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Abstract

We study the prescribing scalar curvature problem on S™ (n > 3) by consid-
ering the functional which sends a positive smooth function u to the scalar
curvature K of the conformal metric g. The null space of the linearization
is described by the (stationary) Schrédinger equation
NP -

Obstructions (in terms of eigenvalues) exist for the Schrodinger equation to
process non-trivial solutions. Together with eigenvalue estimates for confor-
mal metrics, the results are applied to study existence of solutions of the
prescribing scalar curvature problem for symmetric functions on S™. Some-
how surprisingly, the Schrodinger operator is capable of producing a large
class of explicit functions which satisfy the Kazdan-Warner type condition.
This includes homogeneous harmonic polynomials of higher order, and func-

tions arising from non-uniqueness.
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1. Introduction

As expounded in the superb book by A. Besse [7], Riemannian functionals are
pivotal in understanding the structure of scalar curvature functions on manifolds.
For conformal deformations on (S™, ¢1), m > 3, it is natural to consider the
conformal scalar curvature functional
(1.1) o CEs") — C=(S")

Ry, u— Ay u

u = K(u) = —
Cp Un—2

Here g; is the standard metric on the unit sphere S™, with scalar curvature R, =
n(n — 1), C°(S™) the collection of positive smooth functions on S, and the
constant ¢, takes the value (n —2)/[4(n — 1)]. Thus K = K(u) is the scalar

curvature of the conformal metric ¢ := uns g1 . It follows from (1.1) that

(1.2) Agu—cyn(n—1)u+ cn Kun? =0 in S"

The famed Kazdan-Warner problem (analogous to the Nirenberg problem
on S?) can be paraphrased as: what kind of smooth function can be in the image
of K, (denoted by K) ), and how to characterize them? The problem has the fine
quality of being easy to grasp, yet deep, making it into an attractive topic. Sub-
stantial achievements are obtained by advancing insights gained from the Yamabe
problem (variational method and blow-up analysis), moving plane methods, as well
as nonlinear functional analysis (perturbation and Leray-Schauder degree counting
methods), and more, cf. [1], [2], [5], [4], [9], [10], [16], [12], [13], [18], [24], [26], [27],
131], [32], [34], [35], [36], [39], [40], [45] and [46] for recent works on the problem.
Nevertheless, a complete solution of the problem remains elusive, partly because

little ideas are available to apprehend the structure of ) .

There are two basic and crucial facts that we know about K € ).

(I) K(x) >0 for some x € S™. Indeed, from (1.2) and Green’s identity we have

(1.3) . K uns dVy, = /Sn [n(n — D+t v u||2} v, > 0.

Already, it is known that any smooth function in S™ that is positive somewhere is
in the closure of K) in C1%(S") (0 < a < 1), see [15] [31] [33].



(II) The balance formula, which states that for any conformal Killing vector field
X on (S™, ¢1),

(1.4) [ xm)av, (: [ X)) wi dvgl) ~0.

It is first discovered by Kazdan and Warner, generalized by Bourguignon and
Ezin, and extended to a wider sense by Schoen (cf. [8] and [43]). Here X(K) =
(X, vyK), is the directional derivative. A comprehensive description of conformal
Killing vector fields on S™ can be found in the fine article of Han and Li [21].

Guided by (I) and (II), a function ¥ € C*°(S™) is said to fulfill the

(III) Kazdan- Warner type condition if W is positive somewhere and there exists
a function f € C°(S™) such that

(1.5) [ X(w) £ av,, =0

for all conformal Killing vector field X on S™. (In the above, some authors prefer

not to put the power on f. Nevertheless, this clarifies our overall presentation.)

Condition (1.5) says nothing on whether K (f) = or # ¥ [cf. (D) in section
3, which links this simple observation to functions that satisfy (1.5)]. However,
for a long time people wonder whether (III) is also a sufficient condition for ¥ €
IC) . Only quite recently counter-examples are found on rotationally symmetric

functions [14], and on non-rotationally symmetric functions in 3 and 4 dimensions
21].

In this article we consider the local structure of ). It appears to be
natural to ask if K € K), then whether small perturbations of K are still inside

/

w » or the derivative,

KC) 7 Shedding lights on the problem is the linearized map K
of the functional K at u. When u = 1 and hence K = n(n — 1), the null space of
K} is determined by the equation Ay ¢ +n¢ = 0. That is, ¢ is an eigenfunction
of the Laplacian with eigenvalue n. For non-constant K, the null space of K, can

be described by the (stationary) Schrodinger equation
K
(1.6) B+ ——®=0 in 5"
n —
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We define the operator £, by
K
L, := qu)+7n—1q)'

(Note that this is different from the conformal Laplacian.)

Much of the local property of K) is determined by whether (1.6) has non-
trivial solutions or not. For if the kernel of K/, is empty, then K € K) is an interior
point, and hence small perturbations of K are still inside ) . On the other hand,
if ® is a non-trivial solution of (1.6), the function K + ¢® cannot find solutions

near v . More precisely, we obtain the following quantitative result.

Theorem A. Given v € C°(S™) and K = K(u) , assume that (1.6) has a non-
trivial smooth solution ® . Given any € > 0, there exists a positive constant ¢ with

the property that we can choose ¢ — oo as € — 0%, such that
K+ed & K(B.(u)).

Here B, (u) == {w € CP(S") | supgn |[u —w| < ce}. Furthermore, ¢ depends
only onn, €, Knax, Kmin, Umax, ||P|lzz and Vol, (S™).

In addition, assume that v, @ € CX(S™) with K(u) = K(a) (i.e., the
conformal metrics have the same scalar curvature). If

Ki(¢) = Ki(¢) =0

for a function ¢ € C*(S™) \ {0}, then u=1u in S™.

For the first eigenfunctions ¢, it is well-known via the Kazdan-Warner con-
dition that functions of the form n(n —1) +c¢ € K) (¢ # 0). It follows from
the Obata theorem ([41], cf. [9]) that constant positive functions are not interior

points in K) . Interestingly, we do not know whether there are other non-trivial

solutions of (1.6) having this property.

