AAECC 7, 53-57 (1996) —TC

Applicable Algebra in
Engineering, Communication
and Computing

©Springer-Verlag 1996

Invariants of S, and the Shape of Sets of Vectors

Helmer Aslaksen’, Shih-Ping Chan?, Tor Gulliksen®

! Department of Mathematics, National University of Singapore, Singapore 0511, Republic of
Singapore, e-mail: aslaksen@math.nus.sg

2 Department of Mathematics, National University of Singapore, Singapore 0511, Republic of
Singapore, e-mail: matchansp@math.nus.sg

3 Department of Mathematics, University of Oslo, P.O. Box 1053, Blindern, 0316 Oslo, Norway,
e-mail: torg@math.uio.no

Received October 7, 1993; revised version November 28, 1994

Abstract. We study a representation of S, that is related to the shape of sets of
vectorsin R". We want to determine the invariants of this representation, and obtain
a complete description for the case of S,.
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1 Introduction

When studying the shape of a set of n vectors in R™, we are led to consider the
following representation of S,. Let .# be the set of symmetric n x n matrices over
R with zeros along the diagonal. We can identify a permutation in S, with the
corresponding n X n permutation matrix, and we get a representation ¢: S, - GL(.#)
given by

@(P)(M) =P'MP,

where PeS, and Me.#. This action moves the (i, f) entry of M to the (P(i), P(j))
position. If we let V denote the standard representation of S, corresponding to the
partition (n — 1, 1) (i.e., we start with the natural n-dimensional representations, and
cancel the 1-dimensional invariant subspace spanned by (1,..., 1)), then we will see
later that

$=SV—V=ind> _1=m®n—1,1)Sn—22)

We can also think of this as a mapping from S, into S,,_),-

We would like to determine the invariants of this representation. When n = 5, the
structure of the ring of invariants is too complicated, but we can get a completed
description for n=4. In Section 2 we describe the background for the problem, and
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in Section 3 we describe the ring of invariants when n = 4. The first author would like
to thank Hanspeter Kraft for helpful suggestions and for patiently answering many
questions.

2 Geometric Background

The problem studied in this paper stems from our need for a computationally
efficient way of discriminating finite sets of vectors in R™ according to their “shape”
(see Definition 1 below). With respect to certain applications in the field of neural
networks, where vectors frequently have components + 1, it is no severe limitation
to restrict ourselves to vectors with fixed norm, say normalized to 1.

The idea is now to find algebraic shape-invariants that can be used for the
discrimination process. Suppose that we are given two sets of vectors with different
shape, but with the same cardinality n. With a sufficiently rich sequence of invariants
at hand, the natural discrimination procedure would be to go through the invariants
one by one as long as their values on the two sets coincide. Thus we will only
occasionally have to evaluate all the invariants in the sequence. The big problem
with this approach, however, is to find an adequate sequence of invariants.

For n = 3 the problem is simple. Indeed, for a given set of unit vectors {v,, v,,v;}
it is easily seen that the (unordered) set of three inner products {v,,v;) for i <j
determines the shape of the set. So the sequence of invariants can be taken to be the
elementary symmetric functions s,, ,, s; of these inner products.

For n =4 the problem is much more complicated. The shape of a set of unit
vectors {v;,...,v,} is no longer determined by the elementary symmetric functions
of the inner products a;={v,v;> for i<j. However, from the theory in the
Section 3, we are able to extract an explicit sequence of 9 invariants (expressible in
the a;;), capable of discriminating shape.

We have not been able to exhibit an adequate sequence of invariants in the case
nz=Ss.

We will now see how the definition of shape of a set of vectors in R” leads to
a certain representation of the symmetric group S,

Definition 1. Let K and L be two sets of n vectors in R*. We say that K and L have the
same shape if there exists a linear orthogonal transformation F such that F(K)= L.
Thinking of the elements of the unordered set L as the columns of an m x n matrix,
we are lead to the following definition.

Definition 2. Let A and B be real m x n-matrices. We will call A and B congruent if
there exists an orthogonal matrix U and a permutation matrix P such that

UAP =B

So if the matrices 4 and B correspond to the sets K and L, then K and L have the
same shape if and only if A and B are congruent. In order to study the congruence
classes of m x n matrices, we will prove the following simple lemma.

Lemma 3. Let C and D be real matrices of the same size. Then we have C'C = D'D if
and only if there exists an orthogonal matrix U such that D = UC.

Proof. One of the implications is trivial. For the other, assume that C*C = D'D. Let
C15---,C,and dy, ..., d, be the columns of C and D, respectively. Letr,,...,r, be real
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numbers. By squaring the norm it follows from the assumption that

Yorie; =0 rd; =0,

from which it follows that the equations F(¢;) =d, for i=1...n determine a well-
defined linear map F from the column space of C to that of D. It is clear that F is
norm preserving, and that it is possible to extend F to an orthogonal transformation
definedon R*. O

1t follows froom Lemma 3 that 4 and B are congruent if and only if there exists
a permutation matrix P such that

P'A'AP = B'B.

