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We develop a theory of invariants using the formalism of quivers, generalizing
earlier results attributed to Procesi. As an application, let H be the Levi component
of a parabolic subgroup of a classical Lie group G with Lie algebra 9. We describe

a finite set of generators for #{q]7. the space of H-invariant polynomials on g,

as well as the H-invariants in the universal enveloping algebra, #(g)”, thus

generalizing the results of Klink and Ton-That, and Zhu. 1994 Academic Press, Inc.

1. INTRODUCTION

Let C be the field of complex numbers. We begin by formulating our
problem in the context of quivers. We shall define a weighted quiver as a
pair (Q, w) where Q is a quiver with n points {1, 2, .., #} and finitely many
arrows ¢, ; from vertices / to j and where w=(w;})e {07,071, —1}"is a
set of weights attached to the vertices. Let V', and E, be the set of vertices
and arrows of Q, respectively. Let x=(«,, 25, .., 2,) € N” be a dimension
vector of Q. We then associate to (Q, w, «) a group G, =G, ,, , defined by

Gzznicz,» (11)
where

GL(x;,C), if w,=0"o0r0 ,
G, =¢0(«,C), if w,=1, (1.2)
Sp(a;, C), if w,=—1.

!

Note that if G, = Sp(x,, C), then «; needs to be even. For convenience, we
shall refer to a weighted quiver simply as a quiver.
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Let A=(A, ) be a representation of @ of dimension «, and let
M= M(Q, w, a) be the representation space, i.c.,

M@Q.w,x)= @ M, (1.3)

i€ Ep

where M, ;= Mg, ;= Hom(C*, C*) and 4, € M, ;. Here C* is the defining
module of G, , except that when w, =0 , we let C* be the contragredient
of the defining module of G, = GL(%,, C). For each arrow ¢, € E,, the
action of G, on M, is as follows

((gg(,a ceny g:(,,) w)(x)= g:,(l/,(ga;l(x)))’ xEC”, l//EMl}j'

(Note that our definition of a representation actually gives a representation
of the opposite quiver in the standard literature, but we have adopted this
convention to facilitate our exposition in Sections 3 and 4.)

Such quivers often occur naturally. One example is to consider a
parabolic subgroup P of a complex classical Lie group G with Lie algebra g.
Write the Levi decomposition of P as P= HN, and let the Lie algebra of
the unipotent radical N be denoted by n. Then the actions of the Levi
component H on g, n and n/[n, n] all give rise to subrepresentations of
some weighted quivers. It is thus natural to consider the following.

Problem. To describe a finite set of generators for Z{ M(Q, w, «)]%, the
G -invariant polynomials over M(Q, w, «).

A harder problem will be to obtain a minimal set of generators and their
relations. This has been treated in some special cases by [3,4] and in
low-dimensional cases by [13]. (The papers [3,4] also treat relative
invariants.)

We first observe that we can produce invariants in the following natural
way. A cycle ¢ of @ is a finite sequence of arrows ¢, ¢, - -- @, such that the
head of ¢; equals the tail of ¢,,, (j=1,2,..,5—1) and the head of ¢,
equals the tail of ¢,. We write 6=¢,¢,---¢,. We can attach to ¢ a
G ,-invariant polynomial function Tr ¢ on M by setting

Tro=Tr(A, A, Ag), (1.4)

where Ay € M@' If w=(0*,..,0%), Procesi (unpublished; we thank
H. Kraft for pointing this out to us) has shown that these generate the
G -invariants of M.

If w#(0%,..,0"), there are other invariants. To describe those extra
invariants, we associate to each quiver Q its partial double Q defined as
follows.

Let Q% be the quiver with vertices {1*,2% .. »n*} and an arrow
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@ ;» € Ey+ if and only if there is an arrow ¢, ;€ E,. We shall consider 0 *
as a weighted quiver, where w.=w, if w,= +1, and w,,=0" if w,=0"
and vice versa. We then identify in QL1 Q%*, the disjoint union of Q and
Q%*, those pairs of vertices i and i* such that w,= +1. The resulting quiver
is the partial double J. Observe that if all the weights of Q are zero, then
0 is the disjoint union of Q and its opposite quiver Q°P obtained by
reversing the arrows. Also, if all the weights of Q are either 1 or —1, then
0 is a quiver with the same vertices {1, 2, ..., n}, but with a reverse arrow
added for each arrow in Q.

From a given representation of our weighted quiver Q, we can construct
a representation of J as follows. For a vector space V, we use the notation

y :{V, if Visa formed space, (15)

V*, otherwise.

Thus there is always a pairing between V and V *. For two vector spaces
V and W, let the pairings between V and V' * be denoted by <-, - >, and
W with W#* be denoted by (-, ->,. We construct a natural map # from
Hom(¥, W) to Hom(W *, V*) by the recipe

Lo, wdy= (v, ¢Fwd,, velV,we W#*, deHom(V, W). (1.6)

Of course, this is simply the adjoint map if neither V' nor W is a formed
space, and it is the transpose (respectively symplectic transpose) map if
both ¥ and W are equipped with symmetric (respectively skewsymmetric)
forms. It is then clear that

NG
~—

M(Q, w,a)={ D (4,®A4})

i€ EQ

A€ M,»,} (1.
gives a representation of {, by the assignment
¢i;‘“’A.’ja ¢j‘i“ _’(Aij)#-

We can still consider cycles in (, and the corresponding G, invariants as
in (1.4) using the representation of J in M(J, w, a).

