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1. Introduction

Letn be a natural number and [Etdenote the standard integer lattice of {RBe +

1) dimensional simply connected Heisenberg Lie graupBoth of these groups

together with other discrete subgroupsMfoccur in a wide variety of situations

in representation theory, geometry and mathematical physics. In this paper we will

compute a closed form of the topologicElgroups associated B, that is, we

compute the topologicak -groups for the classifying spacé/ I associated td'.

Our main tool in our calculations are certain incidence matrices that arise naturally

in combinatorics, and in the course of computingkhgroups forN/ T", we are able

to find diagonal forms for these incidence matrices that are of independent interest.
The tools for computing the ranks of tik&-groups have been available for some

time [10]. In particular, it is well known that for any finite CW compl&x the Chern

characters

ch: K°(X) ® @ > H®®(X, Q)
and
ch: KX(X) ® @ - H°Y(X, @)

are bijective, so that the ranks of tikegroups of N/ T" will satisfy

rankK'(N/T) = Bajein i =0,1, (1.1)
j=0
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whereg; is thekth Betti number ofN/I". The last two authors [10] recently used
Equation (1.1) together with formulas for the Betti numbers available from the work
of Dupré [3] and Howe [5] to compute

. on +1
rankK’(N/F)=(n+ ) i=0,1,
n

for any latticeD (includingT") in N. However, in [10] no general formula for the
torsion subgroups of thE€-groups was given. In this paper, by using the combinatorial
methods outlined above, we are able to obtain precise formulas for these torsion
groups ofK*(N/T'). This serves as a hatural complement to another recent paper of
the last two authors [11] in which the cohomology groupsNgIiT" with coefficients

in the integers were computed. In particular we will prove the following theorem.

THEOREM 3.9. Letn € Z* and letI" be the standard integer lattice in thign + 1)-
dimensional simply connected Heisenberg Lie grouplhe topologicalk -groups
for N/ T are given by

241 =D/ ( 2n
) Z( ") D @ Zk’(ll:i_iljk , nodd
KON/ T) = @ H* (N/T.2) = =t

—0 n/2

2 2n
Z(zn:l) ® @Zk(n—Zk)’ n even
k=1

2041 (=172 2( 2n )
2CMe @ 720 nodd

K'N/T) = @ HZ N (N/T.2) = =t

0 (n-2)/2

2+l (n—?.n—Zk
VAN @ 741, neven
k=1

These formulas can also be written as

_— [((n—-1)/2] (2
k=1
24+1 [n/2] 2(.%
Z(n)@@zk"*ﬂ', n—i=0 mod?2
k=1

K'(N/T) =

From Theorem 3.9 we can immediately obtain the following closed formula for
K*(N/T) = KYN/T') @ KXN/T) that is valid for alln € Z~.
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COROLLARY 3.10. Letn € Z* and letI" denote the integer Heisenberg group of
rank 2n + 1 sitting inside the Heisenberg Lie growp. As an Abelian group

2n+1 [(n+1)/2] 242
KN/ D@/ T. D= P z,f"“*k .
k=0 k=0
We remark that the above formulae, in addition to being of interest to topologists
and group theorists, are also of interes€ifralgebra theory. In particular, by using
the methods of the third author and I. Raeburn [13], we are able to use Theorem 3.9
to compute theK -groups ofanytwisted groupC*-algebraC*(T", o) corresponding
to any multipliero defined on the integer Heisenberg graopwhich we do in
Corollary 3.11.
Theorem 3.9 and Corollary 3.10 suggest the interesting possibility thatfor
as above, we might be able to directly define a ring isomorphism

ch: K*(N/T)—=> H*(N/T, Z),

without having to tensor oved. We leave this conjecture as an open problem.

As in our computation of the cohomology groups\f I', the method used in the
proof of Theorem 3.9 will be the Gysin exact sequence [8], applied to our situation by
viewing N/ T as a principall bundle ovei?". In principle, thek -theoretic version
of this sequence has been available for over 30 years to allow the computation of the
K-groups ofN/T"; however, the main technical problem that needs to be overcome
is the calculation of the cokernels in the connecting maps of the sequence. As in [11],
we find explicit forms for these maps using combinatorial methods. In particular, we
are able to write out the connecting maps as direct sums of certain combinatorial
incidence matrices related to the work of Wilson [17]. We have called these matrices
proper inclusion incidence matricewhich we define as follows:

DEFINITION 1.1. Letv € Z* U {0} and letX be av-set. The proper inclusion
incidence matrixP (v) is defined to be the"2x 2" {0, 1}-matrix whose rows and
columns are indexed by all subsétandJ of X, and where

1, fJCI,

P(v = P;; =
W1z 1 0, otherwise.

(1.2)

Recallthat an x n integer diagonal matri® is called adiagonal formfor them xn
matrix Q if we can reduce? to D by elementary row and column operations. This
is equivalent to finding matriceg and F in GL(m, Z) and Gl(n, Z), respectively,
such thatD = EQF. By applying results of Wilson [17], we are able to compute
two explicit diagonal forms foP (v), one of which we mention here.

THEOREM 2.7.Letv € Z*, and letX be av-set. The2” x 2" proper inclusion
incidence matrixP (v) has as a diagonal form th2" x 2" diagonal matrixD(v)
with the following entries
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1 with multiplicity 2'~* and k(k + 1) with multiplicity (
(v — 1)/2whenv is odd,

1 with multiplicity 2"~ andk(k + 1) with multiplicity 2((U_”2)‘/12_k) for0<k <
(v — 2)/2whenv is even.

v
(vfl)/sz) for 0<k <

We study the proper inclusion incidence mat#xv) in Section 2, where we
establish its relationship to the incidence matrices studied by Wilson, thus enabling
us to verify the above and other diagonal forms#gp). In our third section, we use
these diagonal forms to read off the kernels and cokernels of the connecting maps in
the Gysin sequence f&*(N/T"), and thus establish our main theorem.

2. Diagonal Forms for the Proper Inclusion Incidence Matrix P(v)

In this section we study the proper inclusion incidence matiix) defined in the in-
troduction and clarify its relationship to certain incidence matrices that have appeared
widely in the combinatorial literature, most recently in work of Wilson [17].