Our study leads to a rather unexpected finding. The Schrodinger opera-

tor £, transcends its local origin and carries global implications. We consider in



section 3 the infinitesimal version of the balance formula (1.4):

(1.7 Jo, X (2aw)) avy = o

) o XDV,

which holds for all conformally Killing vector fields X of (S™, g) [equivalently, of
(S™, ¢1)]. In particular, when g = g1, hence K = n(n — 1), the right hand side
of (1.7) is equal to zero. That is,

(1.8) /nX(qf)dvgl:o for U=Ay ¢ +nt, ¢eC®Sm).

As a consequence, all smooth functions that are positive somewhere and orthog-
onal to the first eigenspace of (S™, g1) satisfy the Kazdan-Warner type condition
(and hence they are potential candidates to be inside K) ). More specifically, this
category includes homogeneous harmonic polynomials P¥ on IR"*! (restricted to
S™) of order k (k > 1). We observe that some of these functions do not satisfy the
flatness conditions that are required in certain existence theorems (cf. [19], [16]).
Outside the standard metric g;, non-uniqueness of the conformal scalar curvature
equation (1.2) can also be used to produce functions fulfilling the Kazdan-Warner

type condition.

For the Schrodinger equation to possess non-trivial solutions, there are con-
ditions in terms of the eigenvalues of A, . It is a tautology to say that if A is not

an eigenvalue of Ay, then the equation A, ¢+ A ¢ = 0 has no non-trivial solutions.

Our result allows to vary slightly between two consequent eigenvalues.

n —

Theorem B. Let K be a positive smooth function on the compact Riemannian
manifold (N, h). Assume that, either

. Kmax )\1 (TL - 1)2 | Vh KP
A 1 avi || ;
W) > l T Vo) Uy e )|

K
(i) An1< == <An in N (m22), / I 7n K|2dVi < ~2Voly(N) and
N

n J—
(Kmax — Kumin)? < 7%, where 7y is a suitable positive constant.

Then the equation Ap ¢ + — ¢ =0 does not have any non-trivial smooth so-
n —

lutions. In addition, v depends only on Kyax, Knn, the eigenvalues A\, of the



Laplacian Ay, , and their multiplicities (1 < o <m).

A conformal metric g of g; has its first positive eigenvalue A\; and scalar

max

1 Furthermore, if the Ricci curvature of ¢ is pos-

curvature K satisfying \; <

min

. < A1 (section 5). On the other hand, the standard

itive, then we also have

metric on the projective space P" has scalar curvature n (n — 1) and first positive
eigenvalue 2(n + 1). Hence condition (i) in theorem is satisfied. Thus, on P",
positive constant functions are interior points in the space of conformal scalar cur-
vature functions. Evidently, symmetric functions on S™ of the form K(—z) = K(x)
that are close to a positive constants are inside ) . We extend the result to other
closed manifolds and also to conformal scalar curvature functions nearby. By the
resolution of the Yamabe problem ([3], [42], [48]; see also [25]), any metric on a
compact manifold can be conformally deformed into a metric of constant scalar

curvature.

Theorem C. Let (N, h) be a compact Riemannian n-manifold (n > 3) with

constant scalar curvature k > 0 and first positive eigenvalue i, such that

A > (1467 for a positive number 9.

n—1

Given positive numbers a, b and ¢ with

10
b\" 5> c\* K2 6> 62\

1. 1< | - <1l+4+— - < — (14 =
(1.9) _<a> <1+ and (b) < 2)\1(n—1)2< + 2) ;

assume that the conformal metric ww2 h has scalar curvature K satisfying

<K<t and ||viK|n<E in N

)

and w satisfying the flatness condition (5.13). Then K is an interior point in the

space of conformal scalar curvature functions of (N, h) with the C'* topology.

In section 6, we demonstrate how to construct non-trivial solutions of
Schrodinger equation (1.6). Here we encounter the Poincaré-Hopf theorem on

vector fields. Because of this, the construction only works in even dimensions.



2. Kernel of K/,

Let uw € C°(S™) . With the help of (1.1), we find the linearization of IC at u :

Ay d—cy R +2\ Aju—c, R
(2.1) ]C;(¢) - _ 91¢ an g1 ¢ + (n > g ¥ 02771 g1 U é
Cp U2 n—2 Cp U2
_ A91¢_CNRQ1¢ <n+2) <¢>
= — 5 — - K.
CpUn—2 n—2 U
The first interesting case is when u = 1 in S™. We have
+2
K10) = =B 0+ n(n =16~ (25 ) nln = 1)¢

4(n—1)
= _ﬁ(Aglgﬁ—anﬁ)‘
Thus the null space of K, denoted by Ej, is the space of first eigenfunctions of
the Laplacian for (S™, ¢;). For a smooth function v, by the Fredholm alternative

theorem, the equation

Ay o+ne=1 in S"
is solvable if and only if ¢ is orthogonal F; . Furthermore, the Obata theorem ([41];

see also [9]) states that any conformal metric of g; with constant scalar curvature
is, possibly after a rescaling, isometric to ¢; . In this case the local object has
global implications. More precisely, we know that for ¢; € E; \ {0}, 101 is a
non-trivial conformal Killing vector field. It follows that the function n(n—1)+¢ ¢;
does not satisfy the Kazdan-Warner type condition, and hence it cannot be in ) .
Indeed, the presence of first eigenfunctions appears to be the only obstacle toward

satisfying the Kazdan-Warner type condition (cf. section 3).

For a generic function v € C$°(S™), the null space of K, is described by

n+§) [Kuﬂ_n(n—nl—i)_(;—@

¢=0.

(22) K(6)=0 — Ao+

Since R, =n(n — 1), we have

s n(n —1)(n — 2) _ Agu—c(n)Ry, u
n—+ 2 Cn U
_ —Aglu—kn(n—l)[l—n_ﬂ:—Aglu 4n(n—1).
Cp U n—+ 2 Cp U n—+ 2
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Thus (2.2) can be rewritten as

n + 2) Agu

(2.3) Agl¢+n¢:[(n_2 }(b.

u

Lemma 2.4. Letu € CP(S") and ¢ € C=(S™). We have K},(¢) = 0 if and only
if

K
(2.5) qu>+—1<1>:0, where ® = ?
n_

u
Here g = uz g1 and K s the scalar curvature of g .

Proof. For v e C®(S™), we have (cf. [44])

n+2

Agv—c, Kv=u" n2[A, (w) — c,n(n — 1) (uv)] .

