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Abstract
This article serves as an introduction to the bubbling phenomenon in non-
linear partial differential equations (PDEs). Rooted in the Sobolev embed-
ding theorem, the bounderline noncompactness brings in the fundamental
behavior of bubble formation, manifested in the Yamabe problem and the
Nirenberg/Kazdan-Warner problem. These problems have to do with con-
formal transformations. As far as possible, we present the systematic devel-
opment of the blow-up analysis, and strive to illuminate the principles by

constructing examples and providing intuition.
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Introduction.

In the study of nonlinear PDEs, people gradually unearth an interesting feature:
solutions can only become large in a specific way that mimics bubbling. The blow-
up phenomenon is common to a variety of equations invariant under conformal
transformations.

rigorous introduction to the study of blow-ups in an important class of PDEs

involving the critical Sobolev exponent.

A main purpose of this article is to provide an intuitive and



The main object of our discussion is the Nirenberg/Kazdan-Warner equa-

tion
(1) Aglu—cnn(n—1)1H—cnKuZ_jg =0 in S™
Here n > 3 and ¢, = (n — 2)/[4(n — 1)]. As a kind of ‘mirror image’ of the

Yamabe equation (cf. §3), the above equation arises from the famous question
on prescribing the scalar curvature function K in the conformal class of the stan-
dard metric g; on the unit sphere S™. From the progressive study on the problem
(cf. the survey style articles [36] [?]), it becomes clear that blow-up is endogenous
to the equation. Furthermore, the equation affords different types of blow-ups,
all naturally formed, ranging from simple blow-up to towering blow-up and spiky

blow-up. See the examples in §7e, f & g.

As a first step to understand the intricate bubbling process for equation
(1), R. Schoen introduces the concepts of isolated blow-up and simple blow-up
(commonly referred as simple isolated blow-up) [59]. In a series of exquisite and
thorough papers (cf. [48] [49]), Y.-Y. Li develops the notions and applies them
to obtain existence and compactness results. A main issue of this article is to

introduce some of the essential tools used in analyzing simple blow-ups.

The study on isolated and simple blow-ups are furthered by C.-C. Chen
and C.-S. Lin, and others (cf. [13] [14] [53]). Among other things, Chen and Lin
develop the powerful moving plane methods for some nonconstant K. In the last

section, we briefly highlight the working principles of the method.

The largely untouched spiky blow-up, with new constructions by Talia-
ferro [66] [67] [68] and the author [45] (independently), remains a topic for future
endeavor. The main results in the article can be found in the major works cited
above and in the references. Our objective is to provide, as far as possible, selective

and clear perspectives on this vast subject.

Conventions.  Throughout this article, n > 3 is an integer. We observe the
practice of using C, possibly with sub-indices, to denote various positive constants,

which may be rendered differently from line to line according to the contents.



1. Critical Sobolev exponent.

§1a. The Sobolev embedding theorem. Typically there are two ways to measure
the regularity of a function, namely, the LP norm, which is global, and the Holder
norms C*¢ | which is more local in nature. The combination of the two is a
creation of Sobolov: for a positive integer k£ and a positive real number p, the
Sobolev space L contains information on the LP norms of the derivatives of the
function, up to order k. Intuitively, the higher the values of p and k, the more

regular the function is.

Consider different values of p and k in L} . One can think of increasing the
value of p, and balancing this act by giving up some regularity on the derivative.
This is made precise by the Sobolev embedding theorem, which states that the
inclusion L)) (M) — L}(M) is continuous if

k—1¢

1 1
(1.1) 0<-——<=~.
p n q
Moreover, if the second inequality in (1.1) is strict, then the embedding is compact.
Here M is a compact n-dimensional manifold without boundary. See, for examples,

[5] and [33].

Whenn >3, p=2, k=1and ¢ = 0, the first incident for the lost of

compactness is when

1 . 2n
= — — q:Q: .
q n—2

N —
S|~

2* is known as the critical Sobolev exponent. Below the critical exponent, the
inclusion is more rigid (i.e., compact). Once above 2%, the flexibility (noncom-
pactness) shows up. We expect that both rigidity and flexibility are manifested in
the delicate critical case. (Indeed, we see in § 3 a that the flexibility is governed by
the wonderful Kazdan-Warner formula (3.2), while the rigidity is expressed in the
bubbling process, cf. §2a & b.)



§1b. A noncompact sequence. The noncompactness of the inclusion
Li{(M) — L* (M)

can be illustrated by the following consideration. For simplicity sake we present the
discussion in IR". Similar argument can be brought to any compact manifold by a

local chart and a partition of unity. The starting point is the family of functions

ANT 1 = i
12 o= (wpe) e () eovew

where A is a (fixed) positive number (eventually A — 07). Observe that

(1.3) NTUNAy) = Ui(y) .

Direct calculation shows that

n+2

(1.4) AUy+nn—-2)U?=0 in R",

and
2n

oo |7 Uy =n(n—2) [ U7 dy.
Using (1.3) we find that

2n

2* - * ~ n ~ nTi2 ~ m ~
(15) oo UF Wy = [ UF 00X g = [ [NFU0p)] dg
= | UE ) dy (where y = A7)
R
In particular, the last term is independent on A. Likewise,

ne2 (o 0 as A= 0" for 0<qg<2*
Ul dy = A" —@/ U d ’
/]R" A4 R vy oo as A— 0" for ¢g>2*.

Thus {U,} is bounded in L3(IR™) for n > 3. On the other hand,

lim Ux(y) = <lim A ) = { 0 for—y#0,

A0+ A—0T A2 + |y|? oo for y=0.

It follows from (1.5) that {U,} does not have a convergent subsequence in L?" (IR").



We remark that (1.3) defines the transformation u(y) — A" u(Ay) . Thus
the source of noncompactness is the rescaling Ay, which is a conformal transfor-

mation.

§ 1c. Proportion and projection. The family of functions {U)} provides a simple,

yet important, example of the concentration process - it can be seen that

/]R” U/\"Tn2 dy is independent on A  (by (1.5)),

2n A\
/n UA"zdy§C<—> —0 as A—0".
IR"\Bx (p) P
(We use B,(p) to denote the open ball in R™ with center at the origin and radius
p > 0. Likewise, S,(p) represents the sphere in IR™ with center at the origin and

radius p.)

The family of functions {U,} is beautifully formed. Here we observe the
proportionality of Uy :

1
M:=max Uy, = —s,
Rn

—2
A7

n

Uslyer ~ A7 (=0), and
U)\||y‘:\/x =~ ]. fOI )\%O

It follows that, for y # 0,
n—2

(1.6) M- Us(y) ( ! ) ! A0t

: U\y) = | 5——= — —— as A—0".

A2+ Jyl? ly["=2
The last expression in (1.6) is recognized as a Green’s function for the Laplacian.
_4

Proposition 1.7.  For A > 0, the metric 4U{ "2 dy* on IR" is isometric to the
standard spherical metric g, on S™\ {N}. Here dy? is the Euclidean metric and
N the north pole on S™.

Proof. Denote by (yi,- -+, y,) the Cartesian coordinates. Consider the stereo-
graphic projection P : S"\{N} — IR". That is, for v = (xy, -+, Zns1) € S"\{N},

y = Plx), where Y = i , 1<i<n.

1- Tni1



C 1 2y 1<i< -l
onverse x; = R S1sn, Tnt1 = )
v 1472 T2

where r = |y|.

In can be seen that P is a conformal map with respect to the standard metrics on

S™ and IR". The conformal factor can be discerned by using simple trigonometry :

2
2 2 \—1 7.2 (1+ 7’2)2 4r 2 4 2
"= (1 =25 40) " drp g = A2 (1 +172)2 i = (1 +172)2 i

Here 6 is the angle to the z,,, axis. It follows that the map P is an isometry from
_4
(S"\ (N}, g) o (IR, 4072 dy?)

The proposition is then obtained by rescaling the stereographic projection.
For a positive number ¢, let ®.: 5™\ {N} — IR" be defined by

O.(x) =c-P(x).

Being composition of conformal maps, ®. is a conformal map. Indeed,

Pla) — cx; . r? —c?
=cP(x = — Tpil = ——= .
Y - g1 T2 g2
As above, we compute the conformal factor :
r? + c%)? 4t ]’ c 12
1.8 dg — ¢ - d2:4{7} dr? .
(18) 4¢2 r? (r2 4+ ¢2)? " a2 ¢

4

Take ¢ = A. (1.8) shows that if IR" is equipped with the metric 4 U;~2 dy?, then
it is isometric to (S™ \ {N}, ¢1) via ®,. O

It can be seen that the stereographic projection P extends as a map from
5" to IR" = R" U {oo}. A result tracing back to Liouville states that, for n > 3,
the conformal transformation group of R" is generated by translations, rotations,
scalings and inversions [62].



2. Borderline noncompactness and the Yamabe equation.

§2a. The Yamabe equation and the subcritical method. The borderline noncom-
pactness finds its expression in the Yamabe equation. In the 1960s, it is proposed
to find metrics of constant curvature by a min-max method as a way to tackle
the Poincare conjecture. The first step is to minimize the total scalar curvature
functional in the conformal class. Such minimizers has constant scalar curvature.
Yamabe asserts that, for any compact Riemannian manifold (M, g) with scalar
curvature 7, , there is a conformal metric of g whose scalar curvature is con-
stant. This is equivalent to finding a positive smooth solution u of (his name sake)

equation
(2.1) Ayt — cuRypu+Aunz =0 in M.

Here ) is a constant and A, the Laplacian for (M, g). The scalar curvature of the

T _
conformal metric um=2 g is given by A ¢, .

Yamabe introduces the subcritical equations to overcome the hurdle posed
by the borderline noncompactness of the Sobolev embedding. For a number s €
(2, 2*], consider the quotient

_ I [V 1P+ e By f7] dV,

2.2 s = )
22 @) e 71 V)"

where f € L3(M)\ {0} . Let
A =inf {Qu(u) | f € LI(M)\{0}} .

When s = 2%, the number is simply denoted by A(M). A nice property about
A(M) is that it depends only on the conformal class of g [62].

By using a direct minimization procedure, it can be shown that for 2 <
s < 2%, there exists a smooth positive function us such that its L*-norm is equal

to one, Qs(us) = A and ug satisfies the equation

(2.3) Agus — ¢y Ryug + Ag u'=0 in M.



(Cf. [39].) The direct method does not work when s = 2* because the Sobolev
embedding L?(M) — L?" (M) is not compact.

Once {us} is uniformly bounded from above, we can apply established
results in PDEs to extract a convergent subsequence, thus regaining compactness.
The whole new phenomenon of blow-up takes life when {us} is not uniformly
bounded from above. This is possible only when A\(M) > 0 [39]. Cf. also [64].

As the blow-up process in the Yamabe equation serves as a foundation for
later discussion, we present the essential bubbling construction here, minus some

technical details, which can be found in standard texts like [62].

Suppose that the sequence {u,} is not uniformly bounded from above.

After extracting a subsequence {u, }, we may assume that
M; = u,,(x;) = max ug, > 00, X;—X, as i — 00.

Introducing a normal coordinate system centered at x,, let the coordinates of x;
be y;, i = 1, 2,---. The idea here is to do the opposite of (1.2) (cf. (1.3)).
Consider the rescaled and normalized function

n—2 2

vily) == A% wily: +Ny), where \; =M, "7,

Standard results [31] imply that a subsequence of {v;} converges in Cf _(R") to a

positive function v which satisfies that equation

n+2

(24) Av+XM)v»—2=0 in R", v0)=maxv=1 (A(M)>0).

§2b. Rigidity. The solutions of (2.4) is classified by a Liouville type theorem
obtained by Gidas, Ni and Nirenberg [29] [30], namely, v = U; . Intuitively, the

blow-up in the Yamabe equation ‘sucks’ up the whole manifold and forms a bubble.



§2c. The conformal invariant \(M). A key feature of the Yamabe equation
is that we can determine precisely when the sequence {us} blows up. This is done
with the help of A(M). Let us introduce the operator £, := A, — ¢, R, , known
as the conformal Laplacian. Using integration by parts and density results, (2.3)
can be rewritten as

— Jm (Lgu)udV

(n=2)/n *

(2.5) AM) = inf It
ueCi (M) (f/vr uns d‘/;,)

It is shown that if blow-up occurs in {us}, then
n(n —2)
4
Thus if A(M) < A(S™), then there is no blow-up for {us} and the Yamabe problem
has a solution. The key (shown by Schoen) is that blow-up for {us} occurs only

in S™, that is A(M) = A(S") implies that M is conformally equivalent to S™. The
bound A(M) < A\(S™) suggests that there is at most one concentration point.