For fixedv € Z* U {0}, let X be av-set, which we shall write afor v = 0 and
as{1,2,...,v}forv>1. Recall (Definition 1.1) that the proper inclusion incidence
matrix P (v) is defined to be the'2x 2" {0, 1}-matrix whose rows and columns are
indexed by all subsetsandJ of X, and where

1, ifJC I,

. (2.1)
0, otherwise.

PW)y =Py = {

So for example, by suitably ordering the set of subset§ &r v = 0, 1, and 2,
we get

000
00 1000
P(0) = (0), P(1)=(1 0) and P =100 ol
1110

Our main aim in this section is to establish a similarity betw2énm) and another
incidence matrix,L(v), for which diagonal forms can easily be computed using
results from [17].

DEFINITION 2.1. Letv € ZtU{0}, and letX be av-set. The matrix.(v) is defined
to be the 2 x 2" {0, 1}-matrix whose rows and columns are indexed by subkets
andJ of X, and where

1, ifJcrand|lI|=|J]|+1,

. (2.2)
0, otherwise.

L(w);y=L;; = {
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As in the case oP (v) we can calculate

L(0) = (0), L) = (2 8) and L(2) =

OrrFrOo
= O OO
= O OO

O OO

We now wish to giveP (v) andL (v) block decompositions where the block entries
are variants of incidence matrices studied by Wilson in [17]. We first recall Wilson’s
notation.

DEFINITION 2.2. Letv € Z™ U {0}, let X be av-set, and let &l r <k <v. The
Wilson incidence matrix¥,.(v) is defined to be th¢’) x (}) {0, 1}-matrix whose
rows are indexed by thesetsT of X, whose columns are indexed by thaetskK

of X, and where

1, ifT CK,
WiuW)rk = Wrk = . (2.3)
0, otherwise.

By partitioning the subsets of owrsetX into sets of order 01, ..., v, we can
give L(v) and P (v) block decompositions involving th&,, (v). Indeed, we easily
check that

L) = (Li;(v)), 0<i,j<v,

where eacfL;;(v) isa(}) x (j) matrix defined by

(W j+1(0)), ifi=j+1 and 0<j<v—1,
ko) = [0((1”) X (;’)) otherwise @4)
and
P(v) = (F;;(v)), 0<i,j<v,
whereP;; is the(}) x (‘j’) matrix given by
(Wi (), 0<j<ixv,
Pij(v) = IO((f) y (j)) ogi<ign (2.5)

The decompositions (2.4) and (2.5) are obtained from the definitiods10f
P(v) and W, (v) by indexing the rows and columns @&f;(v) and P;;(v) by the
i-sets ofX and thej-sets ofX, respectively.

PROPOSITION 2.3Letv € Z+ U {0}. We haveP (v) = exp(L(v)) — Iz
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Proof. Byformulasgivenin[17, Equation (3.1)], we knowthatfoQ <z <k <v,
we have

-
W) () Wi (v) = (t - j)wjkw). (2.6)

By using formulas (2.4) and (2.6), we easily verify that fa£ k£ < v, the powers
L(v)* have a block decomposition

L = (L),  0<i<j<y,

where

k
ij

k!Wj,j_H((V)t, if i — ] = k,
() = 2.7)

0((;) x (})), otherwise
ThusL(v)*/k! has as its only nonzero blocks the matrices
{Wj s 10<j<v—k},

which occur along itsth block subdiagonal, and (v)"*!* = 0, that is,L(v) is
nilpotent of degree + 1. Therefore the matrix

eXp(L(v)) — I =Y Lw)!/kl =1 =" Lw)"/kl =1

k=0 k=0

has at its block decompositia¥;;, 0< i, j < v, where

Wii(v)', 0<j<i<y,

M = (2.8)
"o < (), o<i<i<n,
Comparing (2.8) with (2.5) we gadt(v) = exp(L(v)) — I as desired. O

We now wish to prove that the proper inclusion incidence maiix) is similar to
L(v) via a unimodular matrix. Since diagonal forms fofv) can easily be obtained
by using formulas available in [17], this will enable us to obtain the desired diagonal
forms for P (v). We now partition the rows and columns Bfv) andL(v), that is,
the subsets ok = {1, ..., v} according to whether or not they contain the element
v. In this way we obtain the following useful block decompaositions af) andP (v).

LEMMA 2.4. Letv > 1. We have the following block decomposition/ab) and
P(v) into four2’~1 x 2"~1 subblocks:

(L= O
L(v)—( ; L(v_l)), (2.9)



K-THEORY FOR THE INTEGER HEISENBERG GROUPS 207

_ Pv—-1) 0
PO = (P(v—l)—|—1 P(v—l))' (2.10)

Proof. Letthe first 2—! rows and columns fak (v) andP (v) consist of all subsets
of {1,..., v — 1}, and let the second'2 rows and columns consist of all subsets of
{1, ..., v}that contairv. Giving L(v) andP (v) the associated block decompositions
and using the defining Equations (2.2) and (2.1)for) and P (v), respectively, we
obtain the decompositions (2.9) and (2.10). O

Before proving the similarity of.(v) and P (v), we need one final lemma.

LEMMA 2.5. Letv € ZU {0} and letL(v) be the2” x 2" {0, 1}-matrix with block
decomposition given by (2.4). There is th&ti & 2" integer matrixX (v) that satisfies

[X(v), L] = XW)L(v) = L)X () = L(v).

Proof. Forv = 0, takeX(v) = 0. Forv > 0, again partition the subsets of
{1, ..., n}into sets of order & i < v. This givesX (v) a block decomposition

X () = (X;;(v), 0<i, j<v,

whereX;; (v) is the integel(}) x (%) matrix defined by

(i—{-l)](tj)x(v_), i=j, 0<i<n,
Xij(v) = v (2.11)
o) x (), i#) 0<ij<v.
Then we calculate that (v) L(v) has a block decomposition
G+DWim®', i=j+1 0<j<v-1
(X()L(v));; = ) ; o . (2.12)
o) x (), i#) 0<ij<v,
Similarly, L(v) X (v) has a block decomposition
jW]j-l-l(v)ta l:j+17 Og,]gv_l’
(L)X ()i = ; (2.13)
o((}) x (1)), i#j+1 0<ij<v
Thus clearlyX (v)L(v) — L(v)X (v) = L(v) as desired. O

We are now in position to prove the similarity ové, (Z) of P(v) andL(v).

