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Abstract

The traditional decision making framework for the newsvendor model is to assume a distribution
of the underlying demand. However, the probability distribution is itself often ambiguous. A more
conservative approach is to assume that the distribution belongs to a set parameterized by a few
known moments. An ambiguity-averse newsvendor would then choose to maximize the worst-case
expected profit over this set of probability distributions. The earliest model of this type assumed that
only the mean and variance of demand are known. While efforts have been made to model asymmetry
by including skewness information, closed-form expressions remain difficult to find. In this paper,
we propose to model asymmetry through the knowledge of a parameter: normalized semivariance
(s). We provide a closed-form expression for the optimal order quantity with only mean, variance
and semivariance information. This leads to simple rule-of-thumb ordering policies that guides the
newsvendor in ordering above or below the mean depending on whether the critical fractile is above or
below %(1 +5). We show that knowledge of asymmetry thorough this parameter significantly reduces
the gap between the best- and worst-case bounds on the expected profit. We extend our results
to the setting where the newsvendor is risk-averse and uses the Conditional Value-at-Risk measure.
Assuming that only the mean and variance of demand are known, we develop a closed form optimal
ordering quantity for the ambiguity-averse risk-averse newsvendor. The knowledge of asymmetry
reduces the degree of conservatism even more significantly in this case. The model can also be
applied to various extensions such as bounded support information and multiple demand partitions.
In all these extensions, the problem can be reduced to solving a second-order cone program (SOCP).

1 Introduction

The single-period newsvendor problem is the foundation of many operations management models rang-

ing from inventory control to the design of contracts for coordination of supply chains. In the classical
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version, a newsvendor decides before the sales period how many units of a product to order. The actual
demand occurs during the sales period and is satisfied as much as possible with the units on hand. The
newsvendor incurs a cost ¢ for each ordered unit, and sells each unit for a price p. One common practice
is to assume stochastic demand that follow a well-known distribution, such as Gaussian, Poisson or
lognormal (Ridder et al. [21]). Alternatively, Song et al. [26] propose to fit demand data to the best
distribution without forcing it to be Gaussian or Poisson. Based on the assumed demand distribution,
the newsvendor then orders at a level that maximizes the expected profit, which is the 1 — % quantile
of the demand distribution. However, in many practical situations, it may be impossible to elicit the
exact distribution of the uncertain demand. For certain products, such as the antiviral drug, Tamiflu,
there is often not enough stationary demand data to ascertain the form of the distribution. Without
the exact distribution, one would not be able to determine the exact expected profit. How does the
newsvendor decide on an ordering policy in this case?

Savage [23] supported the idea of subjective expected utility in which he argued that a rational
decision maker would rank uncertain monetary outcomes based on taking expectation over a subjective
probability measure on outcomes. Hence, where it is impossible to determine the exact demand dis-
tribution, Savage’s approach would legitimize the practice of picking a subjective demand distribution
and the newsvendor would order at the level that maximizes the subjective expected profit. However,
Ellsberg [6] vehemently objected to Savage’s notion of subjective expected utility. In the famous Ells-
berg’s paradox experiment, subjects play a game that rewards $1000 for picking a red ball from a box.
They are told to pick either from the first box with 50 red and 50 black balls, or from the second box
where the distribution of balls is unknown. Most subjects strictly prefer the first box in which the
probability of winning the prize is 50%. In the second part of the experiment, subjects are rewarded
the same amount for picking a black ball instead of red. Again, subjects strictly prefer the first box.
Ellsberg argued that the experiment findings are inconsistent with the paradigm of subjective expected
utility. Under this, individuals who strictly prefer the first box may perceive that in the second box, red
balls are fewer in number than black ones. In doing so, they should prefer the second box in the second
experiment. Indeed, Ellsberg’s paradox can be resolved by considering a worst-case expected utility
where the decision maker is ambiguity averse (see Gilboa and Schmeidler [9]). Follmer and Schied [7]
also argue that the worst-case or robust approach models ambiguity-averse behavior, which otherwise
cannot be explained under the traditional expected utility framework.

We illustrate ambiguity aversion now in the context of inventory problems. Suppose a manager
is only certain of a few properties of the demand. Rather than committing to a potentially wrong
distribution and getting an uncertain (possibly low) payoff, he would assume that nature works against
him and order accordingly. Doing so would at least assure him of a known minimum level of expected
profit. The natural question that arises is how we can describe uncertainty in demand that encompasses
the notion of distributional ambiguity. The most common approach is to specify a family of demand
distributions having a set of known moments. The information about the moments may come from
estimates using past realizations or some prediction by industry experts. The ambiguity averse or

robust approach optimizes the worst-case objective (e.g. expected profit or risk) over the parametric



family. Another version, called minimax regret, minimizes the maximum opportunity cost from not
making the optimal decision (Savage [23]). Most research that uses the ambiguity averse approach in
newsvendor models describes the distribution set by some known mean and variance (see Scarf [24];
Lo [13]; Gallego and Moon [8]; Perakis and Roels [18]). Due to their second-order nature, closed-form
expressions for the optimal bounds have been found for most of these robust models. It is important
to note that minimax regret captures a subset of individuals with specific behavioral choices driven by
the fear of losing out on the best possible deal. In this study, we focus on the subset of individuals who
are ambiguity averse and are driven by the fear of uncertainty.

A weakness of the mean-variance robust models is that it permits a very fairly large family of demand
distributions. To scope down the size of the family and improve its resolution, the next logical extension
is to impose on some asymmetry information in describing the demand distribution. We emphasize the
importance of modeling asymmetry when the distribution is unknown through the following example.
Suppose that the unit cost is $200 and the unit price is $300. Moreover, the demand mean is known
to be 100 units with a standard deviation of 50, and is very strongly positively skewed. If the manager
ignores asymmetry completely and assumes that the distribution is Gaussian, he would order 78 units.
What is the smallest possible profit the manager obtains under any distribution satisfying the known
information? In Section 2, we show that we can generate a positively skewed distribution which assures
an expected profit of $7,800 (see Figure 2.5). Instead, if he orders 96 units, the smallest possible profit
scenario would be almost $9,400. That is, by ignoring asymmetry information, he loses an assured profit
of $1,600.

Recent extensions attempt to incorporate asymmetry and other features into the model by assuming
knowledge of higher moments, such as skewness or kurtosis (Jansen et al. [12]; De Schepper and Heij-
nen [25]; He et al. [10]; Zuluaga et al. [31]). Since the higher moments result in a problem with third
and fourth order form, it is usually not easy to find a closed-form expression for the optimal bounds.
Even if they are found, the expressions are complicated and provide limited managerial insight. An
option is to incorporate first order measures of asymmetry such as the mode and median. These first
order asymmetric measures are better understood and easier to predict by experts. However it forms
a very weak measure of asymmetry as it does not look at the magnitude of the deviations above and
below the mean. For example, it is possible for distributions have the median to the right or left of the
mean and at the same time be right skewed (see von Hippel [28]).

Our approach in this paper is to represent asymmetry using a well-known measure: semivariance.
The advantage of using semivariance in moment bounds is that asymmetry is introduced without needing
to stray from the simplicity of second-order models. A consequence of this is that closed-form expressions
are more easily derived yielding clearer insights into the optimal decision. The idea of using semivariance
as a measure of asymmetry is not new. Semivariance as a measure of downside risk was put forward
by Markowitz [15] in his seminal paper on portfolio selection. The semivariance of a random variable &
around it’s mean p is

E((p—2)7%),
2

where x5 = max(0,z)2. The relative magnitude of semivariance compared to variance indicates how



the deviations from the mean are split between the upper and lower parts of the distribution. Berck
and Hihn [2] use semivariance to tighten Chebychev’s inequality which is based on the mean and
variance. They show that by using semivariance, a much sharper bound on the probability of the tail
of a distribution can be found especially when the underlying distribution is asymmetric.

An important question remains: is it any easier to make accurate estimates of semivariance? Sev-
eral approaches have been proposed to calculate semivariance. Methods by Sortino and Forsey [27] and
Bond [3], for instance, calculate semivariance directly from some estimated density function. However,
the simplest and most obvious approach is still through a sample-based calculation. Yet one common
concern is that the volatility of the sample-based semivariance is so high as to make it impractical in
applied work. In fact, Sortino and Forsey [27] are critical of using the sample-based semivariance, since
they argue that it can easily over- or under-estimate the true semivariance due to its dependency on
some target value. Instead, they suggest that fitting a continuous probability density function is supe-
rior to discrete sample calculations. However, in a recent paper by Bond and Satchell [4] which studies
the statistical properties of the sample semivariance, it has been shown that sample semivariance is in
fact less volatile than sample variance when the distribution is asymmetrical. Their results suggest that
the major concern of practitioners against using sample semivariance is not valid. In our recent paper
on robust portfolio optimization [16], we capture distributional asymmetry of stock returns using par-
titioned covariance, which is essentially the extension of semivariance to multivariate random variables.
The computational tests over ten years of real financial data suggest that the robust portfolios that
take into account of asymmetry yield efficient frontiers that dominate portfolios found using empirical
distributions and portfolios that are mean-covariance robust.

