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Abstract

Suppose that (F,),”, is a sequence of regular families of finite subsets of N such that 7
contains all singletons, and (6,),”, is a nonincreasing null sequence in (0,1). The mixed
Tsirelson space T(fo7(0,,,9',,);il) is the completion of ¢y with respect to the implicitly

defined norm
|IxI| = maX{IX

where ||x[| 7, = suppez,||Fx||, and the last supremum is taken over all sequences (E,)f‘:1 in
[N]=* such that max E;<min E;;; and {min E; : 1 <i<k}e#,. In this paper, we compute
the Bourgain /'-index of the space T(F, (0, 7 4),;). As a consequence, it is shown that if 5
is a countable ordinal not of the form w¢ for some limit ordinal &, then there is a Banach space

k
7,5 SUp sup 0, Z ||Eix }7
neN i—1

whose /'-index is o'
© 2003 Elsevier Science (USA). All rights reserved.

MSC: 46B20; 46B45

Keywords: Mixed Tsirelson space; Bourgain’s /'-index; Schreier families

*Corresponding author.
E-mail addresses: matlhh@nus.edu.sg (D.H. Leung), wktang@nie.edu.sg (W.-K. Tang).

0022-1236/03/$ - see front matter © 2003 Elsevier Science (USA). All rights reserved.
doi:10.1016/S0022-1236(02)00171-4



302 D.H. Leung, W.-K. Tang | Journal of Functional Analysis 199 (2003) 301-331
1. Introduction

Mixed Tsirelson spaces were first introduced by Argyros and Deliyanni [4]. They
furnished the first examples of asymptotic /'-spaces shown to be arbitrarily
distortable. Since their introduction, their distortion and finite dimensional /'-
structures have been studied extensively [3,5,6,15]. In the present paper, we focus our
attention on the measure of /!-complexity given by Bourgain’s /!-index [8]. The
main results of the paper constitute a thorough investigation of the Bourgain /'-
indices of mixed Tsirelson spaces. In the case of (Figiel and Johnson’s version of)
Tsirelson’s space T [10], it was shown in [9] that every normalized block basis in T is
equivalent to a subsequence of the unit vector basis. Even though this does not hold
in general for mixed Tsirelson spaces, we show that the idea can be exploited by
comparing block basic sequences in a mixed Tsirelson space with subsequences of the
unit vector basis in a related mixed Tsirelson space (Proposition 3). In particular, we
obtain in Corollary 8 that every normalized block basic sequence in a mixed
Tsirelson space T(Zq, (0n, Ls,).;) defined by finitely many Schreier families is
equivalent to a subsequence of the unit vector basis in the same space. Our approach
uses norming trees and may be considered as a descendant of that in [7].

In Section 3, the comparison result is used to obtain bounds on the /'-index. It
follows from our work (see Corollary 16 below) that if # is a countable ordinal not of
the form ¢ for some limit ordinal &, then there is a Banach space whose /'-index is
o'. This answers Question 1 in [12]. In Section 4, we introduce a method of
constructing /'-trees of large index. This is a two-step method whereby many /! (n)-
block basic sequences are first constructed (Lemma 21) and these are then condensed
into /'-trees by a compactness argument (Lemma 22). In the final section, we obtain
the precise value of the /!-index of a mixed Tsirelson space defined in terms of
“standard” Schreier families.

We set the notation in the remainder of the section. Endow the power set of N,
identified with 2N with the product topology. Denote by [N]=” the subspace
consisting of all finite subsets of N. A family # <[N]~% is said to be hereditary if

G<SFeZ implies Ge 7. Itis spreading if whenever F = {ny, ...,np} € F, ny < --- <ny,
and my < --- <my, satisfy m; =n;, 1 <i<k, then {my, ...,my} € 7. In this case, we also
say that {my, ...,my} is a spreading of F. A regular family is one that is hereditary,

spreading and compact (as a subset of the topological space [N]~”). Let ¢y be the
vector space of all finitely supported real sequences and let (e;) be the standard unit
vector basis of coo. If 7 is regular, define the seminorm || - || 7 on coo by || > arex|| 7 =
SUPpes Y oper lak|l- For E€[N]™% and x = arepecoo, let Ex =,y axex € coo.
Given a sequence of regular families (#,),”, such that #, contains all singleton
subsets of N, and a nonincreasing null sequence (0,),~; in (0, 1), the mixed Tsirelson

space T(F o, (0, Fn),-,) is the completion of ¢y under the implicitly defined norm

k
FrSUp sup 0, > IIEiXII}, (1)
neN i—

=1

1] =maX{|x
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<0

where the last supremum is taken over all sequences (E;)*, in [N] such that
max E;<min E; and {min E;: 1<i<k}eZ,.

If M is an infinite subset of N, denote the set of all finite, respectively infinite,
subsets of M by [M]~%, respectively [M]. If E and F are finite subsets of N,
we write E<F, respectively E<F, to mean max E<minF, respectively,
max E<min F (max( = 0 and min ) = o0). We abbreviate {n} <E and {n}<E to
n<E and n<E, respectively. Given # <[N]=%, a sequence of finite subsets
{E\,...,E,} of N is said to be F-admissible if E <--<E, and

{min E, ..., min E,} e #. If .4/ and ./ are regular subsets of [N]~%, we let

k
F;:Fe N for all i and {F), ..., F;} is ,/%—admissible}.
i—1

i=

MN] = {

Given a sequence of regular families (.#;), we define inductively [#,, #>] =
ﬂl[ﬂz] and [ﬂl, ...,ﬂhq] = [ﬂl, ceey i][%i+l]~ Also, let

k
(M, ..., M) = {U M,«:M[e,/%i,M1<-~~<Mk}.
i=1

We abbreviate the k-fold construction (.#, ...,.#) as (.#)*. Of primary importance
are the Schreier classes as defined in [1]. We will need a slightly extended version of
such classes. Suppose that g:N—N is a function increasing to oo. Let ¥§ =
{{n} :neN}U{0} and ¥{ = {F=N:|F|<g(min F)}. Here |F| denotes the cardin-
ality of F. The higher Schreier classes are defined inductively as follows. % =
F{[99) for all e< . If « is a countable limit ordinal, choose a sequence (a,) strictly
increasing to o and set

G5 ={F:Fe% for some n<g(min F)}.

If g is the identity function, then we obtain the usual Schreier classes, and we
abbreviate Y to &,. It is clear that %7 is a regular family for all a<w;. If M =
(my,my, ...) is a subsequence of N, let &, (M) = {{m;:ieF}:Fe%,}. Since &, is
spreading, (M) <%,

The norm in a mixed Tsirelson space can be computed in terms of trees [7,15]. A
tree in [N]=% is a finite collection of elements (E), 0<m<r, 1<i<k(m), in
[N]=% so that for each m, El"<E}' < --- <EJ,,, and that every E™is a subset of
some E/". The elements E}" are called nodes of the tree. Any node E}" is said to be of
level m. Nodes at level 0 are called roots. If Ef < E" and n>m, we say that E is a
descendant of E]’” and Ej’” is an ancestor of E}. If, in the above notation, n =m + 1,
then E7 is said to be an immediate successor of EJ", and E}" the immediate predecessor
of E. Nodes with no descendants are called terminal nodes or leaves of the tree.
Given a node F in a tree 7, denote by 7 g the subtree consisting of the node E
together with all its descendants. A tree (EM), 0<m<r, 1<i<k(m), is (F,)-
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admissible if £(0) = 1 and for every m and i, the collection (Em“) of all immediate
successors of E" is an % ,-admissible collection for some neN. Given an (£,)-
admissible tree (E}"), we define the history of the individual nodes inductively as
follows. Let h(EY) = (0). If h(E") has been defined and the collection (E’”“) of all
immediate successors of E/" forms an % ,-admissible collection, then define h(E”’“)
to be the (m + 2)-tuple (A(E}"),n) and let n(E;”“) = n for each immediate successor
E}”“ of E". Finally, assign ((6,)-compatible) tags to the nodes by defining #(E}") =
H_;”:O 0, if h(E]") = (no,n1, ...,ny)(00 = 1). If xecoo and 7 is an (F,)-admissible
tree, let 7x = 5 1(E)||Ex||, where the sum is taken over all leaves in .7 . It is easily
observed that ||x|| = max{Z7 x:.7 is an (% ,)-admissible tree}. An (F ,)-admissible
tree is said to be complete (for a particular x € cqo) if [|Ex|| = || Ex|| 7, for every leaf E
in . Clearly, for every x € cq, there is a complete tree 7 such that ||x|| = 7 x. Let
us observe that if we define ||x|| to be sup ) #(E)|| EX|| 7,, where the sup is taken over

all (7 ,)-admissible trees 7 and the sum is taken over all leaves E in 7, then the
resulting norm satisfies the implicit equation (1).

