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Abstract

We consider bounded positive solutions a of rotationally symmetric har-
monic map equations. We study the continuity of the maps a/(0) — a(c0)
and a(1) — a(oo) in connection with the Dirichlet problem at infinity. Reg-
ularity at zero, local properties and conditions for positive solutions to be
blowing up, unbounded, or bounded are discussed.
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1. Introduction

In this paper we study positive C%-solutions a of the rotationally symmetric har-
monic map equation

v o0 glal)da()

(1.1) a'(r)+ (n—1) ) (r) —( 1) 20r) 0

for r > 0, with prescribed limit

(1.2) lirgl+ a(r)=0.

We assume that

(1.3) f,9€C¥[0,00)), f(0) = ¢(0) =0,
f0)=4'(0)=1 and f(r)>0, g(y) >0
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for r > 0, y > 0. Equation (1.1) arises as the Euler-Lagrange equation of the
energy functional for rotationally symmetric maps between model Riemannian
manifolds [18]

M(f) = ([0,00) x S™™' | dr®* + f*(r) dv?)
and

N(g) = ([0,00) x S™ " dr*+ g*(r)d¥*),

where (S™!, d¥?) is the unit sphere in IR" with the standard Riemannian metric
d¥?, f and g satisfy the conditions in (1.3). M(f) and N(g) are complete non-
compact Riemannian manifolds [11]. Examples are Euclidean space and hyperbolic
space, which correspond to f(r) = r and f(r) = sinhr for r > 0, respectively. In
the context, a(r) represents the radial distance and it is natural to require that
a > 0 and « satisfies prescribed limit (1.2). Equation (1.1) is studied in [18] by
Ratto and Rigoli for Liouville type theorems and existence of bounded positive so-
lutions. Local existence of positive solutions of equation (1.1) with prescribed limit
(1.2) is studied in [3] and [6]. The solution is said to be entire if it is defined and
satisfies equation (1.1) in IR*. Consider the collection of all positive C2-solutions
of equation (1.1) with prescribed limit (1.2). There are four possible cases.

(I) Every local positive C%-solution of equation (1.1) with prescribed limit (1.2)
blows up in a bounded interval when it is extended.

(IT)  All positive entire C*-solutions of equation (1.1) with prescribed limit (1.2)
are unbounded from above in IR™ (a Liouville type theorem holds).

(ITI)  All positive entire C*-solutions of equation (1.1) with prescribed limit (1.2)
are bounded from above in IR*.

(IV)  There is an unbounded and a bounded positive entire C*-solution of equa-
tion (1.1) with prescribed limit (1.2).

A main purpose is to identify the conditions on f and g for the possible
cases to occur. We show that, for n > 2 and under some conditions on f and g
(see section 5), if

(1.4) /:ofnil—f(r):oo and /100%<oo,

then we have case (I). If we assume that

)
(1.5) /:Ofnil—f(r):oo and /lm%:oo

then we have case (II), that is, every positive entire C%-solution with prescribed
limit (1.2) is unbounded. If we assume that

o dr o dy C e
(1.6) : W<oo and /1@— ,
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then we have case (III).

The most interesting case is when

(1.7) ooi<oo and /wd—y<oo,
v f(r) 1 g(y)

which is related to case (IV). It is shown in [7] that when n = 2, there is a unique
unbounded positive entire C%-solution «, of equation (1.1) with prescribed limit
(1.2). Furthermore, any positive C?-solution with prescribed limit (1.2) that is
smaller than «,(t) for a positive number ¢ is bounded from above in IR", and
any positive C2-solution with prescribed limit (1.2) that is larger than a.(t) for
a positive number ¢ blows up in a bounded interval when it is extended. For
n > 2, under the condition of (1.7), we show that if a non-negative C*-solution
a of equation (1.1) with prescribed limit (1.2) and with «(1) small enough, then
a can be extended to a bounded non-negative entire C?-solution in IR*. On the
other hand, if a grows up fast, then a blows up in a bounded interval when it is
extended .

We study case (III) and case (IV) in more detail, in association with the
Dirichlet problems at infinity. Consider the map

(1.8) ¢1 (1) = afoo),
where a(oo0) = lim, . a(r) . We define the domain of the map to be
I = {a(l) | @ € C*((0,00) N C'([0,00)) is a bounded non-negative
solution of equation (1.1) in IRT with «(0) = 0} :

If ¢’(y) > 0 for y > 0, then a positive C?-solution of equation (1.1) with prescribed
limit (1.2) is an increasing function. If « is bounded from above in IR™, then
a(oco) exists and hence the map ¢; is well-defined. We show in section 6 that
is path connected. Therefore I = [0, M) or I = [0, M], where in the first case M
is a positive number or infinity, and in the second case M is a positive number
or 0. It is proved that the map a(1) — «a(c0) is a continuous map from I to IR™
(continuous from the right for 0, and from the left for M, when I = [0, M] and
0 < M < o00). If there exists an unbounded positive entire C*-solution of equation
(1.1) with prescribed limit (1.2), then M < co. We obtain the following result.

Theorem A. In equation (1.1), assume thatn > 2, f"(0) = ¢"(0) =0, f"(r) > 0
forr >0, and ¢"(y) > 0 fory > 0. Assume also that

o dr
(19> . w<00.

If there exists an unbounded positive solution a, € C*((0,00)) of equation (1.1)
in IRT with prescribed limit (1.2), then I = [0, M) for some M > 0 and the
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map ¢y is a homeomorphism from the I to [0,00). In particular, for every non-
negative number a, there exists a unique bounded non-negative entire solution o €
C%((0,00)) N C([0,0)) of equation (1.1) with a(0) = 0 and

(1.10) a(oo) = lim a(r) =a.

r—00

We note that if f = g in IR™, then we may take the o, in theorem A to
be the identity map, that is, a,(r) = r for r > 0. Moreover, functions of the
type f(r) ~ r¥ for k > 1 satisfy condition (1.9). For n > 2, the radial Ricci
curvature of the Riemannian manifold M(f) is given by —(n — 1)f"(r)/f(r) for
r > 0. The assumption in theorem A that f” >0, ¢” > 0 in IR™ is equivalent to
the assumption that the radial Ricci curvatures of M(f) and N(g) are non-positive.
Existence results on bounded harmonic maps often require the sectional curvature
to be non-positive (cf. [1] [2] [10] [12] [13]). As indicated by the proof of theorem
A, the condition f”(r) > 0 for r > 0 can be replaced by weaker assumption on the
growth of f. In section 5, it is shown that the conditions in theorem A are close
to being necessary by obtaining the Liouville type theorems 5.57 and 5.58.

The geometric meaning of the condition f”(0) = 0 and ¢”(0) = 0 can
be observed from the fact that if the Riemannian metrics dr? + f2(r) d¥* and
dr? + g*(r) d9? are smooth at the origin, then all the odd order derivatives of the
functions f? and ¢? are equal to zero at r = 0. This is because

aku

3
0y

0) = (FP0) = (<1) 5L5500),

(—z1

where k is a positive integer and (z1, ..., z,) are Cartesian coordinates on IR". In
particular, we have

0= (£2)"(0) = 6£"(0)£'(0) + 2/"(0)f(0) = 6£"(0).

as f(0) = 0 and f'(0) = 1. Therefore if the Riemannian metrics are smooth at the
origin, then f”(0) = ¢”(0) = 0 (with all this, compare also [15]).

For n = 2, equation (1.1) becomes

(1.11) o(r) = g(fa(gg)) for >0

(cf. [6]). It is a first order semi-linear differential equation in its simple form. We
treat this special case separately in another paper [7], where a characterization of
cases (I) to (IV) is obtained in terms of whether 1/f and 1/g are in L'((1,00))
or not. It is also shown that the conclusions in theorem A remain valid under the
assumption that 1/f € L'((1,00)).



