateful to K W Gruenberg and D B A Epstein for ac-
quainting them with some of the early literature on the subject, and for en-
couragement provided by M Cenclj, who has discovered interesting linkages
to gropes; they also thank J Howie and an anonymous referee for insightful
comments. Several developments in this paper are pursued further in [8].
Contrasts between the low-dimensional acyclic groups introduced below and
properties of binate groups are the subject of [7].

1. ACYCLIC GROUPS OF BAUMSLAG-GRUENBERG TYPE

In this section we first prove Theorem A characterizing the acyclic com-
mutator subgroups of two-generator, one-relator groups. We then address
the issue of when these groups have nontrivial finite quotients, a recurring
theme for this work.

Proof of Theorem A. We write the abelianization of B additively, so
that its defining relations become

€0Tn +E€1Tn41 + -+ ExTpyr =0 n € 4.

(a)==(b). For some h with 0 < h < k, the relations reduce to £z, 45 = 0.
So each generator maps to zero in the abelianization.

(b)==(c). Evidently, B sits inside G as x, = y"xy~". So because B is
perfect, x = z9p € B C [G,G]. In fact, B is generated by the conjugates of
x, hence normal in G, with G/B an infinite cyclic group generated by the
image of y. Thus also [G,G] C B. So B = [G,G] and Gy, = G/B. Given
(b),(i) and (ii), then (iii) is immediate from [4] Theorem 4.
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Of course, (c)(iii) implies (b), so it remains to show:
(b)=(a). Observe that there is an epimorphism from B onto the additive
group of the ring

Zt,t 7Y /(0 + ext + - - - + ext”)

given by x,, — t". So when B is perfect its image must be zero. This group
is zero precisely when the polynomial eq 4 &1t + - - - +4tF is a unit, and that
occurs just when (a) holds. O

Example 1.1. An especially straightforward example is the acyclic group
B corresponding to the relator

T(xnyxn—i-l) = xn[lﬂgw xlr)LJrl]'
An interesting property of this group, in contrast to other acyclic groups,
given by the above theorem and met later, is that it has no nontrivial finite
quotients. This may be seen by the following argument, modelled on that
of [17]. First observe that, for k > 1,
1)k kb . af —kb

Yl = gy
where y; is the image of z;, of order h; say, in a finite quotient. Make the
assumption that h, > 1 for some n, whence, from this equation, h,4+1 > 1
also. Write: Ipf(h) for the least prime factor of an integer h > 2; a for the
residue of a (mod Ipf(hy,)); and 7, for the order of 1 + @' in the field with
Ipf(hy,) elements. It follows from the equation above, with k = h,,41, that
hy, divides (a + 1)"+1 — g»+1 (whence @ # 0), and so 7, divides h, 1. On
the other hand, from Fermat’s Little Theorem, r, divides Ipf(h,) — 1. So

Ipf(hpt1) < 1 < Ipf(hy),
and iteration of this strict inequality gives the desired contradiction.

Observe that Higman’s four-generator, four-relator group [17]

(Tn | Tnlzn, $n+1]>neZ/4

is the quotient of this B (when a = b = 1) by the normal subgroup gen-
erated by xna:;h. From the theorem above, it is therefore the commutator
subgroup of

(z,y | @le,yzy™"], [2,9"]) .
This prompts the search for a cyclicized version of the theorem above.

However the situation seems less clear in this case. For example, the group

<xn ‘ xnxn+29«“;}r1]>n62/m

with (m,6) = 1 is known to be the fundamental group of a homology 3-
sphere obtained as an m-fold cyclic cover of S3 branched over the trefoil
knot, and so perfect but not acyclic. See [18].
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2. EPSTEIN’S GROUP AS A WILD ARC GROUP

We turn now to the acyclic group described by Epstein [11]. The theme
here is that a careful study enables it to be placed in a wider setting.

Let T' be the 1-complex in S? defined in [11]; that is, I' consists of two
circles I'_, I';. and an arc I'g joining them, as in Figure 1. A regular neigh-
bourhood N of I is a union of a regular neighbourhood N~ of I'_, a regular
neighbourhood Nt of I'y and a regular neighbourhood N° of I'y such that
N-NN? and N*NN? are disks. Let M = S3\ N.

A Wirtinger presentation of w1 (M) can obtained as follows. Consider T’
as lying on the z-y plane with double points at the crossings and linkage
points where I'g intersects I'_ and I';.. For each overpass with its endpoints
either a double point or a linkage point, pick an oriented loop starting at the
base point, going around the overpass once and ending at the base point.
These loops labelled as a, b, z,p, q,r, s are shown in Figure 1. By abuse of
notation, we shall denote the homotopy class of a loop by the loop itself.