Thus
Ay ¢ — -1
u u un—2
As ¢ is in the null space, it follows from (1.2) and (2.3) that
2.7) Ag¢—cnﬁgn—1)¢ e (n+2)K<¢> |
un—2 n—2 u

Combining (2.6) and (2.7) we obtain

¢ ¢ nt2 ¢ K

where ® = ¢/u . Likewise, any solution ® to the (stationary) Schrodinger equation

K
equation Ao + 71@ = 0 provides a solution to K} (¢) =0 via g =uP. O
n J—
Define the Schrodinger operator

K
(2.8) Ly=A,+ ——

n—1"



Lemma 2.9. L, is a uniformly elliptic (formally) self-adjoint operator. The
solution space S, := {® € C*(S") | L, ® = 0} is finite dimensional and each non-
zero C? solution must change sign. Moreover, for ® € S,\ {0}, ®7(0) forms an

n — 1 dimensional manifold, except on a closed set of lower dimension.

Proof. Consider the eigenvalue problem
Lof+XAf=0.

If zero is one of the eigenvalues of £, , then the equation £, ® = 0 has non-trivial
C? solutions. Standard elliptic theory (see §8.12 in [20]) says that the eigenspace
is finite dimensional, and each non-trivial C? solution must change sign. This can

also be seen from

AD K K |7 ®|°
(b 9 _— = = —/
>0 = o +n—1 0 = Snn_ldvg s av, <0,
which contradicts (1.3). The manifold structure on ®~1(0) is shown in [17] by
S.-Y. Cheng, using a result of Lipman Bers [6]. 0

It is helpful to extend (1.1) to any Riemannian metric h on a compact

n-manifold N with scalar curvature K . Define the corresponding functional R by

(2.10) R: CF(N) — C(N)
ZKu— A
Cp, Un—2
Thus R (u) is the scalar curvature of the conformal metric w2 h. The linearization
of R at u =1 is found by

R0 = - |2l ) (¢)]

Cp, UP—2 n— 2 u

1
= — l:Ah(I)—CnKCI)—i‘

Cn

n+2

n —

K@}
S {AhthrKCD] .
n—1

Cn

It follows that the kernel of R} is described by

K
AP+ ——d =0,
n—1

9



which is exactly the same form as (2.5).

Initially R is defined on C$°(V), the space of positive smooth functions on
N, but can be extended to Holder’s spaces like C’f’a(N ), or to suitable Sobolev
spaces which are Hilbert spaces (cf. [7]).

Given a non-trivial solution @ of (2.5), as the operator £, is formally self-
adjoint, ® is also in the co-kernel. Intuitively, for small positive numbers e, K +¢& ®
is not in the image of a reasonable small open neighborhood under the map K.
The following derivation leads to the local non-existence formally. In addition, it

gives information on the “radius” of local non-existence.

Theorem 2.11.  Given v € C®(S") and K = K(u), let ® be a non-trivial
smooth solution of the equation L,® = 0. Giwen any € > 0, there exists a positive

constant ¢ with the property that we can choose ¢ — 0o as € — 07, such that
K+ed ¢ K(B.:(u)).

Here B.. (u) :={w € CF(S™) | supgn |[u—w| < ce}. In addition, c depends only

onn, ¢, max u, max | K|, ||®| 2 and Vol, (S").

Proof. As(u+ f)ﬁ g =1+ f/u)% (uﬁm) =(1+ f/u)ﬁ g, we can move
the ‘center’ to g = uﬁgl and consider the functional R as defined in (2.10). Set
K, := K +¢®. Suppose that there exists ¢ € C*°(S") such that R(1+v¢) = K,

and
Y| <ce in S™.

The first condition we impose on ¢ is that ce < 1 so that 1 4 > 0 in S™. Let

K
(2.12) \If::Agw—i—in_lw.
We have
(2.13) K = R(1+¢):_Ag(1+¢)—CnK(1+¢)
V e (14 0)7
_ nt2 R T
— K{1+n_2¢] (1+1) Cn(1+¢)%_

10



It follows from (2.13) that

v - .

Cn

n -+ 2
n—2

n+2
n—2 —

(2.14) (K+e®)(1+79)

K [1 +
By the Green’s identity and (2.12) we obtain

(2.15)
K K
/n\I/quVg:/S”(Ag?b%—n_lzll)q)dVg:/S"(Ag(I)—{—n_l(I))de;:O,

and

(2.16) LERdV,=(n—1) [ ABdV,=0.

Multiple both sides of (2.14) by € ® we have

n+2 2 \If@
(Kg<b+62<1>2)(1+¢)$2:chb+Z+2K(sq>)w—€c .

After integrating both sides of the above equation and using (2.15) and (2.16), one

obtains

2
"+2/RK(5@)¢dvg.

(2.17) /n(K€<I>+52<I>2) (14 9)i5 dv, =

The key is to show that (2.17) cannot be “balanced” when ||¢||co is small. We

use Taylor’s expansion in the following form:

<n+2

n—2> YR

Here R, is a continuous function on S™ satisfying || Ra||ce < C,, ||¢||%e , where

?ﬁg?g 97wz for n>6.

6—n
4(n+2) 3\ n—2
C, = { oo (3)77 for 3<n<6,

Thus (2.17) becomes

2
/(K5<1>+52<I>2)dvg+n+2/ (Kedy+ 202y dv
n n — Sn
9 %9 n+2
+/S By(Ked+=20%)dV, = "2 [ K (e@)par,.

11



That is,

n+ 2
_2¢] dV;,:—»s/S”RQKCDdVg,

n

(2.18) 52/ P2 {1 + Ry +

where (2.16) is used. We further impose the restriction

2 -1
[oller < ce < [2(Cut25))]

n —

(which implies ce < 1) so that

1
@D‘ >§ in S™.

n+2
n—2

‘1+R2+

Thus
n+ 2

n—2

2
SR {1+Rg+ ¢] @V, 2 S @)

On the other hand,

- [ ReKoav, < (S c1>2dvg)2 (/S \R2|2|K|2dvg)2
Cy ||®|| 2 (max |K]) [ Vol, (5™)]2 ¢* &2

N

— @2 < 2C, (max|K]|)[Vol, (5")]2 .
Hence if
DOl 72 2 _11
¢ < max 121l T [Q(Cn—i-n—i_ ﬂ —
n—2 15

{22.C, (max | K]) [ Vo, (57)]¢ }?

then (2.18) leads to a contradiction. Moreover, we are free to choose ¢ — oo as
e—0" . 0

The canonical operator £, = Ay + n has not only local but also global
implications, which £, seems to be void of (save the case when g is isometric to

g1). The following may be considered as a partial remedy.

