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Abstract

In R™ (n > 3), an interesting property of the semi-linear equation

n+42

Aug+cp, Koud™™2 =0

is that, when K, is a positive constant, solutions can concentrate at any
point. When K, is not a constant, we show that concentration of solutions
requires strong conditions on K, . Through the stereographic projection, the
discussion can be extended to S”, and is related to bubbling, or the blow-up

phenomenon.
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§1. Introduction

In this article we consider positive smooth solutions u of the equation
(1.1) Aglu—cnn(n—I)QH—CHKUZ_jg =0 in S™

Here A, is the Laplacian for the standard metric g, on the unit sphere S™ (n > 3),
and ¢, = (n—2)/[4(n—1)]. Equation (1.1) describes the scalar curvature K of the
conformal metric iz g1 [4]. Under the stereographic projection P : S™ — IR"
(cf. [14] and § 7), with

_ _ 2\ .
12) K= KP20). )=o) () orveme
equation (1.1) can be expressed as
nt2
(1.3) Au,+cp Kous™> =0 in R".

The geometric accent of the equations is reflected analytically in the critical
Sobolev exponent. Together with conformal invariance, they may cause bubbles
to appear [25]. Active studies are conducted on existence of solutions and fine
asymptotic properties, employing powerful ideas in partial differential equations
and global geometry (see, for instances, recent publications [1], 3], [7], [8], [9], [10],
[17], [22], and the references within). However, key questions like the Nirenberg

problem and the Kazdan-Warner problem remain unresolved.

An exquisite result of Gidas, Ni and Nirenberg ([12], [13]; cf. [5], [23])
shows that when K, is a positive constant, say (after rescaling), K, =4n(n—1),
any positive smooth solution of equation (1.3) is of the form

n—2

A =
) for y € R".

(1.4) up(y) = <m

Here p is a fixed point in IR", and A a positive number. Thus the rigidity and

flexibility of the equation are captured. As an interesting consequence, solutions



can concentrate near p when A\ — 07. Indeed, direct calculation reveals that

/]R" uy?(y)dy is independent on A and p,

2n_ A\
w(dy < C =] —0 as NX—0".
/IR"\Bp(p) ) dy <p>

In the above, C' a positive constant, B,(p) the open ball in IR" with center at p
and radius p > 0. Observe that uy ,(p) — 0o as A\ — 0. Here we use the term
concentration to denote the general phenomenon when the solution is large in a
neighborhood of a point, and small outside. The precise meaning is made evident

in each theorem.

When K, is not a constant, we show that positive smooth solutions of
equation (1.3) in the form of (1.2) can only concentrate on particular places.
The first observation is that concentration cannot take place at a point p with
K,(p) < 0 (see propositions 2.2 and 2.4 for the precise statements). Here we
make use of the fact that conformal deformations on (S™, ¢;) tend to increase the

L2-norm of the scalar curvatures [15].

The second obstruction for concentration is |7 K,(p)|| # 0, a consequence

of the famed Kazdan-Warner balance formula:

(1.5) / X(K)uz dV, =0.
Here X is an arbitrary conformal Killing vector field on (5™, g1) (cf. [10] [14]).

Formula (1.5), when projected onto R" via P, and when X is generated

by rescaling, gives rise to the Pohozaev identity

2n
(1.6) Jon o7 Koyl dy = 0.

From (1.6), we derive the third obstruction, namely, high concentration cannot take
place at a point p with A K,(p) # 0 (the precise statement is found in theorem 4.1).
Earlier, Chang-Gursky-Yang [6] and Schoen-Zhang [27] consider similar situation.
((1.6) is satisfied by solutions u, and K, related to uw and K by (1.2), which

guarantees the convergence of the integral and non-existence of boundary terms.
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It is not hard to relax this requirement by imposing suitable decay condition on
u,. cf. [6].)

Observe that equation (1.3) is invariant under translations. Using this,
we also discover that /(A K,)(p) # 0 is an obstruction (theorem 5.1). Further

exploration of the Pohozaev identity shows that

(17) 3 (S G0 + %K) 0

places an additional restriction on strong concentration, see theorem 6.1. Here,
A K,=A(AK,).