PROPOSITION 2.6Letv € Z* U {0}. There is a matrixJ (v) € SL(2", Z) such
that P(v) = U(w) *L(v)U (v).

Proof. We prove the Lemma by induction on The statement is clearly true for
v = 0, since in this casé(0) = P(0) = (0). Assuming that the statement is true
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for v = k, we prove it to be true for = k + 1. FindU (k) € SL(2*, Z) such that
U (k) 1L(k)U (k) = P (k) andX (k) asin Lemma 2.5 such thaX[k), L(k)] = L (k).
Takingv = k + 1 and givingL (k + 1) and P (k + 1) the block decompositions from
Lemma 2.4 we have

Lk+1) = (Lgk) L?k)> and P(k+1) = (P(IZ)("J)F ; P(()k)).

We now define

(2.14)

Uk+1) = Uk 0
k+D= —X(kUK) Uk )’

We easily see thadt (k + 1) € SL(2¢*1, Z) with

Ukt 0 )

U)X (k) Uk)™ (2.19)

Uk+ 1)t = (

so that

Uk+DL(k+DHUK+1)

_( Uk)™t 0 ) L(k) O U (k) 0
U)Xk UKk I Lk \=XU®K) U

U (k)L (k)U (k) 0
U)X (KLU k) + 1 — UGk LK) XKk)Uk) Uk)~TLKk)U (k)

P(k) 0
Uk)y M (X (k)L (k) — L)X (k))U (k) + 1 P (k)

P (k) 0 ):( P (k) 0 ):P(k+l).

U)“IL(U (k) +1 P(k) P(k)y+1 P(k)

Thustheresultistrue for = k+1, and by induction, itistrue forall € ZtU{0}. [

Equation (2.7) shows thdt(v)* has a subdiagonal block decomposition easily
describedinterms of the Wilsonincidence matriggs .« (v)’, 0< j < v—k. Wilson
has established diagonal forms for e ;. (v) in [17, Theorem 2]. Thus we obtain
diagonal forms fot (v)* and P (v)* by summing the diagonal forms fé¥; ;.. (v)’,
0< j <v — k and applying Proposition 2.6. This leads to the following Theorem.
(We give another diagonal form fa@t(v) in Theorem 2.10.)

THEOREM 2.7.Letv € Z*, and letX be av-set. The2” x 2" proper inclusion
incidence matrixP (v) has as a diagonal form th2" x 2" diagonal matrixD(v)
with the following entries
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1 with multiplicity 2°~* and k(k + 1) with multiplicity (
(v — 1)/2whenv is odd,

1 with multiplicity 2"~ andk(k + 1) with multiplicity 2((v_”2)’/12_k) for0<k <
(v — 2)/2whenv is even.

v
(vfl)/sz) for 0<k <

Before beginning the proof of Theorem 2.7 we establish some definitions and
notation and recall some basic algebraic factd/{fand M, are twon x m integer
matrices, we will say thad; is equivalent toM,, written M, ~ Mo, if there are
matricest € GL(n, Z) andF € GL(m, Z) such thatEM;F = M,. To say that
M, ~ M, is exactly the same as saying thidi can be transformed inttf, by a
sequence of elementary row and column operations. Fanany integer matrixy/
we can always find a matrik whose only non-zero entries are along the diagonal
with M ~ D. In fact, we can find a uniqu® with

d1 0

0 0

wherek < min(m, n) and 1< dylds| . .. |d;. This is exactly thesSmith normal form
for M [6, Theorem 3.9]. Clearly if; ~ M, andD is a diagonal form foy, then
D is also a diagonal form fobf,. The benefit of finding a diagonal form fa¢ is
that if we think of M as a mapVf : 7" — 7™, then we can then easily read off that

k
cokerM = P zy, ® 2" *.
i=1

If {d; | 1<i<k}isasequence of integers, we will denote the k diagonal
matrix

dv 0
0 di

by @f:l[d,-]. For a fixed integek andk € Z*, we let [d]* denote thé x k matrix
d 0

0 d
Finally, if D1 is am x m matrix andD; is an x n matrix, D, @ D, will denote the
(m +n) x (m + n) matrix

D,y O
0 D)
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We now give the proof of Theorem 2.7.

Proof of Theorem 2.#7orv =1,

ra-(29-(9)

so the formula in the theorem holds for this case. We now assume that By
Lemma 2.4, we know that

_ Pv-1 0
PQ) = (P(v—l)—l—l P(v—l))’

and by performing elementary row and column operations, we see that the right-hand
matrix is equivalent to

_(Pv—1 0
P@) ( I P(v—l))
N I Pw-D\ (I Po-D\ (I O
P(v—1) 0 0 P(v—1)>2 0 Pv—-12)"
Therefore,P (v) has the same diagonal formBs-1,.,.-1 @ P (v — 1)2. By Equation
(2.7), we have

Pw—12~Lv—-1)72

0 0
0 0
2W0,2(v — 1)t 0 .
= ‘ . (2.16)
2Wiz(v — 1) . 0
- 0 0
0 2W, 3,_1(v—1" 0 0

(Recall that the block decomposition fay — 1)? is obtained by partitioning the
subsets ofl, ..., v — 1} into sets of order0..., v — 1.)