It is crucial to make the distinction between “ambiguity-aversion” and “risk-aversion”. Risk aversion
implies that a person prefer to make a sure average amount as compared to the possibility of making
either huge losses or huge profits. The concept of risk aversion is captured using a risk measure on the
uncertain payoffs. On the other hand, ambiguity aversion refers to the preference of a sure payoff over
something unsure but with a potentially higher payoff. As we saw earlier, ambiguity aversion implies
making a decision under the worst-case distribution. It is thus possible to consider a newsvendor who
is both risk averse and ambiguity averse by taking the risk measure with respect to the worst-case
distribution. As a matter of fact, ambiguity aversion has already become an integral part of modern
convex risk measures initiated by and popularized in the mathematical finance community (see Follmer

and Schied). Our contributions can be classified as follows:

1. Modeling asymmetry through normalized semivariance: We propose to model asymmetry of a dis-
tribution through a single parameter: normalized semivariance (s), whose magnitude corresponds
to the degree of asymmetry. A positive or negative s roughly relates to a positively or nega-
tively skewed distribution. We show that under a risk-neutral setting, the robust mean-variance-
semivariance policies have a simple closed-form expression. Moreover, many extensions of these
models (e.g. risk-aversion, bounded support, multiple partition of demand) can be converted into

second-order cone programs (SOCPs) that can easily be solved by modern solvers.



2. Ordering rule-of-thumb for mean-variance (MV) and mean-variance-semivariance (MVS) robust
policies: Scarf [24] shows that a risk-neutral, ambiguity-averse newsvendor under the mean-
variance setting would decide to order above or below the mean depending on whether critical
fractile 1 — % is above or below % Under the MVS framework, we have an alternate rule-of-thumb:
the newsvendor would order above or below the mean depending on whether this ratio is above or
below %(1 +5). We also provide a rule-of-thumb for a risk-averse newsvendor whose risk parameter
is « under a Conditional Value-at-Risk measure. If he is ambiguity-averse and only knows the
mean and variance, he will choose to order above or below the mean depending on whether the

critical fractile is above or below

_1

2(1—a)"

3. Reduction in best- and worst-case expected profit gap: Under the MV setting, the best- and worst-
case expected profit gap can be very large. However, we show that we can reduce this gap by
including asymmetry information into the model, especially if the degree of asymmetry is large.
We also show that in many cases, MV policies can be conservative due to the fact that the expected

profits they achieve are much less than the optimal profit under the MVS setting.

4. Less conservative ordering policies under the MVS model: The risk neutral MV order policies
are criticized to be conservative since they suggest ordering nothing for a wide range of % ratios.
We show that by including asymmetry information, the robust policies are much less conserva-
tive. This improvement is even more apparent for a risk-averse newsvendor, since for common
risk preference parameters, the MV models suggest ordering nothing. However, under the MVS
framework, the optimal order quantity is positive if the degree of asymmetry is large enough and

known.

5. Uncertainty in estimates of semivariance: We provide an additional degree of freedom in the
asymmetry model by assuming that the semivariance may not be known exactly. Instead, the

range of values for the semivariance may be known. We show that this model can be converted
into an SOCP.

The structure of the paper is as follows. We discuss the risk-neutral newsvendor model in Section 2
and introduce our asymmetry model. In Section 3, we consider a risk-averse newsvendor and develop
methods to find optimal policies in this setting. In Appendix A, we generalize the model to multiple

partitions and a piecewise linear objective. The proofs are provided in Appendix B.

2 Ambiguity-Averse, Risk-Neutral Newsvendor

Consider a newsvendor facing a random demand d for the product observed during the sales period.
He satisfies the demand as much as possible with the units he has preordered. Any unmet demand
is assumed to be lost. Let ¢ be the unit ordering cost and p the exogenously determined unit selling

price. A standard assumption is p > ¢, since otherwise, the newsvendor will choose to order nothing.



If the random demand has a probability density function f, then for a given order quantity ¢, the

newsvendor’s expected profit is then

pEf (min{d, q}) — cq.

Here the expectation E¢(-) is taken with respect to the known distribution f. A risk-neutral newsvendor
would be concerned with finding an ordering policy that maximizes the expected newsvendor profit.
Suppose, rather than having a complete knowledge of the demand distribution, all the newsvendor
knows are some of its parameters (e.g., known moments). Instead of maximizing the expected profit
under some assumed distribution, an ambiguity-averse newsvendor will take a conservative approach by
maximizing the worst-case profit. Mathematically, the problem is

max{inf pE; (min{J, q}) — cq} ,

q>0 | feF

where F is the parametric family of distributions satisfying the known information.

2.1 Mean-Variance (MV) Model

Scarf [24] addressed the robust newsvendor model when the parametric family of distributions consist
of those with mean p, variance o2 and nonnegative support. The worst-case newsvendor profit under

this setting is
nMv(g) 2 inf pEy (min{d, q}> —cq
s.t. Ef(CZ) = U, Ef(d~2) = ,u2 + 02

Ef(1)=1, f(d)>0, Vd>0.
For any distribution belonging in this set, he found through a lengthy mathematical argument the

optimal lower bound for the expected newsvendor profit. In particular,

2 2 2
pqﬁictb forqE 05“2—:7}7

2 2
p(’%q—% (q—ﬂ)2+02>—cq7 for ¢ € ";,f?oo)-

PE; (min{d, q}> —cq >

This bound is tight, in the sense that there exists a feasible distribution with mean p and variance
0% whose expected profit is exactly equal to the lower bound. The worst-case distribution is one that
has a positive mass at exactly two points. If ¢ < (u? 4+ 02)/(21), the worst-case distribution has mass
o?/(p?+0?) at 0 and mass p?/(u?+02) at (u?+02)/p. Otherwise, the worst-case two-point distribution

is

2 2 1 q—p
— — + 0%, po5 14+ —————
d= ! la-ui+o s (g—p)*+o?
/(0 — 11)2 2 Dn L(1= q—p
q++/(q—p)*+o2 W.p. 3 (q—p)2+o2

Gallego and Moon [8] reach the same conclusion, but with a more concise proof that invokes the use of

Cauchy-Schwartz inequality.



It is straightforward to find that an optimal ordering policy g}, that maximizes the worst-case

profit is given by:

if ¢ [
* _ 07 lf p Z ,u2+20'27
admv [t (p—2¢) ife< H

g
2Velpe) TP T e

Under this ordering policy, the worst-case expected profit is

. 2
1Y (G = | W
(p—cp—oyelp—c), if § < Hm.

It might be interesting to look at the expected profit under the best-case scenario. A naive upper bound

for the expected newsvendor profit can be found by invoking Jensen’s inequality. Thus,

pEy (min{i q}> — ¢q < min{pp — cq, (p — c)q}.

In fact, this upper bound is tight under mean and variance information (see De Schepper and Heij-
nen [25]).

2.2 Mean-Variance-Semivariance (MVS) Model

We introduce asymmetry into the robust newsvendor model through a characterization of the lower
partial moments of the demand distribution. We will be focusing on the partial moments taken with
respect to the mean demand to derive a closed-form expression for the worst-case newsvendor profit.
The first-order lower partial moment does not capture asymmetry, because regardless of the distribution
f, it is always true that
By ((n=d)+) =By ((d=p)+).

This relationship results from the partial moment being defined with respect to the mean. Hence,
we simply focus on the second-order lower partial moment, or semivariance. It is entirely possible to
include asymmetry information in the first partial moment if it is defined with respect to some value
other than the mean. However, the resulting closed-form expression for the model with the first two
lower partial moments is untidy at best and and does not give us much additional insights. Instead, we
direct interested readers to Appendix A which shows how this model can be solved as an SOCP.

We introduce the notion of normalized semivariance, which we define as

A B ([@=2) B ((n-d?)
s = 3 .

- (2.1)

This measure is only defined for random variables with a strictly positive and finite variance. We can
immediately see that the normalized semivariance must take values in the range of —1 to 1. Clearly, s
describes how the volatility of the demand is divided between the upper and lower parts of the distri-
bution. Figure 2.1 shows examples of some common probability distributions and their semivariances.
Normal and uniform distributions always have a normalized semivariance of zero. An exponential distri-

bution always has s = 4e~! — 1 ~ 0.4715. The s value of a beta distribution can be positive or negative
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Figure 2.1: Some probability density functions and their normalized semivariances.

depending on its parameters. In fact, we can think of a value of s = 0 as a weaker form of distributional
symmetry. All symmetric distributions (e.g. uniform, normal) must have a normalized semivariance
of zero. However, the converse is not true. We can also think of a distribution with s > 0 as roughly
positively skewed. Similarly, s < 0 implies that the distribution is roughly negatively skewed. We have
mentioned that s is in between -1 and 1. In fact, in the following proposition, we find a tighter bound

for s for nonnegative distributions.