Proposition 1. Let T(F,(0,, 7 ,),-,) be as above. Choose a strictly increasing
sequence of integers (my)i—, such that my=0 and 0,,%,\20,,“ for all keN. If
M1 <n<my, let G, = {FeZ, :k<F}0Sy. Then T(F o, (0n, F 1)) is isomorphic
to T(Zo,(0n, %), via the formal identity.

Proof. Denote the norms on T(F g, (0, #,),-,) and T(Z o, (04, %,),—,) by || - || and
|| - ||| respectively. Clearly, |||x|||<||x|| for all x€ cop. Given a ﬁxed element x € cqo, let
77 denote a complete (#,)-admissible tree such that ||x|| = 77 x. If F is a node of
77 other than the root, let Gr = Fn [k, c0), where k is the unique integer such that
my_y <max{ny, ...,n,} <my,h(F) = (0,ny, ...,n,). If F is the root of 77 let Gy =
F. Then 7% ={Gr:Fe7 7} is a (%,)-admissible tree. For any reN, let %, be
the set of level r leaves in 77 . Arrange the elements in %, as Fi<F,<---<Fy.
If 1<j</, write h(F;)=(0,n,,...,n,) and determine k; such that
My <max{nm;, ...,nj, } <my,. If k;<j, then k;<j<F;. Thus Gr, = Fink;, ©0) =
F;. Otherwise, j<k;, and hence

Z(FJ)HFJXHJO SG"M "‘0”/1

r—1 -1
¥l <O O 1, <0705,

Therefore,

S0 0 lIxlls, + > HGE)IGEX] 5,

Fe?, {v<ki} {ik; </}

Z 0}711 + Z

Fe?,
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Finally,

r=1 Fe%,
0 0 ©0
<||XH.70 Zgn1]+z Z IGF |GFX||/0
r=1 j=1 r=1 Fe%,
20 20
<1_’”9'1||x||+|||x||:( met )il O

If 7 is a closed subset of [N] = let #' be the set of all limit points of #. Define a

transfinite sequence of sets (f(a))o«,<w1 as follows: 70 =7 F) = (F®Y
for all x<w;; #F® = Np<o 7 7P if o is a countable limit ordinal. If & is regular,
we let 1(#) be the unique ordinal « such that #® = {(b} It is well known that

1(¥,) = o' for all y<w; [1, Proposition 4.10]. The same is true if %, is replaced
by any V‘/’

From now on, we fix a sequence of regular families (#,),-, such that o=
and a nonincreasing null sequence (0,),-, in (0, 1). Denote the mixed Tsirelson space
T(Fo,(0n, Fn),—q) by X. Let o, = 1(Z,), ne NU{0}. There is no loss of generality
in assuming that ocn >1 for all neN. Since T(F, (0,, 7 ,),-,) is obviously isometric
to T(Fo, (0n, Uiy Zk),-,) via the formal identity, we may also assume that (o),
is a nondecreasing sequence. In the notation of Proposition 1, 1(%,) =1(F,) =
oy, neN. It is straightforward to check that | J,2, %, is a regular family. Relabelling
each ¢4, as #,, ne N, we may henceforth assume that ¥y <=.%, for all ne N and that
F =\J,_; Z, is regular. Denote sup,,.y o, by o. Note that 1(F) = a.

2. An estimate on the norm

Lemma 2. Let 4 and # be regular families. Suppose U]/.(:1 F,e9[x), where
Fi<F<--<F. If F;¢ A for all j, 1<j<k, then {min Fy, ..., min Fy}€%.

Proof. For any nonempty set Ge 9[#], let #(G) = Gn|[l,n], where n is the largest
integer in G such that Gn[l,n]e #. There is a unique decomposition G = Uj/.":1 Gj,
where G, ...,G#0 and G| = #(G), Gy = A (G\(Giu - UG))), 1<j<k. We
claim that {min Gy, ...,min Gx}€%. To see this, note that since Ge%[H#],
we can write G= Ule H;, where H<---<H, H,..,Hes#, and
{min Hy, ...,min H,}€%. Clearly, H;=G;. If k>2, then min H,<min G,. If
max H>>max G,, then G, < H, = G. In particular, G3#0 and min G; € H,. There-
fore, Gyu{min G3}e#, contrary to the fact that G, = #(G\G;). Thus
max H,<max G,. Continuing this argument, we conclude that max H,<max G,
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for all 1<r<k. It follows that {minGj,...,min Gy} is a spreading of
{min Hj, ..., min H;} €%. Hence {min Gy, ..., min G } €.

Now suppose that Fi, ..., Fy are as in the statement of the lemma. Let G; = J#(F)),
1<j<k, and let G= G| U UG,. Since G F; for 1<j<k, G U, Fe9[#].
Note that F;¢ # implies G; < F;. Therefore, #(G) = G| and

H(G\(Gru-VG)) =Gy, 1<j<k

From the previous paragraph, we conclude that {min Gy, ..., min Gy} €%. Hence
{min Fy, ...,min F; } = {min Gy, ..., min G, }e¥. O

Proposition 3. Suppose ¢>0 and G is a regular family. Assume that there exists
moeN such that for all m=my, there exist ny, ...,ngeN such that 0, <cl,, ...0,,
and F <9, F s ..., Fn). Then there exists a constant K = K(¢,mp)< o0
such that for any normalized block basic sequence (xi),_, in X and any real sequence

(ak )i:l 5

<K

P
D> @
k=1

P P

Z are;, || + 2¢ep, <Z akeik>

k=1 k=1
p P

+ 2p, (Z ak%) +26)  Ja, (2)
k=1 k=1

where ij, = max supp xi, | <k<p, and p, and p, are the norms on the mixed Tsirelson
spaces  T(F,(0n, Fy),—y) and T(9,(0,, F,),—,), respectively. (Recall that
F=U", F,)

n=1

Proof. With the given notation, let x = > _, ayx, and y = Y ¥ _, axe;,. Also let Gy
be the integer interval (ix_y,ix|(io = 0). Since x€cqp, there exists a complete (F,)-
admissible tree 7 such that ||x|| = 7 x. Each node E€7 may be assumed to
be contained in the integer interval [1,i,]. Call a node E long if EnGy#0 for
at least two values of k. Otherwise, term the node short. Let N be the smallest
number such that Oy <e. Take & to be the collection of all minimal elements
in the set of all long nodes E€7 such that n(E)>N. Minimality is taken
with respect to the order (reverse inclusion) in the tree 7 . Similarly, let &, be
the collection of all minimal elements of the set of all short nodes that are not
in U{Jg:Eeé}. Then let &5 be the set of all leaves in J that are not in
u{T g:E€éué,}. Observe that

Tx<Y Y H(E)|Ex]|

j=1 Ee€&;

The proof of the proposition is completed by combining Lemmas 4-7 below. [
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P
Lemma 4. >, . ((E)||Ex|[<2e) 7, |akl|-

Proof. Arrange the nodes in &) as E; <--- <E,. Since n(E;) >N, t(E;) <Oy <e. For
1<j<r, let J; = {k: Gy nE;#0}. Then J,<---<J,, and |/;|=>2 for all j. Hence
Dot kes lar| <2 370 laxl. It follows that

> UE )IIEXI|<Z Zlak|<6z Zlak|<2ez lagl. O

Eeé, keJ; j=1 keJ;

Lemma 5. 37, (E)||Ex||<2|| 320, axeqll-

Proof. Since any node E €& is a leaf in the complete tree 7 for x,
Choose EpeZ( such that EycE and [|Ex|| =||Eox|| = ||Eox||s. Let Jg=
{k:GrnEy#0}. For each keJg, choose jieGinEy and set z=
D Ees; Dkes, 9k€j- Because each E€ &3 is a long node, each k belongs to at most
two Jg. It follows that ||z||<2||>°7_, ake;||. Now

Y UEEX| = Y «(E)|Eox|

EEG@_} Eeﬁg
< Z t(E) Z |ax| (by triangle inequality)
EE(»”} kEJE
< Y UE)|Eoz|lp< Y H(E)]
Eeés Eeés
p
< [l2l1<2]|Y axes O
=1

Observe that any ancestor F of any node in &, must be a long node such that
n(F)<N. Subdivide &, into two parts &, and &5, according to whether the node E
in question satisfies n(E)> N or n(E)<N.

