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Introduction 

The classical matrix groups are of fundamental impor­
tance in many parts of geometry and algebra. Some of 
them, like Sp(n), are most conceptually defined as 
groups of quaternionic matrices. But, the quaternions 
not being commutative, we must reconsider some as­
pects of linear algebra. In particular, it is not clear how 
to define the determinant of a quaternionic matrix. Over 
the years, many people have given different definitions. 
In this article I will discuss some of these. 

Let us first briefly recall some basic facts about quater­
nions. The quaternions were discovered on October 16, 
1843 by Sir William Rowan Hamilton. (For more on the 
history, I recommend [19t [31L [47L and [48].) They 
form a noncommutative, associative algebra over IR: 

IHl = {a + ib + jc + kd I a, b, c, d E IRL 

where 

", P = l = k2 = -I, ij = k = -ji, 
jk = i = -kj, ki = j = ~ik. 

We can also express z E IHJ in the form z = x + jy, where 
x, y E C but then we have to remember that yj = fY for 
y E C. Notice that IHl is not an algebra over ([:, since the 
center of IHl is only R Conjugation in IHl is defined by 
a + ib + jc + kd = a - ib - jc - kd and satisfies uv = 
'Uti. We will call the quaternions of the form ib + jc + 
kd with b, c, d E IR the pure quatemions. 

For any ring K we let R* denote the set of units in K 
i.e., the invertible elements of R. If R is a skewfield, then 
R* = R - (0). Let M(n, R) be the ring of n X n matrices 
with entries in R. We will denote the set of invertible 

n x n matrices over R by GUn, R). (Some readers might 
worry about our definition of invertible in M(n, 1Hl): Is 
there a distinction between left and right inverses? We 
will see later that there is no such problem. See also [15] 
and [321.) 

Cayley 

The most simple-minded approach when trying to de­
fine the determinant of a quaternionic matrix would be 
to use the usual formula. But then the question is: Which 
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usual formula? For a 2 x 2 determinant we could use 
ana22 - a12a21 (expanding along the first row), or aU a22 ­
a21al2 (expanding along the first column), or some other 
ordering of the factors in the usual formula. To a mod­
ern mathematician, this lack of a canonical definition is 
an indication that this is not the correct approach. But 
we might still ask ourselves: What exactly would hap­
pen if we tried one of these formulas? 

In 1845, just 2 years after Hamilton's discovery of the 
quaternions, Arthur Cayley [10, 35] did precisely this. 
He chose to expand both the original matrix and all the 
minors along the first column (or vertical row as he 
called it). If we denote the Cayley determinant by Cdet, 
we get 

and 

Is this a good definition? Cayley himself points out that 
if two rows are the same in a 2 X 2 matrix, then 

Cdet (: b)
b 

= ab - ab = a
' 

whereas if two columns are the same in a 2 X 2 matriX, 
then 

Cdet (~ a) = ab - ba
b ' 

which in general is nonzero. For some reason, this 
didn't seem to bother Cayley much, and he happily pro­
ceeded to write a couple more pages about his new func­
tion. But it should bother us. 

Let us try to clarify the situation by first deciding on 
which properties we want the determinant to satisfy. 
Based on our experience with complex matrices, we will 
call d : M(n, IHI) I-> IHI a determinant if it satisfies the fol­
lowing three axioms. 

AXIOM 1. d(A) = a if and only if A is singular.
 
AXIOM 2. d(AB) = d(A)d(B) for all A, B E M(n, IHI).
 
AXIOM 3. If A' is obtained from A by adding a left-multi­

ple of a row to another row or a right-multiple of a column
 
to another column, then deAl) = d(A).
 

Let me make some comments about these axioms. It can 
be shown (7) that if d is not constantly equal to a or 1, 
then Axiom 2 implies that d(A) = a for all singular ma­
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trices. Thus, we need only to define the determinant of 
invertible matrices. 

Notice that in Axiom 3 there is a distinction between 
left and right scalar multiplication. Consider the map­
ping T(v) = cv. Then, for f E !HI, 

T(fu) = c(!v) 

is in general different from 

fT(v) = f(cv), 

whereas 

T(vf) = c(vf) = wf = T(v)f. 