By moving the top("; %) + ("7 %) rows of the matrix in (2.16) to the bottom of the
matrix, we see that this matrix is equivalent to the matrix

(o) ) - (3 () (D)

(7)) [ 2Wozw-1r 0
(Ugl) 2Wy3(v=1)"
. (2.17)
(llj:i) 2Wu—3,v—1(U—l)t
("s) 0
A 0
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Thus in order to find a diagonal form f@r(v — 1), it will suffice to find diagonal
forms for each of the block matrices along the diagonal above, and then sum these
diagonal forms together. We note that diagonal forms for the matri¢gs 2 (v—1)’,
0<j<v — 3, can be computed by applying [17, Theorem 2]. In particular, for
j+(+2) <v-1,wehave" ") < (V;) andthe(’;3) x (") matrix 2W; ;»(v—1)"
is equivalent to the matrix

(Y
j+1

(“;1) @[k(k + 1)](]-1171{)—(5:1{) . (2.18)

1 1 =t
(+2) = () 0
Forj + (j +2 > v — 1 we have(";") > (}}3), and we can easily check by

taking complements in the— 1 setthat ; ;. o(v — 1)’ = 2W,_3_; ,_1_;(v — 1).
Applying [17, Theorem 2] again, we get thaW2 ;;»(v — 1) is equivalent to the

matrix
(ugi]) (vii]) - (Vigij)

v—2-j -1 v—1
(vzgi]) ( @ [k(k + 1)](%27_,'4)—(%3—_;'—0 0 ) (2-19)

k=1
We now sum up these diagonal forms, keeping in mind that interchanging the order
of summation is the same as permuting our basis elements and therefore preserves
similarity. Recall that we have the caseg22<v—-1and2 +2 > v —-1to
consider. Thus we consider the case @idd and even separately.
Forv odd,v —1is even, and 2+ 2 < v — 1 exactly forj < (v — 3)/2. Therefore

(v—3)/2 j+1

Po-12 ~ P Plkk+1)] (4220=G0)
j=0 k=1

v—3 v—2—j

o D _69 [k (k + 1)] G220~ (=30

2
j==1)/2 k=1

v—3
o P [0]G22)- G55 g [0]C72) @ [0] (D)

j=w-1)/2

v=3)/2 j+1

~ @ @[k(k_i_l)](jizik)_(;:l%)

j=0 k=1

v=9/2 j+1 . o )
& P Plkk+1)0-970) g o]

j=0 k=1
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(w=5)/2 j+1

~ P Plkk + p)AGH-G)

j=0 k=1

v-1/2
& @ kk + 1] ED (0550 g 0](0-572)
k=1
(by interchanging the order of summation in the first summand)
v—3)/2 ) B -
~ @ Ikek+ DE A CD)
k=1
"R v-1 v—1 v
& (P [kk + D] (52 @ [0] (-0
k=1
(v=3)/2 1 (v=3)/2 » B
~ @ [k(k + 1)]2((v—1)/2—k) D @ [k(k =+ 1)] ((1;71)/2—k)7((1;73)/2,0
k=1 et
(v=1)/2

el(5H (O @ [0) (-2 ~ (P [k(k + 1)) (e-vr20).
k=0

Therefore forv odd, we have

(v=1)/2
PO~ L1 @ P —D>~ (1127 @ @ [kik + D) (esn2),
k=0

giving the desired diagonal form.
Forv even, we have 2+ 2 <v — 1 exactly forj < (v — 4)/2. Therefore (recall

that forv even, Z ")) = (,},))

(v=4)/2 j+1

Pv—1)2 ~ @ @[k(k +1)] (v B )

j=0 k=1

b3 V_z_j v—1 v—1 V3 v
[k(k + 1)] (ufzfjfk)*(ufsfjfk) fa>) @ [0] (u/Z)

&5
j=(—-2)/2 k=1 j=(-1)/2

(v—4)/2 j+1 - . )
~ @ @[k(k + 1)]2((j+l—k)_(j7k)) @ [0] (v 2)2)

j=0 k=1

(by interchanging the order of summation in the first summand)
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(v-2)/2 (v—4)/2 e )
~ EB @ [k(k + 1)]2((j+l—k)_(j—k)) ® [O](”/Z)
k=1 j=k—1
(v—2)/2 L
~ @ [k(k+1)]2((ufv2;/sz)'

k=0

Therefore forv even, we have

(v=2)/2
PO~ L1 ® PV —-12~[1"@ @ [k(k + 1)]2(w—”z)/1z—k),
k=0
giving the desired diagonal form. O

As an immediate corollary to our theorem, we obtain the following:

COROLLARY 2.8. Letv be an even integer. We havgv) ~ Pbw—1) @ P(v —1).
Proof. This follows directly from Theorem 2.7 by noting tha(v) and
P(v—1) & P(v — 1) have the same diagonal forms. O

Another useful corollary is the following:

COROLLARY 2.9. Letv be a positive integer. We haker P(v) = (/2.
Proof. This was proved in Theorem 2.7. ]

We close this section by giving an alternate diagonal formFor), which will
be useful in our computations in Section 3.

THEOREM 2.10.Letv € Z* and letX be av-set. The2” x 2" proper inclusion
incidence matrix has as an alternate diagonal form 2/ex 2" diagonal matrix

0 (0-1/2) o) ("_+1)/2 k ((U+l;|.1)>/127k)’ od
A) = o) ) D [v ! vodd (2.20)
(01072 @ @2 (k)220 v even

Proof. Recall thatP (v) is similar toL (v), which is equivalent to

(o) (1) (Y I
(*7Y [ Wor(v)! 0
(”;1) Wi2(v)
: . (2.21)
(:) val,v(v)t
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So the desired diagonal form fér(v) can be obtained by summing together the
diagonal forms provided in [17, Theorem 2] for the matric85 ;. 1(v)’,
0<j<v—1 Forj+ (j+1<vwehave(}) <(;},) andW; ;;1(v)" has as a
diagonal form the matrix

0

v (j I )*(jE )
(;) k@[k] S (2.22)
(1) = () 0
Forj+(i+1 >vwe have(;) > (jjrl) andW; j11(v)' = W,_j_1,—,(v), so that
W; i+1(v)" has as a diagonal form the matrix
(j-vu) (;) - (jil)
v—j
(jJVrl) (@[k](u?k)(u/vlk) 0 ) (2.23)
k=1

Using (2.22), (2.23) and methods similar to those used in the proof of Theorem 2.7,
we obtain the diagonal form (v). We omit details. O

3. The Gysin Sequence an&*(N/T)

LetI" be the integer Heisenberg group of ramk{21 for a fixedn € Z*. Recall that
" can be viewed as the set of triples

{(rns,0)|reZss,tel")

with group operation given by

(r,s,t)- (', s, t) = (r +r + Ztisi’, s+s,t+ t') . (3.1)
i=1
We can embed in SL(n + 2, Z) by setting
1 - t,r
1 O S1
(r,$1, .oy Spy 1, ..o, 1) > i | e SL(n+ 2, 2).
1 s,
0 1

By allowing the parameters s;, t;, 1<i <n, to take on real rather than integer
values, we obtain th€n + 1)-dimensional simply connected Heisenberg Lie group,
denoted byN. The groupl” sits insideN as a lattice, and the homogeneous space
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N/T is a compact nilmanifold, which is a classifying spacelfoin addition, the
spaceN/I" can be viewed as a princip@tbundle ovef?* as follows. LetL be the
subgroup ofN generated by" and [N, N],i.e., L = {(r,s,t) | r € R,s,t € Z}.
Sincel’ C L, we have the following fibration.