EXAMPLE 1.

/ \ n=o
(a3 .
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The partial double

0 is
@@

For instance, the cycle 0 =¢,2¢,+@,+3+ 914262262305, in O gives rise 10 a
G ,-invariant in [ M(Q, w, )], namely

TTU:TI'AlerzAﬁA;AzzAzj;A:”.

where A, e M, .

Qur first result is the following

THEOREM 1. The G -invariant polynomials of M(Q, w, 2} are generated
by the functions Tr o, where o runs through all cycles of Q with the following
property.

(F) For every vertex [ or 1% of Q the cycle a passes through i or i *
at most o} times.

We shall discuss the proof of Theorem | in Section 2. In the same spirit,
we will prove analogues of Theorem 1 in the following situations.

(a) Consider the invariant theory of several copies of general linear
groups embedded diagonally in G,.

(b) Allow M. to be one of the canonical #-eigenspace in
Hom((C™)*, C*).

These results are given in Theorems 2 and 5 in Section 2. In principle, our
technique will give a theory of invariants in terms of quivers if we under-
stand the invariant theory of the groups involved. For instance, we can
allow some of the G, to be SO(a;, C) and obtain analogues of Theorem 1,
generalising results in {1].

In Section 3, we apply our results to the algebra #[g]”, where H is the
Levi component of a parabolic subgroup of a classical Lie group G with
Lie algebra g. This is parallel to the results of an earlier paper {14] on the
construction of a spanning set of K-invariant polynomials in #[g], where
K is a maximal compact subgroup of G. In fact, the results of [14] are
contained in Section 2.

In Section 4, we explore the relationship between the H-invariant poly-
nomials and H-invariant differential operators, and we give a construction
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for a finite set of generators for #(qg)*, which is one of the main contribu-
tions of this article (see Theorem 13).

After submitting this paper, we received a preprint from Tuong
Ton-That [7] which deals with similar problems, using different methods.

2. INVARIANT THEORY OF WEIGHTED QUIVERS

Our proof uses the polarization method in invariant theory. Basically,
we can reduce the problem of finding polynomial invariants to finding
multilinear invariants. If V' is a vector space with a group G acting on it,
we have an action of G on the polynomial algebra #[ '] that respects the
natural grading Z[V]=Y, Z[V]. Then the map

(VRV---@V)") > (2V])°
m

o= f4 where  fy(x)=¢(x, .., x), x€V,

is surjective. Thus, to find [V ], we only need to find the G-invariant
linear functionals on V® =V@V® --- ® V (j copies).

Proof of Theorem 1. Recall the definition of W * in Section 1. We have
the isomorphism Hom(W, V')~ W#* ® I given by

(w*@v)(w)={w, w* >, 0. (2.1)
Consider

F= @ M

i
¢ije Eg

= ® (€ @Cc™)en

¢i e Ep

® (((C*)*)®"® (C*)®")

ie by

® 4, (2.2)

ielyg

where . is defined by the last equation, the #,; are arbitrary non-negative
ld

integers, n,=37_, n; and n= -, nj;. Since all the G, are reductive, it is
clear that

(F*)= ® (£¥)™ (23)

ie Vp

Our next step is to study (¥ *)=
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Case A. G, =GL(x,;, C). The First Fundamental Theorem of Invariant
Theory says that (% *)% is nontrivial if n,=#, and any G, -invariant linear
functional on % is a linear combination of the invariants

/’lp(l/Jl ® e ®l//n,®ul ® e ®Un,): ”Z,:l wk(uplk))’ (24)

where pe §, ., the symmetric group on », letters.

Case B. G, =0(a,, C)or Sp(«,, C). The first Fundamental Theorem of
Invariant Theory says that (& *)%x is nontrivial if n, + #; is even and any
G,-invariant linear functional on & is a linear combination of the
invariants

“)’.qﬁ((‘//l@ ®‘l/n,)®(‘!/n,+]® ®¢’n,+ﬁ,\))
=H, v ¥y 2.5)

where Y is any subset of {1, ..,n,+7,} with (n,+7,)/2 elements and ¢ is
any bijective map from Y to {1, ..,n,+#,} — Y. Essentially, this says that
the invariants are generated by all possible pairings of y | ® -+ ® ¢, . -
By virtue of (2.3), any G -invariant in %* is a linear combination of
products of invariants of the form (2.4) or (2.5). The next step is to describe
these invariants in matrix notation, using the isomorphism given by (2.2).

Case A. G, =GL(a,, C). Without loss of generality, we can consider
n:":l”:’: lllll.k(vi,p,lk))' (26)

We shall use the first indices to determine which copy of M a component
Y ® v sits in, i.e, in our convention 4, (/) =,,®v,, occurs in the /th copy
of M?"". We start with the pairing i, (v, ;). There exist a j, such that
the product ¢, ,,,®v, ., occurs in some copy of M7/ Now
Uiy o1y 18 paired with ¢, ) in (2.6), and in turn for some j,, the term

101 @ Vs, 1) OCCUTS in the p; p,(1)th copy of M "1 Repeating in
this way, we obtain a sequence of integers j,, /», .., j, with j.,,=1 for
some k. Implicit in this sequence is a cycle ¢,; ¢, ,,---¢,, in Q, and we see
that

i’

Hf:1‘#/,,;),,,1~~p,(1)(U;‘,.p,,p,, ,,-/,,2-4-;,.11;)
=Tr(4,,, (p (1))~ Ay, (p, --pi(1))
x Ay (p, - pr(1))). (2.7)
So we can write (2.5) in terms of products arising from cycles as in (2.7).

