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Abstract

Gales Vingt-et-un is a simple yet interesting mathematical 2- player game that is still deemed unsolvable (which means neither player can find a winning move) in a 1996 mathematical publication. Our project is to explore to see if there are any winning strategies for either players, and to proceed on some further investigations by changing some of the important parameters, and analyzing the outcome.

1. Introduction

In the book “Games of No Chance” MSRI Volume 29, 1996, Richard K. Guy listed down saying that the game Gale’s Vingt-et-un (or Gale’s 21) is one of the unsolved problems in combinatorial games. As such, a number of people have tried to solve this problem, but not much documentation of the investigation of this game has been done. In this project, we tried to investigate the game to see whether there is a certain strategy that the players can follow in order to win, or that this is a neutral game. We later found out that the game is too easy, and that it is biased towards the first player. Thus we varied the parameters that then led us to a higher level of investigation and to obtain a deeper understanding of the game. 

1.1 Rules of The Game (Gale’s Vingt-en-un)

Cards numbered 1 thru 10 are laid on the table. P1
 chooses a card. Then P2 chooses cards until his total of chosen cards exceeds the card chosen by P1. Then P1 chooses until his cumulative total exceeds that of P2 etc. The first player to get 21 wins. Who is it?

(The rules can be interpreted to mean either ‘21 exactly’ or ‘21 or more’. Jeffrey Magnolis, a student of Julian West, thought the second interpretation is more interesting, and found a first player win in a 6-card Onze (6-card 11) and in 8-card Dix-sept (8-Card 17))

2. Investigation

Before we begin our investigation, let us define some terms and conventions.

Definition:

In the notion (n, m) used, n represents the number of cards from 1 to n, and m represents the total points that each player has to exceed in order to win. Thus (10,21) is the same as Gale’s Vingt-en-un (or Gale’s-21), (6,11) is the same as 6-card Onze and (8,17) is the same as 8-card Dix-sept. For the rules of the game, we will stick to the second interpretation in this project (namely to have exactly the number of points or exceed it for a player to win).

2.1 The Original Game: Gale’s-21

Let us take a look at the at the game of Gale’s-21, to see if there is a sure-win move for player 1 or player 2. Below is the list of moves for player 1, and how player 2 can respond to win. Notice that the order of the card being taken is very important (for example, 1+ 2 + 10 is not equivalent to 10 + 2 + 1. This is because say Player 1 has 7 points. Then Player 2 can pick 1+2+10 to exceed 7 points, but if he picks 10 first, he cannot pick 2 and 1 later. This distinction is very critical for the game.)

Below is the table which shows that player 2 will win when ever player 1 chooses cards 2 to 10 for his first card. Thus the only hope left for player 1 to win is for him to choose ‘1’ as his first card.

	P1
	P2
	P1
	P2
	P1
	P2
	P1

	10
	1+2+3+4+5
	Any card
	8 or 9.
	
	
	

	9
	1+2+3+6
	10

any other card
	4+8

10
	
	
	

	8
	1+2+3+5
	10

any other card
	4+9

10
	
	
	

	7
	1+2+5
	3

4

any other card
	4 

3+10

4+9 or 4+10
	Any card
	9 or 10
	

	6
	1+2+3+5
	4+ (any card <10)

4+10

(any card <10)

10
	10

7+8

10

4+9
	
	
	

	5
	2+3+6
	{1}+{4)+(any card<10)

{1}+{4}+10
	10

7+8
	
	
	

	4
	1+2+3
	10

7, 8 or 9

6

5
	5+9

5+10

5

6
	10

any  other card

any card
	7+8

10

9 or 10
	

	3
	2+4
	{1}+10

{1}+9

{1}+8

7

1+7

{1}+6

{1}+5
	6+9

5+10

5+10

1+5

5+10

5

6
	Any card

10

any other card

any card
	9 or 10

7+8

10

9 or 10
	

	2
	1+4
	{3}+10

{3}+9

{3}+8

{3}+7

6

3+6

{3}+5
	7+9

6+10

6+10

6+10

3+5

10

6
	Any card

Any card

10

any other card
	9 or 10

8 or 9

7+8

10
	


{x} denotes that the card x is optional.

Below is the result of Gale’s 21 when generated by the computer program with player 1 choosing ‘1’ as his first move. By exhaustive search, we can see that there exist a first move (by picking up 1 in this case) such that whatever player 2 picks after that, player 1 will have a strategy that will cause player 2 to lose in the end.

n=10, m=21

( 1 ) ( 10 ) ( 3  9 ) ( 8 ) ( 5  7 ) 

( 1 ) ( 10 ) ( 3  9 ) ( 7 ) ( 8 ) 

( 1 ) ( 10 ) ( 3  9 ) ( 6 ) ( 8 ) 

( 1 ) ( 10 ) ( 3  9 ) ( 5 ) ( 8 ) 

( 1 ) ( 10 ) ( 3  9 ) ( 4 ) ( 8 ) 

( 1 ) ( 10 ) ( 3  9 ) ( 2  8 ) ( 6  7 ) 

( 1 ) ( 10 ) ( 3  9 ) ( 2  7 ) ( 8 ) 

( 1 ) ( 10 ) ( 3  9 ) ( 2  6 ) ( 8 ) 

( 1 ) ( 10 ) ( 3  9 ) ( 2  5 ) ( 8 ) 

( 1 ) ( 10 ) ( 3  9 ) ( 2  4 ) ( 8 ) 

( 1 ) ( 9 ) ( 2  8 ) ( 10 ) ( 6  7 ) 

( 1 ) ( 9 ) ( 2  8 ) ( 7 ) ( 10 ) 

( 1 ) ( 9 ) ( 2  8 ) ( 6 ) ( 10 ) 

( 1 ) ( 9 ) ( 2  8 ) ( 5 ) ( 10 ) 

( 1 ) ( 9 ) ( 2  8 ) ( 4 ) ( 10 ) 

( 1 ) ( 9 ) ( 2  8 ) ( 3 ) ( 10 ) 

( 1 ) ( 8 ) ( 3  7 ) ( 10 ) ( 6  9 ) 

( 1 ) ( 8 ) ( 3  7 ) ( 9 ) ( 10 ) 

( 1 ) ( 8 ) ( 3  7 ) ( 6 ) ( 10 ) 

( 1 ) ( 8 ) ( 3  7 ) ( 5 ) ( 10 ) 

( 1 ) ( 8 ) ( 3  7 ) ( 4 ) ( 10 ) 

( 1 ) ( 8 ) ( 3  7 ) ( 2  10 ) ( 6  9 ) 

( 1 ) ( 8 ) ( 3  7 ) ( 2  9 ) ( 10 ) 

( 1 ) ( 8 ) ( 3  7 ) ( 2  6 ) ( 10 ) 

( 1 ) ( 8 ) ( 3  7 ) ( 2  5 ) ( 10 ) 

( 1 ) ( 8 ) ( 3  7 ) ( 2  4 ) ( 10 ) 

( 1 ) ( 7 ) ( 4  6 ) ( 10 ) ( 5  9 ) 

( 1 ) ( 7 ) ( 4  6 ) ( 9 ) ( 10 ) 

( 1 ) ( 7 ) ( 4  6 ) ( 8 ) ( 10 ) 

( 1 ) ( 7 ) ( 4  6 ) ( 5 ) ( 10 ) 

( 1 ) ( 7 ) ( 4  6 ) ( 3  10 ) ( 8  9 ) 

( 1 ) ( 7 ) ( 4  6 ) ( 3  9 ) ( 10 ) 

( 1 ) ( 7 ) ( 4  6 ) ( 3  8 ) ( 10 ) 