We see that we must write the coefficients of a linear trans­
formation on the opposite side of what we use for the vec­
tor space structure. I will identify vectors with columns 
and identify linear transformations with matrices on the 

J 

left, but consider all vector spaces to be right vector spaces. 
Axiom 3 can be expressed in terms of matrix muIti­

phcation. Let eij be the matrix with a 1 in the (i, j) entry, 
and aotherwise. Define 

B;/b) = In + bert for i =1= j. 

Multiplying a matrix A by Bi/b) on the left adds the jth 
row multiplied by b on the left to the ith row, whereas mul­
tiplying A by B/b) on the right adds the ith colunm mul­
tiplied by b on the right to the jth colunm. So Axiom 3 can 
be restated (using Axiom 2) as saying that d(Bzlb» = 1. 

It is easy to see that 

so it follows that products of Bi/b)'s generate a subgroup 
of GL(n, IHI), which we will denote by SUn, 1Hl). Notice that 
when K is a field, we define SUn, K) to be the set of ma­
trices with determinant equal.to 1. But because we don't 
have a determinant yet, we must define SUn, IHI) in some 
other way, and then hope that once we have our deter­
minant, it will have 5L(n, 1Hl) as its kernel. That Axiom 3 
can be restated as saying that matrices in 5L(n, 1Hl) have 
determinant equal to 1 is therefore promising. 

An obvious question is now whether such determi­
nants exist Let me first state a simple obstruction. 

THEOREM 1. Assume that d is a determinant, i.e., d satis­
fies our three axioms. Then the image deMent IHI» is a com­
mutative subset of IHI. 

This theorem essentially says that when trying to define 
a quaternionic determinant, we must keep it complex­
valued. This rules out Cayley's definition, since Cdet is 
onto IHI. 

The proof of Theorem 1 depends on the next two lem­
mas. We first observe that the definition of B/b) only 



involves two indices. We can, therefore, often assume 
without loss of generality that n = 2. A simple calcula­
ton proves the following lemma. 

LEMMA 2. Let a =1= 0 and d be a determinant. Then 

(~ a~1 ) 

=(_~_I n(~ a~l)(~ ~)(~ a-\-l) 
" and 

The next lemma is crucial. 

LEMMA 3. Every A E GUn, 1Hl) can be written in the form 

A = D(x)B, 

where D(x) = ( 
1 

and B E SUn, 1Hl). 

Proof. Because A is invertible, there must be at least one 
nonzero element in the first row, say all =1= O. By adding 
the jth column multiplied by a~} (1 - all) on the right to 
the first column, we get a matrix with all = 1. We can 
then make all the other entries in the first row equal to 
zero, and proceed by induction. D 

The observant reader may now be wondering about 
the uniqueness of the A = D(x)B decomposition. But it 
is more urgent to prove Theorem 1. 
Proof of Theorem 1. Define f: IHJ ~ IHJ by 

f(x) = d(D(x». 

It follows from Lemma 3 that f(lHJ) = d(M(n, IHJ». For sim­
plicity of notation we will assume that n = 2. We have 

by Axiom 2 and Lemma 2. But then 

f(x)f(y) = d((~ ~)(~ ~)) = d(~ ~) 

=d((~ ~)(~ ~))=f(Y)f(X). 

and we see that j(1Hl) = d(M(n, 1Hl» is commutative. D 

It is now time to ask how Cayley's definition fits into 
this. It clearly cannot satisfy all the three axioms. In fact, 
it doesn't satisfy any of them! Consider the matrix 

M = (~ i). 
It is easy to prove that if 

then x = y = 0, so M is invertible. But 

so M t is singular. But Cdet M = 0 and Cdet M t = 2k, so 
we see that Axiom 1 fails. This also shows that the trans­
pose is not a very useful concept in quaternionic linear 
algebra. The reason is that it is neither an automorphism 
nor an antiautomorphism! (But notice that Hermi­
tian involution, M* = M I, is an antiautomorphism, i.e., 
(MN)* = N*M*.) For similar reasons, the concept of rank 
is also more complicated. The right column-rank is the 
same as the left row-rank, but they might be distinct 
from the left column-rank, which is equal to the right 
row-tank [12]. Noting that 

Cdet((~ D(~ f)) = 2 - 2k 

whereas 

Cdet( ~ DCdet('~ f) = 0 

we see that Axiom 2 also fails. 
As for Axiom 3, we have 

but after subtracting the second row multiplied by b on 
the left from the first row, we get 

and Cdet(A') = ab - ba, which in general is nonzero. 
This clearly shows that Cdet is not the way to go. A 

more promising lead is before us, in Lemma 3. It will 
be followed up later. 