Case B. G, =O(a;, C) or Sp(a,, C). This is different from Case A, since
there is an additional set of invariants arising from the fact that v, may



INVARIANT THEORY 169

contract among themselves (cf. (2.5)), instead of contracting only with v; as
in the GL case. We appeal to the map # which has the effect of permuting
the first and second factor in C*® C¥ up to a multiple of +1 or —1 (see
Lemma 3). Because of the way our partial double J is constructed, a
moment’s reflection and a similar argument as in the GL case give the
desired result.

The finiteness condition (F) is a consequence of results due to Procesi
and Raszmyslov (see [8, 9]), which say that the invariants of several nx n
matrices are generated by the invariants of degree <n’. |

Let us now consider the following situation. Suppose that there are
subsets J, = {i}, .., ix} and J,= {7, ., T} of Vo with &, =o;, w; =0* and
w; =0 for 1 < j<k. We want to describe the invariants in Z[M(Q, w, 2)]
of

Hg =L, ,G)xGL(a,,C)x --- xGL(x,;, C) (2.8)

embedded in G, using the diagonal embedding (for 1 </<k)

GL(a;,, C)s GL(a,, C) x GL(«;, C).
Denote by §,,, ,, the quiver obtained from Q by identifying the vertices
i; with 7* and 7, with /*. We will call Qul,lz) the coflapsing of § with
respect to the pair (/,, J;). Note that if J, = J, = &, then §,, ,,, is just {.
The underlying representation space of Q,,, ,,, is the same as that of g.

ExaMpLE 2. We illustrate using Example | again. Given a dimension
vector a = (o, &,, &3), where o, =u;, we can take J, = {1}, J,={3} and
consider the invariants of H, ,,, in Z[M(Q, w, «)]. The collapsed quiver
0,1y 18 as follows.

(o)
w, = 0%

@_\\\‘ ) s

Note that we have identified vertices 1* and 3* in Example 1 with
vertices 3 and 1, respectively. Also observe that there are two arrows from
vertices 1 to 3 and vice versa. Since the two quivers have the same
representation space, the description of Trg arising from a cycle ¢ in
QUI_J:, is exactly the same as in Example 1.
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The following theorem can be proved by using exactly the same
technique as in the proof of Theorem 1, and we shall thus omit it.

THEOREM 2. Let the notations be as in the above, and let H, ,, <G, be
given as in (2.8). The H, ,-invariant polynomials of M(Q, w, x) are
generated by the functions Tr a, where ¢ runs through all cycles of Q' Jyoda)
with the following property.

(F) For every vertex i or i* of Q, s.0ys the cycle o passes through i

or i * at most a} times.

The two sets of arrows in Example 2 suggests a finer version of
Theorem 2. Recall the isomorphism Hom(W, V)~ W * ® V given by (2.1).
Similarly, we have Hom(V* W*)~V® W#, The map # from
Hom(W, V) to Hom(V*, W#) thus induces a map from W*® V to
V® W#, which we still denote by #. The next lemma follows from a
simple computation.

Lemma 3. The map

#WPRQVVROW?*
satisfies
(w®ruv)*=¢,(t®@w), weW* veV,

where e, = —1 if (-, -, is skewsymmetric and + 1 otherwise.

If W=V*, the map # is an involution, ie., #?=1,,u, s, the
identity map on Hom(V *, V). Let

Hom(V*, Vy=Hom*(}V*, V)®@Hom (V*, V)

be the decomposition of Hom(¥ #, V'} into the +1 and (— 1)-eigenspace
of #. Then both eigenspaces are invariant under the isometry group G of
the form on V if ¥ is a formed space and GL(V') otherwise. Moreover, in
the first case Hom ~ (¥ *, V') can be identified with the Lie algebra of G.

Now we extend Theorem 2 to allow M, ;. to be any one of the canonical
G,-invariant subspaces Hom™*((C*)*,C*) or Hom ((C*)*,C*) in
Hom((C*)*, C*). Here we assume that an arrow from / to {* exists in
Q.. This can happen under the following situations:

(a) If w,= £1 and there is an arrow ¢, ;€ E,. Note that i * = ie E.

(b) Suppose that for some ieJ,, 7eJ,, there is an arrow ¢, ;€ E,.
Then under the identification of i with i * and 7 with / *, there is an arrow

¢i.i# € EQ”L’Z"
We need the following simple result.
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LemMMA 4. Let G be a reductive group acting on a vector space V. If
Vi<V is a G-invariant subspace, then the restriction map

"L'U",:W[V]G—"Q[VJG
Is surjective.
Proof. Since G is reductive, there exists a G-invariant subspace V,, such
that V=V,® V,. Then we have,
PV)=PV)QP(V,)=P(V,)R(CBVFP(V,))
=PV )DVFP(V).

