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Table 1
R | € | H
bilinear and symmetric O(p,q) | O(n,C) -
bilinear and skewsymmetric Sp(k,R) | Sp(k,C) -
hesquilinear and Hermitian — U(p,q) | Sp(p,q)
sesquilinear and skew-Hermitian - U(p,q) | Sp(k,H)

2 Backround results

Let us first define what we mean by a classical group. Let D be a division
algebra over F' with involution a — a*. Let V be a vector space over D,
and let (,) be a nondegenerate sesquilinear form on V' that is Hermitian or
skew-Hermitian relative to #. (If the involution is the identity we get bilinear
symmetric and skewsymmetric forms.) Let G be the isometry group of (,).
We will call such groups classical isometry groups.

If the involution is either the identity or complex or quaternionic conju-
gation, we can describe the classical isometry groups by Table 1. (We are
assuming that n = p + ¢ or n = 2k when appropriate.) A “—" means that
there are no such forms. Helgason [7] writes SO*(2k) for the group we have
called Sp(k, H).

The remaining classical groups are the general and special linear groups
GL(n,F) and SL(n, F) and the special isometry groups, i.e., the intersections
of SL(n, F) with the classical isometry groups.

Let G be a classical group and let M(n, D) be the set of n X n matrices
with entries from D. We let

W = W(n,m,D) = {(Mi,... ,Mn) | M: € M(n, D)}

be the set of m-tuples of matrices from M(n, D). We let G act on W by simul-
taneous conjugation and denote the ring of polynomial invariants by P[W]¢.
We will call fi,..., f. asystem of generators if all the polynomial invariants
can be expressed as polynomials of the f;.
Let G be a classical isometry group that is not quaternionic, i.e., one of
the groups in the first two columns of Table 1. We use the following notation.

{5, O {0 L

ba = (0 —Iq)’ Ju = (Ik 0 )

The form on V is given by (z,y) = (z#)'Ky where K is given in Table 2. For
A € M(n, D) we define

A® = KY(A*)'K. (1)
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Table 2

0(p,q) | O(n,C) [ Sp(%,R) | Sp(k,C) [ Ulp.q) |

K| Ly | L | 5 | % | Ly |

It follows that (Az,y) = (z,A"y), and the isometry group G of the form is
then defined by the condition (¢#)'Kg = K or g"g = I..

If A is a skewsymmetric 2k x 2k matrix over F', we denote the Pfaffian of A
by pf A. It satisfies det A = pf*A and pf(gAg’) = detgpf A. For an arbitrary
9k x 2k matrix M, we define pf(M) = pf(M — M*) to be the Pfaffian of the
skewsymmetric projection of M. This is clearly an SO(2k, F) invariant. By
abuse of notation we will refer to pf as the Pfaffian, too. (In [1], we used the
notation pf A instead of ETA) For 2 x 2 matrices, we have

ﬁ (Z Z) =b-c
When k > 1 the Pfaffian will no longer be linear. Instead we will consider
the polarized Pfaffian, which we will denote by pl. Thus pl(Ay, ..., Ax) is the
coefficient of ¢ - - - t; in the expansion of pf(t; 4+ -+t Ay). Ttis aﬁymmetric,
multilinear function of k matrices and satisfies pl(4,... , A) = k! pf(A).
When p + ¢ = 2k is even, we also need to change the Pfaffian to the (p,q)

Pfaffian to get an SO(p, ¢) invariant. It is defined by
ﬁp.q(A) = pi(f, A — A'ly,) = I:T(Ip,qA)'
The relevant results in [3, 9, 11] can now be stated as follows.
Theorem 1
1. Let G be a classical isometry group that is not quaternionic. The ring of
invariants P[W]C is generated by invariants of the form

tr P(A, A®),
where P is a noncommutative polynomial and A* = K~'(A#*)'K where
K is given by Table 2.