( 1 ) ( 7 ) ( 4  6 ) ( 3  5 ) ( 10 ) 

( 1 ) ( 7 ) ( 4  6 ) ( 2  10 ) ( 8  9 ) 

( 1 ) ( 7 ) ( 4  6 ) ( 2  9 ) ( 10 ) 

( 1 ) ( 7 ) ( 4  6 ) ( 2  8 ) ( 10 ) 

( 1 ) ( 7 ) ( 4  6 ) ( 2  5 ) ( 10 ) 

( 1 ) ( 7 ) ( 4  6 ) ( 2  3 ) ( 10 ) 

( 1 ) ( 6 ) ( 2  5 ) ( 10 ) ( 8  9 ) 

( 1 ) ( 6 ) ( 2  5 ) ( 9 ) ( 7  10 ) 

( 1 ) ( 6 ) ( 2  5 ) ( 8 ) ( 4  10 ) 

( 1 ) ( 6 ) ( 2  5 ) ( 7 ) ( 4  10 ) 

( 1 ) ( 6 ) ( 2  5 ) ( 4 ) ( 3 ) ( 10 ) ( 8  9 ) 

( 1 ) ( 6 ) ( 2  5 ) ( 4 ) ( 3 ) ( 9 ) ( 10 ) 

( 1 ) ( 6 ) ( 2  5 ) ( 4 ) ( 3 ) ( 8 ) ( 10 ) 

( 1 ) ( 6 ) ( 2  5 ) ( 4 ) ( 3 ) ( 7 ) ( 10 ) 

( 1 ) ( 6 ) ( 2  5 ) ( 3 ) ( 4 ) ( 10 ) ( 9 ) 

( 1 ) ( 6 ) ( 2  5 ) ( 3 ) ( 4 ) ( 9 ) ( 10 ) 

( 1 ) ( 6 ) ( 2  5 ) ( 3 ) ( 4 ) ( 8 ) ( 10 ) 

( 1 ) ( 6 ) ( 2  5 ) ( 3 ) ( 4 ) ( 7 ) ( 10 ) 

( 1 ) ( 5 ) ( 4  6 ) ( 10 ) ( 3  9 ) 

( 1 ) ( 5 ) ( 4  6 ) ( 9 ) ( 10 ) 

( 1 ) ( 5 ) ( 4  6 ) ( 8 ) ( 10 ) 

( 1 ) ( 5 ) ( 4  6 ) ( 7 ) ( 10 ) 

( 1 ) ( 5 ) ( 4  6 ) ( 3  10 ) ( 7  9 ) 

( 1 ) ( 5 ) ( 4  6 ) ( 3  9 ) ( 10 ) 

( 1 ) ( 5 ) ( 4  6 ) ( 3  8 ) ( 10 ) 

( 1 ) ( 5 ) ( 4  6 ) ( 3  7 ) ( 10 ) 

( 1 ) ( 5 ) ( 4  6 ) ( 2  10 ) ( 3  9 ) 

( 1 ) ( 5 ) ( 4  6 ) ( 2  9 ) ( 10 ) 

( 1 ) ( 5 ) ( 4  6 ) ( 2  8 ) ( 10 ) 

( 1 ) ( 5 ) ( 4  6 ) ( 2  7 ) ( 10 ) 

( 1 ) ( 5 ) ( 4  6 ) ( 2  3  10 ) ( 8  9 ) 

( 1 ) ( 5 ) ( 4  6 ) ( 2  3  9 ) ( 10 ) 

( 1 ) ( 5 ) ( 4  6 ) ( 2  3  8 ) ( 10 ) 

( 1 ) ( 5 ) ( 4  6 ) ( 2  3  7 ) ( 10 ) 

( 1 ) ( 4 ) ( 2  3 ) ( 10 ) ( 8  9 ) 

( 1 ) ( 4 ) ( 2  3 ) ( 9 ) ( 7  10 ) 

( 1 ) ( 4 ) ( 2  3 ) ( 8 ) ( 6  10 ) 

( 1 ) ( 4 ) ( 2  3 ) ( 7 ) ( 5  10 ) 

( 1 ) ( 4 ) ( 2  3 ) ( 6 ) ( 8 ) ( 10 ) ( 9 ) 

( 1 ) ( 4 ) ( 2  3 ) ( 6 ) ( 8 ) ( 9 ) ( 10 ) 

( 1 ) ( 4 ) ( 2  3 ) ( 6 ) ( 8 ) ( 7 ) ( 10 ) 

( 1 ) ( 4 ) ( 2  3 ) ( 6 ) ( 8 ) ( 5 ) ( 10 ) 

( 1 ) ( 4 ) ( 2  3 ) ( 5 ) ( 8 ) ( 10 ) ( 9 ) 

( 1 ) ( 4 ) ( 2  3 ) ( 5 ) ( 8 ) ( 9 ) ( 10 ) 

( 1 ) ( 4 ) ( 2  3 ) ( 5 ) ( 8 ) ( 7 ) ( 10 ) 

( 1 ) ( 4 ) ( 2  3 ) ( 5 ) ( 8 ) ( 6 ) ( 10 ) 

( 1 ) ( 3 ) ( 4 ) ( 10 ) ( 8  9 ) 

( 1 ) ( 3 ) ( 4 ) ( 9 ) ( 7  10 ) 

( 1 ) ( 3 ) ( 4 ) ( 8 ) ( 6  10 ) 

( 1 ) ( 3 ) ( 4 ) ( 7 ) ( 6 ) ( 10 ) ( 8  9 ) 

( 1 ) ( 3 ) ( 4 ) ( 7 ) ( 6 ) ( 9 ) ( 10 ) 

( 1 ) ( 3 ) ( 4 ) ( 7 ) ( 6 ) ( 8 ) ( 10 ) 

( 1 ) ( 3 ) ( 4 ) ( 7 ) ( 6 ) ( 5 ) ( 10 ) 

( 1 ) ( 3 ) ( 4 ) ( 7 ) ( 6 ) ( 2 ) ( 10 ) 

( 1 ) ( 3 ) ( 4 ) ( 6 ) ( 2  5 ) ( 10 ) ( 9 ) 

( 1 ) ( 3 ) ( 4 ) ( 6 ) ( 2  5 ) ( 9 ) ( 10 ) 

( 1 ) ( 3 ) ( 4 ) ( 6 ) ( 2  5 ) ( 8 ) ( 10 ) 

( 1 ) ( 3 ) ( 4 ) ( 6 ) ( 2  5 ) ( 7 ) ( 10 ) 

( 1 ) ( 3 ) ( 4 ) ( 5 ) ( 8 ) ( 10 ) ( 9 ) 

( 1 ) ( 3 ) ( 4 ) ( 5 ) ( 8 ) ( 9 ) ( 10 ) 

( 1 ) ( 3 ) ( 4 ) ( 5 ) ( 8 ) ( 7 ) ( 10 ) 

( 1 ) ( 3 ) ( 4 ) ( 5 ) ( 8 ) ( 6 ) ( 10 ) 

( 1 ) ( 3 ) ( 4 ) ( 5 ) ( 8 ) ( 2  10 ) ( 9 ) 

( 1 ) ( 3 ) ( 4 ) ( 5 ) ( 8 ) ( 2  9 ) ( 10 ) 

( 1 ) ( 3 ) ( 4 ) ( 5 ) ( 8 ) ( 2  7 ) ( 10 ) 

( 1 ) ( 3 ) ( 4 ) ( 5 ) ( 8 ) ( 2  6 ) ( 10 ) 