A natural link with the kind of concentrations discussed in this article is
found in blow-up or bubbling. Let {u;} C C$°(S™) be a sequence of solutions of
equation (1.1). A point z; is called a blow-up point of {u;} if there exists a se-
quence {z;} C S™ such that lim u,;(x;) = oo and lim x; = z3, . Point singularity of
this type is studied in detail ‘Zb;fO]?{ Schoen, Y.Y. Ijr(ogf [22]), Chen and Lin (cf. [7]
8] [24]), and others. Under suitable conditions [10] [20], u; can be approximated

near x, by a standard solution as in (1.4).

In order to obtain a priori bounds and existence results, methods are de-
veloped to eliminate the possibility of blow-up (see the elegant works of Aubin
2], Chang-Gursky-Yang [6], Chen-Li [10], Y.-Y. Li [20] [21], Chen-Lin (op. cit.),
Schoen [26], Schoen-Escobar [11], and Schoen-Zhang [27]). Conditions allow, uni-
form upper bound also implies uniform lower bound, thanks to the Harnack in-
equality. This becomes crucial as certain blow-up tends to pull down the solutions
to zero outside a small neighborhood of the blow-up point x; (see [8]). The con-

ditions discussed here help to avoid this specific type of concentrations.

Conventions. Throughout this article, n > 3 is an integer; the functions
u, € CP(IR") and K, € C*°(IR") descend from the corresponding functions on
S™ via (1.2). We observe the practice of summing over repeated indices, and use
C, possibly with sub-indices, to denote various positive constants, which may be

rendered differently according to the contents.



§2. Zeroth order condition

Let

2n_
V = / um d%l = /]R”!L u372 dy7

T = Ku%dm:/ Koud— dy.
S?’L

On account of (1.1), we have

(2.1) T =t /S |1 ul2dV,, +n(n —1) /S ul?dV,, > 0.

Proposition 2.2.  Let K, be as in (1.2). Assume that K,(p) < 0 for a point
p € IR". There exist positive constants p, and €, such that for any positive smooth

solution u, of equation (1.3) in the form of (1.2), the concentration inequality

2.3 / o
(2:3) IR"™\B,(p)

cannot hold for p < p, and e < ¢,.

Proof. Take p, to be small enough so that sup K, < 0. Set
Bp(po)

~1
a:z—(sup KO> >0, and ¢, = <sup KO> 0.
Bp(po) IR”

Suppose that (2.3) holds for p < p, and ¢ < ¢,. We have

T = ”Qdy+/ Kuo"zdy
By(p) IR™\B,(p)
2n
< —a/ ué”dy+<SUpK>/ dy
By(p) IR™\B,(»
2n_ 2n
< —a/ uy > dy+<sup KO> 5/ us 2 dy <0,
By(p) R" Byp(p)
which contradicts (2.1). O



From above, it is not immediately clear that concentration cannot take place at a
point p with K,(p) = 0. This can be shown with the help of a result in [15].

Proposition 2.4. Let K, be as in (1.2). Assume that K,(p) = 0 for a point
p € IR". Given any positive number C'| there exist positive constants p; and &
such that for any positive smooth solution u, of equation (1.3) in the form of (1.2),

the concentration inequalities

on_
(2.5) us 2 dy < 5/ us?dy and V <C
By(p)

~/2%”\Bpon

do not hold for p < p; and e < ¢g;.

Proof. By applying lemma 4.5 in [15] on S™ with the standard metric, and then

transferring to IR™ by the stereographic projection as in (1.2), we obtain

nf3

(2.6) /Rn K5 ui?dy > [n(n—1)]

Wy .

Here w,, is the volume of the standard n-sphere. Take p; to be small enough so

that n
v [n(n—1)]2 w,

<
- 2C

|3

| Ko(y)

for y € B,(p) . Let

g1 =

[n(n gé)]% Wrn (

—3
sup Ko> )
Rn

Here C is the positive constant in (2.5). Suppose that (2.5) holds for p < p; and
¢ < ¢g;. We have

2

‘&ﬂmﬁMTW
2n_
_ |mﬁw*@+/n |K,|2
/Bp(p) R \Bp(p)

[n(n—l)]%wn/ 2 ( ) 2
< us~? dy + | sup K, / . us " dy
2C By(p) R" IR™\B,(p)
-1z w, 2
< [nln )JFw +€V<sup Ko>
2 R"
= [n(n—1)]7w,.
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The strict inequality above provides a contradiction with (2.6). 0

Remark 2.7. In proposition 2.4, whether the bound on V' can be removed is
not known. Interestingly, there are examples which show that V' can become very
large due to strong concentration at a point, even though K, is very close to a
positive constant (see [18] and [29]; cf. also [16]). However, under mild conditions
on K, (see [17]), it can be shown that if x;, is a blow-up point as defined in the
introduction, then K (x;) > 0.