2 Let G = SO(p,q). Define A* = I3 A'L. When p + q is odd, the
invariants P[W(p+ q,m,R)| are the same as for O(p,q). Whenp+q =
ok is even, the invariants P[W(p+ g, m,R)|¢ are generated by traces and
polarized (p,q) Pfaffians of the A; and A7, i.e.,

tr P(A,A") and pl, (Pi(A, A7), ,Pi(A,AY),

where P, Py,..., Py are noncommutative polynomials.
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3. LetG = Sp(k, H). Define A* = J7'A'Jy. The invariants P[W(2k, m, C)|®
are generated by traces and polarized Pfaffians of A;, A%, A} and (A})!,

1

e,
tr P(A, A4, A*, (A™)Y)  and
PI(PL(A AL A%, (A%)Y), .., Pu(A, A% A%, (A7),
where P, Py, ... , P, are noncommutative polynomials.

For n = 2, we will now determine minimal systems of generators. The
following theorem sums up the relevant results from [1, 11].
Theorem 2

1. Let G = GL(2,F). The polynomials
tr Ay tr AjA; (1 < J),tr AiA; A (1 < j < k)
form a minimal system of generators of P[W]S.
2. Let G = U(2). Define A* = A'. The polynomials
tr A, tr AT = tr A;,
tr AiA; (1 < 7). tr AJAT = tr AA (i < §),
tr AiA] (2 < 4), tr AiAS (3 < ),
tr AiAAT (v < 5),tr ALAS A] = i A AAT (i < 5),
trAdid; A<y < k), tr A,:A;A: =trA;A; Ax (i<j<k)
form a minimal system of generators of PWIE.
3. Let G = O(2, F). The polynomials
tI‘A,',tI‘A,'AJ‘ (l < j),trA;Aj- (l < j),tr A,A(A; (l # l),
trAjA;A (G < j < k), tr A;ASAL (i < 5 < k), tr AAJAL (1< j < k)
form a minimal system of generators of PIWIS.
4. Let G = SO(2,F). The polynomials
tr As, tr AiA; (i < ), pf Ai, pf AiA; (i < §)
form a minimal system of generators of PWIS.

We also observe that Sp(1, F) = SL(2, F). Since the invariants of SL(n, F)
under conjugation are the same as for GL(n, F), it only remains to consider

O(1,1), SO(1,1), U(1,1) and Sp(1, H).
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3 0O(1,1), SO(1,1), U(1,1) and Sp(1,H)

Let G be a real connected Lie group that acts rationally on a real vector space
V. We can then find a complex connected group Gg such that the Lie algebra
of G¢ is gc = g @ ig where g is the Lie algebra of G and with G C G¢. Then
both G and Gecacton Vg = V@gC =V @iV, and for A = X +:Y € V¢ with
X,Y € V we define A* = X — Y. The following Lemma was proved in [3].
Lemma 3 Consider f(A,B) € P(Vc & Vg). Then f(A, B) is G¢ invariant if
and only if f(A,A*) is G invariant.

Conversely, suppose that we start with a complex connected Lie group G¢ C
GL(n,C) and an involution * of M(n,C) such that (:I,)* = —il,. We then
obtain a real from G of G¢ by setting G = G¢ N {gg* = I.}, and we get the
following.

Corollary 4 Let * be an involution of M(n,C) such that (il,)" = —il,. Let
Gc € GL(n,C) be a connected complez Lie group. Set G = Gec N {g9g9" = I.}.
Let W =W(n,m,C) and f: W & W — C be a polynomial function.

1. f(A, B) is G¢ invariant if and only if f(A, A*) is G invariant.

2. The set of polynomials fi(A, A*) with: € I forms a system of generators
of the G¢ invariants of P[W @& W] if and only if the set of polynomials
fi(A, A%) with i € I forms a system of generators of the G invariants of
P[W].

We can now state the following. _
Theorem 5
1. Let G = U(1,1). Define A* = I[JA'L,,,. The polynomials
tr A,’,tl‘ A: =tr A.‘,
tr A; A; (i < j),tr A;A: =trA;A; (i < i)
tr ;A (¢ < 7), tr A AT (2 < 5),
br A A AT (6 < ), tr ALAS AT = B AAGAT (i < ),
tI‘A,‘AjAk (l <j< k),tl‘ A;A;A: =tr A,’AjAk (1 <j < k)
form a minimal system of generators of P[W|C.
2. Let G = O(1,1). Define A* = I 1 A'l1;. The polynomials
br Auy b Ay 6 < ), AL (< ), b AT (i £ D),
tI‘A:AJ‘Ak (l <j< k),tl‘A,‘A;Ak (l <j< ]C),tl‘ AlA]A: (1 <j< k)

form a minimal system of generators of P[W]C.
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3. Let G = SO(1,1). The polynomials
tr Ag, tr A A; (i < ), pfy 4 Aiy iy, AdA (3 < 5)
form a minimal system of generators of P[W]S.