Figure 1. The 1-complex I"

The group m (M) is generated by a,b, z,p, q,r and s with relations:
ra=mp, pz=za, qa = az, rs = sz, zb= sz and ¢gb = s.

Each relation is obtained as a consequence of a trivial loop under either a
crossing or a linkage point of I'. By eliminating p,q,r and s, we obtain a
single relation aza™! = [z,b]. Hence m (M) = (a,b,z | aza™' = [2,]).

It is shown in [11] that w1 (ON~\N?) and 71 (ONT\NP) inject into 71 (M).
In our presentation of 7 (M), the subgroups 71 (N ~\N) and w1 (ONT\N?)
are free groups generated by a, z and b, z respectively. Here the pair of loops
a,z (respectively b, z~1) form a pair consisting of an oriented longitude and
meridian of the torus 9N~ (respectively ONT).

For each i € Z, let M; be a copy of M, with N;,N;F,Ng corresponding to
N~ ,N* N and write 71(M;) as <a¢,bi,zi | aiziai—l = [zi,bi]>. Also, let f; :
ON;\N?Y — ON\N? be the homeomorphism that switches the longitude
and the meridian. Hence, fi.(a;) = z;rll and fi«(z;) = bj+1. The space L in
[11] is defined to be the adjunction space

o Upy My Upy Mipa Upy oo
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Proposition 2.1. L has the following properties.
(i) L is aspherical and

(L) = (ai, by, 2 | aizia; ' = [2,b], a; = 2;11, zi = bi+1>iez~
(ii) L is the infinite cyclic cover of a 3-manifold X', and (L) is the
commutator subgroup of
m(X") = (2t | 2= [z, tz7 1t [zt 28]).
(iii) m1(L) is an acyclic group.

In particular, 71 (L) is an acyclic group of Baumslag-Gruenberg type. A
proof of this proposition is presented in the Appendix below.

Interestingly, 71 (L) affords an example of a group of Baumslag-Gruenberg
type with a nontrivial finite quotient, in contrast to those of Example 1.1.
For, it admits a nontrivial representation in 25 given by sending z; to the
5-cycle (12345), zi11 to (21435) and z;42 to (41325), where ¢ = 0 (mod 3).

Next, we turn to a more geometric study of Epstein’s group, and show
that it is the ‘knot group’ of a wild arc x in S3.

To begin, fix two points p = (g,0,0) and q = (—¢ 6.0,0) in R3U{oo} = 53,
These will be the two limiting endpoints of . First we express S3\ {p,q}
as a union of two descending nested sequences of solid tori such that the
intersection of each sequence is point p or q respectively.

For each n € ZT, let a, = g 56" and b, = 6 + = 4 ln Note that both
(an) and (b,) converge to the x-coordinate of p. Let H be the solid torus
obtained by revolving the disk

{(x,O, 2) e RP| (o iRy < i(61n>2}
about the axis A, = {(2b,, — ay,0,2) | z € R} .We regard H,, as sitting inside
83 = R3U{oc}. Then H,y 1 C ;In and a, = (an,0,0) is a point on 0H,,
with the sequence (a,) converging to p. Let N,, = H, \ I(;Tnﬂ. Then

($3\ H1) U UN = $3\ () Ha) = $*\ {p}.

Similarly, for each n € Z~, let H,, be the solid torus obtained by reflecting
each H_,, about the yz-plane. Also let N,, = H,, \ H,—1. Then

-1
$\ {a} = (S \H_)U |J M.

n=-—00
Hence,

$*\ {p.a} = (°\ (Hoy UH) U | N
n#0

Identify S3\ (N~UNT) with S3\ (H_;UH;) by means of a homeomorphism
¢o such that ¢g(T'o ﬂ ON~ ) =a_1 and ¢g(Tg NONT) = a;. We denote the

arc ¢o[[o] in S\ (H 1 U Hl) by ko. See Figure 2.
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Also, $3\ (N"UNT) = (S*\ N7)\N* is homeomorphic to a solid torus
S3\ N~ with the trivially embedded open solid torus N* deleted. For each
n € Z*, fix a homeomorphism ¢, from (S?\N~")\NT onto N, so that
¢n(LoNONT) = a, and ¢,(ToNINT) = a, 1. Denote the image of the arc
Ty by ky, an arc in N,, joining a, to a,+1.

Figure 2. The first two stages of the construction

Similarly, (S3\NT)\IN~ is homeomorphic to a solid torus with the triv-
ially embedded open solid torus N~ deleted. We take the mirror image of
the above construction. For each n € Z~, fix a homeomorphism ¢,, from
(S3\NT)\N~ onto N, so that ¢,,(ToNONT) = a,, and ¢,(ToNIN~) = a,_1.
Again, denote the image of the arc I'y by x,. Then

k={ptu |J rnU{a}

n=—oo

is a wild arc in S3. See the first two stages of the construction in Figure 2
and the resulting wild arc in Figure 3.