Proposition 2.1. If a nonnegative random variable with mean p > 0, standard deviation o > 0 and

normalized semivariance s, then
2 2

o" — K

— Y <s<1. 2.2

0-2 + MZ — ( )
Moreover, given an triplet (u,o,s) that satisfies these conditions, we can also construct a nonnegative

distribution with these moments. If the lower bound on s is tight, then this distribution is unique.

Proof. See Appendix B

Consider a newsvendor model where the exact demand distribution is unknown, but the mean u,
variance o and normalized semivariance s are known. For a given quantity ¢, the worst-case expected

newsvendor profit is

HMVS(q) 2 inf pEy (min{d,q}) —cq
st. Ep(d) =p, Ej ((d— u)2> =02,
By ((d—m3) =By ((u-d)?2) = so?,
E;(1)=1, f(d)>0, Vd>0.



We can consider f to be an infinite dimensional vector indexed by d € ®*, such that f(d) : Rt — R*T.
We assume that the conditions for Proposition 2.1 are satisfied so that the moment problem is well-
defined. In fact, as we show in Theorem 2.1, we can find a closed-form expression for IT"V5(q). The
proof of the theorem, which we relegate to Appendix B, is quite involved since it consists of constructing
various forms of the dual feasible solutions. For each dual solution, we find a corresponding primal
feasible distribution that achieves the same objective value. Note that in the theorem, the domain of
q is partitioned into five different regions. Each of the regions implies a particular form of the dual
feasible solution which is optimal. A distribution that gives the worst-case expected profit is in fact one

with at most three support points.

Theorem 2.1. Consider a newsvendor problem specified by a unit cost ¢ and unit price p. Suppose the

family of nonnegative demand distributions is specified by a known mean u, standard deviation o, and

normalized semivariance s. The worst-case expected profit, HMVS(q), s given by
(p—c)g— %q, for (1): ¢ € [0, 5],
(p— c)g — 2%, for (i): a € 5.1 -5/152]
p (952 + U2 - 5VT= ) — cq. for (ii): a € |i— g /42 + 5,/E2]
pp — cq — B, for () g € [u+§\ /1 n+ 55
(

_|_
7 (u T bg— 1/ (bg — )2 — (1 0)22 + (HZ)U%) —cq, for (v): q € [u + ‘58:9)),00) :

where
(1—s)o?
2u?

Moreover, among the set of nonnegative distributions parameterized by (u, o, s), there exists a distribu-

b=1-—

tion with at most three support points that attains this bound.

Proof. See Appendix B.

Note that ITV9(q) is a concave function of ¢. This follows from observing that for any realization of
the demand, the profit is a concave function of ¢q. Linearity of expectations and the infimum operator
maintains the concavity of the function II™V9(.). Using Theorem 2.1, we can find the order quantity
¢hrv g that maximizes IIMVS(.). Theorem 2.2 provides the optimal policy that depends on the magnitude
of the ratio of unit cost to unit price %.

Theorem 2.2. Consider a newsvendor problem specified by a unit cost ¢ and unit price p. Suppose
the family of nonnegative demand distributions specified by a known mean p, standard deviation o,

and normalized semivariance s. An ordering policy qy,y ¢ that mazimizes the worst-case expected profit
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Proof. See Appendix B.

Corollary 2.1. Let gy g be the optimal policy that mazximizes the worst-case expected profit oMVS (),
Then we have the following:

(i) dyrv s is decreasing in =,

(i) TIMVS (g% 11, 5) /p is decreasing in o

(i1i) IMVS (g% 11,6) /1 is decreasing in the coefficient of variation -

Corollary 2.1 describes how the MVS policy changes as the parameter of the models change. Note
that ITMVS (¢) is the lower bound on the expected profit if the newsvendor orders ¢ units. Therefore,
oMvs (grrvg) is the guarantee on the expected profit if the MVS policy is used. Note that as the
distribution is more and more spread out (higher coefficient of variation), then this guarantee decreases.

Another quantity of interest is the best-case bound for the expected newsvendor profit. We have
seen that under the mean-variance framework, the best-case bound is the Jensen’s bound. Under the

MVS framework, the best-case profit is given by
sup pEy (min{d, q}> —cq
f

s.t. Ef(ci) =u, Ey ((J_M)2> — 02
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Unlike the worst-case profit, the best-case bound is not necessarily a concave function of ¢g. In Appendix
A, we show a technique of casting this problem into an equivalent SOCP formulation if the value of ¢ is
fixed. In fact, this technique can be applied to many variations to the newsvendor problem, such as if
the demand has a bounded support, or if the newsvendor is risk-averse (Section 3). Different asymmetry
models can also be handled, such as multiple partitions of the distribution. This is especially useful
if, aside from partitioning at the mean, we also include partitions one standard deviation away from
the mean in both directions. This could give us a more complete picture of asymmetry than just
semivariance. In all these variations of the model, the best- and worst-case objective can be found by

solving second order conic programs.

2.3 Comparing MV and MVS policies

Figure 2.2 illustrates how the ordering policies induced by the MV model and the MVS model are
related. The values qE“Z.Z.), qz‘w), qi"v) are defined in the proof of Theorem 2.2 (the subscript refers to the
region where the optimum lies). Note that the optimum never occurs only in Region (iii), since the

function is linear in ¢ in this region. Due to Proposition 2.1, we always have

1 2 1—s)o?
LS RN P Clut) iy
2 p? + o2 212

Based on the diagram, we see that for any given (u, 0, s) triplet, the difference between the two policies

,;c). Also observe that the MVS policy is less conservative than

is clearly only dependent on the ratio
the MV policy in the sense that it recommends ordering nothing for a smaller range of % values. This
degree of conservatism also decreases as s approaches 1. In fact, when s is approximately 1, the optimal
policy is to almost always order approximately p units.

Figures 2.3 plots the optimal ordering quantity under the two models as a function of the cost to
price ratio. We can see from Figure 2.3 that the MVS ordering policy follows the same general trend
as the MV policy over the 1% range. Scarf [24] observes that if ;1% < %, the MV model suggests stocking
more than the mean demand. If 1% > %, the policy is to stock less than the mean demand. On the other
hand, under the MVS model, we have the following rule-of-thumb: stock less than the mean demand if
fy > %(1 — ), and more otherwise. We can also see in this figure that the MVS policy is less conservative
since ¢* is zero only for a small region. The jumps we observe in the plot of ¢* indicate that there is in
fact a range of quantities that maximize the worst-case profit.

Figure 2.4 plots the optimal policies as the degree of asymmetry increases. The MV policy remains
static over all degrees of asymmetry. On the other hand, the MVS policy is adaptive to changes in the
degree of asymmetry. Note that g}, ¢ is not a monotone function of s, or of the coefficient of variation.

However, ITTMVS(

Qv g)/ 1 is decreasing in the coefficient of variation (Corollary 2.1).

Figure 2.5 plots the different bounds on the newsvendor profit as a function of ¢. The four different
plots correspond to four different values of the normalized semivariance s. The normalized semivari-
ance of the upper left plot is the smallest possible value in which the model is still well-defined (by
Proposition 2.1). MV Worst and MV Best refer to the worst- and best-case expected profits under the

given mean and variance information. MVS Worst and MVS Best are the worst- and best-case expected

11
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Figure 2.2: Optimal policies under different ranges of the unit cost to unit price ratio ¢/p.
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Figure 2.3: Sensitivity of the optimal order quantity to the unit cost to unit price ratio ¢/p (p =1, u =
100,0 = 50,5 = 0.5).

profits with the additional semivariance information. MVS Best is plotted from the solution of multiple
SOCP problems. The other three bounds are found in closed-form. Since the feasible distribution set
of the MVS model is a subset of the one in the MV model, then clearly its optimal bounds must be
contained between the MV bounds. We can see that, unlike the static MV bounds, the MVS bounds
are highly dependent on the asymmetry. Moreover, the difference between the MVS bounds becomes
small as s approaches its upper and lower limits. One way to view this is that, at the limits of s, the
feasible distribution set becomes more restrictive. For instance, at s = —0.6, the feasible set consists of
a single distribution (see Proposition 2.1), which explains why the MVS upper and lower bounds are
equal.

We observe from Figure 2.5 that the gap between the best- and worst-case expected profit can be
large. In other words, there is a large uncertainty in the expected profit if the MV worst-case strategy is

followed. However, the MVS framework manages to reduce this gap, thereby decreasing the uncertainty
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Figure 2.4: Sensitivity of the optimal order quantity and the worst-case bounds against the normalized

semivariance s (p = 3,¢c =2, 4 = 100, 0 = 50).

in the expected profit. This figure also illustrates the conservativeness of the MV robust strategy.
Consider the case when s = 0. There exists a distribution (satisfying the values for u, o, s) under which,
if the newsvendor follows the MV strategy (i.e., order about 80 units), he receives approximately $30.
On the other hand, by following the MVS strategy (i.e., order about 70 units), then the worst expected
profit he can get is approximately $39. That is, the loss of optimality of the MV policy can potentially
be at least 23%.