( 1 ) ( 3 ) ( 4 ) ( 2  10 ) ( 8  9 ) 

( 1 ) ( 3 ) ( 4 ) ( 2  9 ) ( 8  10 ) 

( 1 ) ( 3 ) ( 4 ) ( 2  8 ) ( 7  10 ) 

( 1 ) ( 3 ) ( 4 ) ( 2  7 ) ( 6  10 ) 

( 1 ) ( 3 ) ( 4 ) ( 2  6 ) ( 10 ) ( 9 ) ( 8 ) 

( 1 ) ( 3 ) ( 4 ) ( 2  6 ) ( 10 ) ( 8 ) ( 9 ) 

( 1 ) ( 3 ) ( 4 ) ( 2  6 ) ( 10 ) ( 7 ) ( 9 ) 

( 1 ) ( 3 ) ( 4 ) ( 2  6 ) ( 10 ) ( 5 ) ( 9 ) 

( 1 ) ( 3 ) ( 4 ) ( 2  5 ) ( 10 ) ( 9 ) ( 8 ) 

( 1 ) ( 3 ) ( 4 ) ( 2  5 ) ( 10 ) ( 8 ) ( 9 ) 

( 1 ) ( 3 ) ( 4 ) ( 2  5 ) ( 10 ) ( 7 ) ( 9 ) 

( 1 ) ( 3 ) ( 4 ) ( 2  5 ) ( 10 ) ( 6 ) ( 9 ) 

( 1 ) ( 2 ) ( 4 ) ( 10 ) ( 9 ) ( 8 ) ( 7 ) 

( 1 ) ( 2 ) ( 4 ) ( 10 ) ( 9 ) ( 7 ) ( 8 ) 

( 1 ) ( 2 ) ( 4 ) ( 10 ) ( 9 ) ( 6 ) ( 8 ) 

( 1 ) ( 2 ) ( 4 ) ( 10 ) ( 9 ) ( 5 ) ( 8 ) 

( 1 ) ( 2 ) ( 4 ) ( 10 ) ( 9 ) ( 3 ) ( 8 ) 

( 1 ) ( 2 ) ( 4 ) ( 9 ) ( 6  10 ) 

( 1 ) ( 2 ) ( 4 ) ( 8 ) ( 7 ) ( 10 ) ( 9 ) 

( 1 ) ( 2 ) ( 4 ) ( 8 ) ( 7 ) ( 9 ) ( 10 ) 

( 1 ) ( 2 ) ( 4 ) ( 8 ) ( 7 ) ( 6 ) ( 10 ) 

( 1 ) ( 2 ) ( 4 ) ( 8 ) ( 7 ) ( 5 ) ( 10 ) 

( 1 ) ( 2 ) ( 4 ) ( 8 ) ( 7 ) ( 3 ) ( 10 ) 

( 1 ) ( 2 ) ( 4 ) ( 7 ) ( 6 ) ( 10 ) ( 8  9 ) 

( 1 ) ( 2 ) ( 4 ) ( 7 ) ( 6 ) ( 9 ) ( 10 ) 

( 1 ) ( 2 ) ( 4 ) ( 7 ) ( 6 ) ( 8 ) ( 10 ) 

( 1 ) ( 2 ) ( 4 ) ( 7 ) ( 6 ) ( 5 ) ( 10 ) 

( 1 ) ( 2 ) ( 4 ) ( 7 ) ( 6 ) ( 3 ) ( 10 ) 

( 1 ) ( 2 ) ( 4 ) ( 6 ) ( 3  5 ) ( 10 ) ( 9 ) 

( 1 ) ( 2 ) ( 4 ) ( 6 ) ( 3  5 ) ( 9 ) ( 10 ) 

( 1 ) ( 2 ) ( 4 ) ( 6 ) ( 3  5 ) ( 8 ) ( 10 ) 

( 1 ) ( 2 ) ( 4 ) ( 6 ) ( 3  5 ) ( 7 ) ( 10 ) 

( 1 ) ( 2 ) ( 4 ) ( 5 ) ( 7 ) ( 10 ) ( 9 ) 

( 1 ) ( 2 ) ( 4 ) ( 5 ) ( 7 ) ( 9 ) ( 10 ) 

( 1 ) ( 2 ) ( 4 ) ( 5 ) ( 7 ) ( 8 ) ( 10 ) 

( 1 ) ( 2 ) ( 4 ) ( 5 ) ( 7 ) ( 6 ) ( 10 ) 

( 1 ) ( 2 ) ( 4 ) ( 5 ) ( 7 ) ( 3  10 ) ( 9 ) 

( 1 ) ( 2 ) ( 4 ) ( 5 ) ( 7 ) ( 3  9 ) ( 10 ) 

( 1 ) ( 2 ) ( 4 ) ( 5 ) ( 7 ) ( 3  8 ) ( 10 ) 

( 1 ) ( 2 ) ( 4 ) ( 5 ) ( 7 ) ( 3  6 ) ( 10 ) 

( 1 ) ( 2 ) ( 4 ) ( 3  10 ) ( 8  9 ) 

( 1 ) ( 2 ) ( 4 ) ( 3  9 ) ( 8  10 ) 

( 1 ) ( 2 ) ( 4 ) ( 3  8 ) ( 7  10 ) 

( 1 ) ( 2 ) ( 4 ) ( 3  7 ) ( 6  10 ) 

( 1 ) ( 2 ) ( 4 ) ( 3  6 ) ( 10 ) ( 9 ) ( 8 ) 

( 1 ) ( 2 ) ( 4 ) ( 3  6 ) ( 10 ) ( 8 ) ( 9 ) 

( 1 ) ( 2 ) ( 4 ) ( 3  6 ) ( 10 ) ( 7 ) ( 9 ) 

( 1 ) ( 2 ) ( 4 ) ( 3  6 ) ( 10 ) ( 5 ) ( 9 ) 

( 1 ) ( 2 ) ( 4 ) ( 3  5 ) ( 10 ) ( 9 ) ( 8 ) 

( 1 ) ( 2 ) ( 4 ) ( 3  5 ) ( 10 ) ( 8 ) ( 9 ) 

( 1 ) ( 2 ) ( 4 ) ( 3  5 ) ( 10 ) ( 7 ) ( 9 ) 

( 1 ) ( 2 ) ( 4 ) ( 3  5 ) ( 10 ) ( 6 ) ( 9 )
The number(s) (representing the card numbers) within each bracket represents the moves are that player 1 or player 2 can take. For example, the number(s) within the first bracket represents the moves that player 1 can take, the number(s) within the second bracket represents the moves that player 2 can take etc. Thus, by counting the number of groups of brackets for the given data, one can conclude whether player 1 or player 2 wins finally. (For example, if the total number of brackets is even, it means player 2 has won. If the total number of brackets is odd, it shows that player 1 has won.)

In fact the format of the brackets and the numbers inside them can be generated by the computer program #2 (which can be found in the appendices). Using this program, we have generated all the non-draw cases when n=1 all the way to n=12.

2.2 The General Game (n, m)

Let us analyse the results for general cases (n, m), where m <= n

( Player 1 wins, by taking m as the first card. (obvious).

Let us analyse the results for general cases in the form (n, n+k), where k=1,2,3……

When k=1, player 1 wins.

	P1
	P2
	P1
	P2
	P1
	P2

	1
	n

Any other card
	2+(n-1)

n
	
	
	


When k=2, player 1 wins.

	P1
	P2
	P1
	P2
	P1
	P2

	2
	n

any other card
	1+(n-1)

n
	
	
	


When k=3, player 1 wins.