Figure 3. The wild arc

Fix a pair of oriented loops a,3 on N~ and o/, on ON*. Denote
the corresponding images of a, 3,/ and ' in N,, under ¢,, by ay, fn, o,
and 3!, respectively. If we take M, = N, \ kn, then S3\ x is simply the
adjunction space L = |Jo2 M, in which o/, is identified with 3,1 and
B, is identified with a,,41. Therefore the space L is in fact the complement

of the wild arc  in S3, and 71(S% \ k) is Epstein’s group.
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3. THE GENERAL CONSTRUCTION

We now show how to generalize the construction of the previous section,
leading to a whole class of geometrically defined acyclic groups. In general,
we start with a closed connected orientable 3-manifold X with infinite cyclic
universal cover S? x R.

Lemma 3.1. Let X be a closed connected orientable 3-manifold with infinite
cyclic cover S? x R. Then X is homeomorphic to S? x S*.

Proof. By the prime factorization of compact 3-manifolds [16], we may
write X = Xof X11 - - X, where Xy, ..., X; are closed prime 3-manifolds.
As 71(X) = Z, one of these prime 3-manifolds, say Xy, has fundamental
group Z and the rest are all homotopy 3-spheres. Let X' = Xif---1X}.
Then we have X = XpfX’, where X is a closed connected orientable prime
3-manifold with infinite cyclic fundamental group and X’ is a homotopy 3-
sphere. Since X is a homotopy S? xS, X is also a homotopy S? x S so that
m2(Xo) is non-trivial. By the Sphere Theorem, there exists an embedded
2-sphere representing a nontrivial element of mo(Xy). Hence, Xj is not
irreducible. By Lemma 3.13 in [16], Xo is a 2-sphere bundle over S!. As
Xy is orientable, it must be S? x S1. Therefore, X = (5% x SH#X’. Now
the infinite cyclic cover X of X can be constructed by taking the connected
sum of the infinite cyclic cover S? x R of S? x S! with a countable number
of copies of X'. Since we assume the infinite cyclic cover of X is also S 2xR,
X is homeomorphic to S? x R. However, S? x R is embeddable in S3 which
contains no fake 3-cell. Therefore, X’ must be S® and X is S x S1. O

Let X = §% x S'. Corresponding to the projection p : X — S' we have
the fundamental group isomorphism p, : 71(X) — Z. Let A be a smooth
loop in X such that p.(\) is a generator of Z. Since \ generates H;(X),
there exists \* in H'(X) = Hom(H;(X),Z) such that A\*(\) = 1. Then,
since X is orientable, by Poincaré duality there exists a closed orientable
surface F in X intersecting \ algebraically at one point. Write Z for the
space obtained by cutting X open along F. This means that Z is obtained
by deleting an open collar about F. The boundary of Z consists of two
copies FT and F~ of F. Let ¢ : F* — F~ be the homeomorphism which
identifies 71 with 7~ to get X. To construct the infinite cyclic cover, take
countably many copies Z, of Z, n € Z and form the adjunction space

T U¢n71Zn Upn Znt1 Ut

It is homeomorphic to the connected infinite cyclic cover S x R of X. (The
other infinite cyclic covers have the form S? x R x {finite set} or S x S1 x Z,
and so are not connected.)

Now, M intersects F algebraically in one point and lifts to an open arc x’
in 52 x R. As S? x R is homeomorphic to S*\ {p, q}, we may embed S? x R
into S2 so that the ‘ends’ of S? x R converge to p and q respectively. Then,
k= k' U{p,q} is a wild arc in S3, and S3\ & is the connected infinite cyclic
cover of X \ \.

Proof of Theorem B. First, we show that H;(X \ ) is infinite cyclic and
is generated by the homology class of a pushoff of A in X \ \. To do this, let
A intersect F in points p1, p2,- - -, Pn- As A intersects F algebraically at one
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point, n must be odd. We may assume that the points pi,po,...,pn are
arranged in that order along the loop A. Modify the surface F by adding
‘tubes’ joining p; to pix1, i = 1,...,n — 2. Let the resulting surface be F'.
Then A\ intersects ' only at p,. The boundary of a regular neighbourhood
N(A) of X intersects F’ in a loop which is a meridian v of A. This means
that v bounds a surface in X \ A. Hence, [y] =0 in H;(X \ A). If a 2-handle
D is attached to X \ N(X) along -, the resulting space is homeomorphic to
X minus a 3-ball. Consider the Mayer-Vietoris sequence:

() — Hi(X\N(\)) @ Hi(D) — H;(X \ ball) = H{(X) = Z.