12



Theorem 2.19.  Assume that u, @ € C®(S™) with K(u) = K(a) . If K,(¢) =
KL(¢) =0 for a function ¢ € C(S™) \ {0}, then u=a in S™.

Proof. Let K := K(u) = K(a). We have

(2.20) Ay u—cnn(n—l)qucnKu%g:O,
A

o U —cpn(n — 1)@4_%[{@% =0.
From (2.3) we have

(2.21) PuUlNy u=opul, u

It follows from (2.20) and (2.21) that

(2:22) ngﬁﬂu%:}(gbu@% — KﬁbUﬁ:Kgbﬂﬁ

K
As & = ¢/u satisfies the equation A, @ + ] ® =0 in S™, by lemma 2.9, the

set
N:={zeS"|dx)=0=0¢(x)}

forms an (n — 1)-dimensional submanifold in S™, except on a closed set of lower

dimension. Let

M:={zeS"| K(x)=0}.
Outside N'U M, we have u = @ by (2.22). Consider the following cases.
(i) Assume that x, € N'\ M. There is a sequence {x;}°; such that hm T = X,
and ¢(z;) # 0. As K(z,) # 0, we may also assume that K (z;) # 0 for i >> 1. Hence
¢($Z)uni2(xz) = gb(a:i)uni2 (x;), that is, u(z;) = a(xz;) for i > 1. By continuity,

u(z,) = u(z,) as well.

(ii) Assume that y, € M is not an interior point of M . It follows that there is a
sequence {y; }5°, such that hm v = Yo and K (y;) # 0. The argument above shows
that u(y;) = @(y;) and by Contlnmty, u(yo) = u(y,)

(iii) Let y € M be an interior point of M and let U C M be the maximal
connected open set (in the topology of S™) in M which contains y. As K has to

13



be positive somewhere, OU # (). By the above argument, we have u|sy = sy . So
(2.20) leads to

Ay (u—a)=cynn—1)(u—a) in U, with u—a=0 on U

(as K = 0 in U). The maximum principle implies that © — 4 = 0 in U. In
particular, u(y) = a(y) . O

3. Functions satisfying the Kazdan-Warner type condition

For a metric g on S™ with scalar curvature K, consider the one parameter of

functions
U :==1+¢.
Here ¢ € C*°(S™), and ¢ is small enough so that u. remains positive in S™. Let
4

R. :=R(u:) = R(1 +¢ev) and g. := ud? g. It follows from the balance formula
(1.4) that

(3.1) 0= [ X(R)aV, = [ (X, vy R)gul* dV,.,

where X is a conformal Killing vector field with respect to the metric g. As in
(2.1), we obtain

OR. 0 Ay (1 —c, K (1 1 K
o[ Asenaktien] __1p, L K
0¢ le=o Oc n (14 eap)n—2 - Cn n—1
Differentiating both sides of equation (3.1) and letting € = 0, we obtain
1 2n
o X ), VT /Sn<X, Vo Ky dV, =0,
where
K
2 U:=A — ).
(32) Y
That is,
n
. X(W) dV, = 5 [ X(K) vy,
(3:3) Jo, Xy v, = g P [ Xy,



Consider the set

P:={peC®(S")| L,(¢) is positive somewhere and X(K)ydV,=0}.
Sn

Thus for any ¢ € P, U = L, () satisfies the Kazdan-Warner type condition. We
discuss X (K) =0 and X (K) # 0 separately.

(A) An immediate example for X (K) = 0 is when g = g; so that K =n(n—1).
In this case we just need L, (¢) to be positive somewhere. Given a smooth function

¥, the equation
Agl ’QD + n@/) =V

has a solution % if and only if ¥ is orthogonal to the first eigenspace E;. In case
U #£ 0, then either ¥ or —V (or both) satisfies the Kazdan-Warner type condition.
(So does C' + W for C' large enough.)

(B) Homogeneous harmonic polynomials. In particular, consider order k ho-
mogeneous harmonic polynomials P§¥ on IR | where k is a positive integer bigger

than one. It is well known that
(3.4) Ay PY+k(k+n—1)Pi=0 in S".
(3.4) can be rewritten as

Ay Pk 4+nPt=n—k(k+n—1)]Px.
It follows that for k > 1,
(3.5) / X(PY) dv, =0

for all conformal Killing vector field on (S™, ¢1). As / PidV, =0, P% is pos-
Sn

itive somewhere in S". Hence for k > 2, PX satisfies the Kazdan-Warner type

condition.

We observe that some of these functions do not satisfy the usual flatness
conditions required in a class of existence theorems. For instance, in S™ with

n > 4, consider the order 2 homogeneous harmonic polynomials

T, xz—x? for 1<i<j<n+1.

2

15



We can write

1
r1Ty = cosf sinf = B sin 20 := P(0)
r7 — 125 = cos’h —sin?0 = cos 20 := Q(0)
for 0 < 6 < 7. Observe that P'(f) = cos260 changes signs on the (non-empty)
region where P > 0. Chen and Li [16] ask whether this property is a sufficient
condition for rotationally symmetric functions to be in ). They show that this
is the case under a flatness condition [16]. (We note that @ > 0 on (0, 7/4) and

(3w/4, ), while Q" is negative on the first region and positive on the second.)

In the present cases, P and () have second derivatives which do not vanish
at the maximal points. Although the functions have the symmetry P(z) = P(—xz),
Q(z) = Q(—x), they do not satisfy the condition 57?P = 0 at the maximal points,
and hence when n > 4 the result of Escobar and Schoen [19] cannot be applied
as well. It would be interesting (excluding the simplest cases) to know whether or

not the functions discussed in (A) in general, and P¥ in particular, are in k).