	P1
	P2
	P1
	P2
	P1
	P2

	>= 3
	1+2+n 
	
	
	
	

	2
	1+3
	Any card
	n or (n-1)
	
	

	1 (win)
	>=3

2
	2+n

3
	Any card
	n or (n-1)
	


When k=4, player 1 wins.

	P1
	P2
	P1
	P2
	P1
	P2

	>=4
	1+4+n
	
	
	
	

	3
	1+2+4
	Any card
	n, (n-1) 
	
	

	2
	1+3
	n

any other card
	4 + (n-1)

n
	
	

	1 (win)
	>=4

3

2
	3+n

2+4

3
	Any card

Any card

n
	n or (n-1)

n

4+(n-1)
	


When k=5, player 1 wins.

	P1
	P2
	P1
	P2
	P1
	P2

	>= 5
	1+4+n
	
	
	
	

	4
	1+2+3
	Any card
	n or (n-1)
	
	

	3
	1+2+4
	Any card
	n or (n-1)
	
	

	2 (win)
	>=5

4

3

1+3

1+4
	3+n

1+3

1+4

4

3+n
	Any card

Any card

Any card
	n or (n-1)

n or (n-1)

n or (n-1)
	

	1 
	>=5

4

3

2


	4+n

2+3

2+4

>=4

3
	Any card

Any card

3+n (P2 wins)

4
	n or (n-1)

n or (n-1)
	


When k=6, player 1 wins.

	P1
	P2
	P1
	P2
	P1
	P2

	>=6
	1+5+n
	
	
	
	

	5
	1+2+4
	Any cards
	n or (n-1)
	
	

	4
	1+2+3
	n

any other card
	5+(n-1)

n
	
	

	3
	1+2+4
	Any card
	n or (n-1)
	
	

	2 (win)
	>=6

5

4

3

1+3

1+4

1+5

1+ >=6
	4+n

1+4

1+3

1+4

5

3+5

3+4+n

5+n
	Any card

n

any other card

any card

any card

any card
	n or (n-1)

5+ (n-1)

n or (n-1)

n or (n-1)

n or (n-1)

n or (n-1)
	

	1
	>=6

5

4

3

2


	5+n

2+4

2+3

2+4

>=5

4

3
	Any card

Any card

n

Any card

4+n

3+5

5
	n or (n-1)

n

5+(n-1)

n or (n-1)

any card

any card
	n or (n-1)

n or (n-1)


When k=7, player 2 wins. If n>7

	P1
	P2
	P1
	P2
	P1
	P2

	n
	 3+5+(n-1)
	
	
	
	

	>=7 and < n
	3+4+n
	
	
	
	

	6
	1+2+4
	n
	X+(n-1)

Where n-1>X
	
	

	5
	1+2+4
	n
	X+(n-1)

Where n-1>X
	
	

	4
	1+3+5
	n or (n-1)
	
	
	

	3
	1+2+4
	n
	X+(n-1), X>4

where4<X<n-5
	
	

	2
	4


	n

>=5 and <n

3

1+3
	5+(n-1)

1+3+n

5

5
	1+ any card

any card > 1

any card
	n or (n-1)

n or (n-1)

n or (n-1)

	1
	2


	>=6

5

4

3
	5+n

3+4

3+5

5
	Any card

Any card

n

any other card
	n or (n-1)

n or (n-1)

4+(n-1) 

n


Note 
that in the above table, the notion X is used. X actually represents any card, provided X does not represent (n-1) or any other card beside it. This is important to note because it accounts for the asymmnetry in the cases (7,14) and (8,15). The reason for the above analysis fails to work on these 2 cases is due to the fact such that we cannot find this X tin the case the first card for P1 is 3. Thus the analysis holds true if n>8.

Below is an analysis on how P1 can win if he chooses 3 as his first card for (7, 14).

( 3 ) ( 7 ) ( 1  4 ) ( 6 ) ( 2  5 ) 

( 3 ) ( 7 ) ( 1  4 ) ( 5 ) ( 6 ) 

( 3 ) ( 7 ) ( 1  4 ) ( 2 ) ( 6 ) 

( 3 ) ( 6 ) ( 1  2  4 ) ( 7 ) ( 5 ) 

( 3 ) ( 6 ) ( 1  2  4 ) ( 5 ) ( 7 ) 

( 3 ) ( 5 ) ( 2  4 ) ( 7 ) ( 6 ) 

( 3 ) ( 5 ) ( 2  4 ) ( 6 ) ( 7 ) 

( 3 ) ( 5 ) ( 2  4 ) ( 1  7 ) ( 6 ) 

( 3 ) ( 5 ) ( 2  4 ) ( 1  6 ) ( 7 ) 

( 3 ) ( 4 ) ( 1  5 ) ( 7 ) ( 6 ) 

( 3 ) ( 4 ) ( 1  5 ) ( 6 ) ( 7 ) 

( 3 ) ( 4 ) ( 1  5 ) ( 2  7 ) ( 6 ) 

( 3 ) ( 4 ) ( 1  5 ) ( 2  6 ) ( 7 ) 

( 3 ) ( 2  7 ) ( 5  6 ) 

( 3 ) ( 2  6 ) ( 5  7 ) 

( 3 ) ( 2  5 ) ( 4  7 ) 

( 3 ) ( 2  4 ) ( 7 ) ( 6 ) ( 5 ) 

( 3 ) ( 2  4 ) ( 7 ) ( 5 ) ( 6 ) 

( 3 ) ( 2  4 ) ( 7 ) ( 1  6 ) ( 5 ) 

( 3 ) ( 2  4 ) ( 7 ) ( 1  5 ) ( 6 ) 

( 3 ) ( 1  7 ) ( 6 ) ( 5 ) ( 2  4 ) 

( 3 ) ( 1  7 ) ( 6 ) ( 4 ) ( 5 ) 

( 3 ) ( 1  7 ) ( 6 ) ( 2 ) ( 5 ) 

( 3 ) ( 1  6 ) ( 4  7 ) 

( 3 ) ( 1  5 ) ( 4 ) ( 7 ) ( 2  6 ) 

( 3 ) ( 1  5 ) ( 4 ) ( 6 ) ( 7 ) 

( 3 ) ( 1  5 ) ( 4 ) ( 2 ) ( 7 ) 

( 3 ) ( 1  4 ) ( 2  5 ) ( 7 ) ( 6 ) 

( 3 ) ( 1  4 ) ( 2  5 ) ( 6 ) ( 7 ) 

( 3 ) ( 1  2  7 ) ( 5  6 ) 

( 3 ) ( 1  2  6 ) ( 5  7 ) 

( 3 ) ( 1  2  5 ) ( 4  7 ) 

( 3 ) ( 1  2  4 ) ( 7 ) ( 6 ) ( 5 ) 

( 3 ) ( 1  2  4 ) ( 7 ) ( 5 ) ( 6 )

Below is an analysis on how P2 can win if he chooses 3 as his first card for (8, 15).