Dirichlet problem at infinity for equation (1.1) is considered by Ratto and
Rigoli in [18], where they show that if there exist constants A\ € (0,1), k > 1 and
R, > 0 such that

(1.12) (n—=DAf'(r)/f(r) > k/r and (1=N)f'(r)f(r) >r" for all r>R,,

then there exists a positive number L such that the Dirichlet problem at infinity
admits a non-negative C*-solution « for any limit value a(co) € (0, L]. The proof
is by constructing a sub-solution of equation (1.1) in IRT. They also note that
if there is an unbounded positive entire C?-solution, then, under the conditions
in (1.12), the Dirichlet problem at infinity is actually solvable for any limit value
a(o0) € [0,00). Condition (1.9) is weaker than condition (1.12), as condition (1.12)
implies that f(r) > Or'**=1/2 for large r and for a positive constant C. Hence
1/f € L'((1,00)). While functions of the form

fir)=0+1)h(+1)]" for r>1,

where m > 1 is a constant, satisfy 1/f € L'((1,00)) but do not satisfy the second
condition in (1.12).

We note that, by a result of Milnor [17], the Riemannian metric dr® +
f2(r)d¥? on IR? is hyperbolic (that is, conformally equivalent to the open unit
disc) if and only if 1/f € L*((1, 00)).

The proof of continuity of the map ¢; consists of a local and global ar-
gument. A main step in the proof of theorem A is a stability result which says
that I is open on the right, that is, I = [0, M) for some M > 0. To this end the
regularity of a at zero is examined. Then we show that the Dirichlet problem at
infinity has a non-negative C'*-solution for any limit value in [0, c0).

For local properties, we show that if f”(0) = ¢”(0) = 0 and ¢"(y) > 0
for y > 0, then the map o/(0) — «(1) is continuous. This can be used to show
the existence of non-negative solutions with prescribed values a(1). The regularity
at zero for non-negative solutions of equation (1.1) with prescribed limit (1.2) is
considered. While the Frobenius method indicates that in a formal power series
solution the term —rIn7 may be present, we show that this is the worst possible
situation. Under additional conditions on f and g, non-negative C*-solutions of
equation (1.1) with prescribed limit (1.2) are actually C'' up to zero.

We describe briefly the content of each section. In section 2 we discuss
existence, uniqueness and basic properties of non-negative C?-solutions of equa-
tion (1.1). Continuity of the map o/(0) — «a(1) is studied in section 3. Section
4 is devoted to obtaining estimates and regularity of positive solutions at zero.
In section 5 we discuss conditions for cases (I) to (IV) mentioned above, together
with Liouville type theorems. Theorem A is proved in section 6, where we show



that the map ¢; is continuous, I = [0, M) and the Dirichlet problem at infinity is
solvable for any non-negative number.

2. Preliminaries

Local existence of positive solutions of equation (1.1) is studied in [6].

Local Existence Theorem 2.1 [6]. Forn > 1, given any a > 0, there exist

a positive number € and a unique positive function o, € C*([0,€)) which satisfies
equation (1.1) in (0,€) with a,(0) =0 and o/, (0) = a.

In fact, only the case a > 0 is studied in [6]. By modifying the argument
there, one can also settle the case a = 0. We note that when n = 1, equation
(1.1) reduces to a’(r) = 0. Therefore if « is a non-negative solutions of equation
(1.1) with prescribed limit (1.2), then we have a(r) = ar for r > 0 and for a
non-negative number a. We have the following uniqueness theorem [16].

Uniqueness Theorem 2.2 [16]. Forn > 1, assume that g"(y) > 0 fory > 0.
Let a,3 € C*((0,R)) be positive solutions of equation (1.1) in (0, R) for some
R > 0, with prescribed limit (1.2). If there is a number R, € (0,R) such that
a(R,) = B(R,), then a = 3 in (0, R).

Theorem 2.2 shows that, under the conditions of the theorem, if a(r,) >
B(r,) for a number r, € (0, R), then «(r) > G(r) for all r € (0, R). For n > 1, the
assumption in theorem 2.2 is equivalent to the assumption that the radial Ricci
curvature of N(g) is non-positive. We note that for harmonic maps, uniqueness
results often require the sectional curvature of N(g) to be non-positive (cf. [12]
[14]), while existence results on bounded harmonic maps often require the sectional
curvature of M(f) to be non-positive (cf. [1] [2] [12]). We consider the case when
the solution is non-negative. The proof of the following lemma is essentially the
same as the proof of lemma 2.2 in [18].

Lemma 2.3. Forn > 1, let 8 € C*((0,R)) be a non-negative C*-solution of
equation (1.1) in (0, R) for some R > 0, with prescribed limit (1.2). Assume that
g'(B(r)) > 0 forr € (0,R). Then either =0 in (0,R) or 3'(r) > 0 forr € (0, R).

Lemma 2.3 implies that, under the conditions of the lemma, if 3(R,) = 0
for some R, € (0, R), then 5 = 0 on (0, R). It follows from uniqueness theorem
2.2 that if o, 8 € C?((0, R)) N C'([0, R)) are non-negative solutions of equation



(1.1) in (0, R) for some R > 0, with a(0) = £(0) = 0 and «/(0) > 5'(0), then
we have o« > [ in (0, R). Furthermore, local existence theorem 2.1 shows that if
a/(0) = 4'(0) >0, then o = § in (0, R). Thus we have the following lemma.

Lemma 2.4. For n > 1, assume that ¢"(y) > 0 fory > 0. Let o, § €
C%((0,R)) N C([0, R)) be non-negative solutions of equation (1.1) in (0, R) for
some R > 0, with a(0) = B(0) = 0. If &/(0) > 5(0), then a(r) > B(r) for
re (0,R).

Lemma 2.5. Forn > 2, let a« € C*((0,R)) be a non-negative C*-solution of
equation (1.1) in (0, R) for some R > 0, with prescribed limit (1.2). Then

(2.6) lim f"~'(r)d/(r) = 0.

r—0+t

Proof. As ¢'(0) = 1, we have ¢'(y) > 0 for y > 0 close to zero. From equation
(1.1) we obtain

(2.7) (1)’ () = (n— D) g(alr)) g (a(r) = 0

for 1 > 0 close to zero. We conclude that " '(r)a/(r) is non-increasing as r
decreases to 0, for r > 0 close to zero. By lemma 2.3, we need only to consider the
case o/(r) > 0 for r > 0 close to zero. Thus

(2.8) lim f"'(r)d/(r) =a > 0.

r—0+t

Suppose that a > 0. Then for all » > 0 sufficiently small we have

(2.9) [l (r) =

N

We have 0 < f(r) < Cr for r > 0 close to zero, where C' is a positive constant.
From (2.9) we obtain

Co

rnfl

(2.10) o(r) >

for r > 0 close to zero. Here C, = a/(2C™ ') is a positive constant. Integrating
both sides (2.10) from ¢ to r, we have

(2.11) o(r) — ae) > —<° ( L

S — ) if n>2,

57172 o rn72
where r > ¢ > 0 and r is close to zero, and similar formula for n = 2. As
lim, g+ a(€) = 0, (2.11) provides a contradiction as ¢ — 07. Hence we have a = 0
in (2.8). O



Lemma 2.5 provides a crude but useful result on the regularity of o’ at zero.
The result is generalized in lemma 4.22. We note that lemma 2.5 does not hold
when n = 1, as o/(0) may be positive. In [5] (see also [7]), it is shown that if
a € C?*((0, R)) is a non-negative function with lim, .o+ a(r) = 0, then « satisfies
equation (1.1) with n = 2 in (0, R) if and only if

(2.12) o) = 99 e 0,R).

3. Local Properties

We have the following local version of uniqueness theorem 2.2.