2.4 Uncertainty in the Semivariance Estimate

It is conceivable, that the semivariance itself may not be known exactly. If there is uncertainty the
semivariance estimate, then it might be better to assume that it belongs in a range of values. For
instance, if the demand distribution is known to exhibit positive skewness, then we can instead assume
that s > 0, rather than assuming an exact value for s. Specifying a range of semivariances increases
the uncertainty set of distributions. Therefore, the resulting optimal bounds would be closer to the
mean-variance bounds than if the semivariance is known. However, we will see that even if the range
of values of s is large, the MV policy can still be suboptimal.

Suppose s is known to belong in the nonempty range [s;, sp]. Then for a given order quantity ¢, the

13
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Figure 2.5: Bounds on the expected newsvendor profit (p = 3,¢ = 2, u = 100, 0 = 50).

worst-case expected profit is

Mvs(g) = inf pE; (min{d q}) —cq
st. Ep(d) =p, By ((CZ—M)2> = o?
E; <(~—M)i> - f( Ji) =
E;(1)=1, f(d)>0, Vvd>0,
s; < s < sp,.

An ambiguity-averse newsvendor will choose a quantity ¢ that maximizes the worst-case expected profit.

Using the technique in Appendix A, we can solve this problem as an SOCP. The worst-case expected

14



profit can be expressed as

M5(g) = inf TYV9(g;s)
51<s<sp,
where IIMVS (¢ s) is the worst-case expected profit when the semivariance is s. For a fixed ¢, ITIMV9(g; s)

is a convex function of s. To see this, using Theorem 2.2, for 0 < ¢ < p, we express ITMV9(q; 5) as

p(1 — s)o?
M5 (g;8) = (p— ) - (22)‘1'
W
If § < q < p, then
N p(1=s)e? > —4(p—q)*
MV (g;s) = (P =) = S—gy fors 2 oS
p (552 + B~ §VT—32) —cq, for s < Srpaoal
Finally, if ¢ > u, then
B N2 2
p<(128)q+(128)ﬂ_%m> — (g, fOTSZ%’
2 _ A(g— 2_ 2
M5 (g: s) = pu—cq—%, for%§5<%,
§ (1+ba— \/(bg — )2 = (L= 022 + (1 + 5)0%) —cq, for s < 22

The convexity of the functions in each of these ranges can be easily verified.

Figure 2.6 shows how the optimal bounds change as a function of the quantity g. Observe that
the best-case bounds for the MV and MVS (with s > 0) are equal. While the MV policy recommends
ordering about 85 units, the MVS policy recommends ordering around 70 units. Moreover, the MV

policy is suboptimal under the MVS regime, with about 25% loss in the optimal worst-case profit.

3 Ambiguity-Averse, Risk-Averse Newsvendor

In Section 2, the newsvendor is assumed to be risk-neutral whose primary concern is in maximizing
the expected profit. Intuitively, we expect knowledge of asymmetry to greatly affect the policies of
a risk-averse newsvendor who heavily penalizes losses. A newsvendor who is risk-averse evaluates the
quality of the ordering policy based on the risk he faces on the random payoff. The way risk is quantified
depends on an individual’s risk preferences.

A popular measure of risk used in finance is the Conditional Value-at-Risk (CVaR) (Rockafellar and
Uryasev [22]). It is related to the Value-at-Risk (VaR) measure. By definition, with respect to a specific
probability level «, the a-VaR is the lowest amount of loss v such that, with probability «, the loss will
exceed that amount v. The a-CVaR on the other hand is the conditional expectation of losses above
that amount v (see Artzner et al. [1]). The Conditional Value-at-Risk of a random loss # can be written
as

CVaR, (%) = inf {v — %Ef (min{0,v — ﬁ})} ,

veER

for some risk tolerance parameter a € (0,1). Values of av commonly considered are 0.90,0.95 and 0.99.

We can define the loss as the difference between some benchmark M and the newsvendor profit, that is
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Figure 2.6: Bounds on the expected newsvendor profit with ambiguous normalized semivariance (s >
0,p=3,c=2,u=100,0 = 50).

T=M-p min{cz, q} +cq. The benchmark M defines what the newsvendor views as a loss. For instance,
if M = 0, then any negative profits would be considered a loss. If M = (p — ¢)u, then loss would be the
difference between the expected profit under the scenario where demand is known before ordering and
the profit when ordering happens before observing the demand. In the newsvendor context, the CVaR
risk measure has been analyzed in Gotoh [29] and Chen et.al. [30].

Suppose that the distribution is unknown, and only a few parameters such as mean or variance are
known. We can reasonably expect a risk-averse newsvendor to exhibit ambiguity-aversion. That is, he
can choose a policy that minimizes the ambiguous CVaR. The ambiguous CVaR is simply the CVaR
with the expectation is taken with respect to the worst-case distribution. Mathematically, given an
order quantity g, if the family of distributions is characterized by known mean and variance, then the

ambiguous a-CVaR is given by

AmCVaRMV (¢) 2 in§e {v -
ve

l—a}relIfFEf (min{O,U—M+ch—cq,v—M—i-(p—c)q})},

where F is the set of all distributions with the given mean and variance. We similarly define AmCVaRM "9 (.)
as the ambiguous a-CVaR under the family of distributions with known mean, variance and semivari-
ance. An ambiguity-averse newsvendor would choose an order quantity that minimizes the ambiguous
CVaR of his loss. Mathematically, this is equivalent to

mig AmCVaR,(q).

q>

Ambiguous risk measures have been studied in the context of portfolio management (Calafiore [5];

Natarajan et al. [16]). We extend this to the newsvendor model.

16



3.1 Mean-Variance (MV) Model

Suppose only the mean and variance of the demand is known. The following theorem gives a closed-form

expression for the ambiguous CVaR of the newsvendor loss under a mean-variance framework.

Theorem 3.1. Consider a newsvendor problem specified by a unit cost ¢ and a unit price p. Suppose
the family of nonnegative demand distribution is characterized by known mean p and standard deviation

o. For a given order quantity q, the ambiguous a-C'VaR of the newsvendor loss with respect to a target

M is
2 2 0.2
M= (p—0)g+ %, for0 < g < #50,
2452 1-2
AmCVaR,(q) = M — (p—c)q—i—iz(l‘ia) (q—;H— (q_M)2+U2) , for NZLU §q<,u+72i}a(17fl)a
_ o o(1-2a)
M +cq p,u—l—pa\/:, forqzp+ 2\/a(l—a)’

if a < HQ“TZUQ Otherwise, AmCVaR,(q) = M + cq for all ¢ > 0.

Proof. See Appendix B.

The following theorem provides an optimal order quantity that minimizes the ambiguous CVaR risk

under the mean-variance framework.

Theorem 3.2. Consider a newsvendor problem specified by a unit cost ¢ and a unit price p. Suppose the
family of nonnegative demand distributions is characterized by known mean p and standard deviation
o. An ordering policy gy, that minimizes the worst-case a-CVaR of the newsvendor loss with respect
to a target M is
. 2 2
. 0, ZfaZ#orﬁ<#,
admv = __o(1-2p) if B> )
2y/B(1-5)’ I

where = (1 — «) (1 — %) The worst-case a-C'VaR attained by this policy is

2 2
M, ifa> A—s or < s,
§ w2 o w2 to
AmCVaRMY (¢*) = Y i 2
M —(p—c) k=5 Taas ) TV T8 if B2 g

Proof. See Appendix B.

First of all, observe that the risk-averse MV policy looks exactly like the risk-neutral MV policy,
but with § replacing 1 — g. Intuitively, the newsvendor’s behavior is not only governed by the cost
and price, but also by his risk preference. Also observe that the newsvendor orders nothing if his risk
tolerance is too low, or if the cost relative to the price is too large. Similar to the risk-neutral case, we

also have a ordering rule-of-thumb: order more than the mean if g > %, otherwise, order less.
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Corollary 3.1. Let g3y, be the optimal policy that minimizes the worst-case expected profit AmCVaRg/[V(-).
Then we have the following:
(i) ypyv /1 is increasing (decreasing) in the coefficient of variation  if 3 > 3 (B<1),
(11) @y is increasing in B (i.e., it is decreasing in ]90 and decreasing in o),
110 =0 o0or M= (p—c)u, then AmCVa q 14 18 increasing in the coefficient of varia-
jii) If M =0 or M then AmCVaRMV (qi)/p is i ing in the coefficient of vari
tion, %,
w) AmCVa q*) is decreasing in « for a < s, and increasing in « for a > 5.
w) AmCVaRMV (¢*) is d ng i 1, and i ing i )
Note that ¢}, is monotone increasing or decreasing with respect to the coefficient of variation,
epending on B. We can think of AmCVaR(q) as the maximum guaranteed level of risk for a given
d di W think of AmCVaR th i teed level of risk f i
quantity g. Thus, Corollary 3.1 states that the guaranteed upper bound on the CVaR if the MV policy

is adopted is increasing as the distribution is more spread out.