Let me finish this section with a remark about 
Theorem 1. It is inspired by a related theorem proved 
by the physicist and mathematician Freeman J. Dyson 
in 1972 [21]. He used a different third axiom: 
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AXIOM 3', Let A = (aij), B = (b ij), and C = (e1])' If for some Set 
row index r we have 

and 

then d(A) + deB) = d(C). 

In other words, d should be additive in the rows. He 
then proved that if d satisfies Axioms 1, 2, and 3', the 
image of d is commutative. It is easy to see that Axioms 
1, 2, and 3' imply Axiom 3. We just have to prove that 
deB/b»~ = 1. Let B' be the matrix obtained by replacing 
the ith entry along the diagonal in BI;(b) by a O. Then 
B' is singular, and it follows from Axiom 3' that 
deB/b) = 1. 

So his definition of determinant is more restrictive 
than ours. But it is, in fact, too restrictive. Determinants 
satisfying his three axioms simply don't exist over the 
quaternions! Why? It follows from Axiom 2 that d(In) = 

1. Define 

D(x) ~ c 1 

Since In + D( -1) = 2D(0) is singular, it follows from 
Axioms 1 and 3' that d(D( -1» = -1. Because -1 = 
ijC1rl, we get D( -1) = D(i)DV)D(i)-l DVrl, so D( -1) 
is a commutator in GL(n l 1Hl). But Axiom 2 and Theorem 
1 then imply that d(D( -1» = 1, which is a contradiction. 

Study 

Concerning quaternionic determinants, nothing much 
happened during the 75 years after Cayley. In the sec­
ond (posthumous) edition of W. R. Hamilton's book 
Elements of Quaternions [24] from 1889, the editor added 
an appendix, which was just a restatement of Cayley's 
paper. Also, a paper by J. M. Peirce [38] from 1899 is 
just a laborious elaboration on the Cayley determinant. 
But in 1920 a very interesting paper by Eduard Study 
appeared [44]. (For more details l see also [16], 123], and 
[46].) His idea was to transform a quaternionic matrix 
into a complex 2n X 2n matrix and then take the deter­
minant. 

I will start by discussing some important homomor­
phisms between quaternionic, complex, and real matri­
ces. Recall that any complex n X n matrix can be writ­
ten uniquely as N = C + W, where C and D are real n X 

n matrices. We can then define an injective algebra ho­
momorphism cf>: M(n, I[) ~ M(2nl ~) by 

cf>(C + iD) = DC -CD).( 
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Let R j be right-multiplication by i on en. The corre­
sponding matrix is iI, and J= cf>U!) = cf>(R;) (I will some­
times identify a linear transformation and its standard 
matrix). This gives a complex structure on ~2n, and we 
know that P E M(2n, mcorresponds to a complex lin­
ear transformation if and only if P commutes with the 
complex structure. Hence, 

cf>(M(nll[» = {P E M(2nl ~)iJP = PJl. 

In a similar waYI any quaternionic n X n matrix can 
be expressed uniquely in the form M = A + iB, where 
A and B are complex n X n matrices. (We write j on the 
left since we work with right vector spaces.) We can, 
therefore, define ~f: M(n, IHI) ~ M(2n, I[) by 

It is straightforward to show that this map is an injec­
tive algebra homomorphism. [This implies in particular 
that there is no distinction between left- and right-in­
verses in GL(n, 1Hl).] 

Let Rj be right-multiplication by j on 1Hl". Notice that 
any lHl-linear transformation commutes with Rjl but that 
Rj is not lHl-linear. Thus, there is no matrix associated to 
RI' and it doesn/t make sense to talk about ljJ(R}, but we 
can still consider the corresponding map of 1[2" given 
by R/x, y) = (-y, i). We see that Rj corresponds to first 
multiplying by J and then conjugating. This gives a 
quaternionic structure on 1[2", and we know that N E 
M(2n,O corresponds to a quaternionic linear transfor­
mation if and only N commutes \'lith the quaternionic 
structure. Since NJv = NJv, we' have NJv = JNv if and 
only if NJ = IN, so 

(/I(M(n, 1Hl» = {N E M(2n, OIJN = NJl. (1) 

Notice that this is simply a generalization of the formula 
jz = zj for z E iC. 