A(M) = \(S") = (Vol §™) .

Thus blow-up is rare in the Yamabe problem, and when it happens, it gives

no hindrance for solving the problem.

§2d. Compactness of the solution set. Consider the collection of positive
smooth solutions of the Yamabe equation (i.e., equation (2.1) with A = A\(M) ).
One expects blow-up is impossible except in the case of S™. That is, the solutions
should be uniformly bounded from above except when M is conformally equiv-
alent to S™. This is shown to be the case for conformally flat manifolds (other
than S™) by Schoen [60]. For general compact manifolds, low dimension cases are
considered by Druet [24], Li and Zhang [50] [51] [52], Marques [56] and others. To

our knowledge, the whole issue is not completely settled in high dimensions.

§2e. Supremum of A(M). When we take the supremum of A\(M) among
all the metrics on M, we arrive at an invariant, denoted by (M), of the man-
ifold itself. If o(M) > 0, then M admits a metric of constant positive scalar
curvature. We know that the n-torus 7" (n > 3) does not admit a metric of pos-

itive scalar curvature (see, for example, [38]). So o(7T") = 0. We also know that
o(S"t x S1) = g(S™) = A(S™) for n > 3. Dubbed as Schoen’s c-invariant, it is

10



extraordinarily difficult to determine o(M) for general M. We refer to the recent
breakthrough by Bray and Neves [9)].

8§ 2f. Sharp Sobolev inequality. Let h be a smooth function on M . The equation
(2.6) Ayju+hu—ui?=0 in M

is associated with the sharp Sobolev inequality (cf [23]). Unbounded sequences of
positive solutions of the above (which can be called the para-Yamabe equation)
are studied in [23], [25] and [65], among others. Roughly speaking, they can be

approximated by a superimposition of a base solution and bubble(s).

3. Nirenberg/Kazdan-Warner problem.

Given a compact manifold M (without boundary) and any Riemannian metric
g on M with nonconstant scalar curvature K, the Yamabe problem asks for a

conformal metric of g with constant scalar curvature.

The above description has a nice ‘mirror image’, namely:

(I) Given a fized metric g on M with constant scalar curvature, what kind of

nonconstant functions K can be the scalar curvature of some conformal metric
of g?

The most interesting manifold for the ‘mirror’ problem is arguably S™
equipped with the canonical metric g;, which (as a contrast) is one of the most

uninteresting cases in the Yamabe problem.

(I) is recognized as a primitive version of the famed Nirenberg/Kazdan-

Warner problem, which can also be paraphrased as follows:

Find a set of (simple?) criteria which can determine any given function in C*(S™)

1s the scalar curvature function of a conformal metric of g, or not.

11



For n = 2, we express the conformal metric as e?/g; . The problem at hand
is to determine which K € C*(S™) can afford a solution f € C?(S5?) of the equation

Apf+Ke? —1=0 in S

For n > 3, if we write the conformal metric as = g1 (here u > 0), the equation

becomes
(3.1) Ay u—cpn(n— 1)1H—cnKuZ_tg =0 in S™
(Refer to [5] [40].) In this article, we are mainly interested in n > 3.

In the Yamabe problem, the basic feature is that a solution exists if there
is no blow-up. As a ‘mirror image’, one may put forward that, in order to solve

equation (3.1), blow-up should be an integrated part of the consideration.

Equation (3.1) actually makes sense for K € C°(S™). However, we soon
find out that the gradient of K plays an essential role in the problem. (With all
this, cf. also [69].)

§ 3a. Positivity and a global balance formula. One quickly observes that in order
for (3.1) to process a positive solution, K has to be positive somewhere. Indeed,
it follows from (3.1) that

Kunz v, :i/ |7 ul?dV, +n(n—1)/ u?dV,, >0
gn 91 ¢, Jon g1 gn 91 :

A deep relation is revealed when we differentiate K with respect to a con-
formal Killing vector field X — one that generates a family of conformal transfor-

mations. In this way we obtain the renowned Kazdan-Warner formula [§]
(3.2) / X(K)uzdV, =0,  where X(K)=X 7K.

The collection of all conformal Killing vector field on S™ can be regarded as a
linear space of dimension (n + 1)(n + 2)/2, with a basis formed by the generators
of the dilations (n + 1 dimension), denoted by X, -+, X, 11, and of the rotations
(n(n 4+ 1)/2 dimension), denoted by X, o, -, X(n+1>2(n+2) . Refer to [32].

12



Simple and elegant, the Kazdan-Warner formula encapsulates a central
character of the equation, namely, the averaging of the interaction between 7K

and u.

8 3b. Pohozaev identity. Applying the stereographic projection as in the proof

of Proposition 1.7, we obtain
(3.3) Av+c,Kvi? =0 in R”,

where

n—2

(3.4) f((y) = K(P '(y)) and  v(y) =u (P (y)) <%|y|2> 2 :

Together with X = \/,, #,,4+1 in identity (3.2) we have

ak 2n

(3.5) RV dy =0.

(3.5) can also be obtained by using the divergence theorem on the vector field

| vV v(y) n-2 = 2n
5 Yt cn K(y)vn=2(y)y

v(y) voly) for yeR™

| 2

Viy) = (y-voly) voy)
n—2

T3

One can appreciate the wonderful cancelations when computing the divergence of
V', which leads to

n_2 ~ 2n
. r ., K vtz d
(3:6) m /Bo(m(y V) v dy

= [ v tgp
So(r) v 2

where v is the unit outward normal on S,(r). (3.5) and (3.6) are known as the

_2 ~ n _2
i canv% —I—n va—v
ov

as,

Pohozaev identities. In particular, (3.6) links information inside the ball to that
along the boundary.

13



4. Nonexistence results.

A function F' € C'(S") is said to fulfill the Kazdan-Warner condition (K-W
condition) if it is positive somewhere and there is a positive function w € C°(S™)
such that

(K-W) / X(F) w2 dV,, =0

for all conformal Killing vector fields X on S™. From §3 a, we know that (K-W)
is a necessary condition for the function I’ to be the scalar curvature function of a
conformal metric of g;. Cf. [47] for a large class of functions satisfying the K-W

condition.

§4a. Rotationally symmetric functions. It follows from (K-W) that X (F') (& 0)
has to change sign in S™. Hence axial-symmetric, monotonic and nonconstant
functions cannot be the scalar curvature functions of conformal metrics of g .

Indeed, we have the following.

Proposition 4.1. Let F' € C'(S™) be rotationally symmetric and nonconstant.
Then F' satisfies the K-W condition if and only if

(4.2) F is positive somewhere in S™ and F' changes sign .

Proof. We may assume, without loss of generality, then F' depends on x,,.; only.
It follows that X;(F) =0 for 1 <i < n. Here {X,} is the basis described in §3 a.
Forn+2<i<(n+1)(n+2)/2 and for w depending on z,; only, we have

/ Xi(F)wiz dV,, =0,

as we have cancelation at the x,, 1 level. Therefore, we need only to find a contin-

uous function w, which depends on x, 1 only, such that

n 1 n n
[ Xuar (Fyw vy, = Vol (51 [ F/(wn40) 0% (w040) [1=22, ] dy = 0.
Sn 1

This is possible if and only if F” (the derivative of F' with respect to x,1 ) changes
sign. O

14



W.-X. Chen and C.-M. Li show that for a rotationally symmetric function
F, K-W condition is not enough for equation (3.1) to have a positive smooth solu-
tion with K = F'. Their results implies that for a rotationally symmetric function
F', if it is monotone in the region where it is positive, then (3.1) admits no solu-

tion unless F' is a positive constant [18].

Hence it is reasonable to ask whether the condition

(4.3) F is positive somewhere in S™ and F' changes sign in the region(s) where
F' is positive

is enough or not for rotationally symmetric functions F' to afford a positive solution
for equation (3.1). It turns out that in this case the question on existence depends

sensitively on the behaviors near the poles.

Definition 4.4. K € C'(S") is called a simple ‘down-up’ function if K depends
on Tpy1 only and there exists a number ¢, € (—1, 1) such that K is nonincreasing

in (=1, ¢,) and nondecreasing in (c,, 1).

Recall that x,,,1 = 1 corresponds to the north pole N € S", and z,,; = —1
the south pole S € S™. The following result is due to Bianchi.

Theorem 4.5 [6]. Let K € C*(S™) be a simple ‘down-up’ function. Then any
positive smooth solution u of equation(3.1) also depends on x,,1 only (i.e., u is

also rotationally symmetric).

Combining with a result of Bianchi and Engell [7], the following nonexis-

tence result is obtained (n > 3).

Theorem 4.6 [7]. Take two numbers py and py such that

-2
(i) ,0,->n(n7+2) for i=1, 2, and
n
1 1 2
(i) —+—>

pr p2 =2

For any two positive numbers Cy and Clg, there exist a positive number € and a

15



positive function '€ C®°(S™\ {N, S}) which depends on x,1 only, with
F(z) = Cy—c¢lx—N|*  for x in a neighbhorhood of N, and
F(z) = Cg—celz— S| for x in a neighbhorhood of S,
such that equation (3.1) has no positive solution for K = F. Moreover, F (1)

is decreasing in (—1, ¢,) and increasing in (c,, 1), where ¢, € (—1, 1).

As far as we know, this remains as the only nonexistence result making use
global and local properties of the function. Comparing with a result in [Chen-Li;
Theorem 1.3], it seems possible to relax condition (i) in Theorem 4.6. As for (ii),
there is a sense of sharpness. Indeed, W.-X. Chen and C.-M. Li show that, under
certain flatness condition at the poles with order in (n—2, n), (4.3) is a necessary

and sufficient condition for (3.1) to have a solution [20] .

84 b. Nonazial symmetric functions. Besides rotationally symmetric functions,
other symmetric functions can also be checked conveniently for the K-W condition.

Specifically, we have the following result, due to Han and Li.

Proposition 4.7 [32]. Let F € C*(S™) be positive somewhere. Assume that F

satisfies

(4.8) F(-oy 24, ) = F(oo a5 ) for 1<i<n,

(4.9) F(xy, -, Tny, —Tpy1) = —F(x1, -+ Tpy, Tpot)
for all (xq,- -+, xpy1) € S™ If Xo1(F) = Vo1 - VE changes sign, then F
satisfies the K-W condition.
Proof. Consider positive functions w satisfying
w(-- =z, ) =w(- xy, o) for (g, xpa) €57, 1<i<n+41.
Let {X;} be the basis introduced in §3a. From (4.9), we have
Xi(F) (-, =2, )= =Xi(F) (-, @, ---) for 1<i<mn.
It follows that

/X,-(F)w%dvgl:o for 1<i<n.

16



From (4.8) and (4.9), we have
F(—z) = —F(z) for all x € S™.
Considering the orientation, we conclude that, as vectors in IR" ™,

Vo F(—2) =4 F(x) for all z € S

On the other hand, X;(—z) = —X;(x) forn+2 < i < (n+ 1)(n+ 2)/2, which

leads to X;(F)(—z) = —X;(F)(z). Hence
/ Xi(F)wi2dV,, =0 for n+2<i<(n+1)(n+2)/2.

Finally, as X,,+1(F") changes sign, we can select w suitably so that

2n

/S X1 (F) w2z dV, = 0.

Hence F satisfies the K-W condition.

O

Han and Li construct a smooth function h, satisfying the symmetries de-

scribed in (4.8) and (4.9), such that K, = 2 + h, is positive and

Xop1 - Tgho >0 in S\ {N, S}.

Hence K, does not satisfy the K-W condition. By modifying A, slightly near a

small neighborhood of the south pole S, they show that there is a family of smooth

positive functions K., indexed by ¢ > 0 small, such that

(i) 1/2<K.<5/2;

(i) K.— K,in C>(S") as ¢ — 0F;

(i) K. satisfies the symmetric conditions (4.8) and (4.9); and
(

iv) in terms of the stereographic projection,

X1 (K)(PHy)) = 8(y7 —ey3) + O(|y|*) for y close to the origin.