Lemma 3.1. Forn > 1, given positive numbers C' and e, there exists a positive
number § which depends on C', €, and g only, such that for any non-negative
solutions o, 3 € C*((0,€)) of equation (1.1) in (0,€) with prescribed limit (1.2),
of
a(r) < Cr, B(r)<Cr for re(0,¢),

and there is a number 1 € (0,9) such that o(ri) = B(r1), then a = § in (0,¢).
Moreover, if B(r) < a(r) < Cr for r € (0,0), then F'(r) > 0 forr € (0,6), where
F=a-0.

Proof. The result holds when n =1 . Assume that n > 2. From equation (1.1)
we have

) = S ot @) - 95000 (50)

(3.2) F'"(r)+(n—1) 0
for r € (0,¢). Hence we obtain

(33) F'(r)+(n— 1){;((:; Py =21 { )]

for r € (0,e) We have

n

W] =200 ) and  [FF@)] =200 W) +20) ") for y>0.

As ¢(0) =0 and ¢'(0) = 1, there exists a positive number ¢ such that § < e and

n

[g%y)} >0 for ye€(0,00).

Hence (g?)" is an increasing function on (0,C§). Assume that there is a number
r1 € (0,9) such that «(r) = B(r). Suppose that o # [ in (0,6). As

lim a(r) = lim §(r) =0,

r—0+t r—0t
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without loss of generality, we may assume that there is a number 7 € (0,7) such
that

ofr) > B(F), o (F)=p0'(F) and o'(F) < F(7).
As ((7) < a(F) < C4, it follows from (3.3) that

n — 1) / I
-0 =0 =S ]| - )] Lo
) ) 2f2(r) [ )} [ } y=5(F)
which is a contradiction. Hence o = 3 in (0,6). A uniqueness result in [8], pp.
259, shows that « = 3 in (0,¢). Assume that §(r) < «(r) for r € (0,d). From
(3.3) we have

y=a(7)

e ’ n—1 e ’ ’
Ba) [ R e] =2t { W] - [P } >0
y=a(r) y=p(r)
for r € (0,0). Integrating both sides of the above formula from r to r,, letting
r, — 0% and using lemma 2.5, we obtain F'(r) > 0 for r € (0,9) . 0

From the proof of lemma 3.1, we have the following result.

Lemma 3.5. Forn > 1, let a, 3 € C?*((0,R)) be non-negative solutions of
equation (1.1) in (0, R) for some R > 0, with prescribed limit (1.2). Let

(3.6) F(r)=a(r)—pB(r) for r€(0,R).

Assume that ¢"(a(r)) > 0 forr € (0,R). If a(r) > B(r) for r € (0,R), then
F'(r) >0 forr € (0,R).

Lemma 3.7. Forn > 1, assume that f"(0) = ¢"(0) = 0. Let o, 3 € C?*((0, R))N
C'Y([0, R)) be non-negative solutions of equation (1.1) in (0, R) for some R > 0,
with «(0) = B(0) = 0. Assume that o'(0) > £'(0) > 0 and a(r) < Cor for a
positive number C, and for r € (0, R). There exist positive numbers €, Cy and Cy,
where € depends on C,, f, g, n and R only, and C, and Cy depend on € but not
on « and 3, such that e < R and

(3.8) Ci [ (0) = F'(0)] < ale) = Ble) < Co[a/(0) = 5(0)] -

Proof. For the case n = 1 we have a(r) = ar and §(r) = br, where a = o/(0)
and b = (#'(0). The conclusion holds. For n > 1, using Taylor’s expansion and the
assumption that f”(0) = ¢”(0) = 0, we have

(3.9) fry = r4+0@?%), g(r) =r+00?);
fir)y = 14007,  4¢(r)=1+00%);
) = r+0(?* for r€(0,R).
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By lemma 3.1, there exists a positive number 9, which depends on C,, R and g
only, such that § < R and F(r) > 0 for r € (0,0). Lemma 3.1 also shows that
F'(r) >0 for r € (0,0) if we choose § to be small enough. Consider equation (3.2).
We observe that

(3.10) gla(r)g (a(r)) — g(B(r))g'(5(r))
= g'(a(r)gla(r)) = g(Br)] +9(B(r) [¢'(alr)) — g'(B(r))]
for r € (0,6). We have

B1) gl - g00) = [ ds)ds < “;)<1+01s2>ds

= F(r)+ SR [00) + a(r)80) + 50

for r € (0,0), where C is a positive constant that depends on C,, § and g only.
Therefore

(3.12) g(a(r)) = g(B(r)) = F(r)[1 + O(?)],
as 0 < B(r) < a(r) < C,r for r € (0,9). Similarly,
(3.13)

F(r)

9(0(r)) ~ ¢ (530r)) = S falr) + 8] + SF() [02() + alr)50r) + 5]

for r € (0,6), where C; is a positive constant that depends on C,, § and ¢ only.

Therefore

(3.14) g'(a(r)) = g'(B(r)) = F(r)O(r),
as 0 < B(r) < a(r) < C,r for r € (0,9). Hence

(3.15) MMNW@(»—MM))W@)

)

< (14+00) F(r) (1+00%) + (Cor + O(*)) F(r)O(r)
= F(r)+F(r)O(r?) for r€(0,9).

Furthermore we have

J{r) _1 r) an ! :i or r
) _7“+O(> d . . +0(1) f € (0,0).

From equation (3.2), we obtain

(3.16)

F'r) < —(n—1) E +0()| F'r) + (0 = 1) L% +0()] [F() + (o)
ST (O

r r2

] + F'(nO(r) + F(r)O(1)
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for r € (0,9). Therefore

(3.17) F'"(r) < —(n—1) <F£T)>/ + CsrF'(r) + CyF(r) for r e (0,9),

where C5 and C, are positive constants that depend on C,, §, f and g only. We
have F’'(r) > 0 for r € (0,0) and hence F' is a non-decreasing function on (0,4).
Integrating both sides of (3.17) we obtain

(3.18) F'(r) — F'(r,)

< —(n-1) l@ - @] n Cg/T:sF'(s)ds—l— C4/T:F(s) ds

< —(n-1) lFTr) - @] + Car[F(r) — F(r)] + CaF(r)(r — 1),
where 6 > > 7, > 0. Let 7o — 0% we have
(3.19) im0 _ gy,

ro—0t T,
It follows that

(320)  F'(r)— F'(0) < —(n— 1)@ +(n— 1)F'(0) + (Cs + C)) rE(r)

for r € (0,9). As F'(r) > 0 for r € (0,9), we obtain

321) -0 ey e rFe) <nF(0) for e (0,0).
That is,
(3.22) n=l (GO by < F0) for re(0.6).

nr n
By taking » = € > 0 to be small (¢ depends on C,, ¢, f and g only) so that

1
(3.23) n-l_(G+Ce
ne n

then we obtain the right hand side inequality in (3.8). Similarly, from (3.2) we
obtain

(3.24) F'(r) > —(n—l)[

11



where C5 and Cg are positive constants that depend on C,,  and f only. Inte-
grating both sides of (3.24) from r > 0 to r, and letting 7, — 0% we have

F(r)

(3.25) F'(r)y—F'(0) > —(n—1) [ — F'(O)] — C51rF(r) — CeF(r)r

for r € (0, ), where we make use of the fact that F” > 0 and F' is non-decreasing
on (0,6). Therefore we have

(3.26) F'(r)+ (n— 1)@ + CyrF(r) > nF'(0) for r e (0,4),

where C; = C5 + Cjy is a positive constant. That is,
(3.27) (r”_lF(r)>, + Crr"F(r) > nr™ ' F'(0)  for r € (0,6).