It follows immediately from (1) that det.c ljJ(M) E ~, 

but we will soon see that, in factI we have dete ljJ(M) 2: 

O. (I will sometimes write dettl~ or dete to stress that I'm 
taking the determinant of a real or complex matrix.) 

By applying the homomorphism cf>l : I[ == MO, O--c> 
M(2, ~) to each element of M E M(n, I[), we get a map 
¢: M(nl 0 --c> M(2n, ~). [cf>(N) consists of four n-blocks, 
whereas J(N) consists of n2 2-blocks.] The important 
thing here is that the 2-blocks in J (N) are easier to man­
age than the n-blocks in cf>(N). Since I[ is commuative 



and 4>1 is a homomorphism, the 2-blocks in 4> (N) com­
mute. This allows us to use the following folklore the­
orem. [It has been rediscovered numerous times, but to 
the best of my knowledge it is originally due to M. H. 
Ingraham [26].] 

THEOREM 4. If A = (Ai) is a square block matrix, where 
the Aij are mutually commutative m X m matrices, and B is 
the m x m matrix obtained by taking the determinant of A 
with the Ai} as elements, then det A = det B. 

For example, if All' A12, and A22 are mutually commu­
tative, then 

(2) 

In other words, you evaluate by "taking the determi­
nant twice." 

By shuffling sO}!le rows and columns, we see that 
detR 4>(N) = detR 4>(N), and we can now apply Theorem 
4 to get [6] 

detR 4>(N) = detR 4>(N) = detR(4)l(detc N) 

= detR (Re detc N -1m detc N) = Idete NI2, 
1m detc N Re detc N 

for N EO M(n, 1[;). This discussion leads to the following 
important theorem. 

THEOREM 5. For any complex matrix N, we have 

detR 4>(N) = Idetc NI2 ~ O. (3) 

For any quaternionic matrix M, we have 

detc ljJ(M) = VdetlR 4>(lj;(M» ~ O. (4) 

Proof. The first part follows from (2). It follows from (l) 
that detc lj;(M) EO Iffi, and since det 4>(GL(n, IHJ» is a con­
nected subset of Iffi, we get that Sdet M 2': 0 for quater­
nionic matrices. We then deduce (4) from (2). 0 

" 
We are finally ready to define the Study determinant 

Sdet by 

Sdet M = detc ljJ(M). 

The obvious question is now which axioms the Study 
determinant satisfies. The Study determinant satisfies 
Axiom 2 because lj; is a homomorphism. Let us show 
that Axiom 1 holds. (Notice that the proof of this state­
ment is wrong in both editions of the otherwise excel­
lent book by Morton L. Curtis [16].) We know that if 
Sdet M = detc ljJ(M) =f= 0, then ljJ(M) is invertible in 

M(2n, 0, but we need to know that the inverse actually 
lies in ljJ(M(n, IHJ». By conjugating and inverting the 
formula N (M) = lj;(M)!, we see that !ljJ(M)-l = lj;(M)-lJ. 
But then it follows from (l) that ljJ(M)-l lies in 
ljJ(M(n, IHJ». 

To show that Axiom 3 holds, it suffices to prove that 
Sdet B/b) = 1. If b = bl + jb2, then 

But eilij = 0, so we can apply Theorem 4 to get 
det(ljJ(B/b» = deW,,) = 1. 

Thus, the Study determinant satisfies all our axioms, 
and it is used frequently in differential geometry and 
Lie theory [23]. Bear in mind that it is a quadratic func­
tion of the entries, not multilinear in the rows and the 
columns like the usual determinant. 

Let me finish this section with a couple of additional 
comments. The Study determinant was defined above by 
identifying IHJ with 1[;2. What would happen if we instead 
identified !HI with 1ffi4? After all, the center of IHJ is Iffi, not 
1[;, so the quatemions form an Iffi-algebra. We can write 
M EO M(n, IHJ) uniquely as M = Ao+ iAI + jA2 + kA3 

where Ao, Al, A2, and A3 are real n x n matrices, and ap­
ply the homomorphism p., : M(n, IHJ) ---') M(4n, Iffi) given by 

. (AO -AI -A2 
A Ao -A3

p.,(Ao + iA l + jA2 + kA3) = A~ A A 
3 o 

A3 -A2 A1 

Notice that 

4>ljJ(Aa + iA l + jA2 + kA3) = (~: =~: -~: _~:). 
-A3 -A1 A2 Ao 

=f= p.,(Ao + iAl + jA2 + kA3), 

but it is easy to see that by shuffling some rows, 
columns, and signs, we get (see also [4] and [30]) 

detR p.,(M) = detD;\ 4>(ljJ(M» = Sdet(M)2. 