Because of (iii), K. satisfies the K-W condition (by Proposition 4.7).

17



Theorem 4.10 [32]. Forn = 3, let K € C?(S?) satisfy, for some positive

constants ki and d ,
(411) K>k >0 in S |A,K(x)|>d whenever |, K(z)| <d.

Then for any constant « € (0, 1), there exists a positive constant C' such that for

all positive smooth solutions u of equation (3.1),
||U||Cs,a(53) S C

Moreover, C' depends only on ki, d, «, |K||c2(ssy, and the modulo of continuity
of Vo, K on S°.

Using this compactness result as well as the one in four dimension (see
§6e), they conclude that, for £ > 0 small enough, equation (3.1) cannot afford
to have positive smooth solutions with K = K. (otherwise K, also affords a
positive solution of (3.1) with K = K,, which is a contradiction). Note that these

functions, although highly symmetric, are not axial symmetric.

Using the stereographic projection, one can check that

VE-(P ' (y) -y =2(y; —ey3) + 4y;.

(Cf. [32].) That is, X,,+1(K.)(y) becomes only slightly negative and the other part
it is positive. As K. fulfills the K-W condition, w in (K-W) has to be relatively

large near S.

Note that the condition (4.12) is C*stable. More specifically, K. as in
the above satisfies condition (4.11) for some k; and d, then the functions in a
small open neighborhood of K. in C?(S?%), they all satisfy condition (4.11) with
constants k;/2 and d/2. Since K. affords no solutions of equation (3.1), it follows
that in a small open neighborhood of K, in C?(S®), all the functions also affords
no solutions of equation (3.1). Thus the collection of scalar curvature functions
is not C?-dense, at least when n = 3 or 4. This is pointed out in [49]. Tt turns
out that the collection is always C1 - dense for any a € (0, 1). See §6f for more

details. This also reveals the sharpness of condition (4.12).
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5. YK and its direction.

§5a. Gradient vectors. Let H be a C'-function on S™ that is positive some-

where. Consider 5/, H as a vector in IR"™'. The collection

(5.1) My = {vai% Vo H(z) #0, z€ S"}

forms a subset in S™.

Proposition 5.2. If Hy is nonempty and is contained in an open hemisphere
in S™, then H does not satisfy the K-W condition.

Proof. Without loss of generality, we may assume that H, is contained in the
(open) south hemisphere (x,11 < 0). Take a p € S™ with 7, H(p) # 0. After a
rotation about the z,,; axis, we may assume that p = (0,---, 0, a, b) with a > 0
and a? +b?> = 1. (There is no lost in generality as a rotation of IR"** does not
change the dot product.) Take X = —(</4, Zn+1). We want to show that

(53) X(p) - Vo H(p) > 0.
Observe that X (p) is in the same direction as (0,---, 0, b, —a ). Let

Vo HP) = (v, Yy Y1), with 4,40 <0.
As 7,4, H(p) is on the tangent space of the sphere at p = (0,---, 0, a, b), we have
(5.4) Va H(P)-(0,--+,0,a,b)=0 = a7y, +by,41=0.
Furthermore,
(5.5)  d=(0,--0,b —a) (1, Vs Yor1) = bV —aVup =d.

The sign of X (p) - 4, H(p) is the same as the sign of d. From (5.4) and (5.5) we

have
(a®> +b*)Ypy1 = —ad = d>0 (as a>0 and 7,41 <0).

Hence (5.3) holds for any p € S™ with 7, H(p) # 0. It follows that the K-W
condition does not hold for H . O
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Proposition 5.6. Let H € C'(S™) be a nonconstant antipodal symmetric func-
tion, i.e., H(—z) = H(z) for x € S™. Then Hy, is not contained in any closed

hemisphere in S™.

Proof. Suppose that, on the contrary, Hy, is contained in a closed hemisphere.

After possibly applying a rotation, we may assume, without loss of generality, that
HV - {(Il, Y xn—l—l) S Sn | xn+1 S 0} .

As H is antipodal symmetric, it follows that x € Hy, = —z € Hy . Thus H,
is inside the equatorial hyperplane {x,; = 0} as well. Take a point p € ™\ {S}.
Join p to N by the shorter arc of the great circle (the geodesic). As v/, H has
no component in the x,,; direction, H remains unchanged along the geodesic. It
follows that H(p) = H(N) for all p € S™. This contradicts that H is not a constant
function. O

8§5b. (Questions.  From the nonexistence examples in §4, it seems that for
equation (3.1) to process a positive solution with K = H, H cannot behave in
certain ‘simple’ way. That is, it should be a bit twisty. The following questions

are meant to spur further discussion rather than to fix conjectures.

Question 5.7.  Consider a function H € C'(S™) which depends on x,., only.
We ask: if H has at least three positive mazima with H” < 0 at these points (or at
least three positive local minima with H" > 0 at these points), does equation (3.1)

always process a positive C?- solution for K = H?

Question 5.8.  Consider function H € C'(S™). We ask: if there are at least three
positive maximal points where the Hessian being nondegenerate (or three positive
minimal points where the Hessian being nondegenerate), does equation (3.1) always

process a positive C?- solution for K = H ?
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6. Existence in cases of symmetry and dimension 3 & 4.

One of the early existence results on the Nirenberg/Kazdan-Warner equations mim-
ics the original thought behind the Yamabe equation [58]. By a rescaling, equation

(3.1) can be written as
(6.1) Lyu—Kuv? =0 in S".

The problem is cast into a variational setting: to minimize (u, Lu);2 subjected to
the constraint

(6.2) s KunzdV, =1.

Here K € C*°(S™) is required to be positive somewhere.

As in the Yamabe problem, one can formulate similar variational problem
for a subcritical index p > 1, i.e., p < (n+2)/(n—2). Thus we choose a sequence
of p increasing to the critical level and show that the corresponding sequence of
solutions converges to a solution of the (6.1). Similar to the Yamabe problem (cf.

§2b), a sufficient condition for this approach to work is

n—2

(6.3) [r%%x K} "B < A(SY),
where E is the infimum of (u, Ly u)r2 subject to condition (6.2). See [26].

Condition (6.3) is able to eliminate the possibility of blow-up (which would
imply equality in (6.3)). Because F is the infimum, one needs only to produce one
test function for (6.3) to hold.

§6a. The test function. In the paper [26], the main assumption on K is the

following flatness condition.

(6.4) There is a (absolute) mazximum point P, of K at which K(P,) > 0 and all

partial derivatives of K of order less than or equal to (n — 2) vanish.
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Theorem 6.5 [26]. Let I' be a nontrivial discrete group acting on S™. Suppose
that K is invariant under I' and satisfying (6.4). Then equation (6.1) has a posi-

tive smooth solution.

When n = 3, condition (6.4) is automatically satisfied. In this case theorem
6.5 is a complete generalization of a renowned result of Moser in dimension two.
When n > 3, the example of Bianchi described in §4 a indicates that condition
(6.4) is really needed: one looks at p; = ps = n — 2 in Theorem 4.7 and ' =
{Id, antipodal map}. However, Bianchi’s results cannot be used to yield coun-

terexamples when the group I' has more than 2 elements. Cf. also [1].

Without going into the details of the proof in [26], we discuss specifically
the test function, which is global in nature and involves the Green’s function .
Consider the manifold M := S™/I". Let 7 : S™ — M be the covering map, and
gm = 7(g1) the metric on M. Without loss of generality, we may assume that
w(S) = P,.
K(P)=1.

By a rescaling, we may also assume without loss of generality that

The test function is formed by joining a standard solution U, with the

Green function. Via the stereographic projection, define the function

n—2

(W)T for T € BPo(po> y Y= 'P(Tf‘;io(po)(x)) )
(6:6) ©(2) = ¢ ¢, [G(2) - tol(x)a(@)] for @€ Br(2p)\ Br s,
£, G(x) for x € M\ B,(2p,) -

Here ¢, is a suitably chosen positive number so that & is continuous. G is the
Green function of the conformal Laplacian L,,, on M with pole at F,. In terms
of y=P(r ! (1)),

PO(PO)
Gy)=ly* " +B+aly) for |yl small,

where B > 0 is a constant, « a harmonic function with «(0) = 0. (¢, is a kind of

cut-off function. We refer to [26] for its precise definition.)
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With such a test function, careful calculation shows that (see [26])
n—2
(6.7) (D, L, P2 < AS™) (/M Kui-z dng> " —(n—=2)Vol(S" ") B&?

2n
n_.n—2

+ep,"es " +epoe,

Here we use the flatness condition to obtain 1 — K(z) < C'[d,, (z, B,)]""* for x
close to P,. So the key is to show that B > 0. Once this is known, we achieve
(6.3) by adjusting p, and &, .

8§6b. Positivity of B. We seek to justify that B > 0 if and only if I' has more
than one element. Let 771(P,) = {qi,..., v} C S™, where k > 1 if ' is nontrial.
Without lost of generality, we assume that ¢; # N . Applying the stereographic
projection, we obtain

GOW(P_I(y» |n 2 Z ‘y y|n 2 for Y ElR'n\{ylu Y2, - yk}

|y Y1

Here y; = P(q;), and a; are positive constants. Thus

(6.8) Gom(P~(y)) = + B+ a(y)

ly — 11|72

for y close to y;, where
k ay

B = —— >0,
2 ly1 — |2

aly) = Y —

|n 5 = a(y)=0.

§6c. Large and small parts. It is shown in [26] that e, &~ X7 =" Hence the test
function ® has a large part (‘blow-up’ part) which is given by

n—2

)\ 2
) for |yl < po,

A2+ |y)?

Un(y) = (

and a relatively small part (‘collapsed’ part) given by e,G. In other words, ®
concentrates near P, .
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Intuitively, the conformal metric @ﬁg M consists of a spherical part, and
an ‘annex’, into which the topology of M\ {P,} is cast. We jump a bit to note that
the dominating spherical parts together with a small region formed by a Green’s
function are essential features of this type of blow-up. Geometrically, the Green
function in (6.8) with B > 0 forms a connecting ‘neck’ to link the bubble to the
small part (cf. §7b & §7c).

§6d. Dimensionn =3. Asappeared in §6 a, the ‘flatness’ of the critical points
of K seems to be a crucial element in preventing blow-up to occur. When K is
smooth, any critical point of K is automatically flat at least up to order 2. Thus

one expects the lower dimension cases to be cleaner.

Recall that a Morse function has only nondegenerate critical points (i.e.,
the Hessian at a critical point is a nondegenerate bilinear form). The index of the
critical point is defined to be the number of negative eigenvalues of the Hessian at
that point. In [63], the following result is obtained (cf. also [2] [11] [12]).

Theorem 6.9 [63]. In S*, let K be a positive Morse function with nonzero
Laplacian at its critical points. For d = 0, 1, 2, denoted by Dy the number of
critical points of K at which A(—K) > 0 and at which the Morse index of —K is
d. If

(6.10) Dy—Dy+Dy#1,
then equation (3.1) has a positive solution.

The axial symmetric cases considered in §4a demonstrate that condition
(6.10) is related to the global balance condition (the K-W condition). The above
result, although being generalized (cf. [12] [35]), indicates a general trend for
existence results, namely, local conditions on the critical points of K plus a global

condition in terms of degree.
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§6e. Dimensionn =4. In [49], we find existence and compactness results in
dimension four. Given K € C%(S5*), define

C = {pes| vy, K =0},
Ct = {pecC |A91K(p)>0}, and C_:={peC |A91K(p)<0}‘

For any positive integer k less than or equal to the cardinality of C \ C*, and for

any k distinct point py, - -+, pr € C\ CT, consider the k x k matrix M(py, -+, pr)
defined by
Ag, K(p;) .
~ TReor  for i=7,
Mij -

o 36Gpi(pj) f .
K(pi)-K(pj) or ! 7& J-

Here G,, is the Green function of L, on S* with the pole at p;. Note that
4
Vol (S%) = 3 Vol (5?). The form of M;; underlines the complexity of bubble’s in-

teraction with K .
Let u(M(p1, - -+, px)) be the least eigenvalue of M(pq, - -+, px). Set

A={KeC¥S") | A,K#0 on C,
/J’(M(plv Y pk))#o for all b1, =5 Pk EC_, k22}

A is an open and dense set in C%(S™). Define Index: A — Z by the following

properties:
(i) If K is a Morse function with C_ = {p1, - - -, pm}, we define

Index (K) = 3 S (C)EEaie) |
k

=1 | w(M(piys -+ piy,))>0

where i(p;,) denotes the Morse index of K at p; .
(i) Extend Index: A — Z as a continuous map with respect to the C?(S*) norm.
Theorem 6.11 [49]. For any K € A, there exist positive constants 6 = §(K)

and C' = C(K) such that for Ky € C*(S*) with |Ky — K| c2(s1) < 0, and for any

positive solution uy of equation (3.1) with K = K, we have

C_l S U1l S C m S4, and HU1||03(S4) < C
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In addition, if Index (K) # 1, then equation (3.1) has a positive solution.