Lemma 6. 3., ((E)||Exl| <7 ) +20,00)

Proof. Let 2 be the set of all nodes that are immediate predecessors of some node in
&>1. Let us first show that any two distinct nodes D and D’ in 2 are mutually
incomparable. Indeed, suppose that D is an ancestor of D'. Let £ and E’ be
immediate successors of D and D’ respectively that are in &5;. Consider the
immediate successor D” of D such that D" 2D’. Since D” and E are both immediate
successors of D, n(D") = n(E). But n(D")<N since D" is an ancestor of E' €&,
while n(E)> N by definition of &,;. Thus D and D’ must be mutually incomparable.
List the elements in & as Dy<Dy<---<D,. If 1<j<r and 1<k<p, let I =
{E€é2 :ESD;n Gy} and J; = {k: P #0}. By the preceding argument, each E in
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Ukes, Zjic is an immediate successor of D;. Given k € J;, choose Ej € 7 and /jy € Ej.
As in the proof of Lemma 5, note that each k belongs to at most two J; because each
D; is a long node. Hence ||w||<2||y|| and p;(w)<2p;(y), i=1,2, where w=
D2i-1 2okes, Aker,. For each j, let m =m(j) be the common value of n(E) for all
Ee Ues, Zjk- In particular, ., Zj is 7 p,-admissible. Consider the set M =
{j:m(j)<mp}. If je M, then

Y > UBIEX| =Y (D)0 Y Ex|<t(D) ) lal

kelJ; Ee€eZj ker Ee%j keJ;
< 0 Hmz Z ||EDW ||/0
Mo keJ; E€Dy
t(D
<P
O,

Hence,

S Y S «E >||Ex||<i2 (D)1 Dw|

JEM kelJ; E€eZy mo je M

< Il bl )

mo

If j¢ M, choose ny,...,n;eN as in the hypothesis of Proposition 3. Note that
I ={/y keJ;}eF . Partition J; into J and J}' so that J; consists of all ke J; such
that Dy is [F,, ..., F n]-admissible and J/' = J\J}. Set I} = {/ : ke J}. Then

o > UBIEX|=1(D) Y 0w Y IEx]

keJ’ Ee%y keJ/f EcYy

Dj)z On, - On, Z || Ex]]

keJ]f Eecy
<ct(D) Y |ax| <ea(D)||L(Dyw)l
keld!
J

< et(D))||Dywl| 7, <et(Dy)

Hence,

> > D UE ||Ex||<e§ QU

< ep;(w)<2ep,(p). 4)
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On the other hand, since Ukejj(, Dy is F - and thus (9,7, ..., F , ]-admissible,
while Z is not [#,, ..., F ,]-admissible for all keJ},

min U E:ker{' €Y

E€Tj

by Lemma 2. Thus If’ ={lp: kle’}eg. Consequently,

Yo D> UBIE=1D) Y 0w Y EXII<H(D)) Y |and

kel! Ecy kel’  E€Ty kel

<UD (Dw)|] 1 <t(D))]|1Djwll-

Therefore,

s <P (W)<2p,(p). (5)

> > D UB)Ex< Z

JEM kel Ecy =1

Combining inequalities (3), (4) and (5) completes the proof. [

Lemma 7. 3. . 1(E)||Ex||<g|ly]l.

Proof. For 1<k<p, let &n(k) ={Eeén: ESG}. If &n(k)#0, denote by 24
the collection of all minimal elements in the set of all nodes that are immediate
predecessors of some node in &x(k). Observe that if Pe#y, then P is a
long node and PG #0. Hence |2;|<2. For each PeZ;, choose an immediate
successor Ep of P such that Epe &y (k), then fix jpe Ep. Note that the nodes in
{Ep:PeJi_, #x} are pairwise disjoint. Set v=137_| @Y p., €, Since
|21 <2, ||v]|<2||y||. Notice that t(Ep) = 0,(g,)t(P)=0xt(P) since Ee€&y implies
n(Ep) <N. Now

P )4
SoUBE =) Y uBEI=)_ > > uE)EX|
Eeéyn k=1 Eerg"zz(k) k=1 PeZy EG(fzz(k)

EcP
P P
<Y DY UPIPGNI<Y ] D Pl

k=1 PeZ k=1 PeZP

P

=3 >« ||EPU||(/\ Z > (Ep)||Epv]| 5,

k=1 PeZy On k=1 Pe2

1

—_ <_ O

<glll <5l

Observe that in the preceding proof, the hypothesis of Proposition 3 (that is, the
existence of the family %) is used only in Lemma 6. One may consider mixed
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Tsirelson spaces Z = T(F o, (0,, F )n ;) determined by finitely many regular
families, defined in the obvious way. For such spaces, it is worthwhile to observe
the following corollary of the proof of Proposition 3. For any ne N, define .«/,, to be
the family of all subsets of N of cardinality <n.

Corollary 8. Let the space Z be as above. There exists a constant K < co such that for
any normalized block basic sequence (xi),—, in Z and any (ax)€ cop,

E i Xk g aiei,

where I = max supp xg, | <k < oco. Moreover, if F ,[/3]<(F ,,) for all neN, then
the sequences (xi) and (e;) are equivalent.

Proof. In the notation of the proof of Proposition 3, take N = /. Then & = &, =
(. In particular, the hypothesis in Proposition 3 is no longer required since Lemma 6
is not needed any more. Lemmas 5 and 7 give the desired result.

For the “moreover” part, observe that if j = min supp x, 1 <k < oo, then

by Proposition 9 below. [

Suppose (Z,),-, is a sequence of regular families that satisfies 7 ,[.o/3] = (7 F,)° for
all neN and Yy=Z, for all neNU{0}. Define a sequence of norms (||-],,) a
follows: ||x||, = supFEJO ||[Fx||,» and for me NuU{0},

.
[[x]],;1 = max <||x|m7 sup 0, sup{z [|Eix||,, : (E:) is ﬁn-admissible})
" i=1

It is well known that ||x|| = lim,, ||x||,, gives the norm on the mixed Tsirelson space
T(fo,(Qn,fn);il). The idea of the proof of the next proposition comes from
[9, Lemma 2]. Let (i), (i) € [N] be such that ji <ix <ji+1 for all ke N. For ES N, let
the left shift of E be the set Lg = {ji: ix€ E}.

Proposition 9. For all (ay)e€cop,me N, there exist Ey <FE><FEs3 such that
|/ S HE WDy + 12y + 1 E3D ]
where x =) axe;, and y =Y ae,.

Proof. The proof is by induction on m. When m =0, ||x||, = ||Fx||,, for some
FeZ,. Note that Ly = {min Lr}u (Lp\{min Lr}). Clearly Lp\{min Lr}eZ, as
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F is spreading. Then
1Exll = |Leyll = [{min Ledylls + (Le\{min L}yl
< I{min L}l + [l (Le\fmin Le Dyl
as {min Lr} and Lp\{min L} are both in F.

Suppose that the proposition is true for some m. If ||x||,,.; = |[x||
follows from induction as || - ||, <[ - ||,,,;.;- Otherwise,

m» the conclusion

r
¥l = 00 Y [1Exl,,
i=1

for some neN and some 7 ,-admissible sequence (E;)._,. Applying the inductive
hypothesis, there exist F} < F}<F} such that

EiX] |y <[ Fip [l + 1Foy |y + 1E51L,

for each 1<i<r. We may assume that F{ U F} U Fi< Lg,. Observe that

min E; <min F} <min F} <min F/™' Amin Lg,

L <min Ej

for all 1<i<r. (Ignore the undefined terms F{'“7 Lg,, and E.;; here and
subsequently in the proof.) Hence

.
U {min F}, min Fi, min Fi™' Amin Lg, , YeF 5] (7,)*.
i=1

Clearly, {min F]} e #y<= %, as well. Thus
r . . .
{min £} } U | J {min F3, min F}, min F{"' Amin L, } € (F,).
i1
Since |J,_, {min F{, min F}, min FI} is a spreading of this set, it belongs to (#,)’.
Choose G} <G, < Gj so that J;_, U?:l F}g U}::1 Gy and that {F/’ : Fj’E Gy} is F -
admissible, k = 1,2, 3. Then

;
¥l =00 D [1Eixl,,
i=1

,
<00 Y (IF Yy + 1Fs y + [1F53 )
i=1

g||G1y||m+l_|_||G2y||m+1—’—”(;3)}”"14»1' U
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Remark. The sets &,,0<a<wi, satisfy the “moreover” condition in Corollary 8, i.e.,
if 0<o<ay, then [t = (F5)*.