Again, since G is reductive, we have,

PV =PV ) @ (VFP(V)),

and the lemma follows. |

Let I={i, iy, .,i,}c V3., ., be such that there are arrows from i, to i
for 1 </<k. Instead of (1.3), we now consider

MU[.J:),/(Q, W, a)= P M'.‘j’

P 1€ EQ sy
where

Hom * ((C*)*, C*) or Hom ~ ((C*)*, C™),
M. o= if {4 j}=1{i,iF} withiel
- Hom(C>, C*),
otherwise.

In such cases, to describe the invariants of H,, ,z,in PIM ;11 (Q, W, 2)],
we shall need to remove redundant arrows in our quiver Q, T
appropriately. More precisely, we define the deleting Qu. sy of Qu. I
with respect to / to be the quiver obtained by taking away one of two
arrows from i;to i in le sy for i€ I As an example, consider Example 2
with I={1,2,3}. Then Q,, ,, ,is simply the quiver obtained from Ou. 5
by removing one of the arrows from 1 to 3, around 2 and from 3 to 1. In
view of Lemma 4, we have the following modified version of Theorem 2.

THEOREM 5. Let the notations be as above. The H , ,, -invariant polyno-
mials of M, ,,, ,(Q, w, 2) are generated by the functions Tt &, where o runs
through all cycles of Q,, 1., with the following property.
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(F) For every vertex i or i* of Q( s the cvcle o passes through i

or i* at most a} times.

3. INVARIANT THEORY OF LEVI SUBGROUPS

Let G be a classical Lie group and g be its Lie algebra. If P=HN 15 a
parabolic subgroup of G with Levi component H, it is easy to see that

2[9]" ~ 2[gc1™

as vector spaces. Thus we will only consider complex groups.

Consider the groups G =GL(n, C), O(n, C) or Sp(2n, C). Let V be the
defining module of G, and (-, -) be the associated nondegenerate quadratic
form on V if G=0(n, C) or Sp(2n, C). Let

_{n if G=GL(n, C)or Sp(2n, C),
" [n2]  if G=0(n,C).

For G=GL(n, C), we choose a standard basis {e,,e,,...,e,} on V. For
G=0(nC) or Sp(2n, C), we choose a standard basis {e,,..,e,} for a
maximal isotropic subspace of the form (-, -). Then the standard flag (or
isotropic flag) of G is

{0} cleifcie el cley, e}
The parabolic subgroups of G are then given, up to conjugation in G, by
the stabilisers of subflags of the standard flag. Write

V.=span{e,, .., e},

where 1 <k << L. A subflag of the standard flag can then be written as a
sequence

{O}CVa1CV11+uzC '”CVoq+12+<--+oq ICVL‘ (31)

Let a, be defined by

{al .+_ +a1=n lf G':GL(n, C)Or Sp(zn, C)s
20,4 - 420, +oa,=n if G=0(n, C)

For simplicity we shall denote the flag in (3.1) by the sequence «,, a5, ..., %,.
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Let the Levi component of the stabiliser of this flag be denoted by
H, .. ., Itis not difficult to see that

(GL(2,,C)x --- xGL(x,_,, C)x GL{a,, C),
if G=GL(n C),

GL(x,,Cyx «-- xGL{%, ., C)x O(a,, C),
if G=0(nC_C),

GL(x,,C)x --- xGL(%,.,, C)x Sp(2x,, C),

\ if G=Sp(2n, C).

Hat]‘a:.,.,.z/: <

Certainly H,, _,, ., acts on #(g), the polynomial algebra on the Lie
algebra g of G. This action arises from the restriction of the Adjoint action
of G on g. We shall associate to each flag a quiver (Q, w) such that for an
appropriate dimension vector « and some (J,J,), the Levi component
H, _,=~H, ,cG, acts on the representation space M(Q, w, «), which
is isomorphic to the above action of H, ,, on g. Let us treat each case
individually.

Case A. GL(n,C). Corresponding to the flag (3.1), there i1s a quiver
(Q, w), which has / points {1,2,..,/} with arrows {¢,|1<i, j<!} and
weight w=(0%,0"%,..,0"). If we take the dimension vector o = («, ..., &),
then G,=H,, _, acts on the representation space M(Q,w, 2)=@®],_,
Hom(C™, C*). Applying Theorem | to this quiver, we can deduce the
results of [6].

A diagram illustrating this quiver for /=4 is as follows.

Cuse B. For ease of notation, let

8_{1, if G=0(n,C),
-1, if G=Sp(2n, C).

Let {e,, .., e,. f1, ... fr} be a maximal set of independent vectors in V such
that

(e;,e)=0=(f., 1) and (e, f;)=0d,.
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The Levi component of the stabiliser of the flag in (3.1) the decomposition

V=X:q® Et—)X,, ,@XI,C‘D/\_/I, l@ @/\71[‘

where
Xz,':‘span{ezl+~-+z, |+|»~~-")11+~-+1,}s I<j<si=1,
Yy = anl f 3 1 ;
Xx,'_spdnl/at1+-~+1/ 1+l""’/11+-~+1,h I<I<[—19

and X,, is the orthogonal complement of X, @ --- ®X,, ®X,, & - @
X, in V with respect to the form (-, -). Observe that for 1 <i</—1, the

x|

space X* can be identified with X, via the pairing
x(y)=(x, y), xekX,,velX,. (3.2)

The same pairing also identifies X' ¥ with X,
Let us describe our quiver (Q, w). It has 2/— 1 points {1,2, .., 2/—1}
with arrows

(p, 1 <i<l—1,1<j<20—i)

Ui, 12—j<i<2A-1,1<€/<1}, (3.3)
and weight w = (w;), where

{w,:O*, w,, =07, for 1<igi—1, (3.4)

W, =¢.