( 3 ) ( 8 ) ( 5  7 ) 

( 3 ) ( 7 ) ( 4  8 ) 

( 3 ) ( 6 ) ( 1  2  4 ) ( 8 ) ( 7 ) 

( 3 ) ( 6 ) ( 1  2  4 ) ( 7 ) ( 8 ) 

( 3 ) ( 6 ) ( 1  2  4 ) ( 5 ) ( 8 ) 

( 3 ) ( 5 ) ( 2  4 ) ( 8 ) ( 7 ) 

( 3 ) ( 5 ) ( 2  4 ) ( 7 ) ( 8 ) 

( 3 ) ( 5 ) ( 2  4 ) ( 6 ) ( 8 ) 

( 3 ) ( 5 ) ( 2  4 ) ( 1  8 ) ( 7 ) 

( 3 ) ( 5 ) ( 2  4 ) ( 1  7 ) ( 8 ) 

( 3 ) ( 5 ) ( 2  4 ) ( 1  6 ) ( 8 ) 

( 3 ) ( 4 ) ( 1  5 ) ( 8 ) ( 7 ) 

( 3 ) ( 4 ) ( 1  5 ) ( 7 ) ( 8 ) 

( 3 ) ( 4 ) ( 1  5 ) ( 6 ) ( 8 ) 

( 3 ) ( 4 ) ( 1  5 ) ( 2  8 ) ( 7 ) 

( 3 ) ( 4 ) ( 1  5 ) ( 2  7 ) ( 8 ) 

( 3 ) ( 4 ) ( 1  5 ) ( 2  6 ) ( 8 ) 

( 3 ) ( 2  8 ) ( 6  7 ) 

( 3 ) ( 2  7 ) ( 6  8 ) 

( 3 ) ( 2  6 ) ( 5  8 ) 

( 3 ) ( 2  5 ) ( 4  8 ) 

( 3 ) ( 2  4 ) ( 1  6 ) ( 8 ) ( 7 ) 

( 3 ) ( 2  4 ) ( 1  6 ) ( 7 ) ( 8 ) 

( 3 ) ( 2  4 ) ( 1  6 ) ( 5 ) ( 8 ) 

( 3 ) ( 1  8 ) ( 6  7 ) 

( 3 ) ( 1  7 ) ( 5  8 ) 

( 3 ) ( 1  6 ) ( 4  8 ) 

( 3 ) ( 1  5 ) ( 4 ) ( 8 ) ( 6  7 ) 

( 3 ) ( 1  5 ) ( 4 ) ( 7 ) ( 8 ) 

( 3 ) ( 1  5 ) ( 4 ) ( 6 ) ( 8 ) 

( 3 ) ( 1  5 ) ( 4 ) ( 2 ) ( 8 ) 

( 3 ) ( 1  4 ) ( 2  5 ) ( 8 ) ( 7 ) 

( 3 ) ( 1  4 ) ( 2  5 ) ( 7 ) ( 8 ) 

( 3 ) ( 1  4 ) ( 2  5 ) ( 6 ) ( 8 ) 

( 3 ) ( 1  2  8 ) ( 6  7 ) 

( 3 ) ( 1  2  7 ) ( 6  8 ) 

( 3 ) ( 1  2  6 ) ( 5  8 ) 

( 3 ) ( 1  2  5 ) ( 4  8 ) 

( 3 ) ( 1  2  4 ) ( 8 ) ( 7 ) ( 6 ) 

( 3 ) ( 1  2  4 ) ( 8 ) ( 6 ) ( 7 ) 

( 3 ) ( 1  2  4 ) ( 8 ) ( 5 ) ( 7 )

Let us continue our analysis with k=8.

When k=8, player 1 wins

	P1
	P2
	P1
	P2
	P1
	P2

	>=8
	1+7+n
	
	
	
	

	7
	1+2+3+4
	Any card
	n or (n-1)
	
	

	6
	1+2+3+4
	Any card
	n or (n-1)
	
	

	5
	2+3+4
	Any card
	n or (n-1)
	
	

	4
	1+3+4
	n

any other card
	5+(n-1)

n
	
	

	3
	1+2+5
	n

Any other card
	4+(n-1)

n
	*
	

	2
	1+3
	>=6

5
	5+(n-1) or 4+n

4

5
	N

Any card

Any card
	6+(n-1)

n

n or (n-1)

	1 (win)
	>=8

7

6

5

4

3

2 
	7+n

2+3+4

2+3+4

3+4

3+5

2+5

>=7

6

5

4

3 (win)
	Any card

Any card

n

2+n

Any other card

Any card

n

4 +n

Any other card

6+n

3+5

3+4

3+5

>5

5

4
	n or (n-1)

n or (n-1)

2+(n-1)

6+(n-1)

n

n or (n-1)

4+(n-1)

6+(n-1)

n

any card

any card

any card

4+n

4

5
	**

***

n or (n-1)

n or (n-1)

n or (n-1)

any card will result in a lose


* Notice that for the case (8, 16), the table analysis does not work if P1 takes 3 and P2 1+2+5. Because if P1 takes n (which is 8) in this case, P2 cannot take 4 + “another card” because 1+2+5+4 > 3+8. Thus the above analysis does not hold true if P1 takes 3 for his first move. Another analysis can be made to show P1 will win when he takes 3 in his first move.

Table for (8, 16), which shows player 1 winning.

	P1
	P2
	P1
	P2
	P1
	P2

	3


	8

7

6

5

4

1+8

2+8

1+2+8

1+7

2+7

1+2+7

1+6

2+6

1+2+6

1+5

2+5

1+2+5

1+4

2+4

1+2+4
	1+2+4

1+2+4

1+2+4

1+4

1+5

6+7

6+7

6+7

5+8

5+8

5+8

2+4

1+5

5+8

2+4

1+6

8

2+5

1+5

6
	Any card

Any card

Any card

8

2+8

any other card

any card

Any card

Any card

Any card

Any card

Any card

Any card

Any card

Any card
	6 or 7

6 or 8

7 or 8

2+6

6+7

8

7 or 8

7 or 8

7 or 8

7 or 8

7 or 8

6 or 7

7 or 8

7 or 8

7 or 8
	


** This analysis will not be totally accurate if n=8. It is because (n-1) will not be an option as it is 7, which player 2 took during his first play. However player 1 can still win.

Considering this move: ( 1) (7 )(2 3 4) (8). Player 1 can still take 6 to win.

By using the same method as above, we can find patterns for k=9, 10, 11, 12… However it will be very difficult as k gets bigger because they will be more cards to permutate with. Furthermore such analysis does not really conclude anything useful or practical to further our investigation. But by investigating k=1,2,…8, we have observed some trends that might be useful to understand the problem better.

*** Notice that for (8, 16), if player 1 takes 4, he cannot take (n-1) (which is 7) because 1+2+5+4>3+8. Thus the analysis does not hold true for n=8. 

We need to analysis the part *** in greater detail for (8,16).

	P1
	P2
	P1
	P2
	P1
	P2

	1
	3
	8

7

6

5

4

2+8

2+7

2+6

2+5

2+4
	6+7

5+8

2+4

2+4

2+5

6+7

6+8

5+8

8

5


	Any card

Any card

Any card

Any card

8

any other card
	7 or 8

7 or 8

7 or 8

6 or 7

6+7

8


Since player 1 loses whatever he plays after (1)(3), we can tell that contrary to the analysis in the table for n=9, the winning move for player 1 is not ‘1’ but ‘3’.

3. Theorems and Conjectures

3.1 Theorem:

If (n, m) is a draw (if both players play optimally), (n, m+1) is a draw.

Proof:

Imagine a tree diagram illustrating all the moves player 1 and player 2 makes that ends up in a draw in (n, m).

Whatever Player 1 chooses, Player 2 just follows the same branch at the tree diagram (for the draw strategy) This implies that Player 1 cannot win.

Likewise whatever Player 2 chooses, Player 1 just follows the same branch as the tree diagram. This implies that Player 2 cannot win.

Implications of Theorem 1:

· Once a draw occurs for a certain (n, m), subsequent (n, m+k), where k is integer > 0 will be draw.

· If for a certain (n,m), where either player 1 or player 2 wins, there will not be a draw case (n, m-k), where k is integer >0.

3.2 Conjecture:

The first draw that occurs for (n, m) is when m = [n(n+1)/4 + 0.5] + 1, where [x] denotes the largest integer smaller or equal to x.