Proof. The proof is by induction on o. Suppose that Je.&[«/3]. Then J =
U, s i<ha<--<Ji,Jiests, and {J),...,J;} is & -admissible. Then
|/|<3k<3minJ. Thus we can write J=H UH,, H <H, so that
|Hi|<min J<min H; and |H,|<2 min J<min H,. Hence J = Hlque(,Vl)z.

Suppose that the remark is true for some o. Let J €%, [.oZ3]. Then J = Uf;l Ji,
Si<h<--<Jy,Jiess, and {minJj,...,minJy}eS,;. We can write
{min Jy, ..., min J;} as Uj;l H; so that Hy<---<H,, He%, and {H|,...,H,}
is 1-admissible. For each j, L; = Ui e, Jie Sy t3)1<(S,)° by induction.
Hence we can write IL;=L/UL;, where Li<L? L/, L;e¥,. Now
{min L}, min L7, ..., min L), min Li}eyl[ﬂg]g(yl)z by the above. Hence J =
UL L = U (LN O L) e (S1) 9] = (S1]94])° = (La41)>. This proves the re-
mark for the case o + 1.

Suppose that the remark is true for all 0<f <o, where « is a countable limit
ordinal. Let Je.%,[«/3]. Then Je.%, [</3] for some n<minJ, where (a,) is the

sequence of ordinals used to define &,. This implies that Je(¥,,)* for some
n<minJ by induction. Hence Je(¥,)*. O

3. Bounds on the /'-index

Let us recall the relevant terminology concerning trees. A tree on a set S is a subset
T of |J,2, S" such that (xi,...,x,)eT whenever neN and (xi,...,x,41)eT. If

(x1,...,xy) €T and 1<m<n, the sequence (xi, ..., X,,) is said to be an ancestor of
(X1, .-, Xu). A tree T is well-founded if there is no infinite sequence (x;,) in S such that
(x1, ..., x,) €T for all n. Given a well-founded tree T, we define the derived tree D(T)
to be the set of all (xi,...,x,)eT such that (xi,...,x,,x)eT for some xeS.

Inductively, we let D°(T) = T, D**'(T) = D(D*(T)), and D*(T) = (., D*(T) if o
is a limit ordinal. The order of a well-founded tree T is the smallest ordinal o(7) such
that D°T)(T) = (. If E is a Banach space and 1 <K < oo, an /'-K-tree on E is a tree
T on S(E)={xeE:||x||=1} such that |[> 0, ax;||[>K '3 " |a;| whenever
(x1,...,x,)€T and (a;)=R. If E has a basis (¢;), a block tree on E is a tree T on
E so that every (xi, ..., x,) € T is a finite block basis of (e;). An /'-K-block tree on E
is a block tree that is also an /!-K-tree. The index I(E,K) is defined to be
sup{o(T): T is an /'-K-tree on E}. If E has a basis (e;), the index I (E, K) is defined
similarly, with the supremum taken over all /'-K-block trees. The Bourgain ¢'-index
of E is the ordinal I(E) =sup{/(E,K):1<K<o}. The index I;(E) is defined
similarly. Bourgain proved that if £ is a separable Banach space not containing a
copy of /!, then I(E)<w, [8]. Judd and Odell [12] showed that I(E) and I,(E) are
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closely related for a Banach space E with a basis. Precisely, if I,(E) = "
for some n<w, then I(E)=aw" or o"', while I,(E)=I(E) if I,(E)=ow".
We refer the reader to [2,12] for in depth discussions of these and related
indices.

Our concern for the rest of the paper is the calculation of the index 7,(X), where X
is the mixed Tsirelson space T'(F g, (0, 7 4),,). We begin with an easy lower bound
on I,(X).

Proposition 10. I;(X) > - sup,cn 0. o times

Proof. For all m,neN, denote the family [#,,...,%,, %o by %,,. Observe

that 1(Bym) = o9 - for all m,neN by [13, Proposition 10]. For any
(ar) € coo, || Y- axer|| = 00| S arexll, - Thus  Iy(X,g7) = 1(Bym) = a0 - o for all
m,neN. Therefore,

m

Iy(X)>= sup ag- o = og - sup o . O
muneN neN

In the remainder of this section, we apply Proposition 3 to obtain an upper bound
on the /'-index of X. For each neN, let

(g(l’l) = {(07’117 "'7”3) Lnyp, ~~-7n.3‘7SEN7 n +n+ - -l—nASn}
and
7y = sup{0y, ...0n, 1y + -+ +ny>n}.

Obviously #(n) is a finite set. Denote its cardinality by p(n). It is clear that
lim,_, o, 7, = 0.

Lemma 11. Suppose that # is a regular family containing &y and that p is the norm
on the space T(H,(On, F n),y). For all xecop and all neN, we have

p(x) < mallxll +p()IX]] i
M/here M = U(O,nl,.A-,n‘y>€%7(n)[gnl7 ""‘9/—;’13]'

Proof. There exists an (% ,)-admissible tree 7 such that

p(x) =Y UE)||Ex]| .

Ee¥
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where & is the set of all leaves of 7. Let £,
h(E) = (0,ny, ...,ng). Then

n,) be the set of all Ee & such that

‘‘‘‘‘

p(x) = Z + Z 1H(E)||EX]| -

0,n1,...,n5)€6(n)  (O,n1,....n5)¢C(n) | E€Lny,.. ny)

If (0,n1,...,n)€%6(n), then L, .y i8S [Fu,...,F,]-admissible and thus .-
admissible. Since #(E)<1 for all E,

Z 1(E)||Ex]] < Z EX] L <IIXI]ap)-
EeZ .. ) EeZ ... )

Therefore,

Y UEEX] <pMIxl] 4
(0,n1,...,n5)€C(n) EEL (n . ny)

On the other hand, since 0,,...0,, <n, if (0,ny,...,n;)¢€(n),

Y UB)Ex]|l,

(0,n1,...,nx)$(€(f’l) EEj(nl ..... ns)

< Y Y mlEdy<mlrl. O
(0,11,...,m5)¢€(n) E€L ... n5)

Lemma 12. Let .4 be as defined in Lemma 11, then 1(M) <o)

Proof. The lemma follows immediately from the fact that
(A [N])<SUAN) - 1(H)

if # and /" are regular families of finite subsets of N (cf. [13, Proposition 10]). [

Proposition 13 (Leung and Tang [13, Proposition 12]). Let T be a well-founded block
tree on some basis (e;). Define

H(T) ={{maxsuppx;:i=1,....,n}:(x1,x2, .., x,) €T}
and
G(T) ={G: G is a spreading of a subset of some Fe A (T)}.