In case K € A is a Morse function, under the extra condition that
[Ag K(p)] - [Ag K(q)] 9K (p)- K(q) for p, geC_,

existence of a positive solution is guaranteed if Z (—1)i?) £ 1, which is quite
peC_

similar to (6.10). See [49].

Theorems 6.9 and 6.11 are obtained by carefully analyzing the blow-up
process, some of which are discussed in later chapters. In dimensions 3 & 4, it is
possible to show that blow-up does not occur under the above conditions. Thus
the solution set is uniformly bounded from above. The conditions on indices are
used to show that the operator u — u + L™ (K uz_fg) has nonzero Leray-Schauder
degree. Cf. [48] [55].

§6f. Ch*-density. Included in the paper by Schoen and Zhang [63] is the
following result, which is also obtained by Y.-Y. Li in [49]. See also [3] [4].

Theorem 6.12. Forn >3 and 0 < a < 1, the collection of smooth conformal

. . . 1
scalar curvature functions is dense in C2(S™).

It is noted in [?] that the above density theorem cannot be improved to
C?(S™), at least when n = 3 & 4. To see this in S® C R, allow the Cartesian
coordinates of IR* be (21, 73, o3, 74), and @ the angle to the z4-axis. The function

Ky (x1, 29, 23, 14) :=2+ x4 =2+ cosf for 6 € [—m, 7]

does not satisfies the K-W condition. On the other hand,

cos

| Vg K| = —sinf, |A, Ky =|(cos0)” +2 7 (cos )| = 3| cosb)|.

sin
Thus | 4, K4 =0 only when 6§ = £7. When § = £7, |Ay, Ky| = 3. Hence any

C™ function K that is sufficiently close to K in C?(S?) norm satisfies

K>k i A, K >
> R z€S3, |gg111}<(x)\§d‘ o K(@)| 2 d,
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where we can take ky = 1/2 and d = 1/10. By the compactness result in [32], for
any solution u of (3.1), we have ||ul[¢s.a(g3y < C'. Thus if the density result holds
for C2(S?), then the compactness result [loc. cit.] implies that K, also affords a

positive solution of equation (3.1) with K = K7, which is a contradiction.

Because the argument makes use of compactness results, for higher di-
mensions, as far as we know, the C?- density appears to be an open question. In

particular, we ask: Can the C%%-density in Theorem 6.12 be improved to C?-

> 2, that is, whenn > 77

n
density (or even better) once

For a smooth function K, the C''®-norm actually gives little information
on | g K(x) — g K(y)| when z is very close to y. To see this, suppose f(t) is
differentiable at 0. We have

. ‘f(t)—f(0)| et . —a __
%E}%W = [f'(0)] %E}%HP =0.

It follows that for any constant ¢ > 0, we have

If(&) — f(0)| <clt|]* for |t| small.

7. The notion of blow-up and typical examples.

In the n-sphere S™ (n > 3) equipped with the standard metric g; , recall that the

conformal Laplacian for g, takes the form
(7.1) Lyu:=Aju—cynn—1)u.
As in the Yamabe equation, for a number p € (1, Z—J_’g}, we consider the equation

7.2 L,u+c,K,u»=0 in S",
( 0 P

where K, € C*(S™). Introduce the conditions (here ¢ and C are fixed positive

constants)

(B): K,, € C'(S") with 0 < * < K,, <C?;
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(S): {uy,} CCT(S™), ps T 222 ; each u,, is a solution of (7.2) with p = p; and

n—2"

K, = K,,,, where {K), } satisfies (B).

With conditions (B) and (S), if the sequence {u,,} is uniformly bounded
from above, then a subsequence of {u,,} converges in C''(S™). We are interested
in the case when the sequence {u,,} is not uniformly bounded from above. As
max K, > ¢ > 0, we can exclude the simple case of rescaling with the scaling

factor approaching infinity.

Definition 7.3. Let the sequence {uy,,} satisfies (S). A point x, € S™ is said to
be a blow-up point (with respect to the sequence) if there exists a sequence of points
{z;} € S™ such that

lim u,, (z;) =c0 and lmZ; =x.

1—00 1—00

{uy, } is called a blow-up sequence if it has at least one blow-up point.

Clearly if the sequence {u,,} which satisfies (S) is not uniformly bounded

from above, that a subsequence of {u,,} processes a blow-up point.

8§ Ta. Projection to IR".  After applying the stereographic projection P as in

proposition 1.7, equation (7.2) can be expressed as

(7.4) Av+c, <%W>TQT K,»» =0 in RR"

Here

2 )= (1m) | WP Rl =P for e
and

(7.6) Tp:zz_fg—p.

In particular, v(y) = O(|y|~"=?) when |y| > 1. Incase p = (n+2)/(n—2), we
have

(7.7) Av+e, f(pv% =0 in R"
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8§ Tb. FExpression in log-cylindrical coordinates.  As concentration happens in
a small neighborhood of a point, besides the rescaling (enlargement) discussed in
§ 2a, another useful perspective is to stretch the radial direction. Let us introduce

the log-cylindrical coordinates (¢, €), where

t=—Inly| and =" for y € R"\{0}.

]
Observe that when |y| is small, ¢ becomes large.
Allow v be as in (7.4). The function
(7.8) w(t, 0) == |y|ﬁ v(y) for t€R and 6 € S"*

satisfies the equation

0? J 2\
) a—g_apa—z:"FA@w_bpw‘i‘cn (m) i Iprp:O in R xSt

Here Ay is the Laplacian for the standard unit sphere S®~! in IR", and

(7.9

Ko(t, 0) := K(y), with |y|=e™" and y/ly|=0.

Moreover,
4 2 2p
=n—-2—-— d b,=—— -——.
a, =n 1 an " <n . 1)
Cf. [28].

8 7c. Delaunay-Fowler type solutions. We are interested in radial solutions of
equation (7.9) with p = (n+2)/(n—2) and K, = 4n (n — 1) . In this case, (7.9) is
given by the following autonomous O.D.E.

—2)2 n
(7.10) w”—(n 1 ) wHnn—2)wiz =0 in R.

For our discussion, equation (7.10) devise a ‘perfect’ way to stack bubble.

We call positive smooth solutions of (7.10) Delaunay-Fowler type solutions.

By a re-parameterization, we standardize the solutions so that

(7.11) w(0) = ma w(?).
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Being periodic, the Delaunay-Fowler type solutions can be indexed by the neck-size

which is given by 7 := hi—-f{ w(t). Forn =0, w(t) = (2cosh t)®/? with ‘infinite
te

period’ (cf. [45] [54]). The relation between n and the period T is described in [54]

(see also [45]).

In our presentation, we find it more convenient to index the Delaunay-
Fowler type solutions by the period 7T'. Thus for T" > 1, denote by wr the
Delaunay-Fowler type solution with period 7', neck-size ny > 0, and with stan-
dardization (7.11). Furthermore, for a fixed number D > 0,

(7.12) wr(t) — (2cosh t)@™/2 in [-D, D] as T — c0.

4
Geometrically, as noted in [37], the metrics w; ™

(dt* + d#?*) converge as T' — 0o

to a bead of spheres of same radius that are arranged along a fixed axis.

Transforming back to IR", we let vy correspond to wy via (7.8). Observe
that, because of (7.8),

(7.13) vr(y) < C’|y|_an2 for |y|>1 and |y|=0.

8§7d. Truncation. One can truncate the Delaunay-Fowler type solution wy by

introducing

(2 cosh t)2—m)/2 for t<-D, where 0 < D < % ,
Wi T (t) = wr(t) for D<t<kT—-D, where kelN,
[2cosh (t — KT)]*™?% for kT +D<t.

In the above, D is a fixed positive number. The cut-and-paste process takes place
in [-D, D] and [I' — D, T + D]. Using the limit in (7.12) and the periodicity
of wr, we find that the corresponding scalar curvature function is approaching
4n (n — 1) when T' — oo . Each of the truncated Delaunay-Fowler type solution
Wy, 7 can be brought back to S™ via (7.8) and (7.5). Geometrically and intuitively,

k + 1 spheres are stacked up like a tower.
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§Te. Simple examples of blow-up. Let U, be a standard bubble as defined in
(1.2). Consider the equation

n+2
(7.14) AUy+nn—-2)Uy? =0
n+2 -7

— AU+ [dn(n—DUY] U7 =0
-

AUy + ¢, K,U? =0,

2 -
ZjQ—T and K, :=4n(n—1)UY.

where p:=
Select sequences \; — 07 and Y; — 0T such that

(7.15) lim A\ =1.

11— 00
In this case we may let

- n+ 2

vn(y) =Un(y =), Kp(y) =4n(n—1) Uy (y—y;) where p; = — T

Here y; — y, € IR". Using transformation (7.5), we obtain a simple example of
a blow-up sequence {u, } in S”. Because lim A} =1, {K,,} so obtained from

{K,,} using (7.5) satisfies condition (B) .

§7f. Towering blow-up.  For an increasing sequence {T;} with 77 > 1 and
T; — oo, consider the truncated Delaunay-Fowler type solution w; 7, as defined
in §7d. Let its correspondence in IR" (via (7.8)) be denoted by v; . It satisfies the
equation

n+2

Following (7.14), we have
AG + e (K 0)) " =0 in R",

where

2
(7.16) T = nE 5~ Pis and (as required) lim (max ;)Y =1.
n — 71— 00

Observe that the scalar curvature function (K;o;*) approaches a constant as i —

.
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After projecting back to S™ via (7.5), we obtains a blow-up sequence {u;},
in which more and more spheres are stacked up, towering higher and higher. Con-

trasting to the simple examples in §7e, we have
/nu{%d‘/glﬁoo as 1 — 00.

By virtue of (7.8), we still have

(7.17) i(x) < Cldg, (x, $) " for z € Bg(1)\ {S}.

In this connection, compare with the solutions constructed by Chen and Li in [16]

with a fized scalar curvature function. Cf. also [27] [57].

8§7g. Spiky blow-ups. By using the symmetry of the standard bubble under
specific Kelvin transformation [44], a method is derived by the author in [45] to
offset the ‘spheres’ in truncated Delaunay-Fowler type solutions. If we continue to
offset rounder and rounder bubbles, and use the arrangement in (7.14), we obtain a
blow-up sequence with more and more local maxima. Geometrically, the picture is
like bubbles are glued in disjoint neighborhoods of a sequence of points {z;} € S™,
with Zli)rglo Ti=Tp.

In R", the corresponding blow-up sequence {v;} converges outside the

origin to a positive function wu,, which satisfies the equation

n+42

Avy + e, Kyul > =0 in IR"\ {0}.

In contrast to the examples in the previous two sections, v, has infinite number
of local maxima (hence the word spiky), and does not satisfy estimate of the type
(7.17) near the origin. Compare also with the construction by Taliaferro in [66],
which is refined in [68] & [67]. Cf. [21] for n = 2. We remark that one can repeat
the argument to construct a blow-up sequence with distinct blow-up points at ys;,

so that lim y,; = 0. That is, the blow-up points are not isolated.

1—00
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8. Isolated blow-up.

As blow-up is endogenous to the Nirenberg/Kazdan-Warner problem, further pro-
gress relies on deeper understanding of the bubbling process. §7g indicates that
the sequence {u;} which satisfies condition (S) in §7 can have infinite number of
blow-up points. In this case there is a limit point in S, which is again a blow-up
point. To understand the analytic behavior of {u;} near the limit blow-up point

is a challenging endeavor. But let us consider isolated blow-up points first.