I also note that in general 

but 
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Hence, Sdet M* = Sdet M = Sdet M; but in general 
Sdet M =fi: Sdet M, for, as we saw earlier, M can be in­
vertible while M t is singular. 

Dieudonne 

Study was not the only one studying quaternionic de­
terminants in his time. In the next 10 years, A. Heyting, 
E. H. Moore, 0. Ore, and A. R. Richardson all wrote 
about this topic [25, 34, 36, 42, 43J. The paper by 0ystein 
Ore [36] is important because it introduces the concept 
of the ring of fractions for a noncommutative ring. But 
from the point of view of determinants, the most inter­
esting are the papers by A. R. Richardson [42,43] (this 
is the Richardson in the Littlewood-Richardson rule, 
but Littlewood is not the one in Hardy-Littlewood). His 
main contribution was to make it apparent that com­
mutators playa key role. His papers are filled with for­
mulas involving commutators. 

Let us go back to studying SUn, lHI) and take a closer 
look at Lemma 3. It is easy to see that SUn, lHI) is a nor­
mal subgroup of GL(n, lHI), and it can be shown [I, 15, 
17, 40] that SUn, 1Hl) is the commutator subgroup of 
GL(n, 1Hl). 

LEMMA 6. SUn, lHI) = [GUn, lHI), GUn, 1Hl)). 

Let me mention in passing that for any field le, the 
commutator of GL(n, k) is SUn, k), except when n = 2 
and k is 712 or 12'.3 [15]. 

The main reason why Lemma 3 is so crucial is that it 
shows that we only need to define our determinant on 
the matrices D(x). But you may be impatient for me to 
get back to the issue of uniqueness. Since SUn, lHJ) is nor­
mal in GUn, !HI), the question becomes: For which x E 
IHl does D(x) lie in SUn, lHJ)? The answer is given by the 
following lemma. 

LEMMA 7. 

1 J 
is a commutator in GUn, IHI) [i.e., it lies in SL(n, II-m if and 
only if x is a commutator in lHJ*. 

Proof. One direction is trivial: 

(~ 
The other direction, however, is not so easy. It is essen­
tially equivalent to showing that the Dieudonne deter­
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minant is well defined, so it is an easy consequence of 
results in [1], [17L and [40], and I refer the reader to 
those excellent sources for the details. 0 

It follows that in the decomposition A = D(x)B, nei­
ther x nor B is unique, but that the coset x[IHl*, lHI*] E 
IHI* /[lHI*, lHI*] is unique. This is exactly what Jean 
Dieud anne used in his 1943 paper [17]. His goal was to 
show how the determinant could be expressed in terms 
of group theory. We would expect 

det (~ ~) = det(~ ~} 

but then we probably need the determinant to take val­
ues in a commutative ring, and we get that by consid­
ering lHI*/[IHI*, IHI*]. His main theorem states that for any 
skewfield K, there is an isomorphism 

GUn, K) /[GUn, K), GUn, K)] -7 K* / [K*, K"]. 

For K = lHI, this is immediate from Lemmas 3 and 7. We 
therefore define the Dieudonne determinant by 

det A = det(D(x)B) = x[lHI*, lHI"]. 

Thanks to Lemma 7, we see that this is well defined and 
that the kernel is precisely SL(n, IHI), i.e., our definition 
of SL(n, lHI) agrees with the usual one, once we have the 
determinant. 

If we now extend to M(n, IHI), we get a determinant 
that takes values in lHI* / [lHI*, lHI"J U (OJ. But what does 
this set look like? We need the following lemma. 

LEMMA 8. [IHI*, IHI*] is isomorphic to the set of quaternions 
oflength 1. 

Proof. It is clear that every commutator has length 1. The 
set of quaternions of length 1 can be identified with S3, 
and ~;(S3) = SU(2). But every element of SU(2) is conju­
gate to a diagonal element, so it follows that every ele­
ment in S3 is conjugate to an element of SI, the unit cir­
cle of C C lHI. (This also follows from the 
Noether-Skolem Theorem.) So, given z E S3, we can 
write z = xyx"' l with Y E S1. 

