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2. Definition of Infinitesimal Rigidity

A k-dimensional framework (V,E,p) consists of a graph (V,E) (known as the structure graph) and a function p (known as the embedding function) from the vertex set into k-space, p:V→ (​k , where p(ai)=pi. We assume that pi span the k-space. This paper deals with 2-dimensional frameworks that are m x n rectangular grids. 

Define an infinitesimal motion of the framework to be the function q:V → (k whereby qi is a motion vector assigned to the point pi (and thus, the point ai). A brace between 2 points pi and pj, (pi - pj), imposes a constraint on qi and qj​ since the distance between pi and pj must be constant at all times:




0
=
( d/dt || (pi + t.qi) - (pj + t.qj) || )│t=0




=
( d/dt || (pi - pj) + t.(qi - qj) || ) │t=0
Without loss of generality, we can let (pi – pj) = (x1, x2) and (qi – qj) = (y1, y2).

d/dt || (pi - pj) + t.(qi - qj) || 
= 
d/dt || (x1 + t.y1, x2 + t.y2) ||





=
d/dt ((x12 + x22 + 2t.(x1y1 + x2y2) + t2.(y12 + y22))





=
(x12 + x22 + 2t.(x1y1 + x2y2) + t2.(y12 + y22))-½.(2






(x1y1 + x2y2) + 2t.(y12 + y22))

d/dt || (pi - pj) + t.(qi - qj) ||│t=0
=
2(x1y1 + x2y2).(x12 + x22)-½
=
0


(

0
=
(x1y1 + x2y2)



=
(pi – pj).(qi – qj)


(i.e. the vector qi - qj is perpendicular to pi - pj)

[image: image2.emf] 

…   …  


(
qi.(pi - pj)
=
qj.(pi - pj)

(1)

This means that the projection of the 2 motion vectors qi and qj on the brace must be equal.

The motion q is called an infinitesimal rigid motion if (pi – pj).(qi – qj)=0 for all ai,aj ε V. (Infinitesimal rigid motions are just the rotations and translations of the framework.) An infinitesimal motion q of the framework (V,E,p) is called an infinitesimal deformation if (pi – pj).(qi – qj)≠0 for some {ai,aj}(E. A framework (V,E,p) is said to be infinitesimally rigid if all of its infinitesimal motions are infinitesimal rigid motions. 

3. Motions of an m ( n grid

Definition 1. 
Elementary line motions are motions in which the points on one line move in one direction along the line, and all other points remain fixed.

Since (1) is a linear condition, the set M of all possible infinitesimal motions of the framework is a vector space. The dimension of M is the number of degrees of freedom of the framework. For an m ( n grid, the dimension of M is the number of lines, m + n + 2, hence the grid has m + n + 2 degrees of freedom. By the condition imposed by (1), the points on any line can only move in such a way that their velocity vectors have equal projections on that line. The common projection is the amount by which the line moves along itself. Thus each motion of the grid results in a directed motion of every line along itself with a scalar quantity, denoted as the shear number, associated with each line. Because every motion vector qi can be defined by its projection onto the vertical and horizontal line segments of the grid passing through ai, every motion of the grid can be determined by the motion that it produces in the line segments of the grid itself.

We then have the following theorem.

Theorem 1.
The line motions form a basis for the motion space M of any m ( n 


grid.

As the number of rigid motions of an unbraced grid is 3, due to translations and rotation of the entire structure, the number of degrees of internal freedom is thus given by dim M - 3 = (m + n - 2) - 3 = m + n - 1. Since each brace removes at most 1 degree of freedom, we will need a minimum of properly placed m + n - 1 braces to rigidify any m ( n grid in R2.

Before presenting the bracing problem, we will need to establish the necessary basic notations for our study. 

As a consequence of theorem 1, any motion of the grid can be defined in terms of shear vectors, line motions of the points of the grid along the x- and y-axes, and the magnitude of a shear vector, denoted as the shear number, simply measures the degree of deformation. By convention, the line motions in the direction of the positive x- and y-axes are denoted by positive vectors, and those in the negative x- and y-axes by negative vectors. Furthermore, in our investigation of deformations of grids, we shall fix, without any loss of generality, the point of the grid with the highest y-coordinate and lowest x-coordinate.