(C) Let ¢; € Ey, the first eigenspace of (S™, ¢1). In case X = 574, ¢1, which
is known to be a conformal vector field, it is easy to show that / X(V)dv,, =0,

where ¥ = A, ¢+n1 . Indeed, we have U (A, ¢1+n¢1) =0, and / Uy dVy, =0,
Sn
where we use integration by parts. It follows that

[L0noidVy = 0 = [ (V61 Vp 0 dVy =0

= [ X(@av, = o0 (with X = 7, 61).

It can be shown that if U satisfies the Kazdan-Warner condition (1.5), then for
any conformal transformation 7" on (S™, g1), ¥ o T also satisfies condition (1.5).

Hebey [22] shows that for any smooth function f on S™ with fi.x > 0, there is

a first eigenfunction ¢; of (S™, ¢g;) and a conformal transformation 7" such that

(f=¢10oT)eK).

(D)  Relation with non-uniqueness. When X (K) # 0, there are two natural
subcases where we can find functions ¢ to annihilate the right hand side of (3.3).
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Both are linked to non-uniqueness.

Assume that the conformal metric § = i g also has scalar curvature K.
We take ¢ = @ in (3.3), and find that

[xwav,= [ x()yvav, = [ x(K)aav, = [ X () av; =0,
where
(3.6) U =L, (0) =L, (77) .

As uw > 01in S, by lemma 2.9, £, (ﬂ%> % 0. Hence either ¥ or —W satisfies
the Kazdan-Warner type condition. (When K is positive in S™, the maximum

principle implies that ¥ is positive somewhere.)

The above relation can also be explored in the Kazdan-Warner type con-
dition. For K € C*(S™), assume that K satisfies the Kazdan-Warner type con-
dition. That is, K is positive somewhere and there is a function f € C'¥°(S™) such
that

(3.7) | X(K) £ v, =0

for all conformal Killing vector field X of (S™, ¢1) . Assume also that K € K) but
K(f) # K . Hence there exists v € C°(S™) \ {f} such that K(u) = K. With
g= = g1, it follows from (3.7) that

2n

/nX(K) <f> v, —o.

u

2n

=
Taking ¢ := <f> in (3.3), we obtain
u

L xwav, = [ x(g)ywav,=o.

where U := L, ((f/u)%> . As ¢ > 0, it follows from lemma 2.9 that v is not
a solution of the Schrodinger equation. That is, ¥ # 0. Hence either ¥ or —W

satisfies the Kazdan-Warner type condition.
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For example, let K be a non-constant smooth function on S® with the

symmetry
K(-x)=—-K(x) for all z€ S
It follows that
/S X (K)dV,, =0

for all conformal Killing vector fields X on S3. If K is positive somewhere, then
it satisfies the Kazdan-Warner condition with f = 1 in S®. By a result of Escobar
and Schoen [19], there is u € C3°(S?) such that K(u) = K. Let ¥ := L, (u‘G) :
It follows that either ¥ or —W satisfies the Kazdan-Warner condition.

(E) In general, let K = K(u) and g = uﬁgl . Consider a function i) € C*°(S5™)
such that

(3.8) / X(K)$dV, =0

for all conformal Killing vector fields X of (S™, g;1). Note that ¢ needs not to be

positive. From (3.3) we have
(3.9) [ X2, w) av, =o.
Sn

If in addition the function W := L, is positive somewhere (which is automatic if
the minimum value of 1) is negative and occurs in the region where K < 0), then

it satisfies the Kazdan-Warner condition.

The set of all conformal Killing vector fields on

n+1
S = {(m, vy Tppr) ERMH Y a? = 1}

i=1
with the standard metric forms a linear space of dimension (n+1)(n+2)/2. A base
{X;|1< (n+1)(n+2)/2} can be found by taking X; = /4, x; for 1 <i <n+1,
and the remaining being generators of the rotations. Thus (3.8) is equivalent to

/Xi(K)wu%dVgl:O for 1§¢§(”+1>2("+2).

In [49], the Kazdan-Warner type condition is considered on open manifolds

with nonnegative Ricci curvature outside a compact set.
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4. Empty Kernel

We seek conditions to warrant empty kernel for £,. The study can be extended
to any closed Riemannian n-manifolds (N, h) with n > 3. Consider a solution
¢ € C°(N)\ {0} of the Schrédinger equation

K
(4.1) App+——¢=0 in N.
n—1
It follows that
2 K 2
(42) [ oPavi= [ —=— o avi.
N Nn—1

Denote by A; the first positive eigenvalue of the Laplacian Ay . For f € C*(N)
with / fdVy =0, from the Rayleigh quotient we obtain
N

(43) [ n fRaV= 0 [ IFP v

As / ¢ dVj, may not vanish, we cannot apply (4.3) directly on ¢. Observe that
N
when K > 0in N, (4.1) implies that

(4.4) (n—1) NA}?deth/Ngdehzo
K
— /Ngdeh:—(n—l)/N<Vh [’(zvm’“‘dvh.

We combine this with (4.3) to obtain the following.

Theorem 4.5. Assume that K is a positive smooth function on N with maximal
value Kpayx - If

Krnax /\1 (Tl _ 1>2 ’Vh KP
1 Rl
AL > n—l[ T Nohv) v K Wil

then equation (4.1) has no non-trivial smooth solutions.

Proof. Suppose that (4.1) has a non-trivial smooth solution ¢. We normalize ¢
so that / $*dVy, = 1. Set
N

Iy odVy n—1 (ViK' 7nd)n
(4.6) /N L g

" Vol (N) — Vol (V) Vi [by (44)].
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Hence
/ (6 —7)dVy = / ¢ dVy — 7 Volu(N) = 0.
N N
It follows from (4.3) that

(4.7) [ 1on o avi=x [ Jo—rPavi.
N N
Applying Hélder’s inequality in (4.6) we obtain
— 1) | vn K
: oo U IIKE N (G gpan)
(48) TS ol (NP < v i W) (I veeldv

- [\521,: (z1\;)2]2 ( N th(f : th) (/zv7z[—(1¢2 dv”) ’

where (4.2) is also involved. Combining (4.2), (4.7) and (4.8) we have

K
(4.9) | = lolav

n—1
> A [ (2ot avy

= N[ S dvi+n (—27 [ oavi+7>Vol, (N))
N N
= )\1 - )\1 ’7'2 Volh (N)