§ 3. First order property

The stereographic projection P enables us to bring the discussion from IR" to S™,
or vice versa. For first order obstruction, it is more convenient to consider S™.
Denote by B, (r) the open (metric) ball in the standard sphere S™, where ¢ is the
center and r € (0, m) the radius of the ball.

Proposition 3.1. Let K € C*(S™). Assume that (K(q) > 0 and) <71 K(q) # 0
for a point q € S™. There exist positive constants ps and €5 such that for any

positive smooth solution u of equation (1.1), the concentration inequality

(3.2) /S o ui dv, < e / M=

q (r)

cannot hold for v < py and e < 5.

Proof. Let || 71 K(¢)|| = ¢* > 0. In the Kazdan-Warner formula (1.5), we can
choose the coordinate system so that the conformal Killing vector field X has the
property that || X (q)|| = 1 and X (q) is in the direction of 577 K (¢) . This is possible
because of the innate symmetry of S™. Furthermore, we may take || X|| <1 in S™.

Fix a positive constant ps such that

(3.3) (X, Vi1 K(2))g >

52
B for xe€ B,(p2).

Let D be a positive constant such that
|vi K| <D in S™.
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It follows that X (K) = (X, v1 K), < || X| - | vi K| < D. Take

52
gy = 3D
For r < ps, we have

/nX(K)u% dv,, =0

2n 2n
— X(K)u3 dv, :—/ X(K)uis dv,
Jo oy X =V, = [ X () v,
52

2 Js, () Sm\By (r)
— 2 dV, > i 25 dV,
un— N un— .
S™\By () "= 2D U, () 7

2n 2n
un-2dVy, < D un-2dVy,

The imbalance renders (3.2) invalid for € < ey and r < py. ad

Related to the above, we refer to [28] and [30] for first order conditions on

concentration for certain singularly perturbed elliptic equations in IR".

§4. Second order property

Because equation (1.3) is invariant under translations, for the moment, we focus
the discussion on the origin.

Theorem 4.1. Let K, be as in (1.2). Assume that 7 K,(0) =0 and A K,(0) #
0. Given any positive numbers C' and p, there exist positive numbers ¢, and ca,
such that for any positive smooth solution u, of equation (1.3) in the form of (1.2),
the concentration

s ()

cannot take place for X < ¢y and & < co. Here uy o is the standard spherical
solution defined in (1.4).

2n

<4, / Wi dy < O\
IR™\B.(p) Y

C° (Bo(p))



Proof.

(43) S0V o)

:>/ (y- v K,)

Consider the case A K,(0)

= A >0 first. As

2n

us2dy = 0

2n

(the Pohozaev identity)

27L
— K,
/]R - (y -7 Ko)us

Zdy = dy,

we intend to show that, under concentration as expressed in (4.2), the left hand side
of the above is O(\?), and the other side O(A\*). Thus (4.3) cannot be balanced for
small A. To this end we apply Taylor’s expansion and the fact that 57 K,(0) =0,
obtaining

0K,

1 o
Ko(y) = Ko(0) + 3 ZZJ: Yi Yj D00y, (0) + R(y) .

Here R is a smooth function with vanishing first and second order derivatives at
the origin. It follows that

PK,

(4.4) Z UiV 5oy 0)+y-R(y).

Y-V Koy

By the remainder theorem for Taylor’s expansions, we have

(4.5) ly- R <yl |V R < Cillyl®  for |yl < p.

It follows from (4.4) that

(4.6) ly- 7 EKo(y)| < Coly|*  for |yl <p.