Figure 1: 
A shear vector applied in the direction



of the positive x-axis. Note the fixed position



of the upper left corner.
We label the points of the m ( n grid r0,…,rm row-wise and c0,…,c​n column-wise. The 1-cells are denoted by [riri+1, cjcj+1], with [r0r1, c0c1] being in the upper-left most position, and a p-hall is denoted by riri+1…ri+p-1 or cjcj+1…cj+p-1, where riri+1…ri+p-1 is more precisely referred to as a row-p-hall and cjcj+1…cj+p-1 as a column-p-hall.

With each m x n grid, we associate a bipartite graph (VR,VC), with the set of vertices in VR denoting the row-segments and those in VC denoting the column-segments. In this study, we need only consider 1-row, 1-column, 2-row and 2-column segments. Each vertex in VR is labeled as either riri+1 or riri+2 and similarly, cjcj+1 or cjcj+2 in VC. The vertex riri+1 is adjacent to cjcj+2 if and only if there exists a brace in the cell [riri+1, cjcj+2]. We call this brace a vertical brace if the cell is of the form [riri+2, cjcj+1] and a horizontal brace if the cell is of the form [riri+1, cjcj+2]. 


Figure 2: A horizontal and vertical 1(2 brace respectively.


Figure 3: A 2(3 grid with 1(2 braces and its corresponding bipartite graph.
Note that the orientation of the braces is irrelevant and that the horizontal brace in [r0r1, c0c2] induces the same constraints in the motion of the cell as those induced by the horizontal brace in [r1r2, c1c3] as we shall subsequently show.


Figure 4: 

A shear motion qa and its corresponding shear qb. 

For a braced hall like that in Figure 4, (1) implies that applying a shear in the horizontal direction on the brace results in a corresponding shear in the vertical direction. Furthermore, in this case, the usage of 1(2-braces means that the magnitude of the corresponding shear is multiplied by either a factor of 2 if the shear was applied in the horizontal direction to a horizontally-braced column-2-hall (or vertically to a vertically-braced row-2-hall), or a factor of ½ if it was applied in the vertical direction to a horizontally-braced column-2-hall (or horizontally to a vertically-braced row-2-hall). The corresponding shear also has the same direction signature as the original shear, i.e. a horizontal shear in the positive x-axis direction produces a corresponding shear in the positive y-axis direction. This is demonstrated in Figure 4 when applying (1) as



(1
=
qacos (
=
qbsin ( 
=
(2


(


tan (

=
qa/qb

(


qb

=
2.qa
Consider now the case where the brace is oriented in the other direction.


Figure 5: 

A shear motion qa and a general corresponding shear qb, 



applied this time to a brace of different orientation.

The same condition imposed by the existence of a brace between ai and aj, that the distance between pi and pj must remain constant, can be used here again. However, as ai is now a fixed point and the motion vectors qa and qb are not applied to the points ai and aj themselves, the resultant motion vector qa + qb can be taken to act on the point aj alone. We then have




0
=
( d/dt || pi - (pj + t.(qa + qb))|| )│t=0





=
( d/dt || (pi - pj) – t.(qa + qb) || ) │t=0


(

0
=
(pi – pj).(qa + qb) similar to the derivation of (1).


(
qa.(pi – pj)
=
-qb.(pi – pj)                 (2)

This means that the projection of the motion vector qa onto the brace must be equal and opposite to the projection of qb. Applying (2), we find that once again a shear vector of magnitude 1 applied in the positive horizontal direction results in a corresponding shear vector of magnitude 2 in the positive vertical direction, identical to the result shown in figure 4.

Also, the application of a shear vector each to 2 adjacent row-1-halls or 2 adjacent column-2-halls is equivalent to a single application of a shear vector of magnitude equal to the sum of that of the original 2 shear vectors to the relevant row-2-hall or column-2-hall.