At(n—1)° | 7n K|? (/ K, >
D VAL LVh 2L 2 ,
z M Vol (N) N K* W Nn—1 ¢ dV

That is,

Ai(n—1)° | v K K
[14_ Vol,, (N) (N K* thﬂ (/Nn—l(bzdvh) =M

In case

Kax A1 (n — 1)2 ’ Vh KP
R [H Vol, ) \Jw kr M

(recall that / ¢*dVj, = 1), then we have a contradiction.
N

K
In particular, if K = k is a positive constant and A\; > 1 then equation

(4.1) has no non-trivial solutions. This occurs in the projective space P™ with

the canonical metric, where A\; = 2(n+ 1) and K = n(n — 1). The conclusion
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remains valid in a C'-neighborhood u = 1. Moser shows that any function on
P? that is positive somewhere is the scalar curvature of a conformal metric [38].
Escobar and Schoen [19] generalizes the result to P3. By theorem 4.5, functions
K satisfying K(—z) = K(x) for all x € S™ (hence can be descended to P") and
being sufficiently C*-close to n(n — 1) are inside K) .

Let A\ < Ay < - ++ < A < - - be the positive eigenvalues of (N, h).
By exploring the above argument further, we obtain the following “ladder-type”

obstruction.

Theorem 4.10. Assume that
Am—1 and Ay, (m > 2). That is,

lies between two consequent eigenvalues
n _

K
(4.11) A1 < —1 <Ay in N.
There exists a positive constant v such that if

(4.12) /NH T K|2dVi, < 42 Volu(N)  and (Kumax — Kuin)? <72

then equation (4.1) does not have any non-trivial smooth solutions. In addition, v
depends only on the eigenvalues N\, and its multiplicity M, (1 < o < m), Kun
and K ax .

Proof. For the eigenspace with eigenvalue ), (multiplicity M, ), let {¢; o )25

be an orthonormal basis. By Green’s identity, we have

[ (O1.0) - (D005.) Vi = Ao [ 61.00;.5dVi = 805

To obtain a contradiction, suppose that (4.1) has a non-trivial smooth solution ¢,
normalized in the form / ¢*dVj, = 1. Define 7 as in (4.6). Set
N

-1 Mq

(4.13) Q=0-% > ([ 06iadi) dia—7.

a=1 i=1

It is direct to check that
/dehzo and /ngi,advh:o
N N
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forl1<i< M ,and1<a<m-—1. Hence

(4.14) /N\thdeh > /\m/NQ2th.
We have
[ 1o QI avi
= [ IonePdvi+ m; % ([ ooadi) ([ 19n0ala)

m—1 Mg

-2 Zl Z; ([ o0iadvi) ([ (720 Tndi.a)dvi)
([ 06iadi) ([ 065 a) ([ (Tu61.0- Tu0y.0)dVh)

m—1 Mg

- /|vh¢! Wi -3 Y (/. madvh) .

a=1 =1

#(ﬁ

We also obtain
m—1 Mg

/QQth /¢2dvh—7 Vol, (%) — 3 3 (/Nwi,advhf

a=1 i=1

Thus
(4.15)

2
S 1 0 Vi A 7 VOl (5) 4 323 (= o) ([ 6600dh) = A

(recall that /¢2 dVy, =0). We seek to estimate the cross term in (4.15). Let

( K th> / VOol(N, h). By Green’s identity, we have

—cmadvh——/(Amm,advh:Aa/Nm,advh

NN
K K,
= Vit [ ( )qﬁ@-,advhzxa/ 665 adVi
NN N
o KO_K
= ( )\a>/ ¢¢z‘,ath=/ ( > O Pi o dVy,
n— N N n—1
K _K
N ] " || [ S0 advi| < max |72 H/ 665 adVi
n—1 N ’ n—1 N ’
K, K,— K 2 2
> ] [ o6iaani| < max\ H(/ ¢2dvh)2(/ ¢ dvh)2
n—1 N ' n—1 N N 0«
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We arrive at

K,—K|| K, -1
(4.16) ‘ / b o dVi| < max ‘ ’ ’ —
N ' n—1 |In—1

Kmin Kmax ..
Define I'y := — Am—1 and I'y := \,,, — 1 From the conditions on K, we

n— n—
observe that

K

017&)\a for a=1,---, m—1, and I'y, Iy >0.

n —

It follows from (4.15) and (4.16) that

(4.17) / |7 62 dVi, + A 72 Vol (S™)
N

Ma

K, — K\? K, -2
_ _ > )
—i—(max’n_l ) L;Ma(Am Aa) |20 = A
With (4.2), (4.8), (4.11) and (4.16), (4.17) becomes
Kmax )\m (TL - 1)2 2
1+ 47— / K dV>
(n—1) [ N Vol (V) ( y | Vo EFdvh
Ko - Kmax 2 Mmfl()\m - )\mfl) w2 Ma()\m - )\a)
+ ’ —+ = /\m.
n—1 (% — )\Tnfl)2 042::1 ()\m,1 - )\04)2
Together with (4.12) we obtain
Kmax 1 >\m (n - 1)2 72
(n—1) A1
2 Mmf )\m - )\mf 2 Ma )\m - )\oz
L O =An) On=2)] 5\
(n—1) I ot moa = Aa)?
Finally, we arrive at
>\m (TL - 1) ’72 Kmax
(4.18) [ X
m—1
2 m—2
7 Mm—l(Am - )\m—l) Moz()\m - >\a)
— = > T .
+<n—1>2l I PV v w ol ISR

Thus if v is small enough, we have a contradiction. Moreover, v can be estimated
in terms of quantities in (4.18). O
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5. Eigenvalue estimates for conformal metrics

An exquisite result of J. Hersch [23] states that
At W2
5.1 -
(5:1) 2~ Area(S5?, gs)
for any metric g, on S2. Together with the Gauss-Bonnet theorem, one obtains

(5.2) A< K

max ’

where K* is the scalar curvature of the metric g;. Ma and Wu generalize (5.1) to

higher dimensions (n > 3) for conformal metrics and show that

2

(5.3) M <Y B
' n — \Vol, (S*) ) ~’
where g = = g1 . Here w,, = Vol,, (S™). We assert that
K,
.4 A < max
(5.4) "S-l

for any conformal metric g on S™ (n > 3), with K = K(u).