Then as a vector space, the Lie algebra g of G has the following
decomposition

g= Y M, (3.5)
e £y
where
(Hom(X,, X,), if 1<igi-1,1<j</],
Hom(X,, ,X,), if I<igsi—1,1+1<j<2/—i,
- V4 M <|< . ': _.
Mo Hom ™ (X,, X,), il 1<igi—1,j=21—1, (3.6)

"“YHom(x,, X,, ), il 2—i<j<2-1,1<;<],
Hom (X,,X,), if i=21—j1<j<I-1,
\Hom ~(X,, X,), if i=j=I
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The dimension vector of this representation is

_{(al,..., > FRRETS :Z/, Ot, I3 ==o9 a,), ]f G:O(n, C), (3.7)

Ty e Xy 5 20,0, e ay), i G =Sp(2n, C).

Note that the involution # of Hom(V, V) given by Eq. (1.6) preserves
Hom(X,, X,), Hom(X,, X,), 1 <i</—1, and Hom(X,, X,). Therefore
lines2, 4, 6 of (3.6) make sense. Moreover, under the identification
Hom(X,, X, )~ Hom(X?, X,) (using (3.2)), the # map becomes the —&,
map and so we have

Hom (£, )= {LL 0 XY om0
Likewise for Hom ™ (X, X, ).
Let
Ji={—il1<i<(—1)
Jy=+ill<i<(— 1)), (3.9)
=1, .1,

then H=H, , =~ H, ,, <G, acts on the representation space
M, 50O, w, a). More precisely, let

O(x«,, C), if G=0(nC),

G,=G ~
’ ,X” {SP(MI» C), if G=Sp(2n, C),
then

H=H, ,,~GL{x,,C)x --- xGL{«; ,,C)xG,
sGL(o,,Cyx -~ xGL(», ,C)xG,
xGL(a,_,,C)x --- xGL(x,, C)

as follows (g, .. g e HS (g, & 18- & 1»»L1)EG,.
Remark. In Lie group literature, the imbedding is usually given by

(81 8 (&1 & 1, 80 (g ) () NeG,.

In this article we have w,,,=-.- =w, _,=0". Thus the last (/—1)
components of G, act contragradiently.
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To look for the H invariants, we first form the partial double Q with
vertices i, i * with 1<i<2/—1, i#/and /=1%. Then we identify in Q the
vertices

(I—i) e (1+0)%, (I+)e=(-D*, (3.10)

where 1<i<(/—1). This is Qul v Finally we delete one of the two
arrows from 7/ to i* =2/—i in Q(,l s to obtain Q(,‘ .- We give an
example in matrix notations.

ExampLE 3. Let M, 4(C) denote the space of «x f matrices over C.
Consider G = Sp(2n, C) and /=2. The Lie algebra ¢ may be written in the
matrix form,

A B X
-J,C" S J, B
Y C —A

where AeM, ,(C). BeM, ,.(C), X=X'eM, (C), S=J, S, ¢
Mlag,laz(a:)’ CEMxl,Zzg(C)9 Y: Y‘EMaq.:x](C)’ and

J,_(o 1)
~“\-r1, 0/

The Lie algebra of the Levi component H is embedded as the diagonal
blocks (A4, S, —A") in g. A diagram illustrating the partial double of the
quiver is as follows.

uny =y = 0Y
wy =y = ~1
wy = uy =07

Q-'—‘“—.'

The resulting collapsed quiver describing the invariants of H is as follows.

/m\
(a5—=2)
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To read off the H-invariants from this quiver, it is convenient to
construct a certain “derived” diagram. In the following picture,

*=-J,B" and C*=J_C" Cycles in this diagram give rise to
H-invariants. For instance, Tr(AXA'YBC *) is a H-invariant.

4. GENERALISED CASIMIR OPERATORS

Let g, be a real Lie algebra with adjoint group G, and g=1(go)e,
G =(G,). be the respective complexifications. Let .# (respectively #) be
the ideals in the tensor algebra T(g)=3, .0, T"(g)=%,-0®" g generated
by x® y— y® x (respectively x® y— y®@x—[x, y]) for every x, yeg.
The quotient algebras

#(g)=T(g)# and  U(g)=T(g) S

are the symmetric algebra on g and the universal enveloping algebra of g,
respectively. Clearly #(g)=3Y,50"(g) and #(g)=3,., %"(g) acquire
the natural grading from T(g). Since G acts on g via the Adjoint represen-
tation, G acts on both #(g) and #(g), preserving their gradings.