Figure 6: The sum of shear vectors on a column-2-hall.

For convenience, we shall always use a white vertex in the bipartite graphs to represent a 1-hall and a black vertex to represent a 2-hall in this paper. The consequence of the summation of shear vectors as seen in figure 6 is that the shear number assigned to any black vertex (or 2-hall) is necessarily the sum of the shear numbers assigned to the white vertices immediately to its left and right. Furthermore, the multiplicative factor on shear vectors demonstrated in figures 4 and 5 implies that if there exists an edge between 2 vertices in the bipartite graph, the shear number of the white vertex is always exactly ½ that of the black vertex. Thus, it would be impossible to assign a non-zero shear vector to any point of an infinitesimally rigid grid that would result in a deformation.


[image: image1]
Figure 7:
2 equivalently braced 2(3 grids and their associated bipartite graph with an assigned deformation.

In summary of the preceding section, we have defined the deformation of a grid in terms of shear vectors (which are defined in terms of line motions) being applied to each point, with the upper-leftmost point remaining fixed, as well as the associated bipartite graphs of such grids using 1(2 braces and their notation as seen in figure 7. We have also established that the orientation of the brace within its cell is irrelevant to the constraints that it imposes, and shown these constraints on the bipartite graph above.

4. The Bracing Problem Using 1(2 Braces

With these foundations laid out, we are now ready to investigate the nature of rigid bracings of m ( n grids. While a solution to the problem concerning 1(1 braces has been presented formally in Counting on Frameworks, Jack E. Graver, 2001, namely that a grid braced in such a manner iff its associated bipartite graph is connected (not to be confused with associated bipartite graphs concerning 1(2 braces as it uses an entirely different set of notations), the case involving 1(2 braces is less straightforward. In the process of determining the rigidity of any particular bracing, 2 useful tools are the triangular and parallelogramic connectivities.

Consider the following grid.


Figure 8: A 2(2 grid with 1(2 braces and its associated bipartite graph.

Due to the braces in [r0r2,c0c1] and [r0r2,c1c2], any shear vector assigned to these 2 column-1-halls must be equal, implying that the segments (ric0,ric1) and (ric1,ric2) are parallel (where i = 0, 1 or 2), and that the points ric0, ric1, ric2 are collinear. Therefore, the line segment joining the points ric0 and ric2 is also parallel to the above two line segments. The resultant shear vectors on the column-2-hall c0c2 due to the sum of the shear vectors assigned to the 2 column-1-halls is exactly equal to that of the row-2-hall r0r2 due to the corresponding shear vectors, hence there exists an implicit edge between  r​0r2 and c0c2 in the associated bipartite graph (illustrated above as a dashed edged). Together with the existing edge between r0r1 and c0c2, and using a similar argument, this implies the existence of yet another edge between r1r2 and c0c2. Clearly the associated bipartite graph is not connected according to traditional definitions, but when considered along with the implicit edges, it is undoubtedly connected and the grid is in fact infinitesimally rigid. The presence of the implicit edges is said to be attributed to the triangular condition. In formal terms, we say that a subgraph (VR1​​,VC1) of the associated bipartite graph (VR,VC) satisfies the triangular condition if the presence of any two of the vertices aiai+1, ai+1ai+2, aiai+2, where a = r or c, in (VR1​​,VC1) implies the presence of the third vertex in the same subgraph.




Figure 9: A 2(3 grid with 1(2 braces and its associated bipartite graph.