How the conjecture is derived.

From Table A, we observed the following sets for the first draw.

(2, 3), (3, 4), (4, 6), (5,9), (6,12), (7,15), (8, 19),  (9, 24), (10, 28)… all the way till n = 18.

We then tried to hypothesis a formula showing the relationship between n and m in (n,m).

Total number of points in n cards = 1+2+3+….n = n(n+1)/2

Average total number of points each player can possibly take = ½ * n(n+1)/2 = n(n+1)/4

Rounding up to the nearest integer = [n(n+1)/4 + 0.5], where [x] demotes the least integer >= x

First draw case that occurs for a certain n if both players play optimally

= [n(n+1)/4 + 0.5] + 1

4. Suggestions for future research

As n gets larger, the number of possibilities that each player can move increases rapidly. As such it would be very difficult to run the program on a normal PC when n gets larger than 20, as it will takes days or even weeks to run.  A suggestion would be to use a supercomputer to run the program, to verify our analysis so far. 

These are also some of the hypothesis we have come up, but so far, due to constraints, we are not yet  able to prove them.

Hypothesis 1: When (n, m) is a draw, (n + 4, 2n + m + 5) is also a draw.

This is a powerful hypothesis because if it can be proven, then together with theorem stating “(n, m) draw implies (n, m+1) a draw”, then we can list down all the draw cases. 

Working:

The previous conjecture states that the first draw that occurs for (n, m) is when m = [n(n+1)/4 + 0.5] + 1, where [x] denotes the largest integer smaller or equal to x.

Let first draw for n=A1= [n(n+1)/4 + 0.5] + 1

      First draw for n+1=A5= [(n+4)(n+5)/4 + 0.5] + 1

Since (n+4)(n+5) is congruent with n(n+1) (mod 4),

A5-A1
= [(n+4)(n+5)/4 + 0.5] + 1 – ([n(n+1)/4 + 0.5] + 1)


= (n2+9n+20-n2-n)/4


= (8n+20)/4

 
= 2n + 5

Thus if we can prove that (n,m) is draw implies (n+4, 2n +m+5) is also draw, we can prove that our conjecture is true, and that, together with the theorem derived, we can find out all the draw cases for any (n, m).

Hypothesis 2: When n ( infinity, the player who wins at (n, m) is the same player who wins at (n+1, m+1)

This is based on observation, especially to trends like (n, n+7) where n > 8, (n, n+20) where n > 11 and 
(n, n+17), where n > 13. This observation is further justified when we analyse the winning strategy on how both players can win at (n, m) and (n+1, m+1) is very similar. However we must emphasize on the fact that it occurs only when n is very large, because when n is small, cases like (9,22), (13,31), (14, 32) may occur. This hypothesis is further justified from the tables which analyses the case k=7. It demonstrates that odd cases do occur because the variable X does not satisfy certain conditions. However if such a X can be satisfy among the cards (which certainly will if n is sufficiently large), then the basic analysis for the tables will work generally.

Hypothesis 3: The occurrence of player 2 winning a certain (n, m) is almost random.

This is also based on observation, that we have yet to explain why there are cases with player 2 winning like (9, 22), (12, 35), (12, 39) etc seems to ‘pop’ up from nowhere. Furthermore, it is difficult or almost impossible to predict whether player 2 can win for a certain (n,m) configuration.

5. Conclusion

In this project, we tried to investigate on the actual game of Gale’s Vingt-et-un, and found it not as complex as we first thought. Through some logical reasoning and exhaustive search algorithm, with results verified by computers, we managed to find out that player 1 wins the game if he plays optimally. As such, we went on to investigate the games with parameters (n, m) in general, and to try to formulate a sure win method for either player 1 or player 2, or to see a general trend in which the occurrence of P2 winning for a certain (n, m) or when it will turn out to be draw.

Although it is very difficult to verify some conjectures and hypotheses formulated, we certainly enjoy a great deal in investigating the game, and hope that our discoveries could contribute to a small part of recreational mathematics as a whole.
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8. APPENDICES

8.1 Program Listngs

Program #1

Aim: To tabulate whether player 1 or player 2 wins for (n, m) and if player 1 wins, find the first winning move

Program written by Wong Li Jie

Program written in Quickbasic 4.5 

DECLARE FUNCTION search% (turn%, pr%)

DECLARE SUB printroute (turn%)

DEFINT A-Z

DIM SHARED n, t

DIM SHARED cards(-1 TO 99)

DIM SHARED p(0 TO 1)

DIM SHARED winner

OPEN "out.txt" FOR OUTPUT AS #1

CLS

FOR i = 0 TO 99: cards(i) = 0: NEXT i

FOR i = 0 TO 1: p(i) = 0: NEXT i

n = 5

t = 8

FOR n = 1 TO 8

   PRINT #1, STRING$(n, "-");

   FOR t = n + 1 TO INT(n * (n + 1) / 4 + .5) + 1

      winner = search(1, 0)

      IF winner = 1 THEN

         FOR i = 0 TO n - 1

            cards(i - 1) = 0

            cards(i) = 1

            p(0) = i + 1

            IF (search(2, 0) = 1) THEN EXIT FOR

         NEXT i

         p(0) = 0

         cards(i) = 0

         PRINT #1, HEX$(i + 1);

      ELSEIF winner = 2 THEN

         PRINT #1, "*";

      ELSE

         PRINT #1, "0";

      END IF

   NEXT t

   PRINT #1,

NEXT n

CLOSE #1

SUB printroute (turn)

FOR i = 1 TO turn

    PRINT "(";

    FOR j = 0 TO n - 1

        IF cards(j) = i THEN PRINT j + 1;

    NEXT j

    PRINT ") ";

NEXT i

PRINT

END SUB

FUNCTION search (turn, pr)

player = 2 - (turn AND 1)

pindex = player - 1

thresh = p(turn AND 1)

win = 0: bestwin = -1

i = n - 1

DO WHILE i >= 0 AND cards(i) <> 0

    i = i - 1

LOOP

IF i < 0 THEN

     IF pr AND winner = 0 THEN printroute turn

    search = 0: EXIT FUNCTION

END IF

cards(i) = turn

p(pindex) = p(pindex) + i + 1

DO

    IF (p(pindex) >= t) THEN

        IF pr THEN printroute turn

        FOR i = 0 TO n - 1

            IF cards(i) = turn THEN

                cards(i) = 0

                p(pindex) = p(pindex) - i - 1

            END IF

        NEXT i

        search = player

        EXIT FUNCTION

    END IF

    IF p(pindex) > thresh THEN

        win = search(turn + 1, pr AND (player <> winner) AND (winner <> 0))

        IF win = player THEN

            IF win = winner AND pr THEN z = search(turn + 1, -1)

            FOR i = 0 TO n - 1

                IF cards(i) = turn THEN

                    cards(i) = 0

                    p(pindex) = p(pindex) - i - 1

                END IF

            NEXT i

            search = player

            EXIT FUNCTION

        ELSE

            IF (win = winner AND winner = 0 AND pr) THEN z = search(turn + 1, -1)