As [v] is mapped to 0 in H1(X \ N(X)), we have Hi(X \ \) = Hi(X) =Z
and is generated by [A] or precisely the homology class of a pushoff of A in
X\ A\

Proof of (ii). Consider the cover S*\ k of X \ A\. By construction,

T (X \ N) /71 (S \ k) = Z.
Hence the commutator subgroup H of (X \ A) lies in m1(S® \ ). More-
over,

Z=m (X \N)/m (S \ )
 m(X\N)/H
™ (9% \ k)/H
Z
m(S*\ k)/H
Hence 71(S? \ k) = H is the commutator subgroup of 71 (X \ \).

Proof of (iii). The meridian v of A lifts to a meridian 7 of x in S%\ k. Also
the surface that v bounds in X \ A lifts to a surface in S\ x. Hence [§] = 0

in H1(S%\ k). Now add a 2-handle D to S®\ x along ~. Consider the exact
sequence:

Hi(SY) 25 Hy(D) @ Hy(S3\ k) — H;(S? \ twopoints) = 0.
As j, maps a generator of S to [§] and [§] = 0 in H;(S?\ k), we have j, is

the zero map. Hence, H;(S% \ k) = 0.
Next consider the continuation of the above exact sequence:

0 — Ho(D) ® Ho(S® \ k) — Ha(S3 \ twopoints) 2 H;(S') — 0.

As 9 is an isomorphism, Hy(S3 \ k) = 0.
Since S3 \ k is a non-compact 3-manifold, H;(S%\ k) = 0 for all i > 3.

Proof of (i). This follows from Corollary 26.2 of [21], the version of the
Sphere Theorem that applies to the present setting. O

In the event that 71 (X \ A) has a presentation consisting of two generators
and one relation, then, by [4], one has an alternative proof from (ii) that
71(S3\ k) is acyclic. This frequently occurs in the examples that we give in
the next section.

The complement of a wild arc in S® is an example of a noncompact
manifold that fits into the framework of Freedman and Freedman [14].
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Corollary 3.2. If a knot in S? x S' gives rise to a wild arc k in S® that
is mot isotopic to the trivial arc, then w1 (S%\ k) contains a closed surface
group as a subgroup. In particular, k is isotopic to the trivial arc if and only

if7T1(S3\/€) =1.

Proof. To see that m(S® \ k) must be nontrivial, recall that S\ k =
S? x R\ &, where ' is the inverse image of a smooth knot A in $2? x S!
and [\ generates H;(S? x S1). Cut S% x S! open along S? x {point} to
obtain S? x I, where I is the interval [~1,1]. Since ) is smooth, it follows for
dimension reasons that the cut open arc \’ corresponding to A does not map
onto S? x {1} under the projection from S? x I to S? x {1}. Hence, there
exists a closed 2-disk £ in S? x {1} such that (E x I)N\ = (). Consequently,
(E x R)Nx" = (). In other words, &’ lies inside (S? \ E°) x R which is just
D x R, where D is a 2-disk. Now if 71 (5% \ k) = m1(S? x R\ ') = 1, then
71 (D x R\ k') = Z. By Corollary 2 in [14], £’ is isotopic to a core of D x R,
so that  is just the trivial arc in S3, contradicting our assumption.
Therefore, by Theorem B, 71(S%\ ) is a nontrivial perfect group. Hence
it cannot be a nontrivial free group. By Theorem 3 in [14], it is not locally
free. It follows that the equivalent assertions of Theorem 2 in [14] all hold,
namely that (i) S®\ k always contains a closed incompressible surface, (ii)
S3\ k cannot be exhausted by handlebodies and (iii) 71 (S®\ #) is not locally
free. In other words, the group of a nontrivial wild arc always contains a
surface group. a

By comparison, in classical knot theory, a knot in S is a fibred knot
if and only if its commutator subgroup is finitely generated and free. The
results in [14] imply that the commutator subgroup of a non-fibred knot in
53 always contains a surface group. However, the infinite cyclic cover of
a non-fibred knot in S® is a complicated open 3-manifold not necessarily
embeddable in S3. In this context, one recalls the construction in [3] of an
acyclic group that contains all closed surface groups (of genus > 2.)