3.2 Mean-Variance-Semivariance (MVS) Model

Now suppose that aside from the mean and variance, the distribution is also known to have a normalized
semivariance s. Then the problem of minimizing the ambiguous a-CVaR is equivalent to solving the
following SOCP problem (see Appendix A):

inf v— s (4 21+ s)oPyr + 5(1— 5)0 )
Q7U7t>raylzy2a7—1‘k
s.t. —t—y > \/(—t—|—y1)2—|—(—r—7'11)2,

v—A4+mr—m—t—yn2V@—Jw+pu—m—t+wf+WP—T—ﬁf’
v—M+(p—c)q—t—y12\/(v—M+(p—C)q—t+y1)2+(—T—Tf’)z’
_t_y2_|_7-212\/(—t—l—y2—7—21)2—|—(7”—u7'21)27
U_M+pu—cq—t—y2+7222\/(U—M+PM—Cq—t+y2_722)2+(_p+7"_/”22)2’

2 2
vfM+(pfc)q7tfy2+7'232\/(U—M+(p—c)q7t+y2—723) +(7“7m'23) ,
q, 7% >0, i=1,2, k=1,2,3.

First let us observe how the MVS policies behave as a function of the model parameters. In the
following plots, we plot the policies for three ambiguity-averse newsvendors with varying risk prefer-
ences, which are found by solving SOCP formulations. First, we argue that a lower risk parameter
« corresponds to a higher optimal order quantity ¢*. This is because the newsvendor with a higher
risk parameter would prefer to be safe and order less, to reduce the magnitude of losses. Figure 3.1
illustrates how the optimal order quantity and AmCVaR change as the ratio % increases. Observe that
as the newsvendor becomes more risk-averse, the range of 1% for which he will become conservative and
order nothing increases. For instance, a newsvendor with a = 0.95 will only order a positive amount if
the cost is less than about 55% of the price. Now let us focus our attention to Figure 3.2, which shows
how the MVS policies changes as the normalized semivariance increases. Observe that the risk-averse
newsvendors will choose to order nothing if the distribution is negatively skewed. This is true, even

if the risk parameter is fairly small (v = 0.75). As soon as the distribution exhibits a large enough
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Figure 3.1: Sensitivity of the mean-variance-semivariance order quantity and the ambiguous CVaR

against the unit cost to unit price ratio ¢/p (p =1, u = 100,0 = 50,s = 0.8, M = 0).
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Figure 3.2: Sensitivity of the mean-variance-semivariance order quantity and the ambiguous CVaR

against the normalized semivariance s (p = 2,¢ =1,y = 100,0 = 50, M = 0).

degree of positive skewness, then the risk-averse newsvendor will decide to order a positive amount.

This optimal order quantity is monotonically increasing in the degree of asymmetry.
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¢/p varies (s = 0.8,c =1, = 100,0 = 50, M = 0).
3.3 Comparing MV and MVS policies

We have seen that the MVS risk-averse policies recommend positive order quantities if the distribution
is known to have a normalized semivariance that is large enough. This is in contrast with the MV

risk-averse policies that remain conservative even if the distribution is very positively skewed and the
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cost is small enough. Figure 3.3 illustrates how the MV and MVS risk-averse policies change as the
normalized semivariance is increased. Since the MV policies are independent of s, they remain static, as
we can observe in the plot. If the normalized is semivariance is negative (as it is for negatively skewed
distributions), then both policies are conservative. However, as the semivariance increases, the MVS
policies suggest ordering higher amounts. Moreover, the gap between the AmCVaR (evaluated under
the MVS uncertainty set) of both policies becomes larger. For example, for s = 0.8, the MV policy
achieves an AmCVaR that is about $40 above the optimal MVS risk for a = 0.9, and $20 above the
optimal MVS risk for a = 0.95.

Figure 3.4 shows how the MV and MVS risk-averse policies vary as the ratio ]90 is increased. Observe
that for the common risk parameters (o = 0.9,0.95), the MV risk-averse policies are conservative for all
ranges of 79). That is, even if the cost is very small, the MV policy will recommend ordering nothing. On
the other hand, for the MVS policies, the optimal order quantity becomes positive for small enough cost
to price ratios. Moreover, as this ratio decreases, the AmCVaR gap (under the MVS uncertainty set)
increases. If the cost is 25% of the price, then the MV policy achieves an AmCVaR risk that is about
$30 above the optimal MVS risk for a = 0.9 and about $15 above the optimal MVS risk for o = 0.95.

These two figures imply that knowledge of asymmetry has a huge effect on risk-averse policies.
Without knowing the degree of asymmetry, then the newsvendor will choose a conservative policy, that

can be suboptimal in some cases.

3.4 Uncertainty in the Semivariance Estimate

As with the risk-neutral case in Section 2.4, the same technique can be applied to a risk-averse newsven-
dor who aims to minimize the ambiguous CVaR and is unsure of the exact value of the semivariance.
Suppose he believes that s belongs in the range [s;, sp]. We can solve for the optimal order quantity
through the SOCP formulation outlined in Appendix A.

Figure 3.5 plots the optimal order quantity and AmCVaR (evaluated under the MVS uncertainty
set) of the MV and MVS policies as a function of the cost-to-price ratio. Observe that the MV policy
remains conservative for all values of this ratio. However, the MVS policy recommends a positive order
quantity for small enough costs. If the cost is about 5% of the price, then the MV policy has an
AmCVaR that is $6 above the optimal MVS AmCVaR.

4 Conclusion

We have introduced a decision making framework under which an ambiguity-averse newsvendor can
make optimal decisions with knowledge of the asymmetry. In particular, this asymmetry is represented
by a single parameter: the normalized semivariance. Moreover, this framework can be also applied to
various extensions of the model, such as bounded support and multiple demand partitions. Since this
measure of asymmetry is a second-order measure, the resulting models can be formulated as second-
order cone programs. Moreover, in some special cases, the optimal order quantity can be found in

closed-form. Knowledge of asymmetry can greatly reduce the uncertainty in the expected profit, which
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Figure 3.5: Comparison of mean-variance and mean-variance-semivariance policies under ambiguous

normalized semivariance with respect to the unit cost to unit price ratio (p = 1, = 100,0 = 50,s >

we saw by the reduction in the gap between the best- and worst-case bounds on the expected profit. We
have also shown through several examples that the traditional mean-variance models can be suboptimal
under the mean-variance-semivariance framework. Moreover, knowing the asymmetry can decrease
the inherent conservatism in these mean-variance models. This has most impact in the risk-averse
newsvendor models, where the mean-variance policies remain conservative even if the cost is a very
small fraction of the price. We have also shown that we can relax the assumption that the semivariance
is known exactly into an assumption of knowing a range of values for which the semivariance takes.
Even in this relaxed model, we have shown that if the distribution is known to have positive normalized
semivariance, the improvement of the model over the mean-variance models is still significant. This
suggests that our model is useful especially for applications where the underlying distribution is known

to be asymmetric.
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Appendix A General Partitioned Model

Consider a single random variable Z with a support set A C . We can partition the support set in
the following manner. Let {4;}¥_; be non-overlapping intervals whose union is A (see Figure A.1).
Therefore,
E=hi(i),
i=1

where

if Ai7
hi(q:):{ r, Uxre

0, otherwise.

We can view each h;(Z) as a new partitioned random variable. If we have limited information on the
distribution of Z, say, the mean and variance, then this gives no light as to any asymmetry information.
However, introducing the p partitioned random variables gives us an idea of how distribution is divided

among the support subintervals. Consider the expectation over a piecewise linear function of

Ef (kr{nnK {arT + bk}> :

If T represents a random payoff, we can interpret the piecewise linear function as some form of utility

function. Using the partitioning, we can rewrite the expectation as

p
E; <k=qu~r~1,K {ak ; hi(Z) + bk}> .

If we have mean and variance information on each of the partitioned random variables, then a robust
approach is to optimize the objective subject to the known information. Consider the problem of

minimizing the objective, that is

p
GPm = irflf Ef( r{lin {akzhz(j)+bk}>
: =1

k=1,...,
s.t. Ef(hi(f)):ui, Vi:1,...,p
Bp(hi(2)?) = p2 + 0%, Vi=1,...,p,
Ef(1) =1,

We can think of the MVS model as a special case of the partitioning with p = 2. But for a model with
more than two partitions, a valid question remains: how do you define reasonable partitions? We believe
that partitions can naturally result from the model. For instance, they may come from quantiles of the
empirical distribution. This choice of partitioning not only has theoretical value, but also leads to “fair”
estimates of the moments given finite realizations of Z. In other words, each partitioned random variable
will have moment estimates using roughly the same number of samples. This enforces estimation errors

to be spread out among the partitions.
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By strong duality for distribution functions (Isii [11]; Bertsimas and Popescu [20]), if the moments
of the problem lie strictly in the interior of the feasible moment cone, then the problem is equivalent to
the dual formulation

P P
sup £+ 35+ 30y + o)
t7iYi i=1 i=1 (A1)

st. t4+rctyr?<ax+by, VeeA, Vi=1,....p,Vk=1,... K.