An integration from r > 0 to 0 we obtain

(3.28) R (r) + ni_:lr”HF(r) > r"F'(0)  for r e (0,9),

again making use of the fact that F' in non-decreasing on (0, ). Therefore

1 C
3.29 - F(e) > F'(0).
This completes the proof of the lemma. a

Lemma 3.30. Forn > 2, let a, 3 € C*((0,R)) N C'([0, R)) be non-negative
solutions of equation (1.1) in (0, R) for some R > 1, with a(0) = ((0) = 0.
Assume that a(r) > B(r) > 0 and a(r) < C! for a positive constant C! and for
r € (0,R). Assume also that ¢"(y) > 0 fory € (0, C?). For every e € (0,1), there
exists a positive number C' that depends on R, C! | €, f, n and g only, such that

(3.31) a(l) = B(1) < C'ale) — Ble)] -

Proof. Let F(r) = a(r) — f(r) for r € (0, R). We claim that there exists a
positive constant C depending on R, C? | f, n and g only, such that

Cy
3.32 F'(r)y< —F(r) for re€le,R).
(3.32) (r) ) (r) e, R)
Assuming the claim for the moment, integrating both sides of (3.32) from 1 to
e € (0,1) we have

(3.33) In [?8 ] < / 1 %dr

12



Let

L odr
(3.34) / T =G
We have
(3.35) F(1) < 1% F(e).

Let C" = e“1%2 | then we have (3.31). To proof the claim, consider equation (3.2)
and (3.10). As g € C%*([0,00)) and a(r) < C’ in (0, R), there exist positive
constants C] and ), depending on C? and ¢ only, such that

(3.36) 9(x) —g9(y)l < Cile =yl and  |¢'(x) = ¢'(y)| < Colw —y]

for x, y € [0, C’]. When n = 2, using equation (2.12) and (3.36) we obtain

o 9lr) —g(Br) _ o 7
(3.37) F'(r) = o < 5oyFl) for rE(OR).
That is the claim (3.32). For n > 3, we have
(3.38) gla(r)g'(a(r)) — g(B(r)g'(B(r)) < Cs[a(r) — B(r)]

by using (3.36) and the fact that 8(r) < a(r) < C! for r € (0, R), where Cj is a
positive constant that depends on R, C! and g only. Putting the information into
equation (3.2) we obtain

(3.39) F"(r) + (n — 1)1;5:)) F'(r) < f% )F(r) for r € (0,R),

where Cy is a positive constant that depends on R, C!, n and g only. That is,
(3.40) (/1) F'(1) < Cof"(r)F(r)  for 1€ (0,R).

As a, B € C%((0,R)) N C'([0, R)) and n > 3, we obtain

(3.41) Jim f (o) FY(rp) = 0.

By lemma 3.1 we have F'(r) > 0 for r € (0, R). Integrating both sides of (3.40)
from r, to r we have

FYAVE () — 7 ) F (1) < Ca / Fr3(s)F(s) dr < CyF / 3

for R > r > r, > 0. Here we make use of the fact that F' is non-decreasing on
(ro, R,). Letting r, — 07 we have

! C. : " n— ¢ 1 " n—
(342) F'(r) < fn_f(r)F(r)ml% sy as < ?;F@)M_Q /O s"3 ds
< %F(r)rn1_2r”2 ffﬁ) (") for re(0,R),

13



where we make use of the fact that there exist positive constants Cy and Cy such
that Csr < f(r) < Cor for r € (0, R) . Here C5 and Cg and are positive constants
that depends on R, C,, n and ¢ only. The proof of the claim is completed. O

Remark 3.43. We note that, under the assumption of lemma 3.1, F'(r) > 0 for
r € (0, R). Hence

(3.44) o(e) - B(e) < (1) - B(1)
for e € (0, 1).

Theorem 3.45. In equation (1.1), assume that n > 2, f"(0) = ¢”(0) = 0 and
g'(y) >0 fory > 0. Let a € C*((0,R)) N CY[0,R)) be a positive solution of
equation (1.1) in (0, R) for some R > 1, with «(0) = 0. Then for every by €
0, a(1)], there is a unique non-negative C*-solution 8 € C*((0, R))NC ([0, R)) of
equation (1.1) in (0, R) with 5(0) =0 and 5(1) = b;.

Proof. By lemma 2.4, as « is positive, we have a, = o/(0) > 0. Given any
¢ € [0, a,], by theorem 2.1, there exist a positive number ¢ > 0 and a non-negative
solution v € C%((0,¢€)) N C'([0,€)) of equation (1.1) in (0,¢), such that v(0) = 0
and 7'(0) = ¢,. By lemma 2.4 we have «a(r) > ~(r) for r € (0,¢). It follows that
7 is bounded and can be extended to a non-negative C%-solution of equation (1.1)
in (0, R) (cf. [9] pp.15). Take a number R, € (1, R). There is a positive constant
C, such that a(r) < Cyr for r € (0, R,). Lemma 3.7 and lemma 3.30 show that
the map

(3.46) ¢ :10,a,] = [0,a(1)],  &(y(0)) =~(1)

is a continuous map from [0,a,] to [0,(1)]. As 0 and «(1) are in the image of
this map, by the intermediate value theorem, for every by € [0, «(1)], there is a
b, € [0,a,] such that ¢(b,) = b;. That is, there exists a non-negative solution

B € C?*((0,R)) NnC*([0, R)) such that 5(0) = 0 and (1) = b;. Uniqueness follows
from uniqueness theorem 2.2. O

Remark 3.47. It follows from lemma 3.7, lemma 3.30 and remark 3.43 that
under the condition of theorem 3.45, the map ¢ in (3.46) is a homeomorphism.

4. Regularity at Zero

We proceed to study regularity at zero for non-negative C%-solutions of equation
(1.1) with prescribed limit (1.2). Consider the following example.

14



Example 4.1. Let g(y) = y for y > 0. Assume that f is real analytic at zero,
f(0) =0 and f'(0) = 1. Equation (1.1) becomes

" f/(r) / ]'
4.2 a(r)+(n—-1 a(r)—(n—1)——a(r)=0 for r>0.
(12) 1)+ (n = DIl )~ (n = ) esa)
We have

fiiry 1 1 1
4. =-(1 d =—=(1+0b
(4.3) e r< +ar+---) an 0 r2< +byr+---)
The indicial equation of (4.2) is given by

" n—1, n—1

(1.4) ')+ =y ()~ () = 0.
The indicial roots are Ay = 1 and Ay = —(n —1). If we assume that n is an integer

larger than one, then A\ — Ay = n is a positive integer. The Frobenius method (cf.
[4]) shows that the general solution of equation (4.2) near zero is given by

(4.5) a(r) = (Air — Agrinr) <Z Ch: rk> + Az (r(”l) Z dy, r’“) ,
k=0 k=0

where Ay, Ay and As are constants.

If the term —rlnr is present for small r, then o may not have higher
order regularity at zero. Nevertheless, we show that this is the worst situation in
general.

Theorem 4.6. Forn > 1, let « € C?*((0,R)) be a non-negative solution of
equation (1.1) in (0, R) for some R > 0, with prescribed limit (1.2). There exist
positive constants C', C' and ¢ < min {e"!, R} such that

(4.7) ar) < =Crlnr and o' (r) < —=C'Inr for re (0,¢).

Proof. The conclusion holds when n =1, as a(r) = ¢r in (0, R) for some ¢ > 0.
We may assume that n > 1. For a positive constant C, let

(4.8) Be(r)=—Crlnr for re (0,1).

Note that Inr < 0 for r € (0,1). Let y, be a positive number such that (¢?)" = 2g¢’
is an increasing function on (0, y,) (cf. the proof of lemma 3.1). There exist positive
numbers ¢; and ¢y such that

(4.9) Jy)>1—cy and g(y) >y—cey® for ye (0,y,).

15



For every number C' > ey,, let 7. be the positive number in (0,e™!) such that
(4.10) Yo = Pc (r)=—Crclnr,.