4. Let G = Sp(1,H). Define A = J7VA'J,. The polynomials
b Aiy tr A7, tr A, (i < 5),tr AAS (6 < 5), tr AuAf,
pf Ai, pf A7, pf AiA; (i < 5),pf A; A3 (i < j), p ALA]

form a minimal system of generators of P[W]C.

Proof. Using Corollary 4 and the corresponding results for GL(2,F), O(2,F)
and SO(2, F), we get a system of generators. The reduction to a minimal
system of generators, is similar to the arguments in the case of GL(2,F),
O(2,F) and SO(2,F) [1, 11]. We only need to make slight changes, even
though we use different * operators and the ;fm function. In particular, we
can replace the formula [1]

pf A% = (;t;Atr A)/2 by 5?],1 A% = (Efl,l Atr A)/2.
a

4 Algebraically independent sets of invariants and syzy-
gies
In this section we will first determine algebraically independent sets of invari-
ants of GL(2, F), O(2, F) and SO(2, F).
Theorem 6
1. Let G =GL(2,F). The polynomials
br Ai, tr AL tr Ay A; (1 < i) tr Ay 4 (2 < §)
Jorm a mazimal set of algebraically independent elements of PIW]C.
2. Let G = O(2,F). The polynomials
tr A, tr A% tr A AL tr Ay A (1 < 7)
form a mazimal set of algebraically independent elements of P[W]C.
3. Let G = SO(2, F). The polynomials
tr A;, tr A?, tr A1 A4; (1 < 1), [;f A;

form a mazimal set of algebraically independent elements of P[W]C.

INVARIANTS OF 2 x 2 MATRICES 1827

Remark. In the GL(2,F) case, a different set of algebraically independent.
invariants (and a different proof) is given in {13].

Proof. We will first consider the GL(2, F) case. For a generic m-tuple
with m > 2, the stabilizer will consist of the scalar matrices. Hence the
principal orbits will have dimension three, and the dimension of the orbit
space is 4m — 3. Since the dimension of the orbit space is equal to the Krull
dimension of the ring of invariants, we know that the maximal number of
algebraically independent invariants is 4m — 3. The set of invariants listed
above contains 4m — 3 invariants, so we only have to prove that they are
algebraically independent. We will do this by induction. Consider the Jacobian
of the 4m — 3 functions with respect to the 4m — 3 variables

ai?,afds a2, ol o, o, o) 0}, . alD, alP, o, ofp.
If we let the last 4 rows correspond to the functions tr A, tr A2, tr A, A,
tr A3 A,,, the Jacobian is of the form

(¥ 7

where M is invertible by induction and

1 0 0 1
2a{7 24{7 247 24{7)
P= a0 o o
11 21 12 22
RCR R .
It follows that the Jacobian is invertible, so the functions are algebraically
independent.

In the O(2, F') and SO(2, F) cases, the principal isotropy groups are again
the scalar matrices. Hence the principal orbits are of dimension 1, so the
dimension of the orbit space is 4m — 1. Thus we only have to prove that the
invariants listed in the theorem are algebraically independent. This is proved
in the same way as in the GL(2, F') case by considering the Jacobian. O

5 Final remarks

In this section we will make some comparisons between Theorem 2 and The-
orem 6. The algebraically independent invariants listed in Theorem 6 form a
subset of the invariants listed in the minimal systems of generators in The-
orem 2. Consider the invariants that are listed in Theorem 2 but not listed
in Theorem 6. We will call them additional invariants. We will now try to
determine the syzygies we obtain when we add the additional invariants to the
algebraically independent ones.
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~ Let us first make some general remarks about trace relations. Procesi [9] has
proved that in the GL(2, F) case, all relations among traces are consequences of

" the Cayley-Hamilton Theorem. The polarized version of the Cayley-Hamilton

Theorem says that
XY +YX-YtrX-XtrY —tr XY +tc XtrY =0. (2)

If we multiply by Z and take the trace, we get what Procesi calls the funda-
mental trace relation

trXYZ +trYXZ

—trYZtr X —tr XZtrY —tr XYtrZ+tr XtrYtr Z =0. ®)

By substituting monomials of matrices for X, Y and Z, we can deduce all the
relations between the GL(2, F) invariants.