If 9(T) is compact, then 1(9(T))=o0(T).
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Given a countable ordinal #, define the order (or the logarithm) Z(n) of the
ordinal  to be y;, where = @t - k1 + --- + w’» - k, in Cantor normal form. Clearly,
£(ny - ny) = () +£(ny). Therefore /(n")=7(n)-n and /(n”)=¢(n) w. Ob-
viously, if Z(n) =y, then o’ <n<w’*!. Observe that in the notation of Proposition
3, if we take p to be the norm on the space T(Z ¥, (0,, 7 ,),-,), then || - || <p and
0, <p. Thus inequality (2) implies

P P P
Z arxi| | <(K+2)p (Z akeik> + 4¢ Z |t
k=1 k=1 k=1

If (x¢);—, and (yk);_, are sequences in possibly different normed spaces, and

K
0<K < oo, we write (xx)j_, = (Vk)p—; to mean K||> 7, axxil| =Y 5_; axyx|| for

all (Clk) € Co0-

Proposition 14. Suppose for all ¢>0, there exist a regular family 4. and myeN such
that for all m=my, there exist ny,....n;eN satisfying 0,,<e0,, ...0, and
FnS|YGe,Fnyy oy Fn. Then

Iy(X) < sup sup [(ao v i(%)) - o]

n
e>0 neN

Proof. Suppose otherwise. There exists #>1 and an /'-H-block tree T on X such
that

o(T)> sup sup [z v 1(%.)) - o).
>0 neN

Pick ¢ <&. According to Proposition 3 and the remark above, there exists a
constant K such that for all (ax)ecoy and all normalized block basic sequences

(Xk)Z:u

n n n
> arxi||<Kp (Z akeik> +deo Y laxl,
k=1 k=1 k=1

where p is the norm on T(#yu %, (04, F,),-,). Let /(o) =y, for all neN and
{(aovi(9,)) =7. Then

/((ocov 1(%,,)) - sup oc;j’) =/l(wyvi(Y,)) + /( sup oc(n")

neN neN
= ooV (b)) + /(o)) =7+, @

for all neN. Hence o(T)>w’™"® for all neN. Given Fe#(T), there
exists  (x1,x2,...,x,)€T such that F = {i}{_, = {maxsuppx;};_,. Since
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H
(x1,X2, .y Xu) €T, (X1, X2, ..., X,) = £'(|F|)-basis. Thus

n n 1 n
Kp (Z ake,-k> + 4¢ Z |a| Zﬁ Z |a].
k=1 k=1 k=1

Hence

n 1 n
i | 25750 e

1
Since it is clear that (ex),.; =(ex)rcp Whenever G is a spreading of F, it

follows that

1
p aek | 25770 D lad (6)
(e )>sn %

for all Ge¥%(T). Assume that y,#0 for some n. Then y,#0 for all sufficiently
large n. Choose meN such that n,,<1/(4KH) and y,,#0. If 4(T) is compact,
then 1(9(T))>w’""® by Proposition 13. Since %(T) is regular, the same
holds for %(T)n[L]=” for any Le[N]. Thus by [l1, Corollary 1.2], there
exists Le[N] such that &,4, ,N[L]~" =%(T). The same conclusion clearly holds
if 4(T) is not compact. Hence inequality (6) holds for all (ax)ecop and
all Ge Sy, N [L]™". Now, defining .# to be as in Lemma 11 corresponding
to m,

W AMFo0G,))SUF0UGe,) - 1(M) = (agv1(F,)) - oa < T+,

Using [I1, Corollary 1.2] again, we obtain Me[L] such that
MF 0G| [M)=" =Sy mr. 1t follows from [16, Proposition 3.6] that there

are Fe¥,y, (M) and (4);,.rSR" such that 37, @ =1 and if GEF with
GeS iy, mr1, then 3, ¢ aj<griem. Note that FeZ)., .,n[M]~" <%(T).

Consider x =}, aj¢;. By Lemma 11,

p(x) < mu||x[ 1 4 p(m)||x MF 0%,

< 7o+ p(m)]|x||

G
'/‘H’Tm m+1

1 1 1
<iKH T1KH ~ 2KH

contrary to (6). This proves the proposition in case y,#0 for some n.
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If y, = 0 for all n, then «? = o for all n. (Recall that we assume o, > 1 for all ne N.)
Write a9 v 1(9,,) = @™ -my + -+ + o™ - my, in Cantor normal form. Then

WYG(T))=0(T)>[uovi(%,)] - 0 = "t

By [l11, Corollary 1.2], there exists Le[N] such that &, 1 n[L]~" <% (T).
Hence, for all (ay)eco and all Ge¥;, 1 n[L]~%, inequality (6) holds. Choose
meN such that n,<1/(4KH) and define .# as in Lemma 11 corresponding
to m. Then

W(MFo0G,)) = [0V i(D,,)] - r<a’ - (mp+ 1)r

for some reN. Applying [I1, Theorem 1.1], there exists Me[L] such that
MF OGN [M]=" < (7)™ " By [16, Proposition 3.6], there exist
FeSun(M)SSjnmnM]™" =%, anll]™" and (@), ;,=R" such that
Yjer @ =1 and if GEF with Ge ., then 37, & <grmmgargmimy- Consider x =
>_jer 4ej. By Lemma 11,

p(X) < T |X[[ 1+ p(m)][x

MNF g 0G,)
< 7y +p(m)||x\|(1§,,i])<ml+,>,.

< T+ p(m) (my + Drllx] g,

1 1 1
<iKH T1KH ~ 2KH

contradicting (6). O

Theorem 15. (1) o - sup,cn 0@ <Ip(X) < (0otg V) - sup, e 2.

(2) If ag =0, then I,(X) = ag - Sup, e 05 -

(3) If o <o and o. = o, for some neN, then Iy(X) = a®.

(4) If ay<a for all neNU{0} and o is not of the form o= w™ E<w, then
Ib(X) = o®.

Proof. 1. The first inequality follows from Proposition 10. Since o< %, for all
nIFnSF<S|F, Fn, ..., 7] forall m,ny, ...,n;eN. The second inequality follows
from Proposition 14 upon taking 4, = & and my to be a number such that 0,,, <e0;.

2. and 3. are clear.

4. If sup,cn o =o®, then o-sup,cno? =o- 0 =o!T =0 and the result
follows by part 1. So it suffices to show that sup,.y o = «®. Since o <o for all
neN,sup, .y o <a®. Suppose that o=’ -kj 4 --- + w” - k, in Cantor normal
form and either k;>1 or p>1. Then there exists ne N such that o, >w"'. Hence
sup,ey o Z 0 = o,
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Now suppose that o = @1, and y, #w* for any £ <w;. Then there exists ne N such
that o, >w®"". Thus

/(1) /(). /(71)+1 o
Sup O(:;)Z[ww ](U:ww w:(,{)w :a)’lw:OCw. D

neN

The following corollary answers Question 1 in [12].

Corollary 16. If u is a countable ordinal not of the form «w° for some limit ordinal
E<wy, then there exists a Banach space Y such that 1(Y) = o'.

Proof. Write n = o’ -m; + .-+ + @’ - my in Cantor normal form. If y, is 0 or a
successor ordinal, then the result follows immediately from [13, Corollary 14]. If y, is
a limit ordinal, let (§,) be a sequence of ordinals increasing to y,. Choose regular

o o fh
families (#,),., such that o,=1(#,)=w", neN, and oy=1(F) =
1. etk - — Bn 7
@@tttk m=1) - Then g = su o, = Su o =0 <oy as k>1
neN neN

or mp>1. Let Y =T(F,(0,,F,)~,). By 2. in Theorem 15, I,(Y)=op-

n=1
SUp, ey 02 = @@ Mt me — gy - Finally, since I,(Y)>w® I(Y) = L,(Y) = o'
by [12, Corollary 5.13]. O

4. Attaining the upper bound

Henceforth, we shall consider only the case where a, <a for all e N U {0} and « is

of the form w® . Under these conditions, Theorem 15 yields the estimate
w” <Ip(X) <o

The next theorem gives a sufficient condition for the upper estimate to be attained.
Given meN and ¢>0, define

y =(e,m) =£(a9) + max{/(ct,...0, ) :

€0,,0p,...0,,>0,} (max0 =0).

Theorem 17. Assume E#0. If there exists € >0 such that for all p<w®, there exists
meN satisfying y(e,m) + 2 + B</ (o), then I;(X) = 0”2,

Before giving the proof of Theorem 17, let us observe an interesting corollary.
Corollary 18. If & is a limit ordinal, then I,(X) = 2.
Proof. Since £ is a limit ordinal, the sequence (/(/(a,))) converges to £. Hence for

all p<¢, there exists meN such that /Z(£(o))>pVvL(L(0m-1))VL(L(0g)).
Suppose 0,,...0,,>0,, for some nj,...,ngeN. Then ny,...,ny<m. Hence /(a),
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£ (0y,) <’ for all 1<i<s. Now for all 1<i<s, o, <o) Thus

0 - Ol -+ O, <w/(rxo)+l+/(ans)+l+--~+/(txnl)+l.

Therefore,
L(otg - Oty ee 0l ) + 2+ o’

<o) + 14+ L(0m) + 1+ -+ L(ot) + 1 +2 4+ of

< CO/(/(&'")) .