We have 0 < ¢ (1) < y, for r € (0,7.). We note that as C' — oo, r. — 0. Using
(4.8), (4.9) and (4.10) we obtain

p f'(r) 9(Be (r))g' (Be (1))
(4.11) c(r)+(n— )f( )50( r)—(n—1) (1)
< —g—cm—lﬂ;+ou)mn+m

+C(n—1) Lﬁl_z + 0 (r_lﬂ [r In7 + (c; + o) (rInr)? + ciea(rIn r)?’}
_ 4ﬂg+oammﬂ+ouﬂ

for r € (0,7,). Hence there exists a positive constant C, > e~ ! such that for all
C > C, we have

(412) 1)+ (n — 1)) 9(Bc (r)g'(Be () _

f(r) J2(r) -

for r € (0,r.), as r. is small when C is large. The condition lim, o+ a(r) = 0

Be(r) — (n—1)

implies that there exists a positive constant C' > C,, such that
(4.13) 0<a(r) < % for r e (0,7.) .

We may also assume that C' is large enough so that r. < R. By (4.10) and (4.13)
we have

(4.14) a(re) < yo, = P (1) .
Suppose that there is a point " € (0,7.) such that
(4.15) a(r')y > Be ().

As lim, g+ a(r) = lim, g+ B¢ (r) = 0 and B¢ (r.) > a(re), there is a point 7 €
(0, r.) such that

(4.16) a(r) > fo(r), o(F)=pe(r) and o (r) < Bo(r).

As gg¢' is an increasing function on (0,y,) and «(7) < y,, equation (1.1) and
inequality (4.12) together with (4.16) give

v - <n_1>{ gla(7))g(a(7) f’(f)a,(r)}

f2(r) f(r)
N D100 VAL 210 o YN
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which is a contradiction. Therefore
(4.17) a(r) < =Crlnr  for r € (0,r.).

To show the derivative bound, we observe that there exist positive constant C',
Cs, C3 and Cy such that

(4.18) Cir < f(r) <Cyr for re(0,r.),
9(y) <Czy and  g¢'(y) <Cy  for ye (0,y,).

Using equation (1.1), (4.17) and (4.18) we have

(4.19) (F ') = (=1 ()gla()g (o))
Cs f*(r) (=rInr)

—Cgr™2Inr  for 7€ (0,r.),

<
<

where C5 and Cg are positive constants. As n > 1, by lemma 2.5 we have

(4.20) 0< f"(ro)d(r,) =0 as r,—0".

Integrating both sides of (4.19) from r € (0,r.) to r, and letting r, — 0%, we have
(4.21) N (r) < =Crr™ e + Cer™ ' for r € (0,7,),

where C7 and Cg are positive constants. Using (4.18), there exists a positive
constant C” such that o/(r) < —C"lnr for r > 0 close to zero. O

It follows directly from the above theorem that we have a generalization of
lemma 2.5.

Lemma 4.22. Forn > 1, let o, 3 € C?*((0, R)) be non-negative solutions of
equation (1.1) in (0, R) for some R > 0, with prescribed limit (1.2). Assume that
a(r) > B(r) forr € (0,R). Let F(r) = a(r) — B(r) forr € (0,R). Then for every
A > 0, there exists a sequence {r;} C (0, R) such that

limr, =0 and lim 7} F'(r;) =0.

We recall the following regularity result, which is proved in [6].

Theorem 4.23 [6].  For n > 1, assume that f"(0) = ¢"(0) = 0. Let a €
C%((0, R)) be a non-negative solution of equation (1.1) in (0, R) for some R > 0,
with prescribed limit (1.2). Then lim,_ g+ /(1) ezists. Moreover, if we defined
a(0) =0, then a € C%((0,R)) N C([0, R)).
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5. Blow-up, Bounded and Unbounded Solutions

Lemma 5.1.  Forn > 2, assume that f'(r) > 0 for r > 0 and ¢'(y) > 0 for
y > 0. Let o € C*((0, R)) be a positive solution of equation (1.1) for some R > 0,
with prescribed limit (1.2). We have

a(r) dy T ds
5.2 — <+yn-1 —_— or R>r>r,>0.
(5:2) /a(m 9(y) ro f(8) /

Proof. By lemma 2.3 we have a(r) > 0 and /() > 0 forr € (0, R). As f'(r) > 0
for r > 0, it follows from equation (1.1) that

" /') g(a(r))g'(a(r))
(5.3) o’ (r) + ma (r) <(n—1) 720 for re (0,R).

Hence we obtain

(5.4)  f(r) (f(r)a'(r) a'(r) < (n = Dgla(r)g'(a(r))e/(r)  for € (0,R).
That is,

(5.5) (') < {[\/n - 1g(a(r>>]g}' for € (0,R).

We have lim, .o+ g(a(r)) = 0. By lemma 4.22, there exists a sequence {r;} C (0, R)
such that

(5.6) limr;,=0 and lim f(r;)d/(r;) = 0.

1—00 71—

Integrating both sides of equation (5.5) from 7; to r and letting i — oo, we obtain

(5.7) f(r)ad(r) <vn—1g(a(r)) for re (0,R).
That is,

o/ (r) vn—1
(5.8) o) < ) for r€ (0,R).

Integrating both sides of (5.8) and using the change of variables y = «(r), we have

o) dy v ds
(5.9) /a(%)@gx/nq/m%,

where R >r >r, > 0. O
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Theorem 5.10. For n > 2, assume that f'(r) > 0 forr > 0 and ¢'(y) > 0 for
y > 0. Let « € C%((0,R)) be a non-negative solution of equation (1.1) for some
R > 0, with prescribed limit (1.2). Assume that

(5.11) = <%  and / o _
1 f(r) 1 o9(y)
Then a can be extended to a bounded entire non-negative C*-solution of equation

(1.1) with prescribed limit (1.2). Furthermore, any non-negative entire C*-solution
of equation (1.1) with prescribed limit (1.2) is bounded from above in IR™.

Proof. The conclusion holds when aw = 0 in (0, R). We may assume that o # 0
in (0, R). By lemma 2.3 we have a(r) > 0 for r € (0, R). If we fix r, € (0, R), then
using the conditions in (5.11) and inequality (5.2) in lemma 5.1 we conclude that
there exists a positive constant C' depending on «a(r,) such that

a(r)<C  for 7€ (0,R).

Hence a can be extended to a positive entire C?-solution to equation (1.1) with
prescribed limit (1.2) [9]. Furthermore, using (5.2) and the conditions in (5.11),
we see that any non-negative entire C?-solution of equation (1.1) with prescribed
limit (1.2) is bounded from above in IR™. 0

Remark 5.12. It follows also from lemma 5.1 that, under the conditions of
the lemma, if 1/f € L'((1,00)) and there exists an unbounded positive entire C*-
solution of equation (1.1) in IR™, with prescribed limit (1.2), then 1/g € L'((1,00)).
Thus the conditions in theorem A in the introduction are related to the case

1/f,1/g € L((1,0)).

Lemma 5.13.  For n > 2, assume that ¢'(y) > 0 for y > 0 and there exist
positive constants ¢ and r, such that

(5.14) firy>¢c*  for r>r,.

For every positive solution o € C?((0,00)) of equation (1.1) in IR* with prescribed
limit (1.2), there exists a positive constant € depending on «, r, and ¢ such that

a(r) dy r ds
5.15 / —Ze/ for r>mr,.
(5:15) olro) 9(y) ro f71(s)

Proof. Lemma 2.3 shows that a(r) > 0 and o/(r) > 0 for » > 0. Using equation
(1.1) we have

(516) /) (N0 () ) = (0= D )g(al)g (a()el (r)
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for » > 0. Therefore we obtain

610 (O w)

Choose a positive number € such that

!/

> (n— 1)04”_8 {[g(a(r))]g}, for r>r,.

(5.18) (n—1c" > and (7 (r)o (1))

Hence we have
(5.19) ( fnl(r)o/(r))z}' > {legla)P)  for r=r,,

Integrating both sides of (5.19) from r, to r and using (5.18) we have

(5.20) (F' (1) = Elglalr)]P for 7> 7,.