            IF (bestwin = -1) THEN

                bestwin = win

            ELSEIF win = 0 THEN

                bestwin = win

            END IF

        END IF

        DO

            i = n - 1

            DO WHILE i >= 0 AND cards(i) <> turn

                i = i - 1

            LOOP

            IF (i < 0) THEN

                IF bestwin = -1 THEN

                    IF (winner = 0 AND pr) THEN printroute turn

                    search = 0

                    EXIT FUNCTION

                ELSE

                    search = bestwin

                    EXIT FUNCTION

                END IF

            END IF

            cards(i) = 0

            p(pindex) = p(pindex) - i - 1

            i = i - 1

            WHILE (i >= 0 AND cards(i) <> 0 AND cards(i) <> turn)

                i = i - 1

            WEND

        LOOP WHILE i < 0 OR cards(i) = turn

        cards(i) = turn

        p(pindex) = p(pindex) + i + 1

    ELSE

        i = n

        DO

            i = i - 1

            WHILE (i >= 0 AND cards(i) <> turn AND cards(i) <> 0)

                i = i - 1

            WEND

            IF (i < 0) THEN

                IF (bestwin = -1) THEN

                    IF winner = 0 AND pr THEN printroute turn

                    search = 0

                    EXIT FUNCTION

                ELSE

                    search = bestwin

                    EXIT FUNCTION

                END IF

            END IF

            IF cards(i) = turn THEN

                cards(i) = 0

                p(pindex) = p(pindex) - i - 1

            ELSE

                EXIT DO

            END IF

        LOOP

        cards(i) = turn

        p(pindex) = p(pindex) + i + 1

    END IF

LOOP

END FUNCTION

Program #2

Aim: To list down all the moves for player 1 and the corresponding alternatives for player 2

Program written by Wong Li Jie

Program written in Quickbasic 4.5 

DECLARE FUNCTION search% (turn%, pr%)

DECLARE SUB printroute (turn%)

DEFINT A-Z

DIM SHARED n, t

DIM SHARED cards(-1 TO 99)

DIM SHARED p(0 TO 1)

DIM SHARED winner

CLS

FOR i = 0 TO 99: cards(i) = 0: NEXT i

FOR i = 0 TO 1: p(i) = 0: NEXT i

n = 5

t = 9

winner = search(1, 0)

z = search(1, -1)

'OPEN "out.txt" FOR OUTPUT AS #1

'CLOSE #1

SUB printroute (turn)

FOR i = 1 TO turn

    PRINT "(";

    FOR j = 0 TO n - 1

        IF cards(j) = i THEN PRINT j + 1;

    NEXT j

    PRINT ") ";

NEXT i

PRINT

END SUB

FUNCTION search (turn, pr)

player = 2 - (turn AND 1)

pindex = player - 1

thresh = p(turn AND 1)

win = 0: bestwin = -1

i = n - 1

DO WHILE i >= 0 AND cards(i) <> 0

    i = i - 1

LOOP

IF i < 0 THEN

    search = 0: EXIT FUNCTION

END IF

cards(i) = turn

p(pindex) = p(pindex) + i + 1

DO

    IF (p(pindex) >= t) THEN

        IF pr THEN printroute turn

        FOR i = 0 TO n - 1

            IF cards(i) = turn THEN

                cards(i) = 0

                p(pindex) = p(pindex) - i - 1

            END IF

        NEXT i

        search = player

        EXIT FUNCTION

    END IF

    IF p(pindex) > thresh THEN

        win = search(turn + 1, pr AND (player <> winner) AND (winner <> 0))

        IF win = player THEN

            IF win = winner AND pr THEN z = search(turn + 1, -1)

            FOR i = 0 TO n - 1

                IF cards(i) = turn THEN

                    cards(i) = 0

                    p(pindex) = p(pindex) - i - 1

                END IF

            NEXT i

            search = player

            EXIT FUNCTION

        ELSE

            IF (win = winner AND winner = 0 AND pr) THEN z = search(turn + 1, -1)

            IF (bestwin = -1) THEN

                bestwin = win

            ELSEIF win = 0 THEN

                bestwin = win

            END IF

        END IF

        DO

            i = n - 1

            DO WHILE i >= 0 AND cards(i) <> turn

                i = i - 1

            LOOP

            IF (i < 0) THEN

                IF bestwin = -1 THEN

                    IF (winner = 0 AND pr) THEN printroute turn

                    search = 0

                    EXIT FUNCTION

                ELSE

                    search = bestwin

                    EXIT FUNCTION

                END IF

            END IF

            cards(i) = 0

            p(pindex) = p(pindex) - i - 1

            i = i - 1

            WHILE (i >= 0 AND cards(i) <> 0 AND cards(i) <> turn)

                i = i - 1

            WEND

        LOOP WHILE i < 0 OR cards(i) = turn

        cards(i) = turn

        p(pindex) = p(pindex) + i + 1

    ELSE

        i = n

        DO

            i = i - 1

            WHILE (i >= 0 AND cards(i) <> turn AND cards(i) <> 0)

                i = i - 1

            WEND

            IF (i < 0) THEN

                IF (bestwin = -1) THEN

                    IF winner = 0 AND pr THEN printroute turn

                    search = 0

                    EXIT FUNCTION

                ELSE

                    search = bestwin

                    EXIT FUNCTION

                END IF

            END IF

            IF cards(i) = turn THEN

                cards(i) = 0

                p(pindex) = p(pindex) - i - 1

            ELSE

                EXIT DO

            END IF

        LOOP

        cards(i) = turn

        p(pindex) = p(pindex) + i + 1

    END IF

LOOP

END FUNCTION

8.2 Table A

	
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10
	11
	12
	13
	14
	15
	16
	17
	18

	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1

	2
	
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1

	3
	
	0
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1

	4
	
	
	0
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1

	5
	
	
	0
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1

	6
	
	
	0
	0
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1

	7
	
	
	
	0
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1

	8
	
	
	
	0
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1

	9
	
	
	
	0
	0
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1

	10
	
	
	
	0
	0
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1

	11
	
	
	
	
	0
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1

	12
	
	
	
	
	0
	0
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1

	13
	
	
	
	
	0
	0
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1

	14
	
	
	
	
	0
	0
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1

	15
	
	
	
	
	0
	0
	0
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1

	16
	
	
	
	
	
	0
	0
	1
	2
	1
	1
	1
	1
	1
	1
	1
	1
	1

	17
	
	
	
	
	
	0
	0
	1
	1
	2
	1
	1
	1
	1
	1
	1
	1
	1

	18
	
	
	
	
	
	0
	0
	1
	1
	1
	2
	1
	1
	1
	1
	1
	1
	1

	19
	
	
	
	
	
	0
	0
	0
	1
	1
	1
	2
	1
	1
	1
	1
	1
	1

	20
	
	
	
	
	
	0
	0
	0
	1
	1
	1
	1
	2
	1
	1
	1
	1
	1

	21
	
	
	
	
	
	0
	0
	0
	1
	1
	1
	1
	1
	2
	1
	1
	1
	1

	22
	
	
	
	
	
	
	0
	0
	2
	1
	1
	1
	1
	1
	2
	1
	1
	1

	23
	
	
	
	
	
	
	0
	0
	1
	1
	1
	1
	1
	1
	1
	2
	1
	1

	24
	
	
	
	
	
	
	0
	0
	0
	1
	1
	1
	1
	1
	1
	1
	2
	1

	25
	
	
	
	
	
	
	0
	0
	0
	1
	1
	1
	1
	1
	1
	1
	1
	2

	26
	
	
	
	
	
	
	0
	0
	0
	1
	1
	1
	1
	1
	1
	1
	1
	1

	27
	
	
	
	
	
	
	0
	0
	0
	1
	1
	1
	1
	1
	1
	1
	1
	1

	28
	
	
	
	
	
	
	0
	0
	0
	1
	1
	1
	1
	1
	1
	1
	1
	1

	29
	
	
	
	
	
	
	
	0
	0
	0
	1
	1
	1
	1
	1
	1
	1
	1

	30
	
	
	
	
	
	
	