There are a total of Kp constraints in the dual problem. In the previous section, we found a closed-
form expression to the dual problem in the simple case of K = 2 and p = 2. Closed-form expressions
may prove to be complicated for models with multiple partitions or piecewise functions with multiple
linear pieces. However, we show that we can in fact write the dual problem into a second-order cone
programming problem by invoking the widely used S-lemma (Pdlik and Terlaky [19]), which we state

here for completeness.

Proposition A.1 (S-lemma). Consider two quadratic functions of z € R, ¢;(z) = 2/ B;z + 2biz +¢;,
i=0,1, with qg1(2) > 0 for some z. Then

w(z) 20 Vze{z:q(z)=>0}

if and only if there exists T > 0 such that

Co b6 _ C1 bll €S+,
bo BO b1 Bl

where ST denotes the set of all positive-semidefinite matrices of corresponding size.

Each interval A; C R can either be bounded, unbounded above, or unbounded below. We show how to
convert the constraints in (A.1) to a second-order constraints if the interval is bounded. The other two
cases can be handled in a similar manner. Suppose A; = [z;,T;], where z; < T; and z;,T; are finite.

Then the set of all x that belong in A; can be written as
{zeR: (v —z;)(x—7;) <0}.
By directly applying S-lemma, we can write the K constraints
t+rz+yix? <apx+by, Veed, Ve=1,....K

as the positive semidefinite constraints

ap — T Xt
LR T DY k
ak — T4 I BT =0, 77>0, Vk=1,... K.
5 —Yi e -1

Notice that the constraints only require 2 x 2 matrices to be positive semidefinite. In fact, we can

rewrite each of the K positive semidefiniteness constraints into the following simpler form:

b —t + 2, Tk > 0,

2
ar — 1 — (x; + xi)Tf>
)

(0~ -+ amint) (s 7f) = (B0
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for kK = 1,..., K. The last inequality simply means that the determinant of the matrix must be
nonnegative. Note that this constraint includes a hyperbolic term. We can further cast the constraints

into the following second-order constraints (see Lobo et al. [14]):

_ _ 2 _ 2
b — t+ zTiT) — Y + 1) > \/(bk —t+aTirl oy —7F)" + (e — i — (2 + T)7))”,
k=1,... K.

By a similar idea, if A; is unbounded above with A; = [z;,c0), then the corresponding K constraints in

the dual form (A.1) can be written as:

by —t + 2,7} —y; > \/(bk—t+£ﬂf+yi)2+(ak—Tz’—Tf)Q, k=1,... K.

On the other hand, if A; = (00, ;] , then the corresponding constraints are:

bk—t—gﬂf—yiz \/(bk—t—zﬂl-k%—yi)z—l-(ak—ri—l—Tf)g, k=1,...,K.

Finally, we can write the dual problem as an SOCP. Let I be the set of all indices ¢ for which A; is
bounded. Also denote I, (and I_,) for indices in which A; is unbounded above (and below). Thus,

minimization problem GFP,, can be solved through the following SOCP:
P P ) )
sup b4+ >0 i+ 30 yilps +o7)
triYis Ty i=1 =1
st. b —t+zTTF -y +7F > \/(bk —t+ T + oy — Tik)Q + (ap —ri — (z; + fi)TZ-k)Q,
Viely, Vk=1,... K,
2 2
bk—t-l-gﬂf—yi > \/(bk —t—l—&ﬂf—i—yz') + (ak —Tz'—Tik) )
Vi€ lw, Ve=1,... K,
2 2
b, —t — x,;7F —y; > \/(bk —t—zmF +y)” + (ak — i+ 7F),
Viel o, VE=1,... K,

k>0

A Y

Vi=1,...,K, Vk=1,...,K.

The SOCP formulation can be solved efficiently using interior point methods (see Nesterov and Ne-
mirovski [17]). Its optimal solution can be found using modern solvers such as CPLEX, MOSEK,
SDPT3 or SeDuMi.

In fact, with some minor modifications, we can also find an equivalent SOCP formulation for the

problem of maximizing the objective:

P
GPy = sup Ey ( min {ak > hi(z) + bk}>
f k=1,...K i=1

s.t. Ef(hl(f)) = Mg, \V/’L'Zl,...,p
Ef(hi(2)*) = p? +02, Vi=1,...,p,
Ef(1) =1,
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Figure A.1: Example of a partition for A = R with K = 3 and p = 5.

We can assume without loss of generality that a; > as > --- > ax. Let ¢ be the point of intersection
between the kth and (k+1)th linear piece, i.e. agcp+bgp = axyick+brr1. Let us define new subintervals
Ay = A0 [ck—1,ck), fori=1,...,pand k =1,..., K. We define ¢9 = —o0 and cxg = co. Figure A.1
illustrates how this new partition is constructed.

If the moments of the problem lie strictly in the interior of the feasible moment cone, then the
problem is equivalent to

p p
inf ¢+ 30 i+ Y yi(p +of)
1,r3,Yi i=1 i=1

st.  t4+rz 4y > i I{linK{ak;:cﬂ—bk}7 Vee A;, Vi=1,...,p,

or, equivalently,

p p
inf £+ > i+ Y yi(p? +o?
JdnE k2 risit 2 wilkg o) (A.2)

st.  t+rz+yr? > apx + by, Vz € Ay, Vi=1,...,p, Vk=1,..., K.

Note that if the interval A is empty, then the corresponding constraint is ignored. We can therefore
apply the same method of casting the constraints (A.2) into SOCP constraints as before. Suppose z;;,
and T;;, are the lower and upper bounds of interval A;; (if they exist). Let Iy consist of all (i,k) for
which A;j, is bounded, and I, (I_o) consist of all (i, k) for which A, is unbounded above (below).
The maximization problem G Pj; can be solved through the following SOCP:

p p
inf ot DS i+ Y yi(pf + 0F)
1,73,Y4,T; i=1 i=1
_ _ 2 _ 2
st. —bp+t+ Ttk 4y +TF > \/(_bk: +t+ 2 Tatl — vy — 7F) "+ (—ap + i — (@ + Tae)TF)

\V/(’L,k) S fo,
—b +t+ 2T Y > \/(—bk bt agtE —u)’ o+ (map =) V(LK) € I,

(2
—bp +t —zyr +yi > \/(—bk +t—zyTF — yi)2 + (—ap +ri + TZ-"“)Q, V(i, k) € I,
mF >0, V(ik)€lgUloUT .
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Appendix B

B.1 Proof of Proposition 2.1

For notational convenience, we define the nonnegative random variables d; = (d—p); and do = (u—d) .
From the definition of s, we have E(d?) = $(1+ s)o? and E(d3) = 2(1 — s)o?. Since d is nonnegative,
dy must not exceed p. This implies that E(da(u — da)) > 0, or equivalently, E(dy) > E(d3)/u =
(1 —s)0?/(2u). Also since E(d3|dy > 0) > (E(da|da > 0))?, then we have

- . - 2

B E(dg’dz > 0) Pr(d2 > 0) +0- Pr(dg = 0) E(d>))2 1_ 2

Pr(d2>0)2( _ ~ ~ ) _ (Ed2)” 52)0. (B.1)
E(d2|d2 > 0) Pr(dy > 0) + 0% - Pr(ds = 0) E(d2) 21
By a similar argument, and since E(d;) = E(dy), we also find that
- . - 2

B E(dﬂdl>O)Pr(d1>0)+0-Pr(d1:0) E(d:))2 1 35)2 o2

Pr(d; > 0) > ( ) _Eld)” (1=9) o (B.2)

E(d2|d, > 0) Pr(d; > 0) + 02 - Pr(d; = 0) E(2) ~ (1+s) 2%
Finally, note that by our definition, Pr(d; > 0) = Pr(d > ) and Pr(dy > 0) = Pr(d < p). Thus, by
inequalities (B.1)—(B.2), it follows that

[\
—~

1—23)
1+s

~ ~ o

1>Pr(d>p)+Pr(d<p) > —

: (B.3)

—~
~—

which gives us the lower bound on s. Observe that if s = Z;%Z;, then inequalities (B.1)—(B.3) tight.
This implies that
Pr(d > p) = Az, B((d—p)y) = 42,
Pr(d < p) = sz, Bl(n—d)y) = 7.