We obtain

(5.21) o) o __¢ for r>7,.
gla(r)) = fr=H(r) —

Integrating both sides of (5.21) and using the change of variables y = a(r), we
have (5.15). 0

Theorem 5.22.  For n > 2, assume that ¢'(y) > 0 for y > 0 and there exist
positive constants ¢ and 1, such that f(r) > c* forr >r,. If

© dr © dy

then every positive C?-solution of equation (1.1) with prescribed limit (1.2) blows
up in a bounded interval when it is extended.

Proof. Let a € C?((0,R)) be a positive solution of equation (1.1) for some
R > 0, with prescribed limit (1.2). Assume that a does not blow up in a bounded
interval when it is extended. By using a result in [9] pp.15 and lemma 2.3, a can
be extended to a positive C2-solution of equation (1.1) in R*. Letting r — oo
in (5.15) and using (5.23), we have a contradiction. Hence « has to blow up in a
bounded interval when it is extended. O

Theorem 5.24. Forn > 2, assume that ¢'(y) > 0 fory > 0. Assume also that

(5.25) /100 % = o0

Then every non-negative local C*-solution of equation (1.1) with prescribed limit
(1.2) can be extended to an entire non-negative C*-solution of equation (1.1) in
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IRY. In addition, if we also assume that there exist positive constants ¢ and r, such
that

(5.26) fry=¢  for r>r,,
and

o dr
(5.27) /1 ) =00,

then every positive entire C*-solution of equation (1.1) with prescribed limit (1.2)
is unbounded from above in IR .

Proof. Let a € C?((0, R)) be a non-negative solution of equation (1.1) for some
R > 0, with prescribed limit (1.2). Assume that o # 0 in IR". Lemma 2.3 implies
that a(r) > 0 and o/(r) > 0 for r € (0, R). Suppose that o blows up in (0, R).
That is, lim, . g- a(r) = co. There exists a positive constant C' such that

(5.28) (n—1)f"*r)<C? for re(0,R).

Using (5.16) we have

(5.29) [( fnl(r)o/(r))z}' < {lglalr)]F}  for re (0,R).

For a number r, < R, we may choose the constant C' large enough so that

(5.30) (5 ro)al(r))” < CPlglalr))”

Integrating (5.29) from r to r, and using (5.30) we have

(5.31) ") (r) < Cgla(r)) for R>r>r,.
Integrating both sides of (5.31) and using the change of variables y = a(r), we
obtain
a(r) d r d
(5.32) / —ng/ jﬁ for R>r>r,.
atro) 9(y) ro f77(s)

Letting 7 — R~ in (5.32) and using (5.25) together with the assumption that o
blows up at R, we have a contradiction. We conclude that o cannot blow up in a
bounded interval. That is, o remains bounded in the domain of definition. Hence
« can be extended to an entire non-negative C*-solution of equation (1.1) in IR™
with prescribed limit (1.2) [9]. Assume also that there exist positive constants ¢
and 7, such that

(5.33) f(ry>c* for r>r,.
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Using lemma 5.13 we have

a(r) d r d
(5.34) / —yZE/if for r>r,>0,

a(ro) 9(y) ro f77!(s)
where € is a positive constant. If (5.27) holds, then (5.34) shows that o cannot be
bounded from above in IR". We conclude that lim, . a(r) = oo. O

Lemma 5.35. In equation (1.1), assume that n > 2, f'(r) >0 for r > 0, and
g (y) >0 fory > 0. Assume also that

o dr o dy
5.36 — <00 and — < 0.
(5:56) 1 f(r) /1 9(y)

There exists a positive constant 6, such that for any non-negative solution o €
C?((0,00)) of equation (1.1) in IRY with prescribed limit (1.2), if a(1) < 6,, then
a is bounded from above in IR™.

Proof. There exists a positive constant C' such that g(y) < Cy for y € (0,1).
Hence

1
(5.37) lim / Ay

Yo—0F Yo g(y)

Therefore there exists a positive number ¢, such that

(5.38) /:)%>\/n—1/100%.

If a(1) < d,, then lemma 5.1 shows that
a(r) dy T ds
5.39 [ sV [ for > 1
(539) 5 9(y) 1 f(s)
(5.38) and (5.39) show that « is bounded from above in IR™. O

Theorem 5.40.  In equation (1.1), assume that n > 2, f"(0) = ¢"(0) = 0,
f'(r) >0 forr >0, and ¢'(y) > 0 for y > 0. Assume also that

© dr o dy
5.41 — <00 and — < 0.
(54 T I

There exists a positive number c, such that for any non-negative solution o €
C%((0,R)) N CY([0, R)) of equation (1.1) in (0, R) for some R > 0, with a(0) =0,
if o'(0) < ¢2, then o can be extended to an entire non-negative C*-solution of

o0’

equation (1.1) in IRT which is bounded from above in IR'.

Proof. Let oy € C?((0, Ry))NC([0, Ry)) be a non-negative solution of equation
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(1.1) in (0, Ry) for some Ry > 0, with a;(0) = 0 and &/(0) = 1. By choosing a
smaller R; if necessary, we may assume that there exists a positive constant C,
such that a;(r) < C,r for r € (0, R;). Using lemma 2.4, if o/(0) < 1, then

(5.42) a(r) <ai(r) < C,r  for re (0,R)N(0,R).

By using an extension if necessary, we may assume that a is a C?-solution of
equation (1.1) in (0, Ry) with prescribed limit (1.2). Let € € (0, Ry) be the constant
in lemma 3.7. As in the proof of lemma 5.35, there exists a positive constant ¢
such that

(5.43) /:O dy \/r/“’ dr

9(y)

2

Lemma 3.7 implies that there exists a positive number ¢, such that if o/(0) < ¢Z,

then a(e) <4. As a(e) <6, lemma 5.1 implies that
or) dy T ds

5.44 — < vn-1 _—

. s =

for 7 > € in the domain of a. (5.43) and (5.44) show that « is bounded from above
and can be extended to a bounded non-negative solution of equation (1.1) in IR*,
which is bounded from above in IR*.. 0

By using theorem 2.1, theorem 5.10 and theorem 5.40 we have the following
result.

Corollary 5.45.  In equation (1.1), assume that n > 2, f"(0) = ¢"(0) = 0,
f'(r) >0 forr >0, and ¢'(y) > 0 for y > 0. Assume also that 1/f € L'((1,00)).
Then there is a bounded positive entire solution o € C*((0,00)) N C(]
equation (1.1) in IR with prescribed limit (1.2).

\.O
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Corollary 5.46.  In equation (1.1), assume that n > 2, f"(0) = ¢"(0) = 0,
f'(r) >0 forr >0, and ¢"(y) > 0 for y > 0. Assume also that there exists a
positive constant C' such that

(5.47) Cf(r)>g(r) for r>1.

Then there is a positive entire C?-solution of equation (1.1) with prescribed limit
(1.2).
Proof. We have

(5.48) for »>1.



If 1/g € L'((1,00)), then theorem 5.40 implies that there is a bounded positive
entire C%-solution of equation (1.1) in IR* with prescribed limit (1.2). If 1/g &
L'((1,00)), then theorem 5.24 implies that there is a positive entire C*-solution of
equation (1.1) in IR* with prescribed limit (1.2). 0

Theorem 5.49. In equation (1.1), assume that n > 2, f'(r) > 0 for r > 0, and
g (y) >0 fory > 0. Assume also that

o dr o dy
5.50 — <00 and — < 0.
(5:50) T I

For a number r, € (0, R), where R is a positive number, there exists a positive
constant Ry such that for any non-negative solution o € C*((0, R)) of equation
(1.1) in (0, R), with prescribed limit (1.2), if

(5:51) a(ro) 2 Ri and  o/(ry) 2V —1 g(fa(i%)))‘,

then a blows up in a bounded interval when it is extended.
Proof. As f is non-decreasing and n > 2,

s [T o
v f(r) v fri(r) '

It follows from equation (5.16) that
652 | f”—l(r)o/(r)ﬂ' > (n— 1)) {lglat)P) for R>r 21,

From (5.51) we have

/ 2 n—
(5.53) 7 o) (o) = (n = 1) 27 (r,) [g(a(ro))] -
Using (5.52) and (5.53), as in the proof of lemma 5.13, we have
a(r) dy r ds
5.54 ——>Vn—-1f""2r, for R>r>r,.
(5:54) /a(ro) 9(y) e, fr1(s)

There exists a positive constant Ry such that

(5.55) /1: % <=1 /oo fnd—f(r) |

If a(r,) > Ry, then by (5.54) we have

a(r) dy a(r) dy _ T ds
5.56 / —2/ —_— > n—lf"2ro/ for R>r>r,.
G5 Joy 300 = Joew 9) = ) ), )
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Using (5.55), we see that (5.56) cannot hold for large r. Hence o blows up in a
bounded interval when it is extended. O

We conclude this section by obtaining some Liouville type theorems. We
note that, under the assumptions of theorem 5.22 and theorem 5.24, there is no
bounded positive entire C2-solution of equation (1.1) with prescribed limit (1.2).
Hence we have the following result.