Let x;, be a blow-up point of the sequence {u;} which satisfies (S). One
can say that z; is an isolated blow-up point if there are no other blow-up points
in an open nonempty neighborhood of x;,. However, at first sight this gives no
information on the behavior of {u;} near ;. Observe that the examples in §7g
has a lot of local maxima (spikes). One way to detect the unevenness is to check
whether the spherical Harnack inequality

(8.1) sup w; <C inf w; for r>0 (small) and i>1
9Ba, () OBz, (1)

is fulfilled or not. Here C' is a positive constant independent on ¢ and 7.

8§ 8a. Spherical Harnack inequality.  One of the natural places to consider the
spherical Harnack inequality (8.1) is on the log-cylindrical coordinates. Following

§7b, let us introduce (¢, #) above y;, where

(8.2) t=—Inly—y| and e:fy’:zf' for ye Q\{y}.

Here €2 is an open and bounded domain in IR" containing y; . The function
(8.3) wy, (t,0) = [y —yi

satisfies a equation similar to (7.9) in (a, co) x S"~!. Here a > 0 is a fixed number
so that By,(e™*) C Q.

%v(y) for t € (a, 0o) and € S"*

Assume that w is bounded from above in (b, 0o) x S"! where b > a is a

fixed number. It follows from standard elliptic theory [31] that

(8.4) sup w<C inf w for all t,>0.

toxSn—1 tox Sn—1
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Translating back into S™, (8.4) is equivalent to the spherical Harnack inequality
(8.1). So the key is whether w is bounded from above in (b, co) x S™~1 that is,
whether
Cl
(8.5) ui(y) < ‘72 for 0<|y—u| <7, (:=e7?).
Y=yt

§8b. Analytic definition. By the stereographic projection, we can localize the

discussion on an open and bounded domain 2 C IR". Consider the equation
(8.6) Avi+c, K" =0 in Q.
Asin §7, let us introduce the conditions (here ¢ and C' are fixed positive constants)

(B),: K, €CYQ) with 0 < ? <K, <(C?;

o/ om n—+2
(S)g: {wn} CCF (S)apiTm

and K, = K, , where {K,,} satisfies (B),,.

; each vy, is a solution of (8.6) with p = p;

Definition 8.7. Let the sequence {vy,} satisfy (S),. A point y € 2 is called an
isolated blow-up point of {vy,} if there exist

(i) a sequencey; — y, such that y; is a local mazimum of vy, , Zli)rglo U, (Yi) = 00;
and
(ii) positive numbers ¥ and C' so that By(27) C 2, with

C

(8.8) v, (y) < ‘72 for all y e By, (F)\{yi} and i=1, 2,---.
y— il

Condition (8.8) implies that there is no other blow-up point in By(7/2).
For if there is another blow-up point ¢’ € By(7/2) \ {y}, with y; — ¢’ so that
lim vy, (y;) = oo, then for i > 1 so that

1.,
\%—yAZ§W—m,
we have

o @ﬁ%)<7
o, (y7) < < < for i>1.

2 — 2
I A
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But this is a contradiction. As noted above, a major property of isolated blow-up
is the spherical Harnack inequality (cf. [48]).

Theorem 8.9.  Let the sequence {vy,} satisfy (S),, and the sequence y; — y
fulfill the conditions in Definition 8.7, where y € € is an isolated blow-up point.
Then for any r € (0, 7/3),

8.10 sup v, <C inf wv, .
(8.10) a&£>“_ OBy, (r)

Here C' is a positive constant independent on i and r € (0, 7/3) .

It is asserted that
(8.11) vy (y) < Cup,(y;) for ye By (r/3) and i>1,

where C'is the same constant in (8.10). Suppose that there is a point y, € By, (7/3)
with vy, (ye) > C vy, (y;) . Let ro = |y; — yo| . It follows from (8.10) that

(y:) < ! < inf

Up,(Yi) < = sup v, < inf v, .

=G OBy, (re) | OBy(re) "

Hence there is a local minimum in By, (1) C €, contradicting that Awv,, < 0 in

2. Hence (8.11) holds.

Combining (8.11) with a blow-up procedure similar to that in §2a, we
obtain the following (see [48]).

Proposition 8.12. Assume that the conditions in Theorem 8.9 are satisfied. In
addition, assume that {f(pi} is bounded in C’lloc(Q) . Then for any given sequences
R; — oo and g; — 0T, after passing to a subsequence, which is still denoted by
{v,,} and {y;}, we have

up, (i +0iy) ( 1 )nT

8.13 o
(8.13) Uy, (Y1) 1+ kly|?

S E; .
C?(Bo(Ri))

i—1

Here 6; = [v,,(y:)]" "=, k= caln(n—2)]"" lim K, (), and lim R; 6 =0.
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8§ 8c. Distinct bubbling sequences.  Typical examples of isolated blow-up are
similar to the towering blow-up described in §7f, where the bubbles are stacked
up. On the other hand, if, say, 0 is a blow-up point which is not isolated, then
bubbles can ‘crowd’ next to each other. Before we go to that, let us introduce the
following.

Definition 8.14.  Let the sequence {v,} satisfy (S),. {y°} C Q is called a
bubbling sequence for {v,.} at y° if

(i) limy?=y® € Q;and

(ii) there exist positive numbers ¢; — 0, R; — 0o and N; — oo, such that

vpi(y§’+5iy)_<;>”72}

8.15
(8.15) p, (4?) 1+ kly|?

<5i fOT’iZNi,

C?(Bo(R:))

where &; = [v,,(W0)] T, k= cu[n(n —2)]"! lim K,,,(y?), and lim R;d; = 0.

1—00

Definition 8.16. Let the sequence {v,,} satisfy (S),, and {y°} and {Y’} be bub-
bling sequences for {v,,} at y°. {y’} and {Y}} are called distinct bubbling sequences

if there exist sequences €; — 0, Ry, — 0o and Ry, — oo such that (8.15) holds for
the triples (y?, i, Ri,) and (Y?, &, Ra,), with

)

R1~ Rg. .
By | ——— | "By | ———2r | =0 for i>1.
g ([vpxym z ) E (mmww)

Proposition 8.17.  Let the sequence {vy,} satisfy (S),. In addition, assume
that {K,,} is bounded in Cloo (). If 0 be a blow-up point of the sequence {vp,}
which is not an isolated blow-up point, then either

(i) in any given open nonempty neighborhood of 0, there is another blow-up point
besides O for a subsequence of {vy,}; or

(i) after passing to a subsequence, which is still denoted by {v,,}, there exist
distinct bubbling sequences {y°} and {Y}} for {v,} at 0.
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Proof. Suppose that 0 is not an isolated blow-up point, and, for some p > 0,
there is no other blow-up point (except 0) in B,(p) C Q for any subsequence of
{v,,} . We assert that scenario (ii) must take place. Let y; be selected so that

v, (yi) = ;u(p) vp, . As 0 is the only blow-up point, we conclude wv,,(y;) — oo and
o(p

0 is the only limit point of the sequence {y;} . After passing to a subsequence, we
may assume without loss of generality that y; — 0. Hence y; is a local maximum
for v,, (i>1).

For any natural number N, the inequality

(8.18) Vity) ==y — v

PTu,(y) SN for ye Bup)

does not hold for all i > 1 (otherwise, 0 would have been an isolated blow-up

point). Let Y; € B,(p) be chosen so that

(8.19) M; :=V;(Y;) = sup V.
Bo(p)
Because (8.18) does not hold, after passing to a subsequence, which is still denoted

by {v,,}, we may assume (sacrificing no generality) that
(8.20) M; - 00 as i— 00.

Furthermore, y; # Y;, as V;(y;) = 0. By (8.18) and (8.20), we have v,,(Y;) — 0.
Since there is no other blow-up point in B,(p) besides 0 for any subsequence of
{v,,}, we also have Y; — 0 as i — oco. Hence

|Yz‘ — yzl

(8.21) Ti::T_)(] as i — 00.

We apply the blow-up procedure similar to the one used in the proof of Proposition
4 in [37]. Set

1
[vp, (Y3)] 2
and
Up, (Vi + 1y) ,
8.23 w; (y) = 27 for y€ B(R;), i=1,2, ---
(5.29 () = 2t ()
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Here

p;—1
RN R
pf,l Upi(Yi) P §MZ 2 —o00 as i— o0 [by(8.20)].

T
RZ’I:—:

7

|Yi—yz'

N —

For i > 1 and y € By,(r;) C B,(p), we have

V) VD) and -yl 2= D0
— y -yl T, (y) < |V, —yil7 T, (Y)  [by the definition in (8.18)]
= 0,,(y) <277 0, (V).
That is,
(8.24) wily) < 27T wy(0) = 257 for y € By(Ry), i> 1.
Furthermore, w; satisfies the equation
(8.25) Ay wi(y) + e Kp,(Yi+ piy) wi(y) =0  in Bo(R;), ¢>1.

Standard elliptic theory implies that there is a subsequence, which is still denoted
by {w;}, converges in C? norm on compact subsets to a C? function w satisfying

the equation

(8.26) Aw+ e, Koo (0)wi=2 =0 in R™.
The classification theorem of Gidas, Ni and Nirenberg (loc. cit. in §2a) implies
that

n—2

1 =
) for y € R".

(8.27) w(y) = (m

where k = c,[n(n — 2)7!] K(0). It follows from (8.21) and the definition of R;
that

71— 00

The maximum of w occurs at y, . Thus for ¢ > 1, w; has a local maximum at a point

y; whose distant to 0 is less than C'. Here C' is a positive constant that depends

38



on n and y, only. Hence v,, has a local maximum at the point Y,? :=Y; + p; y¢ .
Observe that

(8.29) VP —Yil < |yflwi < Cpi < vy [by (8.28)].

By shifting the center to Y in the blow-up process in (8.23), using (8.28) and
(8.29), (after possibly taking a subsequence, which is still denoted by the original
one), we obtain a bubbling sequence sequence as specified in Definition 8.14. (Cf.

also the argument proceeding equation (16) in [37].)

Apply the usual blow-up procedure for {y;} (because v, (y;) = sup v,,, the
Bo(p)
convergence of a subsequence is guaranteed). After taking a subsequence, which is

still denoted by {v,,}, we may take {y’} = {¢;}. To show that there are enough
spaces for the bubbling sequences {y’} and {Y}}, that is, to show that (8.17)

holds, we need only to expound

pi—1

e ¢ |
830) Ry =@ = )2 B s e i

Suppose that on the contrary,

pi— : C :
[vpi(yi)]Tl|y,-—Yi| <C for i>1 = v,(y) < —— for i>1.

On the other hand

(831) ViY) =y —YiFTu, (V) >C for i>1 = v, (Y) > v, ().

Assoon as i > 1, Y; € B,(p). Thus (8.31) contradicts v,,(y;) = sup v,, . Hence
Bo(p)
we arrive at (8.30). O

In dimension two, X.-X. Chen constructs examples where situation similar
to scenario (ii) in Proposition 8.17 occurs [21]. The spiky blow-up described in

§7g also carries this property.
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Proposition 8.32. Let the sequence {v,,} satisfy (S)g. On top of that, assume
that {K,,} is bounded in Cloc(Q) . If there exist two distinct bubbling sequences
{y:} and {y?} for {v,} at 0, then 0 is not an isolated blow-up point for {v,,}

(nor for any of its subsequences) .

Proof. Suppose that, on the contrary, 0 is an isolated blow-up point for {v,,} . We
may assume without loss of generality that the sequence {y;} satisfies the condition
in Definition 8.7. We then have the spherical Harnack inequality as described in
Theorem 8.9. Consider the sphere with center at y; and radius 7; := |y; — y?| . For
the sequence {4}, we have (8.15) in Definition 8.14. By Definition 8.16, there is
a point y, € 9By, (r;) N OB (d; R;) . It follows from (8.15) that

1 22
<1+kR$> e

As y, and y? are in 9By, (r;), (8.33) contradicts spherical Harnack inequality (8.10)

(8:33) vy (o) < u (U) = v (ye) < o(1) - [u, ()]

when i > 1. Hence 0 is not an isolated blow-up point for {v,,} . 0

Propositions 8.16 and 8.32 together with the discussion proceeding Defini-
tion 8.7 imply the following.