Assuming that (4.2) holds. We have

(1.7) [ e K dy
= /BO()(?J-VKO)U“dy+ y v K,) { znz—u;z)}dy
> [ v E Ay [ v Kl —um &y

82
0 i R d 50 2,52 d
1,7 [aylay] ( )‘| /Bo(p) YiYi U)\ 0o 4y — L2 / HyH 0 Y

— 3 2 3 —
O, IlPuigdy  (sing (42), (44

(4.6)) .



As uy ¢ depends only on 7 = ||ly||, by symmetry, one obtains

2n .
yzyu dy = for i#7,
/Bo(p) 7 YX0

=
Yy, u dy =
/Bo w0

2. w3
— yiuy o dy =
Bo(p) ' M

2n
) yius g dy,

o

2n
rPul Zdy.
/Bo w 0

3|r—lm\ )

We compute

2n
4.8 / r2ul 2 dy
as) [l

P A\ "
. n+1
= Wh_1 /0 (>\2 n 72) r dr

arctan (p/A) n
= Wp_1 / ’ <#> N2 tan" M g sec? pdg (r = Atan @)
0

A2 sec? ¢
arctan (p/\) Siﬂn+1 (b
= Nw,_ / 2n-1) o (S P 4
Whn_1 ; cos ) o5 g [0)
9 arctan (p/\) ) 1 3
= A wn_lf sin"*t ¢ cos" 0 ¢ do (n>3)
0
- )\2Ip/)\.
Here
arctan (p/) ) 1 3
(4.9) Iy = wn1 / sin" ™ ¢ cos" ™ ¢ do,
0

and w,,_; is the volume of the standard sphere S"~!. As it can be seen in (4.9),
I,/ is bounded from above, and its value is larger for smaller A, assuming that p

is fixed. Similarly,

arctan (p/\)
(4.10) / o [ 02 dy = N3 w,_ 1/ sin"™2 ¢ cos" ¢ do.
0

When n > 4,
[ i dy < o
Bo(p)

When n =3,

10



arctan (p/\)
/ sin"*2 ¢ sec ¢ do
0
arctan (p/\)
< / sec ¢ dop
0

= In |[secy + tany| y—arctan (o/n) = I ’\/1 +tan?y + tany

PP <3p> 3p :
— P il <cm(28) < /£ >1).
In ( 1+ 32 + )\) <In ) SV (provided p/A > 1)

y=arctan (p/\)

Thus .
[ WPl dy<Cal tor a<p (n23),
olp

where C'5 is a positive constant that depends on p and n only. It follows from the
symmetry and (4.7)—(4.10) that

2n_ AK, 5
(4.11) / (y v Ky)us™? dy > ©_ 05] LN — Cg A2
Bo(p) n
We choose
o N
27 o
so that when 0 < A,, we have
AK,
J —C6| > é _ A — A
n n  2n 2n

By the decay property of K, as in (1.2), there exists a positive constant C7 such
that |y -7 K, (y)| < C; for all y € R"™. From (4.3) we have

A 5 2n_
412 Iy — A2—0A5</ T K| ul?d
( ) <p/)\ Zn) 6A2 S R 5, () ly -7 Kol u Y
A 5
— (Ip/)\ %> A2 < Cg A2 4 Cy A3
Afzo 1 . . P
< Oy A2 provided that A <min {—, 1
2n 20
A I
> ]
— - 27109

11



Hence we may choose

Aly?
“a= {271 CJ
From (4.12), we conclude that (4.2) cannot hold for A < ¢; and 6 < ¢y. The case
A K,(0) < 0 is similar. O

Remark 4.13. Fixing p in (4.2), we observe that when X is small enough, then
(4.2) implies that

2n 2n
/ . ustdy < >\2/ us*dy.
IR"\Bo(p) Bo(p)

(Compare with the calculations in the introduction following (1.4).) It follows that
(4.2), when projected back to S™, also implies inequality of the form (3.2).

§ 5. Third order restriction

Theorem 5.1. Let K, be as in (1.2). Assume that |7 K,(0)|]| = A K,(0) =0
and 57 (A K,)(0) # 0. Given any positive numbers C' and p, there exist positive
constants c3 and cy, such that for any positive smooth solution u, of equation (1.3)

in the form of (1.2), the concentration inequalities

(5.2) H (uA 0) - 1‘

cannot take place for A < cs and 6 < cq4.

< I\ uéSTnzdng)\?’