For u € C*°(S™) \ {0}, consider the quotient
_ e IV ul + e Ku?) dV,

(5.5) Qu) : — —
(o P )

Let

p(5") = inf {Q(u) | u € C=(5") \{0}} .
It is known that u(S™) is a conformal invariant and its value can be found at the
standard metric g; with u = 1 [44]. That is,

pu(S") =cyn(n —1) Wi

For the metric g, taking u = 1, we obtain
cn Jon KAV
)/ =
(Jsn dVg)
— Kpax [ Vol, (S™)]7 > n(n— 1w

: KnlaX > wn
n(n —1) = \ Vol, (S™)
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Hence we have (5.4). It can also be shown that equality in (5.4) holds if and only

if ¢ is isometric to g .

For lower bounds on A, Lichnerowicz demonstrates that if (N, h) is a

compact Riemannian n-manifold without boundary, then
(5.6) Ricy > k(n—1) = M(N)>nk,

where k > 0 is a constant (cf. [44]). (Obata adds that equality in (5.6) holds if

and only if (NN, h) is isometric to the n-sphere of constant sectional curvature x .)

in K
In (5.6), we may take k = um B and hence
n(n —1)
min K
12 .
n—1

Combining (5.4) and (5.6) we obtain the following.

Proposition 5.7. In S™ (n > 3), for any conformal metric g of g1, we have

\ <maxK
1

n—1
If in addition g has positive Ricci curvature, then

min K

< A\i.

n—1

We consider estimating first eigenvalue under a conformal change of metric.
As above, denote by (N, h) a compact Riemannian n manifold and ho=unzh.
The transformation of the Ricci curvature under conformal transformation can be
written neatly in terms of w = w72 . We have

K -2
Rinz:*h-i-n
n

(Hessh (w) + An h) :

w n

Because of the Hessian term, it is not effective to estimate Ricj, . The following
discussion on floating level method explores the metric structure of the Rayleigh

quotient and requires no lower bounds on Ricci curvature.
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For the first positive eigenvalue \; of (N, h), let F' be an eigenfunction with

/ F?dV, = 1. Consider the conformal metric h = um2h . Define the floating level
N

by

_fNFdV;L

(5.8) L= v,

As a result,

/N(F+L)dV;L:0.

We observe that, in the original metric A, / FdV), = 0. Thus we have
N
/ (F + )2 dVy, = / (F2 4+ 2 F +2)dVi
N N
= / (F? 4 *)dV;, = 1+ 2 Vol, (S™).
N

Let A, be the first eigenvalue of (N, 71) . Using the Rayleigh quotient, we obtain

Lo v PRy

A
LS (Pt 02av;
_ Jn | vn Flju* dVy,
Iy (F +0)2uns dv;,
o [ max w2 | gyl v PRV,
~ | (min u)% | In(F + )% dVy
_ [ max w2 | (Sl va PRV
~|(min w)nz | \1+:2Vol, (S7)
B A1 (max u)?
]_ + L2 VOlh (Sn) (Hlin u)%
That is,
3\ 2
(5.9 AP wax W |
)\1 1442 VOlh (Sn) (mln u)m

26



and equality holds if and only if u = 1.

The reverse of the above is given by

A 1
5.10 — <
(5.10) A 1462 Vol (S™)

2n

[max u‘l)]2] ,

[min u=1]»-2

where the floating level ¢ of (IV, ﬁ) is defined similarly. Hence we have
(5.11)

[1 4 ¢ Vol; (S™)]

2n

(min w)n—2

(min u)? ] < A 1

<
(max u)% )\1 - 14 12 VOlh (Sn)

(max u)? ] |

Or simply as

(5.12) C(min w? A (max w)®
' (max u)% ~ A7 (min u)%

We further assume that v is flat on a maximum point z,; and a minimum point

ZTm , Meaning that,
(5.13) Apu(zy) =0=Apu(zy,),

where Ay, is the Laplacian of (N, h). Assume also that the scalar curvature of
h is equal to a positive constant . If K > 0, then it follows from an analog of
equation (1.2) that

(5.14) (max u)ﬁ < K/:lin’ (min u)ﬁ > K:ax
— Kmin <[(min>ngz < 5\1 < Kmax <[(maux>n;2
R Kmax o /\1 o R Kmin .

Theorem 5.15. Let (N, h) be a compact Riemannian n-manifold (n > 3) with
constant scalar curvature k > 0 and first positive eigenvalue Ay . Assume that

K

1 1+ 62
(5.16) A > (146%) —

for some positive number § . Given positive constants a, b and ¢ which satisfy

(5.17) 1< (Z)n [H(”_;)QAI <2>10n <Z>1 <1408
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(for instance, bja ~ 1 and ¢ ~ 0), assume that the conformal metric h = unz b

has scalar curvature K satisfying
(5.18) <K<V and ||vnK|n<  in N,

and u satisfying the flatness condition (5.13). Then K = R(u) is an interior point
in R) with the C'™ topology.

Proof. From (5.14) and (5.18) we have
N Kmax Kmin % Kmax (n - ]-) )\1 a\"
1 A > A > -] .
(5.19) P=0 g (Kmax> - (n— 1) K (b)
In order to apply theorem 4.5, we need

(n—1)\ <a>”>1+5\1(n—1)2 <N|| v;LKH%dVE) |

K b Vol; (N) K4

By (5.16), we have

(n—1))\ (a)” 9 (a)"
p 7 > (1469) 7)o
Thus we only need
n Ai (n— 1)2 | 75 K113
2 14 62 (ﬁ > 14 2 Ly )
(5.20) (1+6%) ;) =1+ Vol, (V) Mye dvi

Using (5.14) and (5.18) we obtain

- 2 n—2
i, < Cﬁ .
K b

It follows that
At (n —1)? | Vi K
1 dVs
+V'o1,~l(N) vkt W

L =D A (a>"—2 1 |7 Kl
b Vol; (N) /v K*
n—2 1

- - K2 —ﬁ d
Vo Sy v Kl v

2
B qV;

K

IN
—_

IN
—_
+
S
|
—_
e
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IN
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Hence (5.20) holds if we have

(5.21) (1+62) (Z)n >14 m (Z)H <W> .