The last inequality follows from the fact that if #,...,n, <o®, then 5, + --- +
e <o*. Hence we have £(ag - 0y, ..o, ) + 2 + o </(a,,). Applying Theorem 17 with
€ = 1 yields the required result. [

Lemma 19. Let meN and ¢>0 be given. Then for all M e|N], there exists x€ cy
satisfying ||x[| <144, ||x[| = g, and supp x€ %12\ [M]™7, where y = y(e, m) is as
defined above.

Proof. Let A" = {(n1,...,n5) €0y, ...0,,>0,}. Clearly A" is a finite set. Denote
its cardinality by ¢. By assumption, there exists Le[M] such that
(Fns s Tny Fo] O [L] =" €S,y for all (ny, ...,ng)e N (cf. [11]). By Odell et al.
[16, Proposition 3.6], there exists yecgo, ||y||, = 1 such that suppye S, on[L]™"

1 <0

and |[yl|lg  <On/c. Let x=y/0,. Then [|x[|, =3- and suppxeS 2N [M]

Choose a complete (7 ,)-admissible tree J such that ||x|| = 7 x. Denote by £(7)
the set of all leaves of 7. For a fixed (ny, ...,n;)e A", the set {E€ L (T ):h(E) =
(0,n1,...,n5)} i [Fu,, ..., F 4, ]-admissible. Since supp xe[L]™*, we conclude by the
choice of L that

Yo Bz, <|lx

Ec%(7)
h(E)=(0,n,...,ny)

[37’11 ;»--33/7;1.; .3‘"0] < ||x||<(/)‘,‘+l :

Therefore,

Ixl< D uB)||Ex

st Y, UB)||Ex

Fo

Ee2(7) Ee2(7)
et(E) <0, et(E)>0,,
0"’[
< T |||, + Z O, Oy "-0111 Z || Ex Fo
(n1,....n5)eN Ee?(7)
] h(E)=(0,ny,...,n5)
1 1 c 1
<Z+ Z ||x|\y,+,<z+@|\J’||ff.,H<1 +z- O

(ny,....n5)eN
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Lemma 20. Under the assumptions of Theorem 17, there exists a strictly increasing
sequence (qi) =N such that for all F €, there are normalized vectors (xi); . With
supp xx < [qx, qx+1) for all ke F and

E A X

keF

> 2 lad

keF

Sor all (ay) € cqo.

Proof. Since ¢#0, o is a limit ordinal. Suppose that %, is defined by the sequence
(B,) increasing to w¢. For each k, apply the hypothesis of Theorem 17 to choose
mypeN such that y(e,my) + 2 + i </(oty, ). Write y, = y(e, mi). Using Lemma 19,
obtain a strictly increasing sequence (gx),—, in N and (x};)izl 21 Scoo such that
x5kl =g I3kl < T+, supp xj S[gi, gi1), and supp xj e, 20 [M;]=”, where
M, e [N] is chosen so that M1 = M;N[gi+1, o) and

U q/’) /,+2 [j‘li]<m gym[-

Note that this choice is possible by Gasparis [11] since

i
1 ( U y'[}/ [y”;i+2]> = w}'i+2+ﬁi < w/(anz,-) < ami = l(gmi),
.‘:1

If F={il,....,i,}€L s, i1<~~-<i,7 then Fe ¥y for some k<i;. Consider the

<0

block basic sequence (x x? x"). By choice, suppx 69’,1 20 [M;] and

iy 11
supp x;’l <14i,9i+1), 1<j<r. Moreover, the set {g;,...,q;,} is a spreading of
{i1, ...,i,} = F and hence belongs to 5 . Thus

r X
U supp x; € S5, [, 2] 0 [My]= " S F
=1

Therefore, given any (g;) € o,

r
i
a;x;,
J=1

> O,

r .
> 4
J=1 /!
r .
i
= 0111i] Z |aj| ||le1 H/l
O, Z |aj| Z ;1.

,x§f7 ...,x;:: ) yields the desired result. [

Normalizing the sequence (x;}!
1
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Lemma 21. Suppose the assumptions of Theorem 17 hold. Then there exists a strictly
increasing sequence (qr) =N such that whenever F € F ,|F | for some neN, there are
normalized vectors (Xi),cp, SUpPP Xk S gk, qk+1), satisfying

Z kX Z| a|

keF keF

Sor all (ax) € cop.

Proof. Choose (gx) using Lemma 20. If Fe % ,[¥ ;] for some neN, write F =
Uizt Fj, with Fi <. <F;, Fje¥,z:, 1<j<s, and {min F}};_ ;€ 7. For all 1 <j<s,
there exist normalized vectors (xx), . F, such that supp x; = 9k, gi+1) for all ke F; and
I ZkeFj axXi|| =15 ZkeFj |ag| for any (ax) € coo. Therefore,

E Qi Xk

)

keF j:1 keF;
s N
>0, E E; E E arxi | ||, where E; = U Supp xx
Jj=1 Jj=1 \keF; keF;
s
:Hn § § A Xk
Jj=1||keF;
> ]
1 + ¢ keF

for any (ax)ecop. O

To complete the proof of Theorem 17, we apply a compactness argument to
condense the block basic sequences obtained in Lemma 21 into a tree. Let Y be a set

and let (4,),-, be a sequence of pairwise disjoint finite subsets of Y. Suppose that a
given set

¥ < U <H An)
@#FG[N]<% nekF

is hereditary in the sense that (x,),.;€2 whenever (x,), ;€% and 0#G<F.

Proposition 22. Let # =[N~ be a regular family with ;> 1(#)=a>1. Suppose

Sor all nonempty F € A, there exists (x,),.r€X. Then there exists a tree T on Y such
that T2 and o(T) > a.



322 D.H. Leung, W.-K. Tang | Journal of Functional Analysis 199 (2003) 301-331

Proof. Assume that »# is regular and nonempty. There exists npeN such that
{n}eA for all n=ny. By hypothesis, there exists (x,)eZ for all n=ny. Let T =
{(xy) :n=np}. Then T< X and o(T)=1.

Suppose the proposition is true for some o> 1. Let # = [N]=” be a regular family
satisfying the hypothesis such that w; > 1(#) >a + 1. Pick a singleton set {ng} € AL
and let

4 ={Ge[N]"" :ng<G,{ng}uGeA}.
Then ¥ is regular and (%) >« > 1. Correspondingly, let

YW ={(xn),cc:0#Ge%, there exists (xy,)

such that (xn),e ()0 6€2}

Since % is hereditary, so is %/. Let a nonempty set Ge % be given. Then there exists
(Xn)ne fnoy o €% such that (x,), . ;€% By the inductive hypothesis, there exists a tree
Ty on Y such that Ty =% and o(T)) >a. List the elements in 4,, as z1 oy zh . Let M
be the collection of maximal nodes of Ty. If (x,),.;€ M, there ex1sts i, 1<i<p, such
that (2}, )U(x),cq€%. Partition M into a disjoint union (J{_; M; so that

(Xn) e € M; implies (2, ) U (x,),.€Z. Now let T; be the subtree of Ty consisting

no
of all nodes in M; and their ancestors. By [12, Lemma 5.10], there exists i such that
o(T;)=a. Define

T:{(zil[))u(x’l)neH ( )neHeT}

Then T is a tree on Y such that 7<% and o(T)=a + 1.

Suppose o is a countable limit ordinal and the result holds for all 1 <f<a. Let
A =[N]=% be a regular family of finite subsets of N satisfying the hypothesis such
that 1(#) >a. If 1 <P <a, then 1(#)>f>1. Hence there exists a tree T on Y such
that Ty =2 and o(T}p) > B. Clearly the tree T = | J;_,, T} satisfies the requirements of
the proposition. [

Proof of Theorem 17. In view of (1) in Theorem 15, it suffices to show that
I,(X)=w" - a, for all neN. In order to set up to apply Proposition 22, let ¥ = X.
Choose a sequence (gx) as in Lemma 21 and fix neN. Let A4, be a finite %-net of

the unit sphere of [e ]q"*‘ for each keN. Define ¢, = and set

0,
= 2(1+o

X ={)p:0£FeF [ o, ykGAk,(yk) /' (|F))-basis}.
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Clearly Z is hereditary. According to Lemma 21, whenever F e 7 ,[% ], there exist
normalized vectors (Xi), .y, SUPP Xk S [¢k, gk+1), such that

E A X

keF

keF

for all (ax) € coo. Choose (i) such that yxe Ay and ||xx — yi|| <5725 jgﬂ forall keF.