We can identify the pure quaternions with ~3, and for 
p, q E [R3 we have p-l = p/lpl2 = _p/lpI2 and 

pq = -(p, q) + P X q. 

where ( , ) is the usual inner product on 1R3 and X is the 
vector product in ~3. From this, we can easily deduce 
that every quaternion can be written as the product of 
two pure quaternions. 

Since y is complex, we can find wEe with y = w2
, 

and it follows from the above that we can write w = pq, 



where p, q E 1R3
. Since Iwl = Iyl = I, we can also assume 

that Ipl = Iql = I, so p-1 = -p and q-l = -q. But then 

z = xpqpqx-1 = xpq( -p)( -q)x-1 = xpqp-lq- lx-1 

= (xpx-1)(xqx-1)(XpX-1)-1 (xqx-l)-l. 0 

For other proofs, see [9], [17], and [50]. It follows that 
IH]* /[IHl*, 1H1*] is isomorphic to the positive real numbers. 
Define 

w; 1Hl* /[IHl*, 1Hl*] ---7 IR+ by w(x[IHl*, 1Hl*]) = lxi,
 

and define the normalized Dieudonne determinant by
 

Ddet(M) = w(det(M».
 

Dieudonne showed [17] that any determinant function
 
satisfying our three axioms will be of the form 

d(M) = Ddet'(M) (5) 

for some r E IR. In particular, we can easily check the 
following theorem. 

THEOREM 9. 

Sdet M = detdljJ(M» = Ddet2(M), (6) 

detj;! /L(M) = det~ ep(ljJ(M» = Ddet4(M). 

plies the determinant by m[IHI*, IHJ*]. (This last product 
can be either on the left or on the right, since IHJ*/[IHJ*, 1Hl*] 
is commutative.) On the other hand, 

detG a~) = (ab - ba)[IHJ*, W], 

but 

b[IHl*, IHJ*] dete :) = 0, 

and we see that we cannot factor out a right multiple of 
a row. 

Moreover, it doesn't behave well with respect to ad­
dition. Consider the determinant as a function of the 
first row, keeping the other rows fixed. Denote this func­
tion by m(v). Define addition in IHI* /[IHI*, 1Hl*] by setting 

It can then be shown [1] that 

If we use Ddet instead of det and denote the corre­
sponding function by M(v), we get a sort of triangle in­
equality: 

Let me also point out that it follows from (6) that the 
Study determinant corresponds to the reduced norm 
[15]. 

Equation (5) has been generalized by L. E. Zagorin 
[52]. If )J is a homomorphism of IHl into M(s, 0, and v is 
the corresponding homomorphism of M(n, 1Hl) into 
M(ns, 0, then dete li(M) = Ddet'(M). 

In addition to satisfying our three axioms, the 
Dieudonne determinant has several other properties [I, 
17, 40]. Interchanging rows i and j corresponds to left­
multiplying by the matrix Fij = BP)Bji( -l)B/l). But 
-1 E [IHI*, IHJ*], so det Fij = l[1Hl*, 1Hl*]; interchanging two 
rows doesn't change the determinant. 

When n = 2, 

b _ ) = (ad - aca-1b)[lHl* W]det(: ~) = det(~ d - ca lb ' 

if a =/= 0, and 

~) = cb[IHJ*, IHJ*] = -bc[IHJ*, IH]*].det(~ ~) = det(~ 

We can also show that multiplying a row on the left 
by m or multiplying a column on the right by m multi-

Moore 

We started out by showing what was wrong with the 
Cayley determinant. But sometimes it does work. 
Granted that his formula doesn't make sense in general, 
does it still make sense for certain matrices? The answer 
is that if we restrict to Hermitian quaternionic matrices 
(M* = M), then we get a useful function by specifying 
a certain ordering of the factors in the n! terms in the 
sum. This was first studied by Eliakim Hastings Moore 
(for biographical information about Moore, see [37]), 
and I will denote it by Mdet. 