Co (Bo(p)) ’ / IR™\B,(p)

Proof.  We proceed as in the proof of theorem 4.1, and observe the effect of

translations. Take a point p = (py, - - -, pn) € R" such that

(5.3) vi=p-V(AK)0)>0.

Consider the translation

(5.4) K,(y) = K,(y —p) and wu,:=u,(y—p) for yeR"

12



It follows that w, satisfies the equation
n+2

(5.5) Au,+c, Kyup > =0 in R™

In addition, u, has similar decay property as expressed in (1.2). We also have

2n_
n—2
U)\Oy p)

unp(y) == uro(y — p) = (

One obtains

Sé)\, /n n2dy<cv)\3
Co(By(p)) IR™\B,(p)

Let

n—2

A =
) for y € R"™.

N+ ly — plf?

2n

AV K U/n72 d
/p(p) (y p) P )
2n

= K, ul? dy + K,)up=d
[ =) Ryt [ (7 Ky dy

2n_ 2n_ 2n_
> / ((y —p) - v Kpluy, dy — | (y —p) - oy, | dy
Bp(p) Bp(p)
2n 2n
+/ (p- v Kp)uj Zdy / P =g, | dy.
By (p)
We apply the Taylor expansion
PK
K = P
1 PK
+3 Yi = 1) (Y5 = 05) (e — D) 55— (p) + R(y),
1 PK,
= - 0
_'_2 o pﬁ)aylay]()
1 PK,
=1 Yi — —pj) (ys — p) =——=—(0) + R(y) .

Here R is a smooth functlon with vanishing derivatives (up to at least third order)
at p. Asin (4.4),

61 - VK - Z(yi—p»(yj—pj);yi—gz(m
- i~ 1) (o — pi) = ()

T 9yi0y;0yx

+(y—p)-VR@y).

13



By the remainder theorem for Taylor’s expansions, we have

(5.8) p-7 Ry)| < Cilly—7pl?
\(y —p) -V R(y)| Colly — p|l* for |y —pll <p.

IN

From (5.7), we also have

(5.9) (y—p)- VK@) < Cslly—pl*> for |ly—pl <p.
Likewise,
(5.10) P Kp(y)
1 P K,
a pz p +p — D 0
1
3_ Z (yk _pk) + (yi - Pi)pj (yk - pk)
i,7,
PK,

+ (i — pi) (y; — pj) i | 0)+ p- v R(y).

9yi0y;0yx
By symmetry,

[, =P (=)l ) dy =0 for i,
= 1/ = 2 2
i dy = — reu d here r* = ||y — ,
[y = [ wdy Iy - I
on_
/B (p)(yi—pi) (i — i) (e — ) uy , (y)dy =0 for 1 <4, j, k<n.
Similar to the proof of theorem 4.1, A K,(p) = A K,(0) =0 and (5.8) imply that
on_
—p) VK uj 2 d :/ Rlu} 2 d
L o= vy = [ (—p) v B dy
4 arctan (p/\) N 5
< CA wn_l/ sin"™ ¢ cos" " pdo.
0
In the above, if n = 3, we have

arctan (p/\) arctan (p/\)
/ sin™ ™ ¢ cos™™ 5¢d¢</ sec’ ¢ dp = p/\.
0

14



Whiles n > 4, the situation is akin to (4.9). Hence

(5.11) | lw=p) v KUl dy < ON
By(p)
Assuming that (5.2) holds, it follows from (5.10) that
(12 [ (v K W) ) dy
By(p)
1 PK,
> ——F(0) x
>3 2=, dyonom

X /Bp(p)[pz (y; — pi) (yr — &) + (vi — pi) pj (Yx — P

2n_

+ (v — i) (y; — pp) o) uy, (p) dy
—C/ " ly — p!lsuAp( —p)dy

83Ko (O) / 3 ( )2 n_Qllz( )d
= 3 E i\Yi —Di) U
3! Ay} By TP WY

(all three indices equal)

27L

PK,
E( 3p; uy d
oy 8%&% / B (v =2 i () y}

(exactly two indices equal)
on
-C / Iy —p||3US7§ (y—p)dy

2n

_ L . 2 n—2
= [Z PG 3 sz aylay] ] /Bp(p)(y] pi) uy, (p)dy

—c/ Iy~ plI* uf 2 0) dy

2n

= S vK)O)] [ ()<yz~—pz-> w2 (p) dy

p (P

—C/(p ly — p!lsuAp()dy
> D <>>\ OB
= on p/A \ — 4 .