Corollary 8.34.  Let the sequence {v,,} satisfy (S),,. On top of that, assume
that {K,,} is bounded in Cloo (). Then the origin 0 is an isolated blow-up point
for the sequence {vy,} if and only if there is a nonempty open neighborhood of 0 in
which 0 is the only blow-up point for any subsequence of {v,,}, and for any given
subsequence of {vy,}, there is only one distinct bubbling sequence at 0 (i.e., there
is no other bubbling sequence for the subsequence of {v,,} at 0 which is distinct

to the one already chosen) .

Proposition 8.35.  Let 0 be an isolated blow-up point for {v,,} which satisfies
(S), with K, being bounded in Cloo(Q) . Assume that

(i) vy, = Voo >0 in 012(’)3 (Bo(p) \ {0}), and

(i) K, — K in C'(B,(p)) [with K € C'(B,(p)).
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Here p > 0 and B,(p) C Q2. Then we have

(8.36) vae(y) S Clyl™=  for y e By(p)\ {0}

Proof. Under the conditions, v, satisfies the equation

n+2

(8.37) Npvoo + cnKvis? =0 in B,(p) \ {0}.

Suppose that (8.36) fails to hold. Then the procedure described in [37] can be used
to show that there exists a sequence {y;} C B,(p) of local maxima of v with the
following properties

(i) limy; =0 and lim v, (y;) = 0o, and

(ii) there exist positive numbers ¢; — 0 and R; — oo such that

n—2
voo(yﬁmy)_( 1 )2

.38 -
(8.38) o (51) ENEmE

S €i,
C2(Bo(Ri))

where 1; = [voo ()] =7 , k = ca[n(n — 2)] ' K(0), and lim R p; = 0.

(Cf. also the proof of Proposition 8.14 and [44].) Furthermore, by choosing a
subsequence, which we still denote by {y;}, we have By, (u; R;) N By, (p; R;) =0
for i # j. Thus {yx} and {y211} are two distinct bubbling sequences for {v,,}
at 0. It follows from Proposition 8.32 that 0 is not an isolated blow up point for

{v,,} . But this is a contradiction. O

8§8d Turns. Let us consider the limit v, in the log-cylindrical coordinates:

%voo(y), where ¢ =—Inly|, 6=y/ly| for 0<l|y[<p.

Weo(t, 0) = |y

Because of (8.36), which leads to the spherical Harnack inequality [15] (cf. [22]),
one can analyze w effectively by using O.D.E. methods on
no2 [ Vol St
Do () = (t, 0)df = 1" 7/ L ds|
Weol?) /Snl Wo(t, ) ne l\/’ol 0B, (r) JoB,(r) ! ]

t

where r = e7". In particular, the singularity at 0 is studied in great details for

many forms of K (cf. [13], [14], [15], [22], [41], [42], [43], [53], [69] and the references

inside). It is understood that, in general, there are three scenarios.
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(i) s has a removable singularity at 0.
(il) weo is asymptotic to a Delaunay-Fowler type solution.

(i) weo ‘degenerates’ so that it has no positive lower bounds.

In the second and third cases, w4 () has infinite number of critical points
(or turns) in (—1In p, oo). This fine insight leads to an analytic definition of simple

(isolated) blow-up, first propounded by Schoen [59].

9. Simple blow-up.

Definition 9.1. Let y; — y € Q be an isolated blow-up point for the sequence
{vp, }, which satisfies (S)g, . Set

Vol S™—1

Wy, (1) = 1P T - [WB%(T) /{)Byi(r) Up, dS] for >0 with 0B,,(r) C Q.

Suppose that there exists a positive number p, independent of i, such that for
i> 1, wy, has precisely one critical point in (0, p), then we call § a simple blow-
up point. (In literature, one often uses the terms ‘simple isolated blow-up point’

instead.)

Let us consider (again) the example in §7e:

n—2
2

Ai
) ., Ai— 0" as i—o00.

A7+ Jyl?

uly) = (

n—

_ 2
Note that the maximum value for v; is v;(0) = A, * . We have

(9.2) vi(o).vi(y):<ﬁ> R |y|% as A 0% (44 0).

Similarly, for any fixed point y, # 0,

n—2

vi(y) A2yl |yo|" 2

(93) = <)\2 2 - n—2
7+l |y

Ui(yO)
We recognize that the last terms in (9.2) and (9.3) are harmonic functions with

as A\, — 07 (y#0).

singularity at 0. This special property is reflected in simple isolated blow-up [48].
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In what follows we consider the equation in an open domain in IR" by using the

stereographic projection (cf. §7a).

Proposition 9.4 (limit harmonicity). Let y; — y° € Q be an simple blow-up
point for the sequence {v,,} which satisfies (S),,. Assume that |7 K,,| < B in Q

for i=1, 2, 3,---. Then there exist positive constants p and C such that
C
(9.5) Up (Y1) - vy, (y) < = for all ly—yl| <p.

Furthermore, there is a harmonic function b in By(p) such that (after passing to

a subsequence, which is still denoted by {v,,})

9-6)  vp (i) - vp,(y) — h(y)zM%er(y) in Cjoe(By(p) \ {y'}),

where .
A n(n —2) ’ .
c(n) lim K;(y;)

Key steps in the proof. We refer to [48] for a complete proof. The key point is that,

for simple blow-up, vy, (y; + €) ~ [vp,(y:)]™" as i > 1, where €= (0,---, 0, p/2)

is fixed. This enable us to perform the lift-up argument (we may assume that
b

y'=0):

Vi) = Wy e ().

a Up; (yi + e_')
v; satisfies the equation
K, () o
. Ao i n L D= Bo .
(9 7) Z"— & [[Upi(yi + 6—»>]pi_1‘| v; 0 mn (p)

By the Harnack inequality, V; is bounded from above on B,(p) \ B,(k™'), where
k > 1 is an integer. Hence by standard elliptic theory a subsequence of {V;}
converges in Cf, (Bo(p) \ {0}) to a function V. It follows from (9.7) that V' is
a harmonic function in B,(p) \ {0}. It can be shown that 0 is a nonremovable
singularity for V. Hence we have (9.6). 0
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8§9a. Pohozaev identity. In order to take advantage of the information available

in (9.6), we consider the Pohozaev’s identity [48]. In equation (7.4), we let

n—2

2 2 n—2
Hy) =|———7 =272 U f e R".
0= (05) ) for

Proposition 9.8. Let p > 1 and v be a positive C? solution of the equation
Agv+cy (HYK)1”P =0 in By(R).

We have

n—2

T (HTK)vP* dy

9.9 / S (HYE) 0P dy +
(9.9) Bo(p)[y V( )] Y 5 o)

- HYK) vt ds
o ( )

_p+1/ ow\*_ vl Lro2 o
ey Joo( P ov 2 P 2 ov

where Y = (n+2)/(n —2) —p, v is the outward unit normal on 0B,(p), and
R>p>0.

ds.,

Let us group together the relevant terms. Define
U= [ v K)o dy,
Bo(p)
. 2 .
M= 1/ (HE)w'dy>0 for 1<pg”—+2 and K >0,
n JR—

Bo(p)
I = / p (HYK) "L dS, and
9Bo(p)

w\> | n—2 Ov
vV = /{)Bm {p <$> — ot | dS.

A key property of IV is revealed by the following elegant result (see [48]).

Lemma 9.10. Let w(y) = Aly|" "2+ B+a(y) for y #0, where A and B are

(n—2)° n—1
5 Vol (S"71).

positive numbers, and o a C* function with a(0) = 0. Let ¢(n) =
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We have

2 9 _
lim [p (zm) vl n=2 00 e ) A B
9Bo(p)

P oA B 2 2 You

Proof. We have

Ow _ ow A O
525:—(n—2)rn_1+5, where r = |y| > 0.
Furthermore,
8w 2 ) A2 A 8& 8a 9
(3 - e ().
_f 2 o _(n_2)2 A2 B A a_a_f )
2|Vw| - D) 7~2n_3+(n Q)r"—28r 5 v al?,
2 T - 2 s 2 2y 2 1o g
(n—-2?* A n—2 da

2 7""_1 ’ O{(y) _'_ 2 E ' O{(y) :

The leading terms in the above are canceled when the three formulas are added
together. It follows that

ow\? | v wl? n—2 ow
i gwy Sl I
plf(l)l+ 9B, (p) [p (81/) 2 P 2 ou S

—2)2 A[B — 2)2
) [;?(yﬂdb": - [(n ) Vol(S"‘l)] A-B.
p—0F JOB,(p) e
Hence the limit is verified. O

The boundary integral in IV can be viewed as a link between the bubble
and the other part. Also, when the harmonic function A |y|>~" + B is expressed
in the log-cylindrical coordinates, the quantity A - B is equal to the square of the
neck-size (cf. §7c¢).

Applying Pohozaev’s identity (9.9) to the sequence {v,, } which satisfies the

conditions in Proposition 9.4, using y; as the center, and multiplying both sides
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by M} = v} (y;), we obtain

O1) M7 [ =) T HTE)] o dy

n—2
n Y, M2 / HY K, Yot d
2 2 By, (p)( pz) Upl Y

1 . .
“ ot /E)By_(p) p(HT Ky,) (M;vp,, )P dS
NESYENF O(Mivp)\* | v (Mivy,)?
cn  JoBy,(p) ov 2
n—2 O(M; vy,)
5 (MZ Upz) o ] ds .

Proposition 9.4 implies that

1
HYK,) (M, .pi+1d5‘<
7 g P E) (i e <

as ¢ — oo . Using Lemma 9.10, we prearrange a small number p > 0 and obtain

(9.13) /aB y [p la(Mz Upi)] _ | v (M;vy,)| o n—2 (Miv,,) M

(9.12) ¢

ov 2 2 ov d5

= — [(n—22)2 Vol(S"_l)] A-B + o(1) for 1> 1.

As in (9.6), here B = b(0).

The second term in (9.11) is known to be nonnegative (cf. II). So the

major challenge is to estimate the term
(9.14) M2 [ () T g dy
Byi(P) b
= M / HY[(y — ;) - VI, up ™ dy
Byi(P) ‘

+ M7 /B " HY 'Ky, [(y — wi) - v H ok dy
Yy

§9b. Reasonable expectations. Before we go to the method to estimate (9.14),

we use a simple example to illustrate what are the likely outcomes. Let

)\i % n—2
L{i(y):<m>, where 0 < ¢ 1 5 r=ly—uyi.
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Here y; — 0. We have

n—1 2 r? T, .
1 Ao i = -” /:—2 Zl - ? pz
(9.15) U U + " U, ngq l +nA% (2(p2-—1)(n—2)>] u.
where pizqi+2Tn+2, Ti:n+2—pi
q; n—2 n—2
r? T,
Ao i 2 21 — P =
= U; +2nq l +n(pi—1)(n—2) )‘?] U; 0

— AOZ/{Z—FKZUZM =0

here K :=2ng |1+ r T
T R T e — D —2) N

For blow-up to occur, we take A; — 0. In other for the term in the square

brackets in (9.15) to stay bounded, we need

T,
FSC — T; < CMI.

Hence we have

__2
(916) Mz ‘— max Z/{Z — )\Z_qt — )‘z pi—1
p;—1

—— )\’L:M 2

(2

= YT, <CM,; (Pi=1) (by (9.15), recall that p; T (n+2)/(n—2)).

In particular,

(9.17) lim MY =1 (cf. (7.16) & (9.21)).

71— 00

It follows from (9.16) and (9.17) that
n—2
(9.18) M, <CY, * (cf. Proposition 1.1 in [63]).
We intend to see what may happen when y; # 0. If we take T; = v \?,

where v > 0 is a constant, we have

7,2

(9.19)  Ki(y)=2ngq 1+n(pi—1)(n—2)y — n(n—=2)[1+4nvr:]
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as i — 0o. Assume that
Ki(y) =n(n—2)+O0(ly|") for |y|~0.
Here h is a fixed positive number. By (9.19), we have

|Ki(y;) —n(n—2)| = O(|y|")  for i>1
—  n(n—2)—2¢n|=0(yl") (as r=ly—y|=0 when y=y)
= Ti=0(ul".

Combining with (9.16) we obtain
_
M; < Clyi| =

In particular, if A = 2 (cf. the situation when K; is C® and 0 is a critical point),
then

_n—2

__2
(9200 M, <Cly| "7 = M <Cly|™ T < |yl<CM, ",

where we use (9.17). Cf. the decay estimate in (8.36). (9.20) indicates that when
K; is flat enough at 0, the flexibility of the bubbles (expressed as how freely y; and

M; can change independently on each other) is restricted.