In the O(2, F) case, Procesi [9] proved that all relations are consequences
of two relations. The first is the fundamental trace relation (4) and the other
is given by

4tr(X~Z7Y) - 2ec(X™ Z7)trY = 0, (4)

where

M~ =(M-M"/2

is the skewsymmetric projection. It is easy to see that (5) is equivalent to (2).

If we take the trace in (3), everything cancels. (That’s why we first mul-
tiplied (3) with Z when deriving (4).) But if we take the Pfaffian, we get the
relation

pEXY +pfYX —pfXtrY —tr XpfY = 0. (5)

This can be thought of as a fundamental Pfaffian relation for relations among
S0O(2, F) invariants.

In the GL(2, F) case, the minimal system of generators has (m3 4 11m)/6
elements, while the algebraically independent set of invariants has 4m — 3
elements for m > 2 and 1 element when m = 1. For m =1 or m = 2, the sets
are the same, but for m = 3, the minimal system of generators contains tr ABC
in addition to the 9 algebraically independent invariants. It turns out that
tr ABC satisfies the following quadratic relation with coefficients expressible
in terms of the 9 invariants that are traces of one or two factors [8, 11]. (Here
{ } denotes the sum of the terms obtained by cyclic permutation of A, B and
C.)

4(tr ABC)? — 4a, tr ABC 4 a; =0, (6)
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where

a; = {trAtr BC} —trAtr Btr C,
a; = 2{tr AB(tr AB — tr Atr B)(tr>C — tr C*)} + 4tr ABtr BC trCA
+2tr A%tr B2 tr C* 4+ tr? Atr’ Btr? C — {tr A’tr B* tr’ C}.

Notice that this is a relation of degree 6 involving 3 matrices. We expect that
it could also have been deduced from (4) by replacing X Y'Z by (ABC)?, e.g.,
substituting X = AB,Y =CA, Z = BC.

For m = 4, we have 5 additional invariants. One of them is of degree two,
namely tr A3A;. We want to find a relation between the 14 invariants tr A;
and tr A;A;. Such a relation was found using the computer system Macaulay
[4] and the Grébner basis methods described in [12], It is given as equation
(12) in the Appendix.

We will try to indicate why it is natural to expect such a relation. We
know from [9] that it can be obtained from (4) by replacing X Y'Z by some
monomial. The key idea is that we need to use (7) to get rid of expression
of the form tr X Y Z, so each matrix must appear twice. We therefore expect
that replacing X YZ by (ABCD)? in (4) in some way will give a relation of
degree 8 involving 4 matrices. We could also argue as follows: Multiply (3)
by ZW and take the trace. This gives a trace relation of degree 4 involving
4 matrices. We can then replace X YZ W by (ABCD)? in some way, and we
would expect to get a relation of degree 8 involving 4 matrices.

In the O(2, F) case, the two sets of invariants are the same when m = 1.
When m = 2, the minimal system of generators contains the additional invari-
ants tr AB?, tr ABB* and tr BAA®. The last two are related to the algebraically
independent invariants by relations of the form (7). We now observe [1] that

pf Apf B = tr AB' — tr AB. (7)

From o —2
(pf Apf B)? = pf Apf B,
we get an immediate proof of the following syzygy from [11]

(tr AB' — tr AB)? = (tr AA' — tr A%)(tr BB* — tr B?), (8)

which gives the desired equation involving tr AB".

When m = 3, the algebraically independent set of invariants only contains
11 invariants, so there must be one relation between the 12 invariants tr A;,
tr A;A;(z < j) and A;A]. We have not been able to find this, but we know
that it must have degree at least 12.

For SO(2, F) we get the same sets of invariants when m = 1. For m = 2
the minimal system of generators contains 8 invariants. Using Macaulay [4],