It is interesting to observe that X = S? x S! can be built by identify-
ing the two boundary components of a connected sum of two handlebod-
ies of genus g. More precisely, let T be a handlebody of genus g, with
a1, q2,...,0g,031,82,...,03, a set of oriented simple closed loops represent-
ing a base of H1(0T') such that each a; bounds a disk in 7. Let Z be the
connected sum of two copies 77 and T” of T. Then 0X = T UIT". Write
¢ : OT" — OT" for the homeomorphism that maps o/ to 3! and 3. to o,
and let X be the quotient space of Z obtained by identifying 9T" with 07"
via ¢. Denote the image of the surface 97" or T” in X by F. Then X is
S? x S'. Now the infinite cyclic cover S? x R is the union of a countable
number of copies of Z. Two cases receive special attention. First, Epstein’s
construction, discussed above, has 0T = S* x S1.

We next analyze the case where T = S2. In fact, this is the construction
introduced by Fox and Artin in [13].

4. AcyCLIC GROUPS OF FOX-ARTIN TYPE (STITCH GROUPS)

In this section, we give some simple examples of wild arcs constructed ac-
cording to the above recipe. By Theorem B, their groups are all acyclic. We
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find that all our examples admit nontrivial representations into the simple
group A5 = PSL(2,5) of order 60. We begin with a formal definition of an
n-stitch, and describe how it leads to a wild arc.

Let n be an odd positive integer and K = [—1,1]* the cube. Let y; =
-1+ nafp so that y1,¥2,...,yn are n equally spaced points in (—1,1), and
forie{-1,...,—n,1,...,n} write ¥; = (sgn(i), yj;|, 0).

Definition 4.1. An n-stitch s is a set {s1, ..., s, } of mutually disjoint arcs
(called strands) properly and tamely embedded in K such that for some
ordering s1, ..., s, there is a permutation
1 2 - n
- 0'1 0'2 e Un
of (1,2,...,n) whereby
(i) s1 joins Y_,, to Yy,
(ii) s; joins }/v(_l)iJrlo.i to )/(_1)i+1ai+1, 1=2,...,n—1, and
(iii) s, joins Y, to Y,,.

Observe that s; is the unique strand that joins {—1} x [—1,1] x {0} to
{1} x [-1,1] x {0}. The ordering of strands, and thereby the permutation
0, is therefore uniquely determined and so, in a sense, redundant. However,
the information that the self-map o is a bijection is crucial.

We represent a stitch by drawing its projection on the xy-plane. Below
is an example of a 5-stitch associated with the permutation

1 2 3 45
1 4 3 5 2|°

=

e
\

Figure 4. A 5-stitch

Given a stitch s, take a countable number of copies s; of s, ¢ € Z By
identifying the right yz-face of s; with the left yz-face of s;11, ¢ € Z, we
obtain Rx[—1,1]? together with an embedding of an open arc " in it. We
may take a trivial embedding of this pair (Rx[—1,1]%,#’) into S so that
the ends of Rx[—1, 1]? converge respectively to two distinct points p and q.
This gives rise to a wild arc k = &' U {p, q} in S®. The fact that «’ is an arc
is guaranteed by the permutation o associated with the stitch. Evidently,
an n-stitch has penetration index n, the index being defined as the least
integer m such that every point of the arc is the centre of arbitrarily small
copies of S? that meet the arc in at most m points [2]. Our interest is in the
stitch group of s, which is the group of the wild arc , namely 71 (S® — k).
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Example 4.2. Fox’s stitch. This example is obtained by taking a section
from the simple closed curve of Fox [12]. It forms a 3-stitch as shown in
Figure 5. It has also been reborn as Figure 4 of [9], Figure 2 of [20], and
the X shown in Figure 2 of [14]. (To pass from the original stitch to its
reincarnation, reflect about a horizontal plane perpendicular to the page
and disjoint from the stitch.)

ani\@ @/—T an+1

|
y@)v
N A
Cna—/@ - Cntl

:

bn bn+1

> <

Figure 5. Fox’s Stitch

Let an, b, and ¢, be generators of 71(S% \ k) as shown in the diagram.
We also introduce a generator r between the crossings 3 and 4. The group’s
Wirtinger relations, (1) - (4) below, are obtained by following a loop going
around once underneath each crossing. Further, the loop c,b,'a, can be
pulled off the stitch completely, giving the relation (0).

cnbyta, =1 0

apbp, = bpcpit (1

bpbny1 = any1by (2

bnbn-‘rl = bn—l—lT (3

Cn+1T = CnCn+1 (
Substituting (1) and (2) into (0), we get b,—1 = [bn_2,b.1][bu_1,b;']. The
relation obtained by eliminating 7 in (3) and (4) turns out to be a conse-
quence of this relation. Hence, 71(S® \ ) has the presentation:

<bn ’ bn, = [bnflabrjl][bnab;}rJ)nez

A different reduction leads to the alternative presentation:

— — — — —

4

<cn | cn = [cgil, cncn_Hchl] >neZ'
It admits a representation into s by setting

(21435) if n=0 (mod 3)
by ={ (13425) ifn=1 (mod 3)
(15324) if n=2 (mod 3).