Theorem 5.57. For n > 2, assume that ¢'(y) > 0 for y > 0 and there exist
positive constants ¢ and r, such that f(r) > c* forr >r,. If 1/f* 1 ¢ LY((1,00)),
then there do not exist bounded positive entire C*-solutions of equation (1.1) with
prescribed limit (1.2).

Theorem 5.58. Forn > 3, assume that ¢"(y) > 0 for y > 0. Assume also that
either f is bounded from above, or

o 1
(5.59) lim f(r)y=o00 and LT dr = o0

and there exist positive constants C and R, such that
R

(5.60) / ) dr > Cf*%(R)  for R>R,.
0

Let a € C?((0,00)) be a non-negative solution of equation (1.1) in IRT with pre-
scribed limit (1.2). If o is bounded from above in IR", then a =0 in IR".

Proof. Assume that o # 0 in R*. Lemma 2.3 shows that a(r) > 0 for r > 0.
Suppose that f is bounded from above in IR". From equation (1.1) and an inte-
gration we obtain

(5:61) FOREE) = (-1 [ " wglalr)g (o) dr
> [ gtat))g @) dr > 0,

where R > 1 and lemma 2.5 is used. As f is bounded from above, (5.61) implies
that there exists a positive constant ¢ such that o/(R) > c? for R > 1. Anintegra-
tion shows that a is unbounded from above in IR*. Assume that lim, ., f(r) = co.
As a, g and ¢’ are non-decreasing functions, it follows from equation (1.1) that
there exists a positive constant ¢, such that

(5.62) (f”fl(r)o/(r))l > cof"3(r)  for r>R,.

Integrating both sides of (5.64) from R to R, with R > R,, and using condition
(5.60), we have
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(5.63) Y R)(R) — " (R)(R) > ¢, /OR ) dr — /OR" P dr
> Ce f"%(R) - ¢, /0 3y dr

Hence there exists a positive constant C'; such that

(5.64) "N R (R)>Cc, f"*(R)—Cy for R>R,.
We obtain
, 1 Ch >
5.65 oa(R)> —(Cc)— ————— for R>R,.
(569) )= 3R) ( @)
As lim, . f(r) = 00, there exists a positive number Ry > R, such that
Cec
. "(R) > — f > R,.
(5.66) a(R)_Qf(R) or R> Ry

Integrating both sides of (5.66) and using the second condition in (5.59), we con-
clude that a is unbounded.

We note that functions of the type f(r) ~ r% near infinity with § € [0, 1]
satisfy the conditions in theorem 5.58. Furthermore, if f’ is bounded from above
in IRY, then the second condition in (5.59) is satisfied.

6. Bounded Positive Entire Solutions

We begin with a proof of continuity of the map ¢ .

Lemma 6.1. Forn > 3, assume that ¢"(y) > 0 fory > 0 and there exist positive
constants C; and Cy such that

oo R
(6.2) % <Cy and / [ (r)dr < Cof " *(R)  for R>1.

1 0
Let oo, 3 € C*((0,00)) be non-negative solutions of equation (1.1) in IR with pre-
scribed limit (1.2). For every positive constant C,, there exists a positive constant
C depending on C,, Cy, Cy, n and g only, such that if

(6.3) B(r)<a(r)<C, for r>0,
then
(6.4 a(1) = A1) < lim [o(r) - B(r)] < Cla(l) — B(1)].
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Proof. As « is positive, lemma 2.3 implies that o/(r) > 0 for r > 0. Likewise,
either 3 =0 or #'(r) > 0 for r > 0. They are bounded from above, therefore
a(o0) def a(r)  and  [(oc0) def 1, B(r)

r—0o0 T—00

exist. Let F(r) = a(r) — B(r) for r > 0. We claim that there exists a positive
constant C5 depending on C,, C5, n and ¢ only, such that

(6.5) F'(r) < %F(r) for r>1.

Assuming the claim for the moment, integrating both sides of (6.5) we have

F(R) R dr
. n(=—-2) < / 2 1.
(6.6) n<F(1)>_Cg 70 or R>
By the first assumption in (6.2) we obtain
F(R

(67) In <F(—1>)> < Ol 03 for R>1.
Thus

(6.8) F(R) <e“““F(1) for R>1.

Letting R — oo and C = e“1% we have a(o0) — B(o0) < C'[a(1) — 3(1)] , which
is the right hand side of (6.4). Furthermore, by lemma 3.5 we have F'(r) > 0 for
r > 0. It follows that a(occ) — B(c0) > (1) — (1). To proof the claim, we note
that, by lemma 2.5,

(6.9) lim f"~'(r)F'(r) =0.

r—0+

Consider (3.2). As g € C*([0,00)), there exist positive constants C; and Cs de-
pending on C, and g only, such that

(6.10) l9(x) —g(y)| < Cilz —y| and |g'(x) —g'(y)| < Cs |z —y|
for x, y € [0,C,]. As in (3.10), we have
(6.11)  gla(r)g'(alr)) —g(B(r)g'(B(r)) < Cs[a(r) = B(r)]  for r>0.

where we use (6.10) and the fact that 3 < o < C, in R". Here Cj is a positive
constant that depends on C, and ¢ only. Putting the information into (3.2) we
obtain

(6.12) F'(r) + (n—1)

F(r) for r>0,
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where C is a positive constant that depends on C, ,n and g only. From (6.12) we
have,

(6.13) (/= ) F'(r) < Cof () F(r)  for 7> 0.

For R > 1, integrating both sides of (6.13) from r, to R, letting r, — 0" and using
(6.9), we obtain

(6.14) U RF(R) < CR(R) [ " rvdr for R 1.

By the second assumption in (6.2), there exists a positive constant C3 depending
on C,, Cy, n and g only, such that

! s r or r
(6.15) F(r) < go5F(r) for 721,

This completes the proof of the claim. O

Remark 6.16. We note that functions of the type f(r) ~ r* near infinity for
k > 1 satisfy the conditions in lemma 6.1. If there exists a positive constant ¢ such
that f'(r) > ¢? for r > 0 and n > 3, then

(6.17) /O "y dr < o /O B Py dr = —— 2R) for R> 1.

2(n—2)
That is, the second condition in (6.2) is satisfied. In particular, if we assume that
f"(r) > 0 for r > 0, then we have the second condition in (6.2).

Remark 6.18. In the case n = 2, as in the proof of lemma 3.30 (cf. inequality
(3.37)), the claim (6.5) in the proof of lemma 6.1 holds. Hence if we assume that
1/f € L'((1,00)) and ¢"(y) > 0 for y > 0, then the conclusion in lemma 6.1 is
valid for n = 2.

We consider a collection of bounded non-negative solutions to equation
(1.1). Recall that I is defined in the introduction.

Lemma 6.19. Forn > 2, if f'(0) = 4¢"(0) =0 and ¢"(y) > 0 fory >0, then I
1S path connected.