Consider now the above grid, which is clearly not rigid as we can assign a motion defined by the shear numbers seen in the bipartite graph above. However, due to the braces in [r1r2,c0c2] and [r1r2,c1c3], the column-2-halls c0c2 and c1c3 must have the same resultant shear vectors. This implies that the column-1-halls c0c1 and c2c3 must have the same shear vector as the sum of the shear vectors of the column-1-halls c0c1 and c1c2, and c2c3 and c1c2, must now be the same. Hence, if there also exists a brace in [r0r2,c0c1], we can further conclude that there is an implicit brace in [r0r2,c2c3]. This is known as parallelogramic connectivity. In formal terms, we say that a partition of the associated bipartite graph (VR,VC) into a collection of subgraphs (VR1,VC1)…(VRt,VCt) satisfies the parallelogramic condition if aiai+2, ai+1ai+3 ( VRs iff aiai+1, ai+2ai+3 ( VRs’ for some s and s’, where a = r or c.

A 1(2-partition of the associated bipartite graph (VR,VC) is defined to be a partition satisfying the parallelogramic condition for which where each subgraph satisfies the triangular condition. The associated bipartite graph is said to be 1(2-connected if the only 1(2-partition is into a single subgraph (t = 1 in the above definition). If there is a partition of the associated bipartite graph into more than 1 subgraph, the graph is then said to be 1(2-disconnected.

Theorem 2. 
A grid braced with 1(2 braces is infinitesimally rigid if the associated bipartite graph is 1(2-connected.

Proof: Denote the components of the 1(2-connected associated bipartite graph (VR,VC) by (VR1,VC1)…(VRt,VCt). The 1(2-partition of the associated bipartite graph contains subgraphs which are each the union of components of (VR,VC) itself. By the triangular condition, we have for a = r or c, if any two of aiai+1, ai+1ai+2, aiai+2 are in VRs, then the third vertex, together with its entire component, must be placed in VRs for the partition to be a 1(2-partition. Applying the parallelogramic condition next, we have for all aiai+2, ai+1ai+3 ( VRs’, the components containing aiai+1 and ai+2ai+3 must be combined into VRs’ as well. This process may be continued until a 1(2-partition is reached. Since the associated bipartite graph is 1(2-connected, the only final 1(2-partition must have only one subgraph, (VR,VC) itself.

We now turn to further investigation of other properties of associated bipartite graphs of bracings of m ( n grids, beginning with 2 ( n grids.

5. Cycles

For a 2(n graph, a bracing is defined to contain a cycle if and only if there exists at least 2 column-2-halls with 2 horizontal braces in each of them. Whenever 3 of the 4 horizontal braces are present, the 4th brace indicated by the dotted line, is automatically implied, hence the 4th brace is redundant and does not serve to eliminate any internal degree of freedom. Therefore, we can safely exclude any bracing of a grid that contains at least 1 cycle in our investigations as any minimal set of braces cannot contain a redundant brace.



Figure 10: A cyclic set of braces.

Bipartite representation

The corresponding bipartite graph for the related 2-hall columns resembles a cycle in graph theory.





 
Figure 11: Representation of a cyclic set of braces on the bipartite graph.

This implies that there exists an edge joining the vertices r1r2 and cjcj+2 as shown by the dotted line.

6. Even and odd spaces

2 1-hall vertices are even spaces apart if and only if the number of 2-hall vertices between them is even.





            
                   Even spaces apart

Figure 12: Representation of even spaces in the bipartite graph.

2 1-hall vertices are called odd spaces apart if and only if the number of 2-hall vertices between them is odd. (i.e. odd no. of black dots)


                                Odd spaces apart

Figure 13: Representation of odd spaces in the bipartite graph.

7. Further Definitions

If a column-2-hall cici+2 does not contain any horizontal brace, ci+1 is defined to be a partition. 2 partitions A and B are adjacent if there does not exist some partition  that lies between A and B. 

A grid component is defined to be the collection of halls from a partition to an adjacent partition.

Properties

Lemma 3.  
A grid with all 1-halls and 2-halls braced by 1 ( 2 braces is 

                        infinitesimally rigid.

Proof: 
If a grid has all its 1-halls and 2-halls braced by long braces, its bipartite graph can be divided into 2 complete bipartite components. Triangular connectivity then implies that the associated bipartite graph is 1(2 connected as a whole. By theorem 2, the lemma is proven.

2 ( n grids

Our investigation of rigid bracings of m ( n grids began with observing the 2 ( n cases.