If we identify the generators b, with b,43 for all n, we obtain a group
with a presentation similar to Higman’s group in Example 1.1. However,
as shown above, this group, unlike the ones in Example 1.1, does admit a
nontrivial finite quotient.

Note that Relation (0) (or its n-ary analogue in the case of an n-stitch)
always occurs in the group of any wild arc obtained from a stitch. Since
all the generators in the Wirtinger presentation of the group of a wild arc
are conjugate to each other, Relation (0), which contains ”?“ generators

with exponent +1 and "T_l with exponent —1, has the effect of killing the
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abelianization of the group, thus making the group perfect. In the case
n =1, it kills the group itself of any wild arc obtained from a 1-stitch.

.W.

Figure 6. The wild arc of Fox’s stitch

Example 4.3. The first Fox-Artin stitch. This yields the wild arc k1
of Example 1.1 in [13]. Following [13], let ¢;,ay and b, be oriented loops
going round the upper, middle and lower arcs respectively in each section of
the wild arc.

Figure 7. The wild arc k1 of Example 1.2 in [13]
71(S? \ k1) has a presentation given by

<Cn | Cn—1CnCn+1 = Cncn+1cn—lcn>n€Z-

The relation may be rewritten in the form ¢, = [c, ], c;lrlc; 1. The group

is perfect and is the commutator subgroup of the group

@yl z=1[y  wy,yaly T2™h)

with abelianization Z. Hence, m1(S% \ k1) is acyclic, by either Theorem A

or Theorem B. As shown in [13], it also admits a nontrivial homomorphism
into A5, by sending ¢, to (12345) for n odd and to (14235) for n even.

Example 4.4. The second Fox-Artin stitch. By switching each of the
upper crossings in k1 of Example 4.3, the wild arc kg in Figure 6 of [13] is
obtained. See Figure 8.

. %;&C\}ip%'

Figure 8. The wild arc ko

As noted by Fox, this wild arc is isotopic to that of Figure 6. The isotopy
is achieved by flipping the lower clasps of ks, and then rotating by 7 in the
plane of the page.

Example 4.5. The first Fox-Artin stitch with an extra twist. A
slightly more complicated-looking stitch appears in Figure 9. It generates a
wild arc as shown in Figure 10.
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e A
nm
|

Figure 10.

The group of this wild arc has a presentation given by

Cn | Cp = [(Cn—1CnCn+1) , Cn—1])nez-
{cn | [( )? 1)

This group again is acyclic, being the commutator subgroup of the group

(z,y |z = [(yzy 'zyzy~")2, y~'zy]). It admits a representation in A5 given

by

(15243) ifn =0 (mod 5)
(15432) if n=1 (mod 5)
b, =< (13254) if n=2 (mod 5)
(12534) ifn =3 (mod 5)
(12453) if n=4 (mod 5)

However, a computer search shows that there are no representations in s
in terms of 3-cycles or products of two disjoint cycles.

Example 4.6. The Borromean stitch. Consider the stitch in Figure 11,
with wild arc as in Figure 12.

A
cnm

A

S

Figure 12.

The group of this wild arc has a presentation given by

<an; by, ‘ ant1bpy1anb, = (anbnagl)(bn—&-lan) = (bn—i-lan)(b;_}_lan—&-lbn—&-l»nez-
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Thus it does not appear to be a group of Baumslag-Gruenberg type. By the
identification a,, = by, this group maps onto the group
{an | an+1aian—1 = AnGp—10n = Anln+10n)neZ
=(z,y | y2’y = wyz, xy’z = yay),
which is just the double cover SL(2,5) of 2s.

Example 4.7. The stitch in Figure 13 produces a wild arc whose group
maps onto PSL(2,7).
A

anal_\/___'f_ Gnt1
bn#\p bps1

Y \ Y
Figure 13.

. — X T B

Figure 14.

The group of this wild arc has a presentation with generators a,, and relations
an = Han—har:lL [a;—&l-lv a’n“v n € Z.

This group admits a representation into 205 by setting a,, equal to (12345)

for n odd, and to (14235) for n even. It also maps onto the simple group

PSL(2,7) of order 168, by sending a, to the image in PSL(2,7) of the
integral matrix

0 1 e
10 if n=0 (mod 3)
12y ..
11 ifn=1 (mod 3)
4 4 .
1 3> if n =2 (mod 3)

Example 4.8. The 5-stitch in Figure 4 above gives a wild arc whose group
has the presentation with generators a,, n € Z and relations

where

In = an—lagl [an—i-l,a;l] [anaa;il] a;l [an—i-l,a;l] .