Thus the congruence classes for the congruence relation defined above correspond
to the orbits of the symmetric group S, acting on the set of symmetric positive
semidefinite n x n matrices, the action of P on a symmetric matrix M being P'MP.
Notice that A4 represents the inner products of the vectors in our set.

We assume from now on that the elements of L have unit length. Thus the
corresponding symmetric matrices have ones along the diagonal.

3 Invariants

The geometric considerations above give us an action of S, on symmetric nxn
matrices with ones along the diagonal. This action moves the (i, j) entry to the
P(i), P(j)) position. This fixes the diagonal, so we can restrict ourselves to looking at
symmetric n x n matrices with zeros along the diagonal in order to get a vector space.
This gives a representation ¢ = S*V — V, where V is the standard (n— 1)-dimen-
sional representation of S, and it follows from [5, 4.19] that

o=mMPBn—-1,1)DMn-2,2).
But from [5, 4.39] we know that this is equal to ind§"__, . 1. We will write
V=¢;=m®n—1,1)=k®V and W=¢,=(n—22).

Hence ¢ = V@ W, where V is the natural n-dimensional permutation representa-
tion.

We will now assume that n=4 and set G =S§,. The elementary symmetric
functions s, s,, 53, 5,10 X4, X, X3, X, form a system of parameters for R[¥V]°. To find
a system of parameters for R[W], we use the fact that W is the standard 2-
dimensional representation of S, lifted to S, so thereis a system of parameters k,, k5
with degk, = 2 and deg k, = 3. This gives a system of parameters for R[V@ W]G
We can compute the multlgraded Poincaré series corresponding to R[Ve W]°¢
using Molien’s Theorem. We have

3 % G igf L 1
Pon= Y dmRIVOWISY =15 ) S0 @) el —1979)

B 1+ 5%+ 522 + 5%t + 544 + 5043
T (=51 —=s)(1-s)A—sH(1—t})(1—13

The form of the denominator agrees with the system of parameters we found above.
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To explain the terms appearing in the numerator, we can argue as follows. We
have

R[V®W]C = (SV*® SW*)E @(SPV*®S‘1W*)G P Hom(S?V, S*W),
(p.q@) (p.9)
since W*=W. Let I_be the ideal of R[V] generated by s, sy, S35, 5,- Then
R[V]~ R[VI/I® R[V1€ as G-modules. But R[V1/I is equivalent to the regular
representation of S, (see [3], [2, ch. 5, 5.2, Th. 2] or [11, Prop. 4.9]), and it follows
from [10] (see also [6]) that we have the following G-module decomposition of
R[¥7]/I. (We use the notation sgn =(1,1,1,1) and V' = ® sgn.)

total degree |0 | 1 2 3 4 516
representation |k |V I VW | V@V |WV' | V' |sgn

We have a similar G-module decomposition of R[W]/(k,, k5).

total degree 0|1 2 |3
representation kK| W | W |sgn

It now follows that Homg(S?¥, S*W) is nontrivial if and only if
(p,9)€{(0,0),(2,1),(2,2),(4,1),(4,2),(6,3)}.

This corresponds to the terms in the numerator of the Poincaré series. This proves
that there exists invariants f,fori=1,..., 6 with degrees corresponding to the terms
in the numerator of the Poincaré series, so that if we set A = R[sy, $,, 53,54, k3, K31,
then R[IVO W]° =@ f,A.

When giving concrete expressions for the invariants, we find it easier to work
with the entries a;; of the symmetric matrix. Let s; denote the elementary symmetric
functions in the a . We also have the following 1nvar1ants

92 =015034F Ay305, + 014853,
g3 = 013053031 + Q5054041 + Gy3034041 + Ap3034d4,
G4 =012073034041 + Q13034843033 + d13032854041,
hy=a,,0,3014 + a15053054 + y30,303, + 024834014
We set
Iy =5,—0z l3=S3—g3—h3y 1,=5,—ga
We then have the following theorem.

Theorem 4. We can write

6
R[f/@ W]= @ FiRDY1, -5 Vel
i=1

where the y; are s, g», t,, g3, hs» g4 and the f; are 1, t5, 14, 55, t3, 13.

Proof. Some simple computations show that we can replace the system of par-
ameters s, 5,, S5, S4, K 5, k5 described above by the system of parameters given in the
theorem, and that the listed f; correspond to the invariants generating the nontrivial
Homy(S?V, S9W). O
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We have also studied the syzygies. Using the computer algebra system Macaulay
[1] and the methods described in [12], we were able to determine all the basic
syzygies. Unfortunately, the syzygies are quite complicated, so we have left them out.

It follows from the theorem that the algebra of invariants is generated by the
9 invariants s, g5, t5, g3, M3, g4, 3, t4 and ss. So the congruence class of an m x 4
matrix A is determined by the values of these 9 invariants on A’A.

We would finally like to make some comments about the case n=>5. In that case
the elementary symmetric functions s,...,s5 in 5 variables would be a system of
parameters for (5)@(4,1), while a system of parameters for (3,2) consisting of
5 invariants has been given by Dixmier in [4]. But when we computed the Poincaré
series, we got 720 terms in the numerator, so it seems difficult to give a simple
description of the ring of invariants.
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