	0
	0
	0
	1
	1
	1
	1
	1
	1
	1
	1

	31
	
	
	
	
	
	
	
	0
	0
	0
	1
	1
	2
	2
	1
	1
	1
	1

	32
	
	
	
	
	
	
	
	0
	0
	0
	1
	2
	1
	2
	2
	1
	1
	1

	33
	
	
	
	
	
	
	
	0
	0
	0
	1
	1
	2
	1
	1
	2
	1
	1

	34
	
	
	
	
	
	
	
	0
	0
	0
	0
	1
	1
	2
	1
	1
	2
	1

	35
	
	
	
	
	
	
	
	0
	0
	0
	0
	2
	1
	1
	2
	1
	1
	2

	36
	
	
	
	
	
	
	
	0
	0
	0
	0
	1
	1
	1
	1
	2
	1
	1

	37
	
	
	
	
	
	
	
	
	0
	0
	0
	1
	1
	1
	1
	1
	2
	1

	38
	
	
	
	
	
	
	
	
	0
	0
	0
	1
	1
	1
	1
	1
	1
	2

	39
	
	
	
	
	
	
	
	
	0
	0
	0
	2
	1
	1
	1
	1
	1
	1

	40
	
	
	
	
	
	
	
	
	0
	0
	0
	0
	1
	1
	1
	1
	1
	1

	41
	
	
	
	
	
	
	
	
	0
	0
	0
	0
	1
	1
	1
	1
	2
	1

	42
	
	
	
	
	
	
	
	
	0
	0
	0
	0
	1
	1
	1
	1
	1
	1

	43
	
	
	
	
	
	
	
	
	0
	0
	0
	0
	1
	1
	1
	1
	1
	1

	44
	
	
	
	
	
	
	
	
	0
	0
	0
	0
	1
	2
	1
	1
	1
	1

	45
	
	
	
	
	
	
	
	
	0
	0
	0
	0
	1
	1
	2
	1
	1
	1

	46
	
	
	
	
	
	
	
	
	
	0
	0
	0
	1
	1
	2
	1
	1
	1

	47
	
	
	
	
	
	
	
	
	
	0
	0
	0
	0
	1
	1
	1
	1
	1

	48
	
	
	
	
	
	
	
	
	
	0
	0
	0
	0
	1
	1
	1
	1
	1

	49
	
	
	
	
	
	
	
	
	
	0
	0
	0
	0
	1
	1
	1
	1
	1

	50
	
	
	
	
	
	
	
	
	
	0
	0
	0
	0
	2
	1
	1
	1
	2

	51
	
	
	
	
	
	
	
	
	
	0
	0
	0
	0
	1
	1
	1
	1
	1

	52
	
	
	
	
	
	
	
	
	
	0
	0
	0
	0
	1
	1
	1
	1
	1

	53
	
	
	
	
	
	
	
	
	
	0
	0
	0
	0
	1
	2
	1
	1
	1

	54
	
	
	
	
	
	
	
	
	
	0
	0
	0
	0
	0
	1
	1
	1
	1

	55
	
	
	
	
	
	
	
	
	
	0
	0
	0
	0
	0
	2
	1
	1
	1

	56
	
	
	
	
	
	
	
	
	
	
	0
	0
	0
	0
	1
	1
	1
	1

	57
	
	
	
	
	
	
	
	
	
	
	0
	0
	0
	0
	1
	1
	1
	1

	58
	
	
	
	
	
	
	
	
	
	
	0
	0
	0
	0
	2
	1
	1
	2

	59
	
	
	
	
	
	
	
	
	
	
	0
	0
	0
	0
	2
	1
	1
	2

	60
	
	
	
	
	
	
	
	
	
	
	0
	0
	0
	0
	1
	2
	1
	1

	61
	
	
	
	
	
	
	
	
	
	
	0
	0
	0
	0
	1
	1
	1
	1

	62
	
	
	
	
	
	
	
	
	
	
	0
	0
	0
	0
	0
	1
	1
	1

	63
	
	
	
	
	
	
	
	
	
	
	0
	0
	0
	0
	0
	1
	1
	1

	64
	
	
	
	
	
	
	
	
	
	
	0
	0
	0
	0
	0
	1
	2
	1


For the above table, the black boxes and “0” represents draw, “1” represents player 1 winning and “2” represents player 2 winning.

8.3 Table B

	
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10
	11
	12

	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1
	1

	2
	
	2
	2
	2
	2
	2
	2
	2
	2
	2
	2
	2

	3
	
	
	3
	3
	3
	3
	3
	3
	3
	3
	3
	3

	4
	
	
	
	4
	4
	4
	4
	4
	4
	4
	4
	4

	5
	
	
	
	1
	5
	5
	5
	5
	5
	5
	5
	5

	6
	
	
	
	
	1
	6
	6
	6
	6
	6
	6
	6

	7
	
	
	
	
	2
	1
	7
	7
	7
	7
	7
	7

	8
	
	
	
	
	1
	2
	1
	8
	8
	8
	8
	8

	9
	
	
	
	
	
	1
	2
	1
	9
	9
	9
	9

	10
	
	
	
	
	
	1
	1
	2
	1
	10
	10
	10

	11
	
	
	
	
	
	2
	1
	1
	2
	1
	11
	11

	12
	
	
	
	
	
	
	2
	1
	1
	2
	1
	12

	13
	
	
	
	
	
	
	2
	2
	1
	1
	2
	1

	14
	
	
	
	
	
	
	3
	2
	2
	1
	1
	2

	15
	
	
	
	
	
	
	
	3
	2
	2
	1
	1

	16
	
	
	
	
	
	
	
	3
	*
	2
	2
	1

	17
	
	
	
	
	
	
	
	4
	1
	*
	2
	2

	18
	
	
	
	
	
	
	
	2
	3
	1
	*
	2

	19
	
	
	
	
	
	
	
	
	1
	1
	1
	*

	20
	
	
	
	
	
	
	
	
	1
	1
	1
	1

	21
	
	
	
	
	
	
	
	
	1
	1
	2
	1

	22
	
	
	
	
	
	
	
	
	*
	1
	1
	2

	23
	
	
	
	
	
	
	
	
	1
	2
	1
	2

	24
	
	
	
	
	
	
	
	
	
	1
	1
	2

	25
	
	
	
	
	
	
	
	
	
	1
	1
	2

	26
	
	
	
	
	
	
	
	
	
	1
	1
	1

	27
	
	
	
	
	
	
	
	
	
	1
	3
	1

	28
	
	
	
	
	
	
	
	
	
	2
	3
	3

	29
	
	
	
	
	
	
	
	
	
	
	2
	4

	30
	
	
	
	
	
	
	
	
	
	
	2
	2

	31
	
	
	
	
	
	
	
	
	
	
	1
	2

	32
	
	
	
	
	
	
	
	
	
	
	1
	*

	33
	
	
	
	
	
	
	
	
	
	
	1
	1

	34
	
	
	
	
	
	
	
	
	
	
	
	2

	35
	
	
	
	
	
	
	
	
	
	
	
	*

	36
	
	
	
	
	
	
	
	
	
	
	
	3

	37
	
	
	
	
	
	
	
	
	
	
	
	3

	38
	
	
	
	
	
	
	
	
	
	
	
	3

	39
	
	
	
	
	
	
	
	
	
	
	
	*

	40
	
	
	
	
	
	
	
	
	
	
	
	


Table B shows the winning move of Player 1 if player 1 wins. It will give a ‘*’ if player 2 wins. If the game ends in a draw, it will give a zero. For example, if player 1 wins by picking “2” as his first move, the table will label it as 2.