This group also admits a representation into s, given by:
(12345) if n=0 (mod 3)
anp =« (23145) ifn=1 (mod 3)
(34125) if n =2 (mod 3).

The above examples (and others) suggest that it may be of interest to
investigate finite quotients of stitch groups.
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Proposition 4.9. [8] All stitch groups are residually finite.

Our examples lead us to ask how common it is for a stitch group to
map onto As. Observe that, for an acyclic space W, there is a natural
bijection between homomorphisms from 71 (W) to s and pointed homotopy
classes of maps from W to the Poincaré homology 3-sphere S3/I*. This is
because, since G = 71 (W) is superperfect, any homomorphism from G to
s lifts uniquely to its universal central extension, the binary icosahedral
group I = SL(2,5). Thus there is a natural (with respect to W) one-to-one
correspondence between Hom(G, 2s5) and Hom(G, I*), and so also [W, BI*].
The inclusion of I* as a subgroup of S® induces a fibration

S3/1* — BI* — BS?
and so a principal fibration

S3 — S3/1* — BI*.
Then the obstructions to existence and uniqueness of liftings of maps W —
BI* to maps W — S3/I* lie in cohomology groups of W with trivial coeffi-
cients. By acyclicity, such groups are zero.

In these considerations, the class of stitch groups can also be replaced

by other classes, such as the class of acyclic groups of Baumslag-Gruenberg

type, or the intersection of these two classes, or the class of all groups of
wild arcs derived as in the previous section.

5. STITCH GROUPS OF BAUMSLAG-GRUENBERG TYPE

Here is a class of stitches whose groups we show to be of Baumslag-
Gruenberg type. We define the notion of a tunnel number 1 knot in $? x S*
by analogy with the familiar definition in S2. Denote the longitude {0} x S1
of §? x S by 1. An arc o9 in 5% x S! is said to be trivial if o1 N oy = dog
and if o9 together with an arc in o1 joining the two boundary points of o9
bounds a disk properly embedded in S% x S'\ (o1 U 0oz). In this case, the
1-complex o = o1 U 09 is said to be trivial in S? x S1.

01

Figure 15. A trivial 1-complex ¢ = 07 U0y in % x S!

Note that 71(S% x S\ o) is free of rank 2. To identify its generators,
observe that deleting a regular neighbourhood of o1 leaves a solid torus
T;. One generator (called a longitude of o) corresponds to a longitude of
Ty, and the other (called a meridian of o9) to the boundary of a disc in
T1 that intersects oo in a single point. Also, the complement of a regular
neighbourhood of ¢ in % x S! is homeomorphic to a genus 2 handlebody.
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Definition 5.1. A knot A in S? x S! is called a tunnel number 1 knot if
there exists an arc g in S? x S! with ANy = dp and with A\ U u isotopic to
a trivial 1-complex in S? x S'. The arc u is called a tunnel of S% x S\ \.

Lemma 5.2. Let \ be a tunnel number 1 knot in S? x S'. Then the group
71(S% x SY\ \) has a presentation having two generators and one relation.

Proof. Let p be a tunnel of 52 x S'\ X such that the 1-complex A U y is
isotopic to a trivial 1-complex o = oy U gy in S? x S'. Let = be a meridian
of o9 and y a longitude of 1. Also let 7 be a meridian of the tunnel y such
that r bounds a disk in $% x S\ A. Then $? x S'\ A can be obtained by
attaching a 2-disk to S? x S\ ¢ along r. Thus, r regarded as an element of
71(8%x S\ o) can be expressed as a relator 7(x, y) in terms of the generators
x,y. Then

71 (8% x ST\ N) = (2,9 | r(x,y) = 1). O

Let s be a stitch. By identifying the two ends of s (that is, {—1} x I? ~
{1} x I?), we get a copy of D? x St. Since S? x S! is the union of two copies
of D? x S' whose intersection is a torus, we proceed by adding a 2-handle
along a meridian and capping off with a 3-ball. In this way we obtain a pair
homeomorphic to (5% x S, \), where ) is the knot obtained by identifying
the horizontal pairs of endpoints Y4; of s. The definition of a stitch ensures
that X is a knot rather than a link with more than one component.

Definition 5.3. The stitch s is called a tunnel number 1 stitch if, in the
resulting pair (8% x S, ), X is a tunnel number 1 knot in S? x S*.

It is now easy to check that such stitches give rise to acyclic groups of
Baumslag-Gruenberg type.