Here I,y is defined as in (4.9). Similarly,

(5.13) [, w=p)

2n 2n

u’; dy < Cso N

15



27L
n—2

2ldy < C50 )

20
o s
where we use (5.6) and the estimate |p- 7 K| < C7 ||y — p|| for y € B,(p) . Using
(4.3), (5.10), (5.12) and (5.13) (compare also with the proof of theorem 4.1), we

obtain a contradiction when ¢ and A are small enough. O

§ 6. Fourth order

One may ask what is likely to happen when A K(0) = |7 K(0)|| =07 (Interesting
examples include homogeneous harmonic polynomials of higher degrees, see the
next section.) The method expounded in theorem 4.1 can be used to search for
algebraic relations on higher order derivatives of K, cf. [20]. Here we continue

with the fourth order condition.

Theorem 6.1. Forn > 5, Let K, be as in (1.2). Assume that || v K,(0)|| =
AK(0)=0, and

(6.2) _3<2:a4 >+A2 »(0) #0.

Given positive constants C' and p, there exist positive numbers cs and cg such

that for any positive smooth solution u, of equation (1.3) in the form of (1.2), the

2n

us tdy < C N

concentration inequalities
<N

6.3 H( ) <N, / )
( ) U, 0 Bo(p) IR™\Bo(p)

cannot hold for A < c5 and 6 < cg.

-1

Proof. We explore the main ideas in the proof of theorem 4. Starting with the

case that T > 0, consider the following Taylor expansion

K, 1 PK,
Ko(y) = K + Z YiYj 5 a a ( )+ ? Z YiY; Yk ay
i,k ?

20 (
-0yj3yk( )

0K,
S viviveu

—— 0+ R ,
i,j,k,1 ayiayjaykayl ( ) 5('3/)

4|

16



which implies that

PK, PK,
: KO = 7 p 0
Y- Ko(y) Z A 0y] i ;k Yi Yj Uk ayzay]ayk( )
'K,
3| Z ]Zk lyzyaykylm(o) + vy v Rs(y) .
Here
(6.4) ly 7 Rs(y)| < Cily)®  for |y| <p.

As in the proof of theorem 4.1, by symmetry and the fact that AK,(0) = 0, we

have

0°K,
o O / ; n— 2 d — O,
Zz]: <8yi8yj (0) Bop) VY UA 0 y)
on
/ Yiyiyruy o dy =0 for 1 <4, j, k<n,
Bo(p) ’
on

/ ()yiyjykyl uf\“Oz dy =0 for i, j, k, | being all distinct,
/ ()yzyjyku;(fdy:o for j#k’

yiy; u" 2aly:0 for 7 # 7.
/Bo(p) Uy, 0 #*

Assuming that (6.3) holds, it follows as in (4.7) that

2n

(6.5) / (y v K,)us > dy
Bo(p)
1 04K 2n
> |y °0/ =1y +§j / 20203
3l { —~ Oy} ©) By M0 W &% Ba(py A0 W

_025/ Nyl uf & dy — 03/B WPl 2 dy.

To compute the first two integrals in (6.5), let 6 be the angle to the y,-axis. That
is, Yy, = |y| cosf. Set

m 3wy_
I, = wn_g/ cos* @sin" 20 df = L,
0 n(n + 2)
Jn — Wn—2 / COS2 9 Sinn 9 de — ﬁ s [n — 3 Jn .
n—1Jo n(n +2)
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Here we use the formulas

T —1 ™
/ sin @ cos™0df = m—- sin @ cos™26d6,
0 m+1 Jo

s
Wp_1 = wn_g/o sin" 2 0do,

where [ > 1, m > 2, n >3, and w,_» is the volume of the standard sphere S"~2.
It follows that

n

"5 P T : n— A
/Bo(p) v u:{ Jdy = /0 [wn_g/o (r cos 0)* (rsin 6) zrdQ} <W> dr
_ P T 4 0 si n—2 0 do A ! n+3 d
= Wnp-2 0 0 COS S1n m r T
r A " n+3
= I"/o <)\2—|—r2> ™S dr

arctan (p/)
— I\ / Sin™*3 ¢ cos" 5 ¢ dob
0
(using the substitution r = X tan ¢).