Let (J be a permutation of n. Write it as a product of 
disjoint cycles. Permute each cycle cyclically until the 
smallest number in the cycle is in front. Then sort the 
cycles in decreasing order according to the first number 
of each cycle. In other words, write 

where for each i, we have nil < nij for all j > 1, and n ll > 
n21 > ... > nrl · Then we define 
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If H is Hermitian, then Mdet H is a real number. I will 
not go into details, but refer to the work of Moore, 
Jacobson, Dyson, Mehta, Chen, Van Praag, and Piccinni 
[5,11,12,20,21, 27, 28, 32, 33,34, 39,49,50]. But I would 
again like to make some comments. 

In general, it is difficult to talk about eigenvalues of 
a quaternionic matrix [13, 29]. As we work with right 
vector spaces, we must consider right eigenvalues. If 

Mx = xA, 

then for q =t= 0, we get 

M(xq) = xAq = (xq)q- 1Aq. 

Hence, all the conjugates of A are also eigenvalues. 
Let us study the conjugacy classes more closely. For 

q E IHJ, we define p(q) by p(q)(x) = qxq-1. Since p(q) leaves 
the real axis invariant and is orthogonal, we can restrict 
to 1R3

. It is easy to see [18] that if we write q = qo + q' 
with qo E IR and q' E 1R3

, then p(q) represents the rota­
tion of 1R3 with the axis q' and angle 2 arctan(lq'llqo). 
From this we get that if x is real, then the conjugacy class 
of x is just Ix}, whereas for x E S3 \ {±1}, we get a copy 
of S2 containing x and orthogonal to the real axis. 
Suppose that A = Ao+ A' with Ao E IR and A' E 1R3. Then 
qAq-1 = Ao + qA'q-l, and the conjugacy class of A' inter­
sects the i axis at ±IA'li. It follows that the conjugacy 
class of a non-real eigenvalue contains exactly two com­
plex numbers and that they are conjugate. 

If p is complex and v = u + jw, then Mv = vp if and 
only if l{f(M)(uw/ = (UW)lp, and it can be proved by in­
duction [29] that the eigenvalues of l{f(M) occur in con­
jugate pairs. It follows that the eigenvalues oLl{f(M) are 
precisely the 2n numbers A1, ... , An and A1,···, An' 
whereas the eigenvalues of M are the elements of 
the cOEjugacy classes of All' .. , Ant where we can replace 
Ai by Ai' 

It is now easy to show [29] that M is symplectically 
similar to a triangula.!:.-matrix with diagonal elements di, 

where di equals Ai or Ai' For more about normal forms of 
quaternionic matrices, see [27), [29), [41), [45), and [51). 

If we restrict to a Hermitian matrix, H, then it turns 
out that all its eigenvalues are real (and there are, there­
fore, precisely n of them, since each conjugacy class only 
contains one element) and that the matrix can be sym­
plectically diagonalized; that is, we can find P E 
GL(n, [J-j]) such that 

PHp t = 0, 

where pt = p-l and 0 is diagonal and real. 
We can now prove the following theorem that relates 

the Moore determinant to the other determinants. 
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THEOREM 10. Let H be a Hermitian quaternionic matrix. 
Then 

IMdet HI = Ddet Hand Mdet H[IHJ*, IHJ"'] = det H. (8) 

For any quaternionic matrix M, we have 

Sdet M = Mdet(M M*). (9) 

Proof. It can be shown that for a Hermitian matrix, the 
Moore determinant is equal to the product of the eigen­
values, so Mdet H is real-valued. But the normalized 
Dieudonne determinant of a diagonal matrix is the norm 
of the product of the diagonal elements, so (8) follows. 
To prove (9), we just have to observe that the eigenval­
ues of AA* are positive, and use the product rule and 
W. 0 
Finally, if H is Hermitian, then 

so ]ljJ(H) is skew-symmetric, and we can take its Pfaffian 
[14]. But 

so 

Mdet(H) = pf( - Jl{f(H». 

For other applications of the Pfaffian, see [2] and [3]. 

SP(n) 

I would like to finish with a simple application of these 
ideas. As mentioned in the introduction, the group SP(n) 
can be defined as the group preserving the norm on IHJn. 
But the usual description of this group is by considering 
its image under l/J in M(iC,2n). It is easy to see that all 
such matrices have determinants ±1. There are different 
ways of proving that in fact the determinant is equal to 
I, but this also follows from the results above, since all 
matrices in l{f(GL(IHJ, n» have positive determinants. 

In conclusion, I would also like to mention the recent 
work of Gelfand and Retakh [22]. Unfortunately, it is 
beyond the scope of this article to report on it. 
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