· A 2 ( n grid requires 2 + n - 1 = n + 1 braces.

We hereby assume that there are n + 1 braces for all the following cases.

Lemma 4.
Any grid which contains a cycle is not rigid.

Proof:
A grid which consists a cycle is not rigid as there is an implied brace and the remaining braces will not be enough to make the grid infinitesimally rigid.

Thus, we assume also that there are no cycles in all the following cases.

Case 1:  no vertical brace

A 2 ( n grid with no vertical braces is not rigid.

Assume there are no cycles in a grid with n + 1 horizontal braces. A 2 ( n grid has n - 1 column-2-halls. Since there does not exist any cycles, any 2 column-2-halls can have at most 3 horizontal braces. This implies that there can be only 1 column-2-hall that consists of 2 horizontal braces. Therefore, there can only be at most n braces in the grid, which is a contradiction. Hence, there exist cycle(s) in a 2(n grid with n+1 horizontal braces. By lemma 4, a 2 ( n grid with no vertical braces is not rigid.

Case 2: 1 vertical brace, n horizontal braces

A 2(n grid with 1 vertical brace and n horizontal braces is infinitesimally rigid

A grid with n horizontal braces and no cycle has only 1 column-2-hall which contains 2 horizontal braces, and the other (n-2) column-2-halls contain 1 horizontal brace each. As such, cyclic connectivity implies horizontal braces in every column-2-hall. Following that, with 1 vertical brace, triangular connectivity assigns vertical braces across every column-1-hall. Hence, all 1-halls and 2-halls are braced. By lemma 3, the associated bipartite graph is 1(2 connected, and thus by theorem 2, 2(n grids with 1 vertical brace and no cycles are infinitesimally rigid.

Case 3: k + 1 vertical braces, n - k  horizontal braces

A 2 ( n grid has n – 1 column-2-halls. With n – k horizontal braces, there will be either   k – 1 or k partitions, and therefore k or k + 1 grid components.

Lemma 5. 
A grid component which does not contain a vertical brace is not 

                 
infinitesimally rigid.

Proof:
Consider a grid component ci​cj, i < j, which does not contain a vertical brace. Without loss of generality, we assume that the neighboring grid components are infinitesimally rigid. The associated bipartite graph will have shear numbering as follows.


Figure 14: 
The associated bipartite graph of a grid component without any vertical braces.

As we can clearly see, an infinitesimal motion can be applied to the grid component which does not contain a vertical brace. Hence, a grid component which does not contain a vertical brace is not infinitesimally rigid. 

By Lemma 5, the number of possible infinitesimally rigid cases reduces to cases where there exists at least 1 vertical in each grid component. Hence, given the k or k + 1 grid components and the k + 1 verticals, we have the following cases.

Case 3(a): There exists one and only one vertical brace in each grid component; there exists only 1 column-2-hall with 2 horizontal braces.

Consider the grid component containing the column-2-hall with 2 horizontal braces (remember that a grid component cicj, by definition, has at least 1 horizontal brace in every ckck+2 hall for all k ( [i, j-2]). By cyclic connectivity, horizontal braces are implied in the grid component such that every column-2-hall has 2 horizontal braces. Given the 1 vertical brace, triangular connectivity implies vertical braces in every other column-1-hall in the grid component. Hence, the grid component is infinitesimally rigid.

Lemma 6.
A graph is infinitesimally rigid if there exists an infinitesimally rigid 

grid component and the other grid components each have at least 1 


vertical.

Proof: Without loss of generality, consider an infinitesimally rigid grid component cicj and a neighboring grid component cjcm which contains 1 horizontal brace in each column-2-hall and 1 vertical brace in some column-1-hall. Parallelogramic connectivity implies that there exists a (implied) vertical brace in either the cjcj+1 hall or the cj+1cj+2 hall. The following are the 2 resultant cases.

  cj        cj+1        




              cj+1    cj+2


    


       Rigid Grid  




       Rigid Grid

      Component




      Component

Figure 15(a): Neighboring grid
         Figure 15(b): Neighboring grid component

                      component with (implied)                           with (implied) vertical brace

                      vertical brace in cjcj+1. 


       in cj+1cj+2.
As we can see, parallelogramic connectivity implies horizontal braces across the cj-1cj+1 column-2-hall. Following that, triangular connectivity implies vertical braces in every column-1-hall to make the combined grid component cick infinitesimally rigid.