K ad

After simplification, (5.21) gives

n . 2 10 4
a K a b
which is (5.17). 0

It can be seen that condition (1.11) in theorem C implies (5.17) by using
1+ 6%/2 and 6%/2 to bound respectively the two terms on the left hand side of
(5.17). On the projective space P™ with the canonical metric, the first positive
eigenvalue of the Laplacian is equal to 2(n + 1). Thus we may take J in theorem

5.15 to be any positive number small than \/(n +2)/n .

Example 5.22. We demonstrate that, for certain conformal metrics of g; on S™,
the first positive eigenvalue can become arbitrarily small even though the scalar
curvature is very close to n(n — 1). Consider a bean of 2m + 1 unit n-spheres in
IR"™! arranging along the z,, -axis. The middle sphere has center at the origin,
and the sphere in the bean touches the adjacent sphere(s) at the pole(s). By slight
modifications near the points of intersection, the space, denoted by (S, gs,,) , is
conformal to (S™, ¢;) and has scalar curvature as close to n(n — 1) as we like (see
28] and [29], cf. also [?]). Indeed, by using the Delaunay-Fowler type solutions,
the deviations of the scalar curvature from n(n — 1) occurs only near the points
of intersection and the conformal deformation can be made symmetric. It follows
from the arrangement that /3 Tpy1dVg, = 0. In addition,
m(4m? — 1)

/5 rp g dVy, > [1P432 4+ 4 (2m—1)’|w, = —

On the other hand

Lol v, ~ 3 [0 @+ 20) 5 d0
k=—m

m

@m+1) [ 117 @0alF vy,
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Hence

< fS H Vv Jin+1||§bm dvgbm ~ 1 fS" || V1 xn+1l|% dVgl
T fsrhadV,, m(2m — 1) Jon dVg,
< 1 Jon | V1 o [T AV,
T om@2m—1) [ 25y dVy,
n
m(2m —1)

>\1 (Sm)

Although K can be made as close to n(n — 1) as we like, A\(S,,) can become
very small when m is large. As a comparison, a result of Li-Yau [30] (improved by
Yang and Zhong in [50]) states that if Ric, > 0, then A\; > 7*/d?, where d is the
diameter of (N, h).

6. Constructing solutions

Lemma 6.1. Given a non-trivial first eigenfunction ¢ of (S™, ¢1), let u €
C(S™) be such that

2 :
(6.2) (Vllnu)-v1¢:_m¢|lvllnu|]2 in S™.

Denote by K the scalar curvature of the conformal metric g = ui g1. Then

O = yiz ¢ is a (non-trivial) solution of the equation

K
(6.3) AR+ ——@=0 in 5"

n —

In (6.2), and throughout this section, the dot product is respect to the standard
spherical metric g, .

Proof. Consider the function ¥ = = ¢ . We have

n+2 nt2 n—+2 _4
vi (6 0) = (ot + (T2 utovin,
n+2 n+2 n—+ 2 Aglu n+2
Ag1w = Agl (un72 ¢) = Yyn—2 Agl(b—i— (n_2> 7un72¢

n+2 4
"’2() un? /1 ¢ - V1u
n— 2
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n+2 4 4
+ (5 5) (=5 ) v sl v al?
n—2

2
_ _W+<n+ ) 2u¢
2 2
v2(555) v (ewios g0 mn) v
2\ A 2 2 2
— Ag1w + [n—(n+ )M}d}:?(n—i_ )um V1<um¢)-V1u.
U n—2

n— 2 —
Thus if
(6.4) vi (w72 ) viu=0 in S
then

2
It follows from (2.3) and lemma 2.4 that & = /u = uns ¢ satisfies (6.3). As

u>0in S™ (6.4) can be restated as
(6.5) vi (w2 ) v (ui2) =0 in S

Let U := un= . Rewrite (6.5) as

a0t o= (115) 2atu=o

(6.6) ¢ V1UIIP = -U (iU -v1i¢) <= ollviln U|> = —=(v1 InU)-(v19).

The last condition in (6.6) is equivalent to (6.2). O

Thus we seek a smooth function y :=InU such that
(6.7) ol vixllP=—-vix-vio.
Let S™ ¢ R"™ be given by
i+ ay e an, =1,

It is known that z;, 1 <i < mn+ 1, are first eigenfunctions of (5™, g;). We take
¢ = Tpy1 . It follows that 71 ¢ = Vi1 T = /1 — 22,4 .

As ¢y is the restriction of the Euclidean metric on IR™™, we have

ViX - Vitn = | V1 xlly1— 274, cosd,
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where 6 is the angle between them, provided that the vectors are non-zero. Thus

(6.7) can be rewritten as

(6.8) Tpall Vi x| = —y/1 =22, cosf, provided |wv1x]| #0.

Observe that /1 x,+1 “points upward” .

For z € S™, we set

1 for %gxnﬂgl,
2 for —1§xn+1§i.

X(x):X(ZL’l,..., xn—l—l) = {

The (n — 1)-spheres S, are defined by

Syt witas+-tal=1-p

for —1<p<1.

: 1 3 . :
Consider z € S™ with 1 < ZTpy1 < = . V1Zuy is perpendicular to the (n — 1)-
spheres Si and Sg. In order for x to satisfy (6.7), we make v7; x(z) almost
perpendicular to /1 x, 11 when x is close to S s and Si . In a uniform way on S,
with p being closed to 1/4 or 3/4, this is possible only when n — 1 is odd (that is,

n is even) because of the following.

Theorem (Poincaré-Hopf). The index of a smooth vector field with finitely
many zeros on a compact, oriented manifold N is the same as the Euler charac-
teristic of N .

If the Euler characteristic of N is zero, one can construct a nowhere van-
ishing vector field on N (see chapter 11 in the book by Spivak [47]). Thus it is
possible to define a non-vanishing vector field on S™~! if and only if n — 1 is odd.

The change of y from S s to S 1 is achieved first by making /7 x almost tangential

3
to S, when 1 = p (so that cos 6 =~ 0). 71 x then gradually picks up component

in the 7y 2,1 direction (the twisted part), and again becomes almost tangential

1
to S, when p' > 1
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