Proof of Theorem C. The tunnel number 1 stitch gives rise to a tunnel
number 1 knot A in S? x St. §3\ k is the infinite cyclic cover of S% x ST\ \.
By Lemma 5.2, w1 (5% x S'\ \) has a presentation having two generators z,y
and one relator r(x,y). Since the generator y corresponds to the covering
translation, we may let z,, = y"zy~", n € Z and express r(z,y) in terms of
Ty, to obtain r(xy, Tpii, ..., Tytk) for some positive k. O

Note that the number k occurring in the above proof can be made arbi-
trarily large, even for a 3-stitch. This can be seen by reference to 2-bridge
(4-plait) knots. It is easy to check that the examples in 4.2, 4.3, 4.4, 4.5 4.7
and 4.8 above are tunnel number 1 stitches.

Example 5.4. McPherson’s stitch. Consider the following pattern of
2k + 1 arcs, which is taken from Figure 2 of [19].

Ap—k+1 BN Qp—k+2 a'n = Gn41
bp—k+1 M bp—k+2 M bpt1
bn k+2 < . - bn+1 Q .

/KL\A b -7 - é/k/—\\/é bn+k_1
b n-‘,—l e o o n+k n—‘rk
\ Cn+1 Cn+k— \ Cn+k
: Cn - - _ : Cntk-1
Cn—k+2 / : i / :

Cn—k+1 *’N Cn—k+2 Cn *%—N Cn+1

Figure 16. McPherson’s stitch
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When k of these are juxtaposed, we obtain an n-stitch whose group has the
presentation

-1 -1 -1 -1
<CTL ‘ Cn = TnCn+1Lpn " Tn+k—1Cn+kTp . 1Cnig " Cn+1>n€Z
where
P —1 _1 . RS . y
Tj=C5 GGkl G JjEZ,
and so is of Baumslag-Gruenberg type.

Figure 17.

The wild arc corresponding to k = 2 is shown in Figure 17, whose group
has a presentation that simplifies to

<bn | by, = [bn—hbnb;ilbﬁl][bgilbn—ﬁn—labﬁl][bmbn-i-lb;JlrQb;JlraneZ'

This group admits a representation into s, by setting b,, equal to (12345)
for n even and to (21435) for n odd.

APPENDIX

The appendix is devoted to establishing Proposition 2.1.

The asphericity of L is an application of the Sphere Theorem [21] as in
[11]. To obtain a presentation of 71 (L), observe that, by repeated use of the
van Kampen theorem,

mi(L) = (@i, bi, 2 | @izia; ' = [20,bi], ai = 23}, 20 = bit1),y -
Eliminating a; and b;, we have
(L) = {(zi | z = [Zivzz'_-rll][zivzi—l]%ez .

This presentation clearly satisfies the condition of Theorem A, and so 7 (L)
is acyclic, giving (iii). Part (iii) of this result is the principal content of [11].
Here is a further proof by direct algebraic homological calculation.

We write L = |J L;, the union of the nested sequence of spaces L; defined

i>0
by: Lo = My, Lojt1 = Lo; Ug, M1, Loy = M_; Ur , Lo;_1.Then, by the van
Kampen theorem, each successive m1(L;) is the amalgamated free product
of its predecessor with a copy of w1 (M).

To begin the calculation of homology, we write m(Lg) as the free product
of the rank-two free groups Fr(ap, z9) and Fr(by, o), with amalgamation
20 = yo and aozoaal = [yo, bo].

Then, from the Mayer-Vietoris sequence, H;(m(Lg)) = 0 for j > 2. On
the other hand, Hy(m1(Lg)) is evidently the free abelian group generated by
ag, bg, where for convenience we use the same symbols for group elements
and their images in the abelianization.
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For the iteration, we write u; for the relator a;z;41, and v; for the relator
bj+1zj_1 (j € Z). We claim that for all n >0

Hy(m(La)) = 0 for j > 2,
Hl(ﬂ‘l(Ln)) = Fl“((l[%], b_[ ])ab-

bl
This is easily checked from the Mayer-Vietoris sequences, since in the abelian-
izations each z, becomes zero, so that u, maps to a, and v, to b,y1. Ac-

cordingly, inclusion induces the following homomorphisms of Hi-groups.

Hi(m (L)) — Hi(mi(Loiy1)) — Hi(mi(L2iv2))
a; e o Qit1
— b*i b*i [ 0

Thus inclusion induces the zero homomorphism H «(Loj) — H, (L2j4+2). Since
homology commutes with direct limits, the result follows.

To obtain (ii), we identify ON_ and N in M via a homeomorphism that
sends a to 27! and b to z. Then we have a 3-manifold X’ whose fundamental
group has a presentation:

m(X') = {(a,b, 2,1 | aza™l = [z,b],t tat = 27t et = b).
By eliminating a and b, we obtain the presentation:
m(X') = (zt| 2= [z,tziltfl][z,flztb.

Now observe from Theorem A that L is an infinite cyclic cover of X', with
71(L) the commutator subgroup of 71 (X").
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