T=L/T - N/T
K (3.2)
N/[N,N]/T/T' N[N, N] =T

This fibration corresponds to the following short exact sequence of fundamental
groups.

r(r,0,0)

1 — —_—

R N
e =
l
N
N
l
=

~ (3.3)
1 — m(T) ——— m(N/T) — 7(T%) — 1

In particular,(E = N/T,m, T?") is a principal circle bundle oW /T, since the
action of [NV, N] = Ron N/T factors through¥, N]/T N[N, N] =T.

The circle bundlg(E, , T?") gives rise via transition functions to an element
of the sheaf cohomology groud*(T?*, S) = H(T?, (1)) and, hence, we can
form the associated complex line bundle, 77, T%") to which one can associate an
elementi(E) € K°(T?"), via the canonical embedding of complex vector bundles
overT?* into K°(T?).

Choosing the usual metric dny it follows from the construction ofE, 77, T2
that the sphere bundl§(E), 7, T%) is exactly(E, =, T?") and, hence, we can use
the Gysin exact sequence Afittheory [8, 1V.1.13, p. 187] to compute thé-groups
forE=N/T:

O%

KOT>y B KO(TZM)

S N
KYN/T) KO(N/T) (3.4)
N v

KNT2) & KL(T?),
where the maps’, j = 0, 1, are given by the product with4 A(E) € K°(T?")
(recall K*(T?") has a graded ring structure). Sin&e (T?") is torsion free, our
problem thus becomes a problem in multilinear algebra involving the ring structure
of K*(T?") and the computation of 4 A(E) as an endomorphism & *(T?").

It is well-known that the ringK*(T™) is isomorphic to the exterior algebra
over Z on m generatorsAyfes, ..., ey} ([15], p.185; [4]). Indeed, in this case
the Chern character:: K*(T") — H*(T™, Q) is integral and gives an isomor-
phismchg: K°(T™) — HE®eYT™, Z) andchy: KY(T™) — HY(T™, 7) (see [7,
Theorem A7] for a proof) wher& *(T™, Z) under cup product, is well-known to be
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isomorphictaA’ HX(T™, Z) = A%fer, ... , en)With HX(T™, Z) = Aler, ..., en).
Denote byy; the corresponding isomorphisms

n—i

¢t K'(T?) —> @ AT er, ... ean), i=0,1. (3.5)
r=0

In order to carry out the computations implicit in the sequence (3.4), we need to
computech(l — A(E)) = 1 — ch(A(E)) € AS"®Wey, ..., e,}. We will do this in
Proposition 3.2.

We recall the following result of Massey, specialized to our context ([1]) ALleé
a countable discrete group, IBtbe a connected CW-complex of tygg A, 1), and
supposethatt, x, B) is a principall-bundle oveB such that the fundamental group
m1(E) is a central extension of1(B) = A by 71(T) = Z. Then the characteristic
classc; of the bundlg(E, 7, B) as an element off2(B, Z) = H(B, S) (thatis, the
first obstruction to a cross-section), can be identified by the group cohomology class
k € H?(A, Z) determined by the central group extension

0—Z7Z—m(E)— m(B)ZEA—0

via the canonical isomorphisi, : H*>(A,7) — ﬁZ(B, Z) which is discussed in
Lemma 2.6 of [13], for example. In our case,(E) = 71 (N/T') = T, m(B) =
A = 7%, and, using the notation of Section 3 in [R]e H?(Z%*, 7) is defined by
M =Y"!_, E,y:; (hereE j, denotes the elementary matrix with 1 in itjek)th spot,
O's elsewhere). Thus we may wrike= »;_,[og,,,,] (See [2] for notation). From
Section 3 of [2] it is known that{oz, ] : 1<k < j <n}is a basis forH?(Z7*", 7),
and it is easily checked that ([og,]) = ex A ej € Adfer, ... , e} = HX(T?, Z)
(the line bundle corresponding &p A ¢; is the pull-back of the standard Heisenberg
non-trivial line bundle ofil? to T2 = []*, T via projection onto théth andjth
coordinates). It follows that the characteristic clasg)f I', 7, T?"), or what is the
same thing, the first Chern class of the complex line but&ller, T%"), is given by
c1(E) = Mom]) = M(X_[og,,,,]) = Yiiei A ewsi € HA(T?, Z). We have
thus proved:

PROPOSITION 3.1LetT be the standard integer lattice in thi@n + 1)-dimen-
sional simply connected Heisenberg Lie grodp Then the characteristic class
in H2(T?",Z) = AZ%{ey, ..., e2,} and hence the first Chern class defined by the
complex line bundl¢E, #, T?") associated tgN/ T, 7r, T?) is defined by1(E) =
Z?:l € N epyi.

We now use Proposition 3.1 to deduce:

PROPOSITION 3.2Let N andT be as in Proposition 3.1, l&tE, 7, T?") be the
complex line bundle associated to the principalundle(N /T, =, T?"), and leth(E)
be the corresponding representativeki?(T%"). Then the formula foch(A(E)) in
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HEe\T2, 7) = AS"®ey, ... , eq,) is given by

‘ (Z?zl e N\ en+i)j

ch(M(E) = )

j=0 J!

n
= 14+) einenit Y. (€ Aensiy) A ey Aensiy)
i=1

1<it<iz<n
+-- E (€ix N entis) N+ A€,y A enyi, 1)
1<ii<ip<<ip_1<n

+(e1 ANeup1) N(e2 Aepy2) A A e Negy).