On the other hand,

2n
n—2

2
= yn(r° —yy) uyy dy
Aw< 2l

- | ’ [u)n_g / ”(mos9)2(rsine)2(rsine)"—2rde} <L>n dr

A2 2

— -0 [ iy (#))
Bo(p)
—w /p (/W cos? 6 sin?6sin" 20 d@) A ' 3 dr
"2 Jo \Jo A2 472

2 n— 2 P A " n+3
/BO(P) y A0 v 0 ()\2 ‘I‘ T2> " "

2n2 4 arctan (p/A) +3 5 ) ]
/ ylyju/\ody—J A / sin"™ ¢ cos" PP dp, 1F#£ 7.
Bo(p) 0

!

!
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Setting o = Y J,,, we obtain

(6.7) [y K ui dy
Bo(p)

O\ ya [Ectan(e/N) n—5 20 12, s
> (3 ] Sin"™ g cos" 0 6 dp— Co6 [N |ylPuly dy
6 0 Bo(p) ’

2n
—C. / Suy s dy.
Tl dy
As in (4.8) and (4.9),

2n
T

2n_ arctan (p/A)
(6.8) / MylPuy g dy = M / sin" ™ ¢ cos™ P p < Cy A\,
Bo(p) ’ 0
5 % _ 5 arctan (p/A) con+4 n—6 5—e
( )H?JH uy dy = A sin"™" ¢ cos" " o < C5 A7
o(pP ' 0

Here n > 5 and € € (0, 1) is a positive constant. With (6.3), (6.7) and (6.8), we
conclude as in the proof of theorem 4.1 that contradiction arises when A and § are
small enough. The case T < 0 is similar. a

§ 7. Homogeneous harmonic polynomials

Here we present some simple functions which satisfy the conditions in theorem 6.1.
Let

be a homogeneous harmonic polynomial of degree k > 2 in R™™. It is shown in
[19] that Q) satisfies the Kazdan-Warner type identity, namely,

[ xX@av, =0

for any conformal Killing vector field X on S™.

Assuming that the indices iy, - - -, i, in (7.1) are all smaller than n + 1.

Consider the stereographic projection P from
S = Az = (21, -, @a) €R"T | 2P =1}
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to R", with Cartesian coordinates (yi, - - -, y,). It is given by

X

7.2 = ——— 1<i<n,
(72) S T
2y, . lyl2 = 1
ro= e 1<i<n,  and  mug = b
1+ [|ly[]? [yl + 1

Using P, we transfer ()}, into IR" and obtain

2
(7.3) Qr(y) = <1+Ily||2> Y Ciin Yir Vi, -

It follows that 57 Qx (0) =0 (as k > 2). Moreover,

k
Ay Qrly) = <L> Ay (Y Covi v i)

L+ lyl]?
2k+1/€
(1 + H?JH k+1 ZCH y Vy (yll e ylk)]

2k + 1) > 2" kn se
(1 + ’|y’|2)k+2 (1 + Hy“ k+1 i1, i Yin Yiy,

ok+1 .2
- 0 W chl7ylk yll e ylk
22k + 1) lyl>  2"'kn S |
(1 + ||y||2)k+2 (]_ + ||y||2)k+l i1, i Yin Yiy,

oprty, [ EE2=n) lyl* = (n + k)
= o |20 Gu)

— Ay Qk(O) =0
Likewise, v/, (A, Qk)(0) =0 and A, (A, Qx)(0) = 0. Here we make use of the fact
that @ is a harmonic polynomial and x,; is not present in Qx(x).
Using above, one can construct the desired functions. For instance, let ()4
be the homogeneous harmonic polynomial defined by
Qu(z) =] + 15 — 62725 for z€ 5" CR".

Using the stereographic projection, we obtain

Quly) = < -

4
TW) (yi +v5 —6yiy3).

20



Let K,: =1+ @4 in IR". We have

Ko(0)=1>0, VEK(0) = 0, AK(0)=0, v(AK)0)=0,

n 84Q n 0462
but 3(2 W44(0)> +A2Q4(0) = 3(2 W;‘(0) £0.
=1 2 i=1 7
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