§ 9c. Integral estimates. 'To begin with the estimate on (9.14), we first observe
that

>\ n
9.21 / —— | dy=0C(n)+ O\ for X>0 close to O.
om [ (55ten) @=cw o

Here p is a fixed positive number. We expect similar formula to hold for simple

blow-up:
(9.22) / W dy = C(n) +o(1) for i> 1.
Byi(p) ‘

As u; concentrates around y;, one would expect the integral to become smaller if
we multiple the integrand by |y —y;|?. Here o > 0 is a fixed number. This is made
precise by the following (see [48]).
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Proposition 9.23. Under the assumption of Proposition 9.4, after passing to a

subsequence, which is still denoted by {v,,}, we have

@) M[zo/("—2)) for 0<o<n,
(9.24) / » ly—yi|” kit dy = ¢ O M2 M,) for oc=mn,
By,
e O (Mi—2n/(n—2)) for o>n.

Here i > 1 and M; = vy, (y;) -

Observe that once o > n, the decrease near the center is balanced by the
increase at the periphery so that there is no net gain in the order of decay, which
M'—2n/(n—2)) .

is maximized at O(M;

We derive (9.22) to illustrate the method used to obtain 9.24. As in
Proposition 8.12, we choose the sequences of positive numbers {R;} and {¢;} such
that

(9.25) Ri— o0, ¢6—0, R —0 as i— 0.

Let 6; = .Mi_(pi_l)/2 and r; = R; ;. By (8.13), we have (after passing to a subse-
quence, which is still denoted by {v,,}, and without lost of generality, we assume
that k =1)

n—2

N Ai oz
Uy, (y) — (MZ-TZ) (—> } <&M, for ye By(r:).

9.26
(5:26) AP+ Y — il

Here, as before, T; = (n+2)/(n —2) — p;. We use \; = J;. Recall the simple

inequality,
(9.27) |2t =y < (p+1) |2 —y| - max {a”, "},
which holds for positive numbers x, y and p.

Under the condition of Proposition 9.23, it is known that [4§]
(9.28) lim MY =1.

71— 00

Thus, for y € By, (r;) (where r; = R;6;), we obtain

49



(9.29)

e \; 2
oDt dy — (M) 42(pi+1)/ <—Z>
éww“ By, (ri) \A? + [y — uil?

pi+1

n—2

n— )\ 2
pitl MT'L n-2 v d
'Um [( [ ) 4 <)\22—|—|y—y2|2> :| | )

n—2

Pi=ln—2_.
< C {(@Mi)-max {Mpi, (MSY TP M2 2 pl}] / ( dy
By, )

IN

Byi (ri)

K3 7

222 (pit1)

dy‘

(by (7.26) & (9.27))

S C (52MZ) szl VOI (Byl (TZ)) = CVOI (Bo(l)) €; Mipi'i‘l 7’;-1
R;

(2

< gy [7} MP = (EZR:L)(]WT)%2 — 0 when 7 — o0

Mei-D/2

2
(as lim g,R’ =0, lim M =1 and lim p; = nt ) _

1—00 i—00 1—00 n—2

Likewise,
22 (pit+1)

. A 2
9.30 A e A B et d
(930 ) By, ) \AY + [y — wil? !

n— )\ "
fr—y MZTl 42 / <—Z> dy
(A4 By, (ri) \ A7 + |y — yil?

1\" .
— /]R" (W) dy=C(n) as i—oo (cf. (1.5)).

Using (9.5), we have

(9.31) / Pl gy
By, ()\By; (ri)
< C pornldr
- Mt /, r(n=2)(pi+1)
e 1 1
- MfiH =2 @itl)-n B p(n=2)(pi+1)—n
C’ 1

B 2520 5p; R(n—2)(pi+1)—n - 0(1) —0 as 1 — 00.

M.

i 7

Recall that r; = R;6; = R; M, P™/2  Combining (9.29), (9.30) and (9.31), we

obtain (9.22).
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We end this section with the observation that the rough estimate of (9.12)
by (9.24), namely,

2n—6
M; / ( )[(y—yi)-V(HT"Kpi)] bt dy‘ < CM?/ ly—yi| w2t dy < CM;"
y; \P.

i y; \P

is not good enough except when n = 3. Thus, in higher dimensions, we need to
understand better

(i) relation between T; and M;, and

(ii) the behavior of 7K, near y; .

If y; =0 for i > 1, then we just need to know the infinitesimal behavior
of K,, at the origin. In general, one quickly discovers that the flexibility of y; (and
hence VK, (y;)) is a major issue in estimating (9.12). Cf. (9.20).

8§9d. Relation between T; and M;. We present some key steps in the argument.
For details, refer to [48]. By the limit harmonicity (Proposition 9.4), (9.11)—(9.14)
and (9.22), we have

(9.32) ML H ) R dy
+ M2, /Byi(p) HY UK, [y — ) - v H] ok dy
= O(T; M) +0(1)
— T; <C [Mi_z—i-Ti / \y—yi\v;?“ dy
By, (p)
+/Byi(p) ly—uil - | 7 Ky | b dy]

_ 2
— TZ-SC[M[MTZ-MZ- 2 +/B ()Iy—yil-vipilvﬁf“dy]
yi \P

(by Proposition 9.23)

= TigC'lMi_2+/ ()\y—yi|~|vKiv£?+1dy1 for i>1.
Byl-p !

In order to estimate the last integral in (9.32), we apply the strategy of first

controlling the center, and then spread over to the neighborhood.
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We have

(9.33)

ly —uil - | VKilv”?'“dy’
/Byz(P) P b
< ()] / ly — yi| o2t dy

+ / 19 En) — 9 Ko 0] oy
Byi(P)

oI En Ly [y K)ol o dy
M'n72 Byi(P)

7

IA

Using the Taylor expansion, we obtain

aKpi asz
y; (v) y;

k
< S K (i)l - ly — wil®
s=1

k42 ' o . o, kL
+ggg<>§lv Ky (i +ty—y)) |- ly —wil™

(9.34) (i)

Here k > 2 is an integer.

For n > 5, consider functions K,, € C" () satisfying
(935) |9 Ky ()] < CI7 K (y)] for s =1, -, n—4, and for y € By(p).

Here C' is a positive constant independent on ¢. Take k = n — 4 in (9.34), (9.35)
and Proposition 9.23, we have

036) [ =l |7 K () ~ Ty () g dy

< Ol K, (y)] Z/ ly — uil s+1vpl+1 dy+C’/ ly — i Ug:ﬂ dy

yz(p)
(y; C”
. C_Iv Kl , €
M.n72 M’L

)

It follows from (9.33) that

(9.37) / ly — il - ; vﬁ;“ dy < C- w +
Byi (p) Min72 MZ
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Combining with (9.32) we obtain

C K, (yi ,
(9.38) T < 5+ G w for i> 1.
M’i Mn72

§9e. Condition on \7K,,. Unfortunately the condition in (9.35) is too restric-

tive. Consider the following

!
fO) =t = 0 = oy

< Csolf/ ()71 for £>s>1 (t#0 whens=1/).

Generalizing to functions of several variables, let us introduce the ‘well-tempered’
condition, which is a simplified version of the condition in [48] (Definition 0.4; pp.
322).

Definition 9.39.  For a real number 3 > 2, a sequence of functions {K,,} C
CVPHY(Q) s said to satisfy the condition WTy if there exist positive constants
Cy and Cy (independent on i) so that |7 Kp, ||co@) < Ci for all @, and for
2<s<1[f],

—S

(9.40) [V Ky, (y)| < Co| v Ky (w)[7F for all y € Q with 7 Ky (y) #0

=)

and for all i. (Here [(] is the integer part of (3.)

Example 9.41. Given a positive integer £ > 2, suppose that K, has the following
Taylor expansion

sz(y) = sz(()) + QEZ)(y) + Rz(y> for y € Bo(l) ) L= 17 27 Y
where QZ@ is a homogeneous polynomial of degree ¢ satisfying

C'lylt < v QP(y)| for ye By(1),

and the remainder R; is uniformly bounded in C**1(B,(1)), satisfying
‘
SNV Ry — 0 uniformly on i as |y| — 0.
s=0
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Then {K,,} satisfies condition WTj3 in B,(1) for §=¢ [48].

Assume that {K),} satisfies WTj3. We have

@

s

(9.42) |V Ky )| ly—wl < Clv K@) |77y —wil ™
< | VE,W) |+ C y -yl

for [5] > s > 2. Here we use the Cauchy-Schwartz inequality. Together with
(9.33), (9.34) and Proposition 9.23,if 5 > n —2 and n >4, then we obtain

043 [ =l |V ) = ) [ dy
K, (y; / /
<C- RY 2(y)| + Cw (< replaced by % if 3> n;
Min72 Mm Mzm
likewise for 3 =mn, see Proposition 9.23)
O/
— / ly =il - |V Ky, | vh T dy < C- MJFW
Min72 3
(as B>n—2).

It follows from (9.32) and (9.43) that
C

K, (y;
+C’L;(y)| for i>1.

M'n72

7

(9.44) T; <

§9f. Relation between |y;| and M;. For a fixed i, let n be a smooth cut-off
function so that n(y) = 1 for |y — vi| < p/4 and n(y) = 0 for |y — wi| > p/2.
Multiplying both sides of equation (7.4) by n (v, /Jy;) and integrating by parts
in By, (p), we obtain

c O(K,,H")
9.45 " B St dy
(545) pi+ 1B, Oy P
1 5 On ov
- d b d
2 o |Vl g = [, gy (Ve ) dy

c 1 0n
o n K .HT”UP?-H A ’
pi +1Jp; P b ayj Y

where D; := B,,(p/2) \ By,(p/4). Fori > 1, v,, is uniformly bounded from above
in D; . Standard elliptic theory implies the gradient estimate |7 vy, (y) | < Cvp, (y)
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for y € D; and ¢ > 1. Using the product formula, Propositions 9.4 and 9.23, we

have
0K, .
/Byi ) 8% WP dy ’ <C B o/ 2\ B () |7 vy, |2 dy + T 4O,
= % * Miﬂ +0T,
— a;;:i (y:) 1 8[(; (v:) ‘/Byi(p) Uﬁj“ n dy’
: /Byi(m {86{;? )= a;?j:i (y)}v’%ﬂ K dy‘ " Le%(p 8;; vy dy
» asz (i) — %(y) WP dy + 7t MSH Lo,

If we assume that {K,} satisfies WTgz with 5 > 2, then the last integral

can be estimated in a similar fashion as in (9.34) and (9.42), leading to

[, oG = G o < 1w K + ML_
Here we use Proposition 9.23 with n > § — 1. Thus
T2 < 51V Kl )|+M%9+'M%+CT"
— VW) €y + oy + O,
iMoo
Combining with (9.37) we obtain
(9.46) TiSMgf and \vKi(yi)|§%+M%% for i>1.

28-1) 2n

In the above, by Proposition 9.23, the term M; =2 should be replaced by M,"~
if 3 —1 > n. (Similar replacement for § — 1 = n, cf. Proposition 9.23.) We are

less concerned with this, as we find out eventually what we want is O (MZ-_(2+€))

for a small positive number ¢ .
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In case K, satisfies the conditions in Example 9.41 for ¢ = (3, we have
| 7 Ky, (y)| = Clui| .
Hence for n —2 > [ — 1, it follows from (9.46) that
jyl < OM; 7.

Cf. (9.20).

8§9g. Estimating the leading term in Pohozaev’s identity. We start with

/ [(y = yi) - V(K H )bt dy'
Byi(p)

IA

/ [(y — i) - VK] HY it dy’
Byi(p) ‘

+ 1

/By.@)[(y —y) - VH HV 7 K, 0bt! dy’

< clvra [ -wleta

yz(p)
$C| [ =l 7 K (y) = Ky )] o dy
Byi(p)
+7; / |y—yi|?’£f+l dy
Byi(p)
-(2+:2%5) ’ =
< CM, + O 7 Ky (y:)| M;
[ =l v Kiy) = VK)ot dy.
Byi(P)

The last integral can be estimated as in (9.43). If § > n — 2, then there is a
positive number ¢ such that

(242
(9.47) ’ / @ =9 VUG HT i dy) < O M, By o 29
Byi P
for © > 1. In particular, we have

(64 tim M [ (= 9 KT dy = 0.
Yi

1—00

89h. Sharpness. In case y; =0 for ¢ > 1 and

(9.49) |V Ep(y)| < Clyl™" for y€ Bo(o) (£<n),
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we have

[ vk gty <0 [l dy,
Bo(p) ¢ Bo(p) §

By Proposition 9.23, the last integral is of order O(M~(2+9)) when ¢ > n—2. This
shows that in (9.47) the effect of off-set poles (i.e., y; # 0) is ignorable. Without
taking ‘internal cancelation’ of (y—y;)-\7 K, into account (instead of |y—y;|-|K,,]),

one has limited room to improve the estimates (cf. [49]).