For all (ax) € oo,

D an||= || aexi|| = ||D @l — i)

keF keF keF
> ZI el = > lawlllxe — yell
1 +e keF keF

59;1
1+e Z' el =

Thus (yi),.p€%. By Proposition 22, there exists a tree 7 on X such that Tc %
and o(T)=>1(F [ ]) = ©” -a,. Since TSZ, it is an /'-¢,-block tree. Thus
L(X)z0” o, O

In general, the converse of Theorem 17 is far from true, as the following theorem
shows.

Theorem 23. Suppose that 0<&<oy, (o), 0 is a sequence of ordinals such that

SUPpenuU{0} % = @
null sequence in (0,1). Then there exists a sequence (F,),—, of regular families of
finite  subsets of N such that (F,)=a, for all neNu{0} and
I(T(Fo, (00, F0),21)) = 0”2,

(1)

nontrivially (i.e., o0, <® for all n) and (0, , is a nonincreasing

Proof. The proof is similar to that of Theorem 17 once we have obtained
Proposition 25 below. [

Lemma 24. Suppose that o <f<wi, where f=wbr -k + - + P - k,, in Cantor
normal form, and g : N — N is a function increasing to oo. There exist regular families
G and A such that o - 1(9) = P - ki, o= and 1(H) = P kg + -+ + P - k.
In particular, 1((A#,%(5])) = p. Uf m =1, take # = (.)
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Proof. Note that ff; >0 since f=w. Define

y (Fp )" if 0< B <o,
(L) i o<p <o

and A = (L, )", ..., (Fp,)). Clearly (#) = o> -y + -+ + wPn - k,, and

w-oh Uk if 0<pi<o
wl((é){ : 4 =P k. d

w-of -k if o<p,<w;

If f is a nonzero countable ordinal whose Cantor normal form is @/ - k; + --- +
wbn -k, write 2 for the family ((y[;m)k”’, s (S, ).

Proposition 25. Under the hypotheses of Theorem 23, there exist regular families
(Fn),eo and G with (7 ) = oy, 1(9) = 0, and (¢,,) =N such that for all neN and
all FeF ,[9), there is a normalized sequence (Xy,),,.p Such that supp X, S [qm, @m+1)
and

2% Z ||

meF

E amxm

meF

Sor all (a,,) €coo. Here the norm || - || is taken in the space T(F o, (0n, F n),ey)-
Proof. We define the families (#,),-, and a corresponding sequence of functions
(gn),; inductively. Let #o = Ry,, F1 = Ry, and g;(k) = k for all keN. Suppose
that g, and %, have been defined. If o, <w, let F, 1 = #,,,, and g, = g,. If
o1 =, pick x(k,n)ecgy for each ke N such that

(1) min supp x(k,n) >k,
) l|1x(k,n)|| = 1/0p41, and
G lIx(k,n)lli7, ...» 7o S Whenever (ny, ..., n5) €4,

where A = {(ni,...,n5): 0, ...0,, >0,:1}. Choose an increasing function g, :
N—N such that g,.,>g¢g, and supp x(k,p) <[k, g,s1(k)) for all 1<p<n, keN.
Then choose families %, and 5, corresponding to «,,; and g, using Lemma
24. Finally, define 7,1 = (# i1, %n1[]""]). Note that 1(F,) = «, for all n. This
completes the inductive definition of the families (#,),~,.

Claim. If 0,11 =, then ||x(k,n)||<2 for all keN.

Let x = x(k,n) and suppose |[x|| = > p., t(E)||EX||7,, where & is the set of all
leaves of an (# ,)-admissible tree. Take

& ={Eeé& h(E)=(0,ny,...,n5),(ny,....,n5) €A}
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and &" = £\&'. Now Ee&” only if 1(E)<6,.,. Therefore,
> H(E) 7o <Ou1 Y Ex|| 7, <Oupi|l¥|| = 1.

Ee&” Ee&”

If (ni,....,n5)€Ad, let L, ) ={Ee€& :h(E) = (0,n,...,n)}. Now

ERRERLLY

1
S (B)Ed < Y s <INl ST

EeZ ... ) EeZ ... n5)

by condition (3). Hence

1
Do UBNEA < > =t

Eeé&’ (n1y.eey ng) €A

Thus

x| = D «(E)Ex]| = ) t(E)||Ex|| + Y 1(E)||Ex||<2.

Ee& Eeé’ Eeé&”

This proves the claim.
Since o, <sup,, =w® for all neN, there exist n <my<n3<--- such that
sup, oy 41 = @ and o, 1= for all seN. Note that this implies by choice

that  sup,1(%,.1) =w”. Now choose ¢ <q<q3<-- such  that
@s+1 >max supp x(gs,n,), 1<r<s. Let L={q,¢2,43 -.-}€[N] and ¢(F)=
{gm :meF} for all Fe[N]=". Define

4 ={F:s<F and ¢(F)e%,, . for some seN}.

Then 1(%) = . For s<m, Supp X(quns 1) < [dns gu.+1 (gu)) € 74", Hence if s<F,

q(F)€%, i for some seN, and x,, = T (Z”’ ”‘ for all meF, then

U SUPP X € Gy 1 [ S| S F i1

meF

Thus, for all (a,) € cgo,

g AmXm § AnXm

n5+1
meF meF Fngi
—GnS—H Z AmXm
meF /!
1
"* > lam] [1X(gm; ns)l| 1 by the claim,
mekF

== Z |am| by condition (2).

meF
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Finally, if FeZ,[9] for some neN, write F = Uf:l F, where Fi < - <F}, F;e9,

1<s<k, and {min F, ..., min F; } € #,. For 1 <s<k, choose a normalized sequence
(Xm) e, as above. Now for all (@) € coo,

E AmXm

b

meF 1 \meFs
k
= Gn § g AmXm
j=1||meF;

0,
23 Z|am\. O

meF

5. Standard Schreier families

For all limit ordinals o<y, fix a sequence of ordinals strictly increasing to o.
If =P -m+ - +ofr-m is a limit ordinal, determine ¥ using the
sequence

. {wﬁl cmy 4 ol (my — 1) + P n if By is a successor,
n =

P my+ -+ ofe - (my — 1) + o if B is a limit,

where ({,) is the chosen sequence of ordinals increasing to f8. It is clear that if a is a

countable limit ordinal such that /(«)<# for some n<w;i, then (w"-m+a), =
o'"-m+d, for all m,neN. Throughout this section, we assume that the
Schreier families &, are defined using these choices. For such ‘‘standard”
Schreier families, the converse of Theorem 17 holds. The crucial set
theoretic property of the standard Schreier families is encapsulated in the next
lemma.

Lemma 26. If o and n are countable ordinals such that /(«)<n and meN, then
ya [yw”-m] = yw'?-erac'

Proof. The proof is by induction on «. The case o = 0 is clear. The result holds for
o = 1 by definition of % u,,+1. Suppose the lemma is true for some «. Then

ywrl[yw”m] = (yl[ya])[yw”-m} = yl[ya[yw'l-m“

=9 [<¢w'l~m+fx] = Lo miot-
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Suppose o is a limit ordinal and the lemma holds for all y <. By the remark above,

o' -m+ d, = (0" M+ a), for all m,neN. Now

FeL L opm)
<> FeS; L wnm| for some n<min F,
< FeY ymsq, for some n<min F by induction,

= Fe ywn.era. O

For the next theorem, fix a countable successor ordinal ¢ and a nondecreasing
sequence of ordinals (f,).”, such that sup,.y f8, = @ nontrivially. Also let % be a
regular family containing & such that 1(%,) = ap<w® , and let (0,),°, be a
nonincreasing null sequence in (0,1). In the present context, the ordinal y(e,m)
defined at the beginning of Section 4 becomes

7 =7y(e,m) = () + max{f, + -+ + B, : €0, 0n,...0, >0y}

for all meN and ¢>0 (max( =0). Denote the immediate predecessor of ¢
by & —1.