Proof. The first equality follows from the formula for the Chern character of
complex line bundles given in p.196 of [12], that i&,(A(E)) = exp(ci(E)). The
second formula follows by expanding the first expression. O

From the proposition we immediately obtain:
THEOREM 3.3. LetT" be the standard integer lattice in th@n + 1)-dimensional

simply connected Heisenberg Lie grodp TheK -groups of N/ T" can be computed
from the exact sequence

aO
A%Ven{el, ey 62,1} —*> A%\len{el, ey 62,1}
/! N\
KYN/T) KO(N/T) (3.6)
N v
ap
A%dd{e.‘b AR ] €2n} < A%dd{elv L] eZn}
where the maps’ : Ay{es, ... exn} — Ajles, ..., ey} are defined by
) =-r Al Yo (e Aensi) A Ale Aensi) | ]
J=1 \1<ii<iz<--<ij<n
fory € AS®MWey, ... e} if i = 0,and fory € A9%es, ... e} ifi = 1. In
particular,

KO(N/T) = cokera? @ kera?,
KY(N/T) = cokera?® @ kera?.
Proof. Using the Chern charactet : K*(T?") — Ajfer, ..., ez}, the Gysin
sequence foK -theory given in Diagram (3.4) becomes exactly the Diagram (3.6),

and by Proposition 3.2, the map$, i = 0, 1 of Diagram (3.4) become the maps
stated in the theorem, using the fact thiatlx+) = 1,:. We obtain the splitting for
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K'(N/T), i =0,1,byusing the fact tha $®ey, . . . e5,} andAQ ey, . . . e5,} are
finitely generated free Abelian groups, so that the respective subgroups kiee

0, 1, would have the same property. O
If we let Lo andL; denote the restrictions 05®Yey, . . . , e2,} andA% ey, ... ,
e2,}, respectively, of the transformatiah: Ajf{es, ..., e} — Ajfer, ..., e}

defined by the wedge product wih'_, e; A e;+,, then by using the isomorphisms
{¢; | i = 0,1} and Proposition 3.2, Diagram (3.4) is transformed into

n n
[/ —exp(Lo)]
@ AZ ey, ..., e} —" @ AZfer, ..., e2)
r=0

r=0
~ N
KN/ T) KO(N/T)
\ /
n-1 [ —exp(L)] e
@ A%r-i—l{el’ . 62’1}(—@ A§r+l{el, cee eZn}‘ (37)
r=0 r=0

We can easily check thdt and the restriction&o and L, are nilpotent transfor-
mations of degree so that

n Lj
exp(L,»):Zj—;, i=0,1 (3.8)

j=0 "
We now write
P = —[I —expL] =expL —I: Aj{e1, ..., e} — Aj{e1, ..., exn},

and letP, and P; denote the restrictions a@f to AS"®ey, ..., ez,} andA%%ey, . . .,
e2, }, respectively. Since

cokerI —expL;) = cokerP;, i =0,1,
ker(I — expL;) = ker P;, i=0,1,

and kerP; fori = 0, 1 are finitely generated free Abelian groups, diagram (3.7) gives
the following splitting for thek -groups ofN/T.

K° = cokerP, @ ker Py, K*! = cokerP; & ker P,. (3.9

Our intention is to use the diagonal forms {dt(v) | v € Z* U {0}} established
in the previous section to calculdiekerP; | i = 0, 1} and{kerP; | i =0, 1}, thus
calculatingk’(N/T) fori = 0, 1. To do this we first decompose e, . .. , €2}
andA%%ey, ... , ep,} into the direct sums of subgroups that &eand P;-invariant.
We first review for the reader’s convenience some results on the decomposition of
A%{eq, ..., e} that can be found in [11].
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DEFINITION 3.4. LetC C {1,..., 2n}. We say thaC ispair-freeif {i,i +n} € C,
forall 1<i <n.

By the pigeonhole principle, if is pair-free, thenC| < n. Clearly any subset of
{1, ..., 2n} can be written uniquely as U P, whereC is pair-free and
P =iy, ir+n, iz iz+n,... i, i+ n},
0<k<n, 1<ij<n, 1<j<k,
consists entirely of pairs.

NOTATION 3.5. For any pair-free subsétof {1, ..., 2n}, let
Dc={je{l,....n}|{j,j+ninC=0}.
By construction|D¢| =n — |C]|.

NOTATION 3.6. LetC = {iy, ..., iy} be afixed pair-free subsetf, . .. , 2n}, and

J ={j1, ..., jp} an arbitrary subset db.. We defineC, € A’;Z”{el, ...,ex) by

Cr=eyNep N Ney NejpNejn N ANej Nej . (3.10)

For a fixed pair-free saf of orderk andp >0, let
B*?(C) =1{C,|1J € D¢, | J | = p},

and letV*+27 (C) denote the subgroup myz”{el, ..., ez, } generated bB 27 (C).
A counting argument shows that the rankif=2 (C) is equal to(”;"). For fixed;,
0< j < 2n, itfollows from [11, Equation (1.8)] that

[j/2
Aer....ea) = @ v+ (3.11)
p=0 C pair-free
ICl=j—2p
‘We remark that in order forv/(C) to be a nontrivial summand of
Alfer, ..., ez}, we need

ICI<j,  ICl=j mod2  j<2n—|Cl. (3.12)

The last inequality follows from the fact that fgr> 2n — |C|, we haveB’ (C) = ¢,
so thatV/(C) = 0.
Using (3.12), we easily obtain

ASVEN = éAfg{el,...,eZn};éé b vZo
r=0

r=0 p=0 C pair-free
|Cl=2r—2p

n—|C|

P P v, (3.13)

C pair-free p=0
|C| even

12
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and similarly
n—1 n—|C|
A0dd =~ @A?H{el,...,ezn} ~ @ EB vici+er ). (3.14)
r=0 C pair-free p=0
|C| odd
Fixing a pair-free subset of {1, ..., 2n}, we let
n—|C|
V(C) = P VIt ). (3.15)
p=0

PROPOSITION 3.7.Letn € Z*. We have
A= (B V(). (3.16)

C pair-free
|C| even

n—|C]|

A= P v, (3.17)

C pair-free p=0
|C| odd

The rank ofV (C) is equal to2" €I, and V (C) is Lo- and Po-invariant for |C| even
and L,- and P;-invariant for |C| odd.

