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MA3110S ANALYSIS II 31

Exercises for §12

Evaluate fo fl n(1 + 2?) dz dy. Justify your steps.

By considering “elliptic coordinates” (r,6), where x = arcosf,y =
brsin @ for some a,b > 0, evaluate the integral

1 pivi—a?
/ Va2 +9y? dy du.
o Jo
Justify your steps.

Justify the following manipulations. Let I = lim, ffa e~ dx.

Then
= lim / / 7% dy
a—00 aJ—a

= lim eV A = m,
r—oo Jp
.

where D, = {(z,y) € R? : 2% + y* < r?}.

The next series of exercises show what can go wrong if we relax some
conditions in Fubini’s theorem.

Let R = [0,1] x [0,1] and define f : R — R by f(x,0) = 1if z is
rational, f(z,y) = 0 otherwise. Show that f is Riemann integrable
on R but the function fy defined by fo(z) = f(z,0) is not Riemann
integrable on [0, 1].

Let R =[0,1] x [0,1] and define f : R — R by

22n if#<x,y<2%forsomen€N
ny) = —22ntl i QTI}H <z < %n% and
sng1 <Y < 5n for some n € N
0 otherwise.

Show that fo fo z,y) dy dr and fo fo x,y) dx dy both exist but
take different values.

Let R =[0,1] x [0,1] and define f : R — R by

2n if#gx,y<2%forsomen€N
Fany) = —2nthif by <2 < iy and
Ly) =

#§y<2%forsomen€N
0 otherwise.

Show that fo fo x,y) dy dxr and fo fo x,y) dx dy both exist and
are equal, but that f is not integrable on R.