Theorem 27. Follow the notation above and apply the standard choices to define
Schreier families. If there exists ¢>0 such that for all B<w, there exists meN
satisfying y(e,m) +2+ B<pB,, then I,(T(Fy, (env‘yﬁn)il)) =02 Otherwise,
I(T(F o, (0, Sp,)0ey)) = 0

Proof. If there exists ¢>0 with the above properties, then Theorem 17 yields that
L(T(Fo,(0n, S 8)0es)) = 2. Now assume that such ¢ does not exist. Given ¢>0,
there exists r = r(c) e N such that for all me N, y(¢,m) +2 + o>~ - r=p,,. Let myeN
be such that B, >/(u)+2+»* ' -r. Fix m>my. In particular, y(c,m)= (o).
Hence there exist ny, ..., n,e N such that €0, ...0, >0, and /(o) + f, + - + B, +
24+~ r=p,,. Choose roeN such that /(ag) +2<w" - ry and write f, = o>~ -
o+ 7y, for all neN, where r,eNuU{0} and y,<w""'. Then ro+ry + -+ + 71, +
r=ry. If r,>0,

Ly =L iy, = L[S wi1,] by Lemma 26

y’l

=2 tgpw:fl,rn.
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The inclusion is obvious if 7, = 0. Therefore, using Lemma 26 again,

. . @ . .
t9)(L>4*1<(i'(>+r'+1)7 °¢ﬁ,,l PREEE) y/"m} = {‘g)U)é*L(roJrrJrl)v ‘/wi”-rnl PREER) <y(oifkr,,x
= ywifl-(;~”:+-~-+rnl+ro+r+1)-

Since B, <@ ' (rg + 1y, + -+ + 1y + 71+ 1), it follows from [16, Proposition 3.2(a)]
that there exists j,, €N, such that

<o
‘yﬁm N [N/m] S et (Fug ooty FroFr+1)

= [ywé*1~(rg+r+l)7 yﬂnl P[RR yﬁy,sL

where N; is the integer interval [j, o) for all jeN. By Proposition 1, there exists
a sequence (/,,)=N converging to oo such that, defining %, to be
(L0 IN, =)0 Fy for all neN, T(Fo, (04,5, ),—;) Iis isomorphic to
T(Fo, (0n, Fn)pey)- Let kyy = max{jm, Cnyy ooy fn s

By = {Be[N]~" :£,,<B and |B|<k,}

and  define %:(U% '%m)uywi"‘(ro-&-r-i-l)' If m>=mp, then fmg[(%>2>

m=my

Fny ey Fp). Indeed, if FeF,, then Fe¥y or Fe¥p n[N, ]~ . In
the former case it is clear that Fe[(#)*, F,,...,7,]. Suppose
FeY%y n[N, |~ . Then F =F UF,, where F\ =Fn[/y,ky,) and F, = F\F).
Clearly Fi e B, <[ H, F p,, ..., F ] and

FZE<¢/§ (\[Nkm]<oo

s [ywi*‘-(roﬂ‘-&-l)’ yﬁ,,l N [Nku1]< ” JEREE) yﬂns N [Nkm] = w]
SH, Ty, T ).
Hence #,, S [(#), Fp,, ..., ). This proves that the family %, = (#)” satisfies the

hypothesis of Proposition 14. Note that 1((#)?) = 1(#) -2 =@ (vt 2,
Applying Proposition 14, we obtain

))< Sup Sup [wwé—l,(r0+r(£)+1) . 2 . w:[;n'w} = wwf.
e>0 neN

I[J(T(g;(% (011; 'gzl’l)oo

n=1

Since the reverse inequality holds by Theorem 15, the proof is complete. [

It is worthwhile to record the statement of Theorem 27 for finite f,’s.
Of course, no choices need to be made in defining the Schreier families &%,
neNu{0}.
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Corollary 28. Suppose that F is a regular family containing <y such that
(Fo)<w®, and that (6,) is a nonincreasing null sequence in (0,1) such
that  0p4n=0,0,,  for all n,meN. Let X =T(Fg,(0n,%n)"y) If
lim,,, lim sup,, 0,,1,/0, >0, then 1(X) = w®?2. Otherwise, [(X) = w®.

Proof. Observe that with the assumption on the sequence (6,),

y(e,m) = £ (o) + max{n:el,>0,}

. . 0 .
for all ¢>0 and all meN. Assume that lim,, lim sup,, 'g”’ > (. Then there exists ¢>0
n
. 0 .
such that lim sup, HQHH >e¢ for all meN. Given B<w, let m =2+ B+ /(x) and
n

choose k such that 0’5—+k>e. If €6,,>0,,., then €0, > ¢, which implies that n<k.
k
Therefore y(e,m + k) </(x) + k. Hence

yem+k)+2+p<l(a)+2+f+k=m+k.

Consequently, by Theorem 27, I,(T(Z, (0, u),2;)) = @2

Conversely, suppose that I,(T(Z o, (0n, n),2;)) = ©®?. By Theorem 27, there
exists ¢>0 such that for all meN, there exists j,, such that y(¢,j,) + 2 + m<j,. In
particular, lim,, j,, = oo. For all meN, j,, —m>y(c,j,) implies that 0, ,,<0,,. If

Om
6:” >c. O

nzm, 0;, >c0; _,>¢€0; _,. Thus lim, sup
We conclude by looking at a case of the result when ¢ = 0.

Proposition 29. Suppose that F is a regular family containing &y and 1(F () <w.
Let (8,) be a nonincreasing null sequence in (0,1). Denote the space
T(F o, (0n,y),2,) by Y. Assume that every term (0,,.5/,) is essential in the sense
that there exists a nonzero xe Y such that ||x|| = 0,377, ||E;x|| for some Ey < --- <E,.

Then I,(Y) = o* if

. Om
f —>0.
ren 5P g,

Otherwise, I(Y) = w.

0, .
Proof. Clearly I,(Y) > w. Suppose inf,cn sup, 0—" = 0. Given ¢>0, choose re N such

Grn
that sup, 5~ <¢. Let 9. = .o/,.. Take any m>r, and let n = |2 ]. Then neN and

mz=rn. Hence 0,<0,<c, Also “<n+1 implies that m<2rn. Hence
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A S oA 5[y = G|/ ,]. By Proposition 14,

I(Y)< sup sup [(aoVvi(%,)) o] = .

n
e>0 neN

rn

On the other hand, assume that inf,cy sup, — 5, =¢>0. Let reN be given. There

exists n such that ﬁ> 5 Choose a normalized vector x such that 1 =0, > ", || E;x||

n

for some E;<---<E,. Define a sequence (y;) so that each y; is a right shift of
x so that supp y; <supp yj+1. Clearly ||y;||=]|x|| = 1 for all j. However, there exists

seN such that |F|<s for all FeZ . Thus ||| - |||<|| - [|<s]|| - |||, where ||| - ||| is the
norm of the space T(¥o, (04, /),-,). Note that the norm ||| - ||| is shift invariant.
Hence

il < slllyilll = sllIx[[|<sllx|| = s for all .

Moreover, for an appropriate shift E]1 <. <El of Ey<---<Ej, we have
n . n
0, > IIE |16, Y ||Ex|| = 1.
i—1 i—1
Therefore, for any (a;) € coo,

Z a4y

n

-
Hrn Z Z|a]|||Ey]||
j=1

i=1

r

n
0n Y > lajll|Ely;l]
1

j:] i=

€ <
= Z\“j\-
Jj=1

=

NS

Thus (H}/J”> is a normalized /- zi—block basis. Since re N is arbitrary, we obtain
Yj Jj=1 S

an /! -é-block tree of order w. Hence ,(Y,%) > w. By [12, Theorem 5.6 and Lemma

5.7], I,(Y)=w?. By (1) of Theorem 15, I,(Y) <w”. Therefore I,(Y) = w*>. O

Remark. Let (0,) be a nonincreasing null sequence in (0, 1) such that 0,,,, >0,,0, for
all m,neN and set X = T(Sy, (0, Sn),—;). Argyros, Deliyanni and Manoussakis

[6, Proposition 3.1] showed that if lim,,_, ., 03,/ " =1, then X contains 7, i)—spreading
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models hereditarily. In particular, this implies that I(X)>w®?2. The authors [14]
have shown that X contains /(]U-spreading models (without the “‘hereditary”) under

9m+n

0
proven that the assumptions of Theorem 17 ensure that T(Fy, (0,,, Z )

an /Llug--spreading model [14].

the strictly weaker assumption lim,, lim sup,

>0. More generally, it has been

o0

1) contains
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