Proof. Equations (3.16) and (3.17) follow immediately from Equations (3.13)
and (3.14) and Definition (3.15). Moreover,

n—|Cl n—|C|
—|C
rankV (C) = @ rank V<P (C) = @ (" | |> _ on-lCl
p=0 p=0 p
For a fixed pair-free subsét of {1, ... , 2n}, it was explained in [11, Lemma 1.3]

that it follows from [16, Chapter 1, p. 21] that V/(C) — V/+2(C)forall j > |C|,
sothatL: V(C) - V(C)andP = exp(L) —I: V(C) — V(C), giving the desired
result. O

Now let L(C) and P(C) denote the restrictions df and P, respectively, to the
subgroupV (C) of A%{e, ..., ez}. From now on we will writev = n — |C| and
identify V(C) with Z%'. Recall thatv (C) has as a basis’,_y'BI°*27(C), that is,
it has as a basis the elemefits; | J € D } defined in Notation 3.6. Therefore the
basis forV (C) can be identified with the set of all subsets of theetD.

Following [16, p. 17], we easily compute that

LICH= > Ciu. (3.18)

ieDc—J
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Thus if we give the matriX. (C) a 2 x 2" matrix representatiol, ;) corresponding
to the basis above, we obtain

1, if JCI d |I|= 1
L,,:{’ if JC and /| =1|J]+1, (3.19)

0, otherwise.

We thus see that the matrix representationff¢€) depends only on the order=

n — |C| of D¢ and not onC itself, and that without loss of generality we can
identify L (C) with the incidence matriX (v) studied in Section 2. Similarly (C) =
exp(L(C)) — I can be identified with the proper inclusion incidence maiix) of
Section 2.

If we write
L= @ L©), L=  L©,
C pair-free C pair-free
|C| even |C| odd
= @ P©)., P= G PO.
C pair-free C pair-free
|C| even |C| odd

and use the fact that for fixdd 0< k <n, there are exactly‘%) pair-free subsets
of orderk, we obtain

[v/2] - [(—1)/2] s
Lo= @ Lin—2n2 @), [, = @ L(n— (2r + 1) "G4,

r=0 r=0

[n/2] b [(n—1)/2] s (3.20)
Py = @ Pn—2n2G), p = @ Pn— 2r +1)Z 7G4,

r=0 r=0

Hence, using Equations (3.9) and (3.20) we obtain

[7/2]
K°(N/T) = P cokerP(n — 2r)%" @)
r=0
[(nil)/Z] 2r+1 n
& P ker(P(n— (2 + 1)) &), (3.21)
r=0
[((n—1)/2] e
K'N/T) = @ cokernP(n — (2 + 1) &4
r=0
[n/2] e
& P ker(P(n — 2r)*" ). (3.22)

r=0
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Equations (3.21) and (3.22) together with the results of Section 2 will allow us to
calculateK°(N/T') and K*(N/T') without too much difficulty. We first recall the
following combinatorial lemma from [11, Lemma 1.5].

LEMMA 3.8. For0<k < 2n,

”‘fzkzp( n )(n —k+2p) _ (Zn)
= k—2p P k

Proof. The proof, which follows from a counting argument, is derived from the
identity

[k/2]

Aer,....ead =P P VHO). O

p=0 C pair-free
|Cl=k—2p

We can now prove our main theorem.

THEOREM 3.9. Letn € Z* and letI" be the standard integer lattice in thi&n + 1)-
dimensional simply connected Heisenberg Lie grauplhe topologicalk -groups
for N/ T are given by

(n—1)/2

2n+1 2
) 7O @ D Z,’E(kilik ., nodd
0 ~ 2r >~ k=1
KON/T) = @H W/LD=y 22
r= 7O @ @zk -2 n even
k=1
- (n—1)/2
n+
) 7 EB Z = n odd
1 ~ 2r+1 ~
K'N/T) =@ H*(N/T,2) = sy

r=0 H—l

QD Zk(k+l) , neven

These formulas can also be written as

[(-1)/2]
20 @ @ 27 w—i=1 mod 2
K'(N/T) =
z(z”fl)@@zk”*”, n—i=0 mod 2

Proof. We use Equations (3.21) and (3.22) and the diagonal formsfop
obtained in Section 2. We first concentrate on the case whemdd. In that case,
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[(n—1)/2] = (n — 1)/2 and

(n—D/2 (n-1)/2
KON/T) = @ coketP(n —27)G) @ @ ker(P(n — (2 + 1)* i)
r=0 r=0
(n—1)/2 P . n—1)/2 s
= @ coker P (2 + 1))° G-c@+1) @ @ ker(P(20)2" 2 (")
1=0 prd

(by Theorem 2.7 and Corollary 2.9)

(n—1)/2 n=1/2 1

=~ @ (Z(ZIIH))2"_(21+1)(,17(51+1))@ @ @Z]E?gi)zniwﬂ)(n—(;lﬂg
(n—1)/2
o P VA G )
=0

1)/2 7
ZEE 2@ (g )Y, )

(n—1/2(n-1)/2 20+1y on—(2+1) n
o @ EB Zlg(llj-i) (r-@11)
= k=l
(by Lemma 3.8)

(n—1)/2 (n (2k+1))/2 (21+2k+1)2,,,(2k+1),21(

Z(n "D+ @D GD Zk(k+1) 1 n— (24 1)-21)

12

12

(by Lemma 3.8)

(n=1)/2
2n 2n
Z(n—l)+(n) @ @ Z]E(kfi;l)) .

k=1

12

This establishes the formula f&°(N / I') whenn is odd.
We now calculate&k *(N/T) for n odd.