This procedure can then be extended to subsequent neighboring grid components until the whole 2 ( n grid is shown to be infinitesimally rigid.

Case 3(b): There exists exactly one grid component with 2 vertical braces; there exists at most 1 horizontal brace in each and every column-2-hall

We start by observing the grid component with 2 vertical braces. Let this grid component be cicj. Since there does not exist a column-2-hall with 2 horizontal braces, we have 1 and only 1 horizontal brace in all column-2-halls ckck+2 for all k ( [i, k-2]. Let the vertical braces be in the column-1-halls cmcm+1 and cn​cn+1, i ≤ m < n ≤ j.

Now, consider the bipartite representation of the grid from cmcm+1 to cncn+1, with the shear numbers assigned as such without loss of generality.


Figure 16: Associated bipartite graph of a component with 2 vertical braces.

If both of cmcm+2 and cm+1cm+3 are both connected to r0r1 or are both connected to r1r2, Parallelogramic connectivity assigns an edge from r0r2 to cm+2cm+3.

Case 3(b) (i): n - m is even

In order to show infinitesimal rigidity, we have to show that there does not exist a non-trivial shear numbering in the associated bipartite graph. Hence, with lemma 6, all we have to show is that there does not exist a non-trivial shear numbering in the bipartite graph with VC containing only vertices from cmcm+1 to cn-1cn. Let this portion of the bipartite graph be called V’C.

We first start by classifying the black vertices in V’C. A block is a set of black vertices {cici+2, ci+1ci+3, ci+2ci+4… cjcj+2} such that they are all adjacent to r0r1 or are all adjacent to r1r2. A block is even if the block has an even number of elements and odd if it has an odd number of elements.
The problem is now reduced to as follows:



   … …  

   … …               … …         … …  




         cmcm+1      Block 1
c1
 Block 2        c2    … …     Block k         cncn+1


Figure 17: Reduced problem set from figure 16.

Obviously, by Parallelogramic connectivity, if block 1 is even, c1 will have shear number 0 too. Similarly, if block k is even, ck-1 will have shear number 0. So without loss of generality, we assume that blocks 1 and k are both odd. 

In fact, if we take closer look, if ca (1 ≤ a ≤ k) is of shear number x and if, say, block   a + 1 is even, ca+1 is of shear number x. On the other hand, if block a + 1 is odd, ca+1 will be of shear number x ± 2.

Hence, when assigning the shear numbers to VC, we can simply ignore the even blocks for convenience as they do not give the same shear number to the white vertices that lie to their left and right. Without loss of generality, what we have remains as follows:



       
       r0r1
r0r2
     r1r2



  
            -1
             0             1

                Odd block        Odd block          Odd block         Odd block   ……  







         

Figure 18: 
Assigning shear numbers to odd blocks.

( = (-1)(number of odd blocks) ( 2(number of odd blocks)
Since ( ( 0, we conclude that that we cannot assign a non-trivial infinitesimal motion to V’C. Hence, V’C is infinitesimally rigid. By triangular connectivity, we extend infinitesimal rigidity to the grid component with 2 verticals. By lemma 6, the grid is infinitesimally rigid. Hence, we come to a conclusion that for cases where 1)n – m is even and 2)odd blocks exist, the grid is infinitesimally rigid.

When there are only even blocks between cm and cn, we can easily assign infinitesimal motions to the even blocks as shown.







  



                       x          x ( 2       x ( 2          x             x
                x


Figure 19: Assigning shear numbers to even blocks.

Hence, we conclude that a grid without any odd blocks is not infinitesimally rigid.
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