Note that when K, is radially symmetric above 0, basically no information
is lost by considering |y| - | 7 K| instead of y - VK, . Cf. §4a.

§9i. One bubble. (9.11)-(9.13) & (9.48) can be used to eliminate the possibility
of two or more simple blow-ups, as B = b(0) > 0 in case there is more than
one simple blow-up, see Proposition 9.4 and §6b. When there is just one simple
blow-up, the Taylor expansion of K above the blow-up point follows some special
arrangement. We refer the readers to [48], [49] and [46].

10. Reflections.

The moving planes/spheres method is introduced by Gidas, Ni and Nirenberg in
[29] and [30], developing an idea of Serrin on a version of Alexandrov’s reflection
principle (see [34]). The method is found to an integrated part of the problem and
deep results are obtained by Caffarelli, Gidas and Spruck [10], W.-X. Chen and
C.-M. Li [19], C.-C. Chen and C.-S. Lin [13] [14] [17], and others.

We demonstrate that, in a broad sense, supported blow-up does not occur
when K = const. While this is not an original result, it serves the purpose of
illustrating the basic principles of the reflection method. In the following discourse,

we incorporate quite a few points from the work of Taliaferro and Zhang [69].

Let {v;} C C3(B,(r)) be a sequence of solutions of the equation

n+2

(10.1) Av+n(n—2)vn2 =0 in B,(r) C R",

such that M; := v;(y;) = max v; — oo. We say that the blow-up is supported if
Bo(r/2)
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there is a positive number ¢ such that
(10.2) v; > >0 in By(r) for all i>1.

(Cf. the examples in § 7f and §7g.) Without loss of generality, we take r = 4 in
(10.1) & (10.2). For simplicity sake, we assume that there is no blow-up points on
0B,(2).

As there is no blow-up point on 9B,(2), a subsequence of {y;}, which we
still denote by {y;}, converges to a point inside B,(2). Without loss of generality,

we may assume that lim y; = 0. Define

1— 00

__2
vi (yi + M; " y)
M;

_2
(10.3) w; (y) = for |yl <M/, i>1.

By the discussion in §2a, we may assume that, for every R > 0, w; converges
n—2
1
1+ [y[?
use of the following property of superharmonic functions.

“r
uniformly in C?(B,(R)) norm to U (y) = ( ) . In what follows, we make

Lemma 10.4. Let W be a positive smooth superharmonic function (i.e., AW <
0) on R". Given R > r, >0, we have

Chn
W(y)zw’fm for R>ly|>r,,

where Cg_,, = min {| i‘nf [r;‘_z W(y)], |i‘nfR[R"_2 W(y)]} )
Y|=To Y=
Proof. Let

_ CR,T’O
ly|"—2

P(y) : and D(y) :==W(y) — ¢(y) for y € R"\{0}.
We have
AD<0 in R"\{0} and D(y)>0 for |y|=7r, or |y|=R.

Thus if there is a point y_ with r, < |y_| < R such that D(y_) < 0, we may

assume that y_ is local minimum. As A D < 0, we are led to a contradiction via
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the maximum principle. O

For a number A > 0, the reflection of a point y # 0 upon the sphere with

center at 0 and radius A is given by

A Ny
ly[?

The Kelvin transform of w; about the sphere with center at 0 and radius A is given
by

(10.5) y

(106)  wily) = (A) wily)

Y|

)\ n—2 )\2 ey
_ (A wi [ 22} for N2MTE <yl < 0.
Y| |y|?

2
Observe that for any fixed A > 0, A > A2 M, "= for i large enough.

The behavior of w; in B,(A) is well-controlled because of the convergence
to Uy (the rigidity part). It follows that we have good control on w;* outside B,(\)
via the reflection. On the other hand, we do not know much about w;(y) when

ly| > A > 1 (the flexibility part). The simple but profound idea is the comparison
(10.7) Ny) = wily) —w)y)
n—2
_n=2 | n=2 A\ 7 Ay
T [ Futn-(3) v <—>}
2
for A < |yl =r < M.

For ®}(y) # 0, ®) satisfies the equation

n+2

n—=2 __ )‘ n—2 2
(10.8) A ®) +n(n—2) i (w,/\) P} =0 for \<|yl < M 2.

When ®?(y) =0, A®}y) =0. The term in the square brackets is positive once
PrA£0.
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Lemma 10.9. Let ®} be defined by (10.7) and Q C B,(M;"2)\ B,()\) be an open

connected set. Assume that (IDf‘ > 0 in Q. Then we have the following conclusions.
(a) Either @} > 0 or ®} =0 in Q.

(b) Suppose that there is a ball B in Q and a point p € OB N I with ®}(p) = 0.
by

Then if ®} # 0 in B, we have —~ < 0, where n, is the unit outward normal on

on,
0B at p.

The proof of the above lemma follows from the maximum principle and
Hopf’s lemma (cf. [37]).

_2
§10a. Key property: ®) >0 on OB,(M;) for i > 1. Tt follows from the
definition of w? that

(10.10) w?<y>:<A)n_2 ) < (s wi<y>)-(i)n_2 for [y] > R,.

|y| Bo(Ro) |?/|

In particular,

2
(10.11) w(y) < < sup w,(y)) SATEMT? O for |yl = MR
Bo(Ro)

As the blow-up is supported, we have
(10.12)

v; (s + MZ-_% y) > = w(y) > MY for |y| = Mi% and i>1.
In particular, for any A > 0, we have
(10.13)  wi(y) > wiy) = ®My) >0, where |y|= Mi% and > 1.
(10.13) encourages us to focus on the assertion :
(**)  for any A > 0, there is a positive integer iy, such that for all i > iy,
dr(y) >0 for N\, <y < Miﬁ and for all A\, € (0, A].

We first explain why (**) leads to a contradiction. Letting i — oo in (**) and

using a diagonal argument, we obtain

(10.14) Ui(y) > UMy) for |yl > for all A>0.
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One can check this is impossible. In general, we have the following [44].

Lemma 10.15. Let U be a spherical solution given by

n—2

2
a4 ) for yeR",

a? + |y — &2

U(y) = (

and U the Kelvin transform of U about the sphere with center at the origin and
radius A > 0. Then we have

UA = <A> i or E]R,n,
W=\ T for y
where \2 e
. a ~
e " T aEreE

In particular, if & = 0, then U(y) < U*(y) for A > a and |y| > \. For fixed
a and £ # 0, if A > 1, then

€] >A>1 = UE)=0\"2) <UNE) =0\ "),

§10b. (**) holds for small A > 0. Observe that, by Lemma 10.15,

n—2

)\2 2

W fOI' >\<|y| and AE(O, 1)

Ur(y) > Uly) = <
Let fi(y) := e w;(y), where r = |y| > 0. It follows from (10.7) that
(10.16) Oy) =77 [fily) = fily)]  for A<yl < M7

By using the C? convergence of w; to the standard bubble U; in B,(R), one can
check that there is a positive number R, such that

gfi(r,9)>0 for 0<r<R,<R, 6cS™ ! and i> 1.

-

As the reflection decreases the radial distance for r > X (i.e., |y} = A\2/r < |y|),
we have

(10.17) dMy)>0 for 0<A<r<R, and i>1.
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By Lemma 10.4, we have

wiy) = min{ inf (Ryw;), inf (M} wi)} ly| "2

Iy‘:Ro —)
|y‘:Min

> min{ inf (R 2w;), c2MZ} ly|~ (=2 (by 10.12)

‘yIZRo

_2
> [ iln% (R"2 wi)] ly|~ (=2 for R, < |yl < M™% and i>1,
Y|=1io

_2
as ¢2M; > 1 when i > 1 and w;(y) < 1 for |y| < M;"> . Using the convergence of

w;, there is a positive number A, such that

< sup w,(y)) N2 < inf (R'2w;)  for A€ (0, A\,] and i>>1.

Bo(Ro) ly|=Ro

Together with (10.10), we obtain

wi(y) > (sup wi(y)> A2 y|m7D > wd(y)
Bo(Ro)

_2
=  PMy)>0 for Ry <|y|<M 2, X€(0, )] and i>1.

Combining with (10.17) we have

_2
(10.18) dMy) >0 for A< |yl < M2, Xe€ (0, \,)] and i>>1.

§10c. (**) holds for all A > 0. For large A, we make use of (10.13) to ‘slide’
w) under w; . Precisely, let

(10.19) Ai=sup{A € Rt | (**¥) holds for \}.

Suppose that A < co. For A € (A—¢, A+¢) € RT, from (10.7), together with the

triangle inequality, we have

. A= )R (W
(10.20) 27 (y) — D (y)| < ly |2 Z<|y|2>

() 3]

ly["=?
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Using the uniform convergence of w; to U; in B,((A + €)?/(\ — ¢)), and taking
A€ (A—z¢, A) close to A, we see from (10.20) and the positivity of ®} that

_ 2
(10.21) dMy) >0 for A<|yl< M2 and i>1.

(2

By (10.17) and (a) in Lemma 10.9, we have

_ 2
(10.22) dMy) >0 for A< |yl <M % and i>1.
By (b) in Lemma 10.9,

D)

p (y) >0 for |y|=X and i>1.
.

Because of the continuity in r and A, the compactness of dB,(A), and the conver-

gence of w; to Uy, there is a positive number ; such that
O
or
Take a positive number €5 < ;. By lemma 10.4, (10.23) and (10.12), we have

(10.23) (y) >0 for A< |y| < A+ey, A<A<A+e and i>1.

- - s 1
dMy) > min{ inf (A +e)" 20}, —czMZ} |y |2

ly|=A+e2 2
> l inf (A +e)" 2 @51 ly[>" >0
ly|=A+e2
_ 2
for Adey<l|y|< M ? and i>1.
It follows from (10.20) there is a positive number €3 < &5 such that
- _ 2

(10.24)  ®Me(y) >0 for N+ey < |yl < M2, £€(0, e5] and i>>1.
As @} (y) = 0 for |y| = A+ £. By (10.22), we have

(10.25)  ®M°(y) >0 for A+e<|y|<A+ey, c€(0, g5 and i>> 1.

Combining (10.24) and (10.25), we find that A + e3 also satisfies (**). This con-

tradicts the definition of A. Hence )\ must be infinite.
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§10d. Final remarks. In this discussion, a point of interest is that we have to go
far (|y| = MY ("_2) and use some property of w; there to draw the conclusion. The
method relies heavily on (10.8). For general K, the term which should be in the

square brackets in (10.8) becomes harder to control. Indeed, after a rearrangement,

we obtain

n+2 n42

n=2 _ (M) n—2 n 2
AP+ K, | (wg) P = (K}~ K)-(w)i?  for A<yl < M2

n+2

ADy) = (K} —Ki)-(wi)= for ®}(y)=0.

(2

When K; > 0, the term

n+2

>0 when w; # w;.

The extra term (the ‘shifted’ term)
= (K~ K) - (w))

has undetermined signs and is the source of difficulty.

The key idea here, by Chen and Lin, is to produce an auxiliary function
h;\ < 0 so that

_2
ARMy) + JMy) <0 for A< ly| < M.
Granting this, then the equation for ®} + h?} is given by
A (P} + h)) + b2 (D) + h) = J} + AR} + b} b <0.

Thus we consider ®}+h? instead of ®} The better we can control k), the finer the
information we can gain for ®} . We refer the interested readers to the wonderful
works of Chen and Lin on the development and applications of this PDE insight.
(Similar idea is used by Taliaferro and Zhang in smoothing out the scalar curvature

function when the bubbles are superimposed, see [67] & [68].)
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