(n-1)/2 (n-1)/2

r=0 r=0
(n=1)/2 B (n—1)/2 o,
= @ coker(P(21))2 (22) o) @ ker(P (2 + ]_))2 Go—@41))
=0 =0

(by Theorem 2.10 and Corollary 2.9)

(n—1)/2 n-1/2 1

= @ (Z(ZI))Zn 2[( ”21)@ @ @ZZ(I k)z 2]( ")
=1 k=1
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=D/ 2041\ _on—(2+1) n
D @ (Z( i ))2 (»17(21+1))

=0
1 2 _
(n )/ [(21)2;1 21( )+(zl+1)2n (2/+1)(n7(£’l+1)):|

(n 1/2(n-1)/2

@ @ @ z 2(,2)22(,")

(by Lemma 3.8)

IIZ

D2
Z()l)+()l l) @ @ Z Z

k=1

(by Lemma 3.8)

—(2k+1))/2 (21+2A)2n 2k— 21( 2k "
n—.

112

(n—=1)/2

77 @ GB zz("

12

This establishes our formula f&f'(N/T") whenn is odd. Fom even, formulas
for KO(N/T) andK*(N/T") are computed similarly, with Theorem 2.10 being used
for KON/ T') and Theorem 2.7 fak 1 (N / I'). We leave the verification to the reader.

To complete the proof of the theorem, it remains to show that

n n

KON/Ty =@ H* (N/T. 2), KYN/T) =@ H” N (N/T. 2).

r=0 r=0

For this it is possible to use the isomorphigii(N/T", Z) = H(T', Z) and the
formulas forH! (", Z) established in [11] and then calculate directly. However, since
we wish this paper to be self-contained, we indicate a different method.

The Gysin sequence in cohomology [14] for circle bundles can be used to calculate
H*(N/T) as follows. Consider the diagram

H2(T2,7) 52 HYOU?,7) - HNN/T,Z)
v (3.23)

Hk 1('|]'2n Z) k 1 Hk—i—l('H'Zn’Z)’

whereL;: H/(T?,7) — H/*?(T?",7) is the the cup product with the charac-
teristic class {] € H?(T?, Z). By identifying H°(T?", Z) with A{es, ..., ez}
and summing the sequence in (3.23) over even and odd valugssef obtain the
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following six-term exact sequence fBf®V*\N /I, Z) andH°4N/ T, Z), where the
mapsLq andL; were discussed in the paragraph following Theorem 3.3.

n n

@A%’{el,...,egn} i‘; @A%’{el,...,ezn}
r=0 r=0
n / n \
P HE* N/ T. 2) P HE>(N/T.2)
r=0 r=0
N v
n—1 n—1 (324)

2r+1 Ly 2r+1
GBAZF+ {e1, ..., ez} < @AZ+ {e1, ..., ez}
r=0 r=0

Thus, as in the case for té-groups, diagram (3.24) implies that

@D H* (N/T.Z) = cokerLo & ker Ly, (3.25)
r=0
P H* ™ (N/ T, Z) = cokerLy & ker Lo. (3.26)
r=0

By Equation (3.20) together with Proposition 2.6, we see that cbkét cokerP;
fori =0, 1, and kei.; = kerP; fori = 0, 1, so that Equations (3.25), (3.26) and
(3.9) imply that
KON/T) =P H*(N/T. 2), KYN/T) = H”THN/T. 2),
r=0 r=0

as desired. O

We can now obtain our formula for the grok (N /TI') = KO(N/T)®KY(N/T)
that is valid for alln € Z+.

COROLLARY 3.10. Letn € Z* and letI" denote the integer Heisenberg group of
rank 2n + 1 sitting inside the Heisenberg Lie growp. As an Abelian group,

2041 (+D/2] 5,

K*(N/T) = @Hk(N/F, 7) = @ ZIEnH_Zk )
k=0

k=0
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Proof. This time we perform the calculation fareven, leaving the caseodd
to the reader. By Theorem 3.9, fereven we have

KN/ @ Kluv/ r)

ot 2(,2%,) oy R (2
=70 @ @Z w2 g7 @ @ Zii1y
n/2 1 n 2n 2n
t n )+(n - ')+(n — ) n
~ Z(zf +2) @ Z 1-2 2k ] [ 2k +1-2k } ® Z,21/;-2

2n+2

ad Z(Z;z:lZ) @ @ Z(n+1—2k

a2,

~ @ Z(n+12k ]

We can also use our main theorem to prove the result about twisted discrete
Heisenberg group*-algebras mentioned in the introduction. By a result of the third
author and I. Raeburn [13, Theorem 2.3 and Corollary 2.10], i a cocompact
subgroup of a solvable simply connected Lie graupand ifo is a multiplier onl”
that is homotopic to the identity multiplier, and if we denote®y(T", o) the twisted
groupC*-algebra associated to the péit, o), then

K;(C*(T,0)) = K'T9M%(G/T) fori =0, 1. (3.27)

For the integer Heisenberg group defined in (3.1), a structure result in one of our
earlier works, [9, Theorem 2.1], shows that every multiplierTois homotopic to
the trivial multiplier. Thus we obtain the following corollary.

COROLLARY 3.11.Letn € 7%, letT" be the integer Heisenberg group of rank
2n + 1, and leto be any multiplier onl". The K-groups for the twisted group
C*-algebraC*(T, o) are given by the following formulae.

2n
Z(2n+l) @ @(n—l)/z Zz(”_Zk) fOI’ n Odd7

7 @ P2 Z,E(kj"l)l), for n even

Ko(C*(T',0)) E

(2n+1

A=Y Y 1)/2215(](31)1), for n odd,

K.(C*(T, o)) =
7 e @A 7, 2,2 %) for n even

Proof. This is a direct application of Theorem 3.9 and Equation (3.27). Note that
takingo = 1, this corollary gives a closed formula fé&f-groups of the ordinary
groupC*-algebraC*(I').
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Remark.In [10, Section 1], a procedure was outlined, which if implemented,
would allow us to construct a much wider class of lattifgsc N with associated
multipliersogin I'g such thatC* ("o, o) isKK-equivalentta”*(I"), forI" the standard
integer lattice inV. Thus Corollary 3.11 also gives tt&e-groups for all twisted group
C*-algebras of this form.
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