A map relating #(g) and %(g) is the symmetrization map

1 ,
¢:X1X2"'Xn€y(g)—’;1—‘ Z anllXa(Z)'"Xalnleu”(gL (41)

fae S,

which is a linear isomorphism. It is a well known result that & is in fact
a G-equivariant isomorphism. In particular, for a subgroup H of G, @ is a
H-module isomorphism.
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In Section 3, we have described #(g)” ~ ¥(g*)”, where H=H, ,,, is
the Levi component of a parabolic subgroup of G =GL(n, C), O(n,C) or
Sp(2n, C). Recall that if 6 = ¢, --- ¢, is a cycle in the quiver Q”l‘m_,, where
(Q. w, «) is associated to the parabolic subgroup indexed by «,, ..., «, and
J1, J5, I are defined in Case B of Section 3, we can construct an invariant
of H in #(g) using

Tro=Tr(A, - Ag). (4.2)

Note that we can identify g* with q in a G-equivariant way using the trace
form (which is a multiple of the Killing form). We refer the reader to
Eq. (4.13) for the explicit description of this isomorphism. Let us denote by
Tr* o the element in ¥(g) corresponding to Tr ¢ under the identification.
To construct a set of generators (we call them generalised Casimir
operators) in #(g)", we construct the top degree of ®(Tr* ¢) as ¢ runs
through all cycles of the quiver Q(J]_,z)_,. We proceed to construct these
elements explicitly.

Let M, ,(C) denote the space of « x f matrices over C. Suppose a matrix
group H=[T/_, H,, where H,c GL(x;,C) acts on M=P M, ,(C) via

one of the following actions.

h,Zh, Y
h.Zh',

(hy, s b)) - Z=0(h;) Zt(h;)= (') N Zh, 3 (4.3)
(h)) "' Zh],

where hye H,and Ze M, ,(C) are represented as matrices of appropriate
order. We shall simply call such actions (L{a{#,)), R(1(h,)}}) actions, where
L(o(h,)) refers to left multiplication by a(4,) and R(t(h;)) refers to right
multiplication by 1(#,). The corresponding derived actions for (4.3) are
easily computed to be as follows.

X,Z-27X,
X.Z+ZX,

X)) Z={"" 44

(Xioon X Z=4 7070 (44)

—-X'Z+ZW!,

where X, el),, the Lie algebra of H,, and Ze M, , (C).

For simplicity, let us assume that H is a reductive subgroup of a group
G with Lie algebra decomposition g= M = P M, where M is a subspace
of M, ,(C). Also suppose that the restriction of the adjoint action to H
preserves M and that the action adjoint on M, is given by one of the
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L1 <1<,

actions described in (4.3). Suppose {Z,,|1<s<q, ;

elements in M, with the relations

}is a set of

(Xl 3 ety Xn) ' Z.slzz A(Xi)sl le +Z B(X/‘)ll Z,yl* (45)
{ {

where A(X,)=(A(X,),) and B(X,)=(B(X,),) are constant matrices of
appropriate order depending only on X, and X, respectively. We shall
write (4.5) formally as

X-Z=[X,Z]=A(X)Z+ZB(X), (4.6)

where Z=(Z,,) and call the system of commutation relations satisfied by
{Z,} as in (4.6) an (A(X), B(X)) system for the action of b on M. In
general, we allow Z_ to be in #(g) and we will simply say that Z is an
(A(X), B(X)) system for by on ¥(g) if (4.6) holds.

EXAMPLE 4. As an example, a (L(h,), R(h})) action on M, ,(C),
where h, e GL(x,, C) and h,e GL(«,, C), gives rise to the set of commuta-
tion relations

[(Ein Fkl)v Zsl] = 5/'.5'21'1 + 5{.’Zskv
where E;egl(x,, C), Fy egl(2,, C) and Z,;e M, ,(C) are all matrix units.
Soif X, =3 a,E,egl(a,, C) and X, =3 b, F\,egl(a,, C), then
(X, X2), Zs:]=za/szh+zbnzsn 4.7)
/ i

that is, (4.7) is an (A(X), B(X)) system for the action of gl(«,,C)@®
gl(x;,C) on M, ,.(C), where A(X)'=(a,,) and B(X)= (b,,).

xy. %

LeMMA 6. If {Z,..} is an (A(X), — A(X)) system for X el on “U(qg), then
TrZ=Y,2Z,e%(g) is a H-invariant.

Proof. This is immediate. J
LemMa 7. If {V,,} is an (A(X), B(X)) system for an by action on U(g)

and { W} is an (— B(X), C(X)) system for the same Yy action on #(g), then
(U=, Vi, Wy} is an (A(X), C(X)) system for Xeh.

Proof. Formally, it goes as follows.

[X, V]=A(X) V+ VB(X)
and

[X, W]= —B(X) W+ WC(X)

S80 120.1-13
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gives
[X, VWI=(A(X) V+ VB(X)) W+ V(—B(X) W+ WC(X))
= A(XKVW)+ (VW) C(X).
These computations are valid because #(qg) is associative. |

Remark. In what follows, we shall sometimes perform similar formal
computations which can be justified by writing out explicitly using index
notations.

COROLLARY 8. With the same assumptions as above, consider
U= 2, Z(;y Z(2) iy Z(8)s
i3,y ds

where each {Z(t),,} belongs to a (A/(X), B(X)) system for a (L(c,(h)),
R(z,(h))) action of H on M'hivCan,-*/,(C)' If i,,,=j, and B,(X) +
A (X)=00nM, ; for | <t<s—1,then {U,} isa(A,(X), B(X))system.

Remark. Let E; be the matrix units of gl(n, C) and E=(E;). Then
Corollary 8 generalises a lemma of Gelfand [12, p. 159] which he used to
show that for any positive integer &, the elements

iy

Tr EX= E o Ep, - E

M ik
are in the center of the universal enveloping algebra of gl(n, C).

We note a straightforward result.