Therefore, we have the following conditional moments:

4

E(d|d > p) =2, B(d|d>p) =%,
E(dald < p) = p,  B(d3|d < p) = pi?,

where the second moments follow from the expression for s. Thus, d; and ds can only have one positive
mass above and below p respectively. Thus, d can only have strictly positive mass on 0 and (w2 +0%)/u,
and a nonnegative mass at u. However, since Pr(ci > )+ Pr(ci < p) = 1, then the only possible
distribution is a two-point distribution.

Now let us verify that we can construct a nonnegative distribution for any triplet (u, o, s) satisfying
the conditions in Proposition 2.1. Consider the two-point distribution:

1—s 1+s
=01 WP o

,u+a,/%, w.p. %

These support points are nonnegative in the range (2.2). In fact, s can be arbitrarily close but never

dh(:

equal to one since, by definition,

E((d-p)?3) —E((u—d)3) 2 ;
5= 2 2 =1 SB((n - dR).
o o
Since we assume that o > 0, then there exists d < @ with nonzero probability. O
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B.2 Proof of Theorem 2.1
Consider the primal problem
1r}f Ef (mln{d,q})

st. By ((d—p)* —E((,u—cZ)Jr) —0,
Ey
Ey
1

- 1
w—= )3— = ( 28)02>
Ef(1)=1, f(d)>0, Vd>0
The constraints are equivalent to having d be a nonnegative random variable with moments E(J) = pu,
var(d) = 02, and sv(d) = so2. Define m; = @a%mg = @02. Proposition 2.1 is equivalent to the

following;: %(ml +mg) < p? and mq, mg > 0. Then we can write the dual as

sup t+miy1 + moyo
t7T7y17y2

st.  t+r(e—p)+yi(r—p)? <min{z,q}, Vz>pu,
t—r(p—2z)+y(p—2)? <min{r,q}, V0<z<pu.

By a simple transformation, the dual problem can be rewritten as

sup t+miy1 +moyo
t7T1y1 »Y2

st.  t+rr+ye? <min{x+u,q}, Vo >0,
t—rx+yer? <min{u—2z,q}, VO<z < pu.

Throughout this section, we will refer to this last formulation as the dual problem. Given a set of
variables t,7,y1, 2, it,q, we define the following quadratic functions: g;(x) = t + ra + y12%, go(x) =
t—rx+y222, and the following piecewise linear functions: f(z) = min{x+pu, ¢}, f2(r) = min{u—=z,q}.
Checking dual feasibility of a set of parameters ¢, 7, y1,y2 is equivalent to checking if g;(x) < fi(x) for
x > 0, and go(x) < fa(x) for 0 < & < p. Our strategy in finding a closed-form solution for finding
an optimal solution to the primal problem is by constructing primal and dual feasible solutions which
achieve the same objective cost. By weak duality, the two solutions are primal and dual optimal

respectively.

Case 1: g < p. Under this case, we find that fi(z) = ¢ for all x > 0. Figure B.1 illustrates a dual
feasible solution. Table 1 shows the primal and dual optimal solutions under three subcases, which we

discuss briefly.

Case 1(a): 0 < q < 4. By Proposition 2.1, the support points of the primal distribution are well-
defined and the probabilities are valid. Moreover, the range of 7 is nonempty. This range guarantees
that the nonzero support points are at least u. Then we can verify that this is a primal feasible distri-

bution. Note that gi(z) = fi(x), for all > 0, while go(x) is concave and intersects g2(z) at points 0
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Figure B.1: Graphical illustration of functions satisfying feasibility conditions of the dual problem under

the case when ¢ < p.

and pu. Moreover, go(x) < ¢ for all z. If ¢ < %, then g5(u) > —1 and go(z) < p—x for all 0 < z < p.
Thus, it is dual feasible.

Case 1(b): £ <qg< pu— %\/@ Note that for the range of ¢ under this case, the support
mims

points are well-defined and the probabilities are valid. Moreover, the range of 7 is nonempty and guar-

antees that the last two support points are at least u. We can then verify that the distribution is primal

feasible. Note that gi(x) = fi(x) for all z > 0, while go(z) < fo(x) for all . Thus, the dual solution is

always feasible.

2
negative. It is easy to check that it is a primal feasible distribution. Moreover, g;(x) intersects ¢ and

Case 1(c): p — m,/% < g < p. Under Proposition 2.1, the support points are always non-

g2(z) intersects p — x at exactly one nonnegative point each. Note that the dual solution is feasible if
91(0) >0, or g > pu — T2, J bz,

Case 2: ¢ > p. Under this case, it is not difficult to verify that fo(z) = p—x for all x > 0. Figure B.2
shows the functions corresponding to a dual feasible solution. Table 2 shows the primal and dual opti-

mal solutions under three subcases.

Case 2(a): p < qg< p+ "3/ % Note that the primal and dual optimal solutions are exactly
the same as that of Case 1(c). We can verify that g;(x) intersects ¢ and ga2(x) intersects p — x at
exactly one nonnegative point each. Dual feasibility is equivalent to the condition that g5(0) > —1, or

+
Q<+ [r

mimsg °

Case 2(b): p+ 5/ % <g<pu+ % Unlike the previous cases, it is not obvious that the

29



Case 1(a): 0<q< %
PrRIMAL OPTIMAL DISTRIBUTION:

0, w.D.

d= e (2 = /my(p? —mg) —m3 /1T ), W-P-W( —%>,
2
2

pe—m2

b (12 V/ma(p? —ma) —

w2 —mo

foranywe[l—mig 1)

m1(p2—ma2)’

DuaL OPTIMAL SOLUTION: t =¢,7 =0,y1 =0,y2 = —
PrRIMAL AND DUAL OPTIMAL COST: g — —q

Case 1(b): %SQSH—% mi+me

mim2

PrRIMAL OPTIMAL DISTRIBUTION:
m2

29 — p, WP qu—g)?
d— lH_(_(“iq) my — /4my(u — q)2 — ma(my +ma)y /"), w.p. 77(1_4(;7#)2)’
(

)

fr % my + /4mi(n — q)2 — ma(my +ma) /1% ), wp. (1-7) (1 - 4(1131)2) ’
m2
fOI' any ™ € [1 — WM,:{)
DUuAL OPTIMAL SOLUTION: t =¢q,7 = 0,51 = 0,92 =

a)
PrRIMAL AND DUAL OPTIMAL COST: g — ﬁ

Case 1(c): p — %\/ml"'r’” <qg<npu

mimsa

PRIMAL OPTIMAL DISTRIBUTION:
_ [ mit+mag my
J— p=me mimy 0 VP mirmy
mi+mo m2
PA M Tnimg s WP g

DuaAL OPTIMAL SOLUTION:
t = gmatpumy 1

mi+ma
mimse 1
mi+mo 2
—ma 1
Y= mi(mi+m2) 2
1
2

—_ mi ma(g—p) _ m1m2
Y2 = matmitmz) mitme mi+msz )’

PRIMAL AND DUAL OPTIMAL CosT: Zmetumi \ ) ame
mi+mg

mi+ma

Table 1: Primal and dual optimal solutions when ¢ < u

30




_ AN
o g>( X)ﬂ f

2(x)

Figure B.2: Graphical illustration of functions satisfying feasibility conditions of the dual problem under

the case when ¢ > p.

range of m is nonempty. To prove that the range is valid, consider the following random variable

st (= Aty = 07 = G 5 ) w7,

=
Il

2(q— # ~
%(ml—\/4m2(q—,u)2—m1(m1+m2) ﬂ), w.p. 1 —7,

for any # € (0,1). Note that under the range of ¢, E(#?) < wpE(Z), or equivalently, var(z) <
E(#) (1 — E(Z)). Taking the square of both sides and adding var(z) (u — E(#))?, we find that

var(%) (var(gz) (- E(f))Q) < (u—E(3))? (var(i) + B(#)2) .

Substituting the values of the mean and variance of Z, we find that this is equivalent to saying that the
range of 7 is nonempty. The range of values for 7 ensures that the first two support points of d are
nonnegative and no more than y. We can then verify that the distribution is primal feasible. Note that
g1(z) < fi(z) for all x, while go2(z) = fo(z) for all x > 0. Thus the solution is dual feasible.

Case 2(c): g > p+ ’2‘—”"2 Define a = Q(CﬁL)Q — H(Z”fu), and b=1— % Note that a < 0 for the range
of ¢ in Case 2(c). By Proposition 2.1, b € (0,1) and 2a + b > 0 for all g. All the probabilities take
values within the range of 0 to 1 by Proposition 2.1. It can be verified that the distribution is primal

feasible. Note that g1(z) < fi(x) for all = and they intersect at exactly two points. Moreover, ga(z) is

convex and intersects fo(z) at some negative value and at p. Thus, the dual solution is feasible.