LEMMA 9. Suppose a Lie subalgebra by of gl(a, C)@gl(f, C) acts on
M, (C) in the following way

(X, Xp) M=XM+MX,, (4.8)

where X |, X, egl{a, C), (X, X))eband Me M, (C). Let E;, be the matrix
units in M, ,(C). Then E=(E;) is a (X, X}) system for (X, X,)eb.

LEMMa 10. Let § be a Lie subalgebra of gl(a, C) @ gl(f, C). Assume that
the set of matrices {Z;} in M, 4(C) is an (A(X), B(X)) system for X€b. Let
SeGL(B,C), TeGL(x, C) be two constant matrices. Then Z* =SZ'T, i.e.,
(Z*)y=%41SuZy Ty, is an (SB(X)'S ', T "'A(X)"' T) system for X€eb.

Remark. 1f Ze M, 4(C), the matrix version of canonical # map
(see (1.6)) is of the following form

M*=SM'TeM, (C) (49)
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for some invertible constant matrices S and 7. The matrix S or its inverse

S ! (similarly for T and 7 ~') can either be / (the identity matrix} or one
of the following

0 I, ) .
Jf:[ [“’”], if aiseven,

+1,0 0
0 0 Ipoy (4.10)
Jifi=1 0 1 0 [ if «isodd.
Izy 0 O

Proof. We have

X-Z*=X-(S2'T)
=S(X-ZVT
=S(A(X)Z+ZB(X))' T
=S(Z'AX) +B(X) Z)T
=Z*(T 'AX) T)+(SB(X)S "Hz*. 1

PROPOSITION 11.  Suppose a Lie subalgebra by of gl{z, C) @ gl(2, C) acits
on M, (C) in the following way

(X, Xy) - M=X,M+MX,, (4.11)

where X, X,egl(a, C), (X,, X,)eband Me M, (C).

(a) For MeM, (C), let M*=SM'T. Further assume that |
preserves one of the following subspaces

Vi={MeM, (C)M+M* =0} (4.12)

Then for any (A(X), B(X)) system Z=(Z;) of h on M, (C), Z* is again
an (A(X), B(X)) system for Xeb on M, (C).

(b) In addition to the conditions in (a), further assume that
S=T '=J"", where J*= +I, and let E=(E) be the system of matrix
units of M, (C). Also let F=3EFE™*). Then F;eV* and F is an
(X, X5) svstem for (X, X )€l on V* satisfying '

TH(F,M)=M, (4.13)
Jor any M=(M, eV =
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Remark. Using the above theorem, we can choose an (X, — X) system
F for the adjoint of X e g as follows.

E if G=GL(n, C),
F=<H{E-(J}) "EJT}) if G=0(nC), (4.14)
NE—(J,,) “EYJ,) il G=Sp(2n,C).
Here £, are the appropriate matrix units. Thus Tr F* will be in Z%(g), the
centre of #%(g).
Proof. (a) It follows from an elementary computation that b leaves
V' * invariant if and only if

AX)FSB(X)YS '=0 and B(X)FT 'A(X) T=0.

Lemma 10 then gives the required result.

(b) We first need to check that F,=3(E;F(J ')u Ex(J),)eV*.
A simple computation gives (J ')y Ex(J),=JE,J '. Since J>= +1, the
latter term is equal to J 'E, J=E 7. Therefore

F,-,: %(E,., F E,f e V' E,
Finally, we have for Me V' *,

Te(F,M) = Te(E,M T E} M)
=%Tr(Ei,-M¢ E,,M# )
=;TE,M+E,M)=M,.

Part (b) follows. |

Recall that given a parabolic subgroup P of G =0(n, C), Sp(2n, C)
indexed by the sequence «,,a,, .., o;, we have constructed a weighted
quiver (Q, w, a) such that the Lie algebra g is a representation. Namely we
have

g= @ Ml’j

dye Ep

as a vector space. See Section 3 for the definition of Af;. Moreover for
some suitable J,, J,, /< V,, the Levi component H of P is isomorphic to
a subgroup H,, ,, of G,.



INVARIANT THEORY 183

Let d=2/— 1. From the description of the weighted quiver (Q, ') in this
case, we see that Ep, . the set of arrows of O 5,115 cOTTESpOnds exactly
to the set of pairs (i, j) such that 1 </, j <d. Moreover, because of the way
the vertices of Eg,, 1, aT€ identified (see (3.10)), we have in fact an involu-
tion # on the set {1,2,..,d} given by i* =d+ 1 —i. For 1<, j<d with
¢,€Ey, and X7e M, let X’""" = —(X")*. Here the # notation on the
right hand side of the equation is the natural map defined in Eq. (1.6)
composed with the identification of X} with X, etc, as in (3.2). For
example if X"eHom(X,, X,) with 1<ij</—~1, we have (X")*e
Hom(X}, X} )~ Hom(X,, /\_’,,J ). Using the standard basis implicit in the
definition of X, and X,, we will identity various X“’s as matrices of
appropriate order.

It thus makes sense to form the following matrix

Xll X]d
X={ : | (4.15)
Xd) de

We observe that if we let

= {n, if G=0(n C),
“2n, if G=Sp(2n, C),

then
Xeg={YeM, (O YV, +Ji, ,Y=0},

where

0 1,

11/4
Sotoom™= JE, : (4.16)
el,, |
el 0

x

Therefore we can identify the quiver representation M(Q,,I_Jz,‘,, w, o)
with the above matrix realization of the Lie algebra g of G (with a possible
discrepancy of a negative sign which is immaterial). Moreover, under this
realization, the Lie algebra h of H is embedded as the diagonal blocks
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Arl
A,

= A, eb. (4.17)

where A, gy, .
ExaMpLE 5. Consider G = Sp(2n, C) and /= 2. The original weighted

quiver (Q, w, «) has arrows ¢, |, ¢, ., ¢, ¢, d3,, and ¢, (see (3.3)).
Thus its representation g “fits” into

A

o O« >

Y

where 4, B, X, S, Y, C are as in Example 3. The corresponding representa-
tion of @, ,,,, “fills” the following block matrix:

A B X
~J,C' S J.B
Y ¢ -4

Let

F= (F!'/)= %(E_ (Jgum/) : E’J;I

be the (A', —A") system for the action of § on g given by Proposition 11,
where Aeb is as in (4.17). Let

FUo... Fpu
F= i1 (418)
Fdl Fdd
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be the division of F into d x d blocks determined by the partition

n=(a)+ -+l )+ () + (o )+ e+ (2y), if G=0(n, C),

2n=(a))+ -~ +{a,_ )+ QRa)+(a,_ )+ - + (), if G=8Sp(2n, C).

LEMMA 12. Each F¥ is an ((A,)', —(A,)") system for the action of }
on g.

Remark. In what follows, we shall use the convention of denoting the
block position by a pair of superscript index, the row and column positions
within each block by a pair of subscript index.

Proof. Let

Al Xl] de
A= ebh and X={ : : © |eag.
Ad Xdl de

Recall that we have Tr(F,X)= namely,

n’
Tr(Fj, WIED ¢ o
We compute,

Tr((4-F¥) X)= —To(F¥(4-X))= —Tr(FX(AX — XA)).

Since Ael, Xeqg, we have AX — XA eq. Therefore,
Tr((A -Ff;’)X)= —(AX—XA)},‘.'= —(A,X”‘—X”‘Ak)_,,-
=Y XA u— 2 (A X5

=Y Tr(F¥X)(4,), Z (4)) THFY X),

ia
a

By the nondegeneracy of the trace form on g, we conclude
AFY =Y Fi(A) s~ (4))u Fl.

Hence the lemma follows. |

We continue with the construction of generating elements in #(g)”. As
observed in the previous discussion, an arrow in the quiver Q(,l‘m, can be
thought of as a pair (i, j), or the corresponding (i, j)th entry of the dx d
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block defined above. For a cycle 6 =¢,,,, - ¢, 0., in Oy, syy.1» WE can
thus consider the noncommutative trace

TrF = Y FieFen .. pol (4.19)

i iy it
iyl

Observe that from Proposition 11, Fj'e g, so the above noncommutative
trace is an element of #(g). By Lemma 12, F%%"' is an ({4,), —(4,,,)")
system for the action of f. Therefore Corollary 8 and Lemma 6 imply that
expression (4.19) is in #(g)”. We will show that these are all that are
needed to generate #(g)".

THEOREM 13.  Let H be the Levi component of a parabolic subgroup P of
G indexed by the sequence o, %,, ..., %, and let the weighted quiver (Q, w, o)
and J,,J,, 1<V, be defined as in Section3. Then the algebra J?/~(g)” is
generated by Tr F°, where 6 =¢,--- ¢, runs through all cycles of Q; 5,
with the following property.

(F) For every vertex i on Ji.um.2 the cycle @ passes through i at most
B? times. Here B, is the ith-component of the dimension vector given in (3.7).
In particular, U(g)" is finitely generated.

Remarks. (a) Setting G =GL{n, C), we can deduce the results of {6].
Moreover from the finiteness property (F), it is not difficult to deduce the
well-known result that for the maximal parabolic subgroup P with Levi
component H=GL(n— 1, C)xGL(1,C), #(g)" is Abelian and #(g)" =
#(g)” %(h)". Note that «, =1 is crucial here.

(b) We could replace H by a maximal compact subgroup K of G and
deduce an analogous result giving a finite set of generators for #(g)*. For
a classical group G, this was previously treated on a case by case basis in
a preprint [14]. We point out that the method of this paper even applies
to exceptional groups and certain reductive subgroups. Results along this
direction will appear elsewhere.

Proof. We have seen that Tr F° is H-invariant. To conclude that they
generate %(g)”, we use the symmetrization map which is a H-isomorphism
between &(g)” and #(g)". Recall the H-invariant Tra=Tr X, --- X, in
P(g) =~ F(a*) associated with a cycle o =¢,--- ¢, of Q(,lvh)_,, and the
corresponding invariant Tr* ¢ in S(g) under the G isomorphism of g* with
g induced by the trace form. In view of the fact Tr(F, X)= X, for Xe g, we
see that under the symmetrization map

&(Tr* 0)=Tr F? + lower order terms in %(g) (4.20)
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Moreover for two cycles ¢, and o, of Q,Jhm,, we have

&O(Tr* o, Tr* 6,)=Tr F” Tr F” + lower order terms in %(g). (4.21)

The second term on the right hand sides of equations (4.20) and {4.21) are

in

fact in #(g)*” since the other terms are. Using the fact that Tr* g, for

o=¢, - ¢, satisfying the finiteness property (F), generates ¥(g)”, an

n

[3%)

10.

1.
12.

duction argument completes the proof. ||
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