If we multiply the primal optimal cost by p and subtract cq in all cases, then we get TIMV9(¢). Combining
all the cases and letting m; = (1+5)0?/2 and my = (1 —s)0?/2, we get the closed-form expression. [J
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Case 2(a): “SQSM-F% mi+me

mima

PRIMAL OPTIMAL DISTRIBUTION:

o mi+mo mi
J_ p—me \/ mima Wb tme

mi+mso ma
ptmi mimsz ’ P oty

DuAL OPTIMAL SOLUTION:
t = gma+pm;

mi1+m2
_ 2 [ mimg 1 1 mo
r= m1 mi1+mso + 2
_ —mo malg=p) 4 1 [ mimy
Y= itmitmz) Umatme 2\/ mi+ma )’
_ mi ma(g—p) 1 [ mimg
Y2 = Satmi+ma) \ mitma 2\/ mi+ma )’

. ogmotpumi mimsa
PrIMAL AND DUAL OPTIMAL COST: T 1/ml+m2

Case 2(b): “+% m§q§u+m

mimse 2ma
PrRIMAL OPTIMAL DISTRIBUTION:

= gt (- VAma(a = @7 = ma(mr +ma) /1% ). wepe (1= m) (1= 7225 ).

—_

d= m—= % (ml - \/4’”’1,2((] - :u)z - ml(ml + m?) I_Tﬂ> y W.p. T (1 - 4((;?;)2) )
2q = p, 2 WP T
for any m S [1 — m,l)

DuaL OPTIMAL SOLUTION: t = pu,r =1,y = ﬁ,yQ =0

PRrRIMAL AND DUAL OPTIMAL COST: p — ﬁ

. pma — mi __m2 1 _ m2
Case 2(c): ¢ > p+ S Define a = S Bl and b=1 5
PRIMAL OPTIMAL DISTRIBUTION:

0, w.p. 1 —b,
w+(qg—p) 1—\/@, W.p.%(b+(b7%) ﬁ),
p(g—p) (14 /2t w.p.%(b—(b—((lq‘_’ji;i)\/g).

DuaL OPTIMAL SOLUTION:

_1 _ (g=p)(a+b)
t=3 (Q+M b(2a+b) >’

SS9
Il

e | b
n = 4(qg—p) '\ 2a+b?

— q=p (atb) 1 ( /b
ST < b(2a+b) 1) * o ( 2a+b 1) ’
1

PRIMAL AND DUAL OPTIMAL COST: 3 <M +bq — (g — p)\/b(2a + b))

Table 2: Primal and dual optimal solutions when ¢ > u
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B.3 Proof of Theorem 2.2

The worst-case profit MV S(q) is concave and continuous in g. Note that unless the profit is maximized
by a range of ¢, the optimal quantity can only occur at 0 or in Regions (ii), (iv) or (v) (as defined in

Theorem 2.1). Let ¢* be an order quantity that maximizes MV S(q). Define

_ (1-s)
q?’n) = % 2(p— Scl))
_ (I+s)p
Uy = KT+ 3 T
. (b2) (115)02b—2(1_b)2u2
q(”) o %—'_ S5 SUQC(pb c) )
which are the unconstrained maximizers of the aggregate functions in Regions (ii), (iv) and (v), re-
spectively. Suppose % >1-— (1;;%02. Then MV S(q) is strictly decreasing in Region (i). This implies
that the function is strictly decreasing for ¢ > 0. Thus, ¢* = 0. Note that qZ‘.A) lies in Region (ii)
if %(1 —35) < % <1- % Under this case, ¢* = qz‘ii). Similarly, ¢ ( ) lies in Region (iv) if
l((lljrsg;:Q < £ < 1(1—s). If this is true, then ¢* = ;- Finally, if 2 %, then MV S(q) is

c
p
increasing in Regions (i) to (iv). Therefore, the maximum is attained in Reglon (v). Thus, ¢* = - U

B.4 Proof of Theorem 3.1

Define the following function:
v,q) = inf E (min{v—M—l— —c)q,v— M + cZ—c,O}).
glv.q) = inf s (p =) pd —cq
Note that for a fixed v, ¢, the minimum of the three piece linear function can be achieved by at most

two pieces. Thus, we can apply Scarf’s closed-form expression in intervals.
Case 1: v < M — (p — ¢)q. We have that

v,q) =v—M —cq+ inf E (min{ci, })
9(v,9) a0+, PR q

2 2
which, if ¢ < £ 24;0 , is equal to
2

I
v—M—c
LR S
or otherwise, if ¢ > “2;; ‘72, is equal to
_|_
U—M—cq+p('u2(])—g (g — p)? + o2

Case 2: v > M — (p — ¢)q. We have that

. . s v+M+cq
gv,q) =v—M —cq+ inf pE (mln{d,}).
.9 fr(p,o? RT) d p

Case 2(a): M —(p—c)q<v< M+ cq— p“zz':’z. This corresponds to the nondegenerate case
of the Scarf closed-form expression.

1

g(”a‘]) = 5

(U—M—cqﬂw— \/(U—M—cq+pu)2+p202)
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. 2+ 2 .
Case 2(b): M + cq — p% < v < M + cq. This corresponds to the degenerate case.

0.2

—(v—M —¢cq)———
9(v,q) = (v CQ)u2+02

Case 2(c): v > M + cq. Tt is easy to check that due to the nonnegative support, under this case,

9(v,q) = 0.
2 2
Note that the interval of Case 2(a) can be empty. In particular, it is empty if ¢ < % Thus,

summarizing Cases 1 and 2, we find that if ¢ < “2%’2,

2
v—%(v—M—cqupq#), forv < M — (p— c)q,

1
v—fg(vq) v—ﬁ(v—M—cq)uZ"TQUQ, for M —(p—c)g<v<M+cq,
v, for v > M + ¢q,
. u2+0.2
whereas, if ¢ > T
v — 7 (v-M—cq+ 205D 2. [ )71 5?) for v < M — (p— ¢)gq,

v— 2=g(v,q) = v ﬁ (v=M—cqtpu—/(v—M—cqtpu)®+p?0?) , for M — (p—c)g <v < M +cq — pt5 7 +U
! v—%(v—M—CQ),Lz”Tnga for M + cq — p“” <v <M+ cq,

v, for v > M + cq.

Now, note that
1
AmCVaRa(q) = inf {’U - EQ(U, q)} .

veER
The objective function is convex in ¢. If ¢ < “2+J2 , then the minimizer is easily computed since the
ob Jectlve consists of only linear functions. In partlcular if < ——, then v* = M —(p—c)q. Otherwise,
=M + cq.

2 2 . . . . . .
Now let us focus on the case where g > % Note that the objective is a piecewise convex function,
where all the pieces are linear functions of v, except for the second piece. The unconstrained minimizer

of the second piece is

* pO’(]. — 20()
ve =M+ cq— pp — ———=.
2 a 2 a(l —a)
If the third linear piece is decreasing in v, that is o > 2 52> then the global minimizer is v* =M + q.

Moreover, we can check that if o < 7, then vy < M +cq—pt5-2= +0 . Thus, under this case, the global

2+
minimizer is v* = v3 if v > M —(p—c)q, or equivalently, ¢ > u—i—%. Otherwise, v* = M —(p—c)q.
—Q
Substituting the values for v*, we get the closed-form expression for AmCVaR,(q). O

B.5 Proof of Theorem 3.2

Note that if a > then ¢* = 0, and AmCVaR,(¢*) = M. Now let us focus on the case when

Ni
2+ 2

Under this case, AmCVaR,(q) is a three-piece function of ¢q. All the pieces are linear,

2
B
a < 2ol
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except for the second one, whose unconstrained minimizer is

q*: o 0(1_2ﬂ)
Nk

where we define § = (1 - 7> (1 — «). Note that if § < ® .. then AmCVaR, (q) is increasing for

2to?;
g > 0. Thus, ¢* = 0 and AmCVaR,(¢*) = M. Now let us focus on the case where § > Note

0.2
“2 +O’2 .

2 2
¥~ pito . ) . ips 26—-1 1—2a *— gt
that g5 > % under this case. If in addition, A5 < o)’ then q ¢5. In fact, we can show

that this is always true. Note that 0 < § < 1 — «, since 0 < ¢ < p. Moreover, a(l — «a) < G(1 — )
if and only if a < HAA’ where A\ = 1 — 197. Consider the case when 0 < 26 — 1 < 1 — 2a. This
implies that o < 1 — % < 1%\ Thus, \/2;( ;—16) < \/Zf‘_’a) This condition is obviously satisfied if
20 —1<0<1-—2a. We can repeat the same exercise for the case when 20 — 1 <1 —2a < 0, and find

— _ 261 1—2a
that a(l —«a) > (1 — 3). Thus, 7505 < ot Thus,

o2

0, if a > 201“ﬁ< 2+02,

* +
q = a(1-20)

2
- 2 ,8(1—,6), lf/B - “2+0-27

where § = (1 — Z%) (1 — «). Substituting ¢* into the original expression, we get the optimal ambiguous
a-CVaR. O
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