Proof. 1If I = {0}, then I is path connected. Let a € I be a positive number. By
definition, there exists a bounded non-negative solution a € C?((0, 00)NC ([0, 00))
of equation (1.1) in R*, with a(0) = 0 and a(1) = a. For any b € [0,a), by theorem
3.45, there exists a non-negative solution 3 € C?((0, R)NC'([0, R)) for some R > 1
such that 5(0) = 0 and (1) = b. Theorem 2.2 implies that « > [ in (0, R). It
follows that 3 can be extended to a non-negative C?-solution in R™ and a > 3 in
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IR* ([9] pp.15). Therefore b € I for all b € [0,a). Thus I is path connected. 0

It follows that I = [0, M) or I = [0, M], where in the first case M is a
positive number or infinity, and in the second case M is a positive number or 0.
Under the conditions of Lemma 6.1, it follows that the map a(l) — a(o0) is a
continuous map from I to IR™ (continuous from the right for 0, and left for M, if
I =0,M] and 0 < M < o0). Therefore the image of this map is also a connected
set containing 0. If a Liouville type theorem holds, then I = {0}, as there are no
bounded positive entire C?-solutions.

Lemma 6.20. For n > 2, assume that ¢"(y) > 0 for y > 0. For any non-
negative function A € C°([0,00)), there exists a non-negative continuous function
G on [1,00) which can be defined in terms of f,¢g,q ,¢", A and n, such that
for any non-negative solutions o, € C*((0,00)) of equation (1.1) in IR* with
prescribed limit (1.2), which satisfy

0<8(r)<a(r) <A(r) for r>0,
we have

(6.21) a(r) = B(r) <G(r)la(l) =) for r=1.

Proof. We first note that the conclusion of the lemma holds for n = 1 without
any condition, with G(r) = r for r € [1,00). For n > 2, let F(r) = a(r) — 3(r) for
r > 0. Consider (3.2) and (3.10). As ¢” > 0 in IR™, ¢’ is non-decreasing. We have
olr) , o(r)
(6:22) o) ~9(8) = [ g (syds < glatr)) [ ds
< J¢(A(r))F(r) for r>0.

For n = 2, from equation (2.12) we obtain

for 7> 0.

1y = 9@(r) —9(B(r)) _ g'(A(r) .
(6.23) F'(r) = o) < Sy Fw)

Using (6.23) and an integration from r to 1 with » > 1, we have

F(r) < F(1)exp (/; g/(f/(lS» ds) for »>1.

Hence we may take

(6.24) G(r) = exp (/; % ds) for r>1.

29



For n > 3, we have

Y Y
625) ') =g" )+ [ ¢"()ds <g"(0) + [ 1g"(s)]ds for y>0.
Let

" Y "
(6.26) h(y) =g (O)—i—/o lg"(s)|ds for y>0.

We note that ¢”(0) > 0 as g € C*([0,00)) and ¢"(y) > 0 for y > 0. Hence h is a
non-negative C''-function such that

(6.27) g (y) <h(y) for y>0.

Furthermore h is non-decreasing on IR". As in (6.22) we have

o(r) o(r)

(6:28) 90 ~d(B0) = [ g @ds< [*hs)ds

< h(A(r))F(r)
for r > 0. Therefore we have
(6:29)  g(a(r))g'(a(r)) — g(B(r)g (B(r) < |g*(A(r)) + g(A(r)h(A(r))] F(r)
for r > 0. Substituting into (3.2) and we obtain

(6.30)  F"(r) + (n — 1){; '((:)) Fi(r) < (n— )02 A) +f92((f>(r))h(z4(r)) 0

for r > 0. That is,

6.31) (7 )F() < (0= 070 (92(AWF) + g(AT)RAT)) F(r)

for r > 0. Integrating both sides of (6.31) from r, to r, letting r, — 0" and using
lemma 2.5, we have

(6.32) Y (n—1) / £ + g(A(s)h(A(s))) F(s) ds

for r > 0. As n > 3, using (6.32) and the fact that F' is non-decreasing on (0, c0),
we have

(633) [ OFE) < (- DFE) [ ) + g(A(s)h(A(s))) ds

for r > 0. That is,

F(R) R 1—n n—3
in || <=0 [ [0 () + aAAG)) ds
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for R > 1. Let

R r
G(R) = exp [m =) [T 77 [T ) (% (AGs) + g(AW)R(A())) ds dr]
for R > 1. Then we obtain inequality (6.21). O
Theorem 6.34.  In equation (1.1), assume that n > 3, f"(0) = ¢"(0) = 0,

f'(r) >0 forr >0, and ¢"(y) > 0 fory > 0. Assume also that

oo dr
— < 0.

v f(r)

If there exists an unbounded positive solution o, € C*((0,00)) of equation (1.1) in
IR with prescribed limit (1.2), then I is open on the right, that is, I = [0, M) for
some positive number M.

Proof. Lemma 6.19 shows that I is path connected. As the C?-solution o
is unbounded, theorem 2.2 implies that I is bounded from above. Assume that
I = [0, M], where 0 < M < a,(1). As M € I, by definition, there is a bounded
non-negative solution ay; € C?((0,00)) NC'([0,00)) of equation (1.1) in R*, with

apy(0)=0 and ap(l)=M.
There exists a positive constant C, such that
(6.35) ay <C, in R".
As a, is unbounded from above, theorem 2.2 implies that
(6.36) ap(r) <a-(r) for r>0.

Using theorem 4.23 we have o, € C?((0,00))NC1([0,0)). Let ¢ € (M, a,(1)). By
theorem 3.45 and an extension of local solutions, there exists an a,, € C%((0,00)) N
C'([0,00)) which is a positive solution of equation (1.1) in IR*, with a.(0) = 0
and a.(1) = ¢ < a,(1). We also have

(6.37) ac(r) < a.(r) for r>0.

By choosing «, as the function A in lemma 6.20, there exists a non-negative
continuous function G on [1, 00) , which is independent on ¢ so far as ¢ € (M, o, (1))
(and hence (6.37) holds), such that

(6.38) ae(R) — am(R) < G(R)[ac(1) — an(1)] = G(R)(c — M)
for R > 1. Using (6.35) we obtain

(6.39) a.(R) < C,+G(R)(c— M) for R>1.
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Let

(6.40) 0.(r) = (aL)*(r) for r>0.

(6.41) Ou(r) = [(al)?)(r) = 204(r)ali(r)
= oo [ pyglaeg ) )
= 2al(r) (o - pZOLTRIOAD ) El )
L) n — 1 g(ae(r))g (ac(r))
= 202 a(r 5 T
( f(r) ())( 67 (f/(r)? f3(r)
—9(n— f'(r) o2 (r
2(n = 1) 5 (@) ()
(n =10 oclr)g®(aer)) 5 s ),
S 5 f3(7‘>f,(7"> (2 2 5) f(?") 00( )

for r > 0. Here we make use of the assumption that f”(r) > 0 for » > 0 and hence
f'(r) > 1 for r > 0. Therefore

(6.42) 0.(r)+ (2n —2 —9) ?’((:; f.(r) < (n —6 g (a}(;(zﬁ))g},((gC(r))

for r > 0. That is,

2n—2-6 ! (”_1)2 2n—5-§ 92(%(7‘))9,2(%(7‘))
(6.43) (£ 270 )0:(r)) < =P () 0

for r > 0. As n > 3, we may choose the positive constant ¢ such that
(6.44) 2n—-5—-90=0, that is 2n—2—-4§=3.

Using (6.44) and integrating both sides of (6.43), we obtain

645) PR - P < B2 e o),

where R > r, > 0. Thus we have

f2(ro) (n—1)?, 4 R g2 (ae(r))g” (ae(r))
(646)  0(R) < stelro) + 5 f P (R) / e dr

for R > r, > 0. Given any constant C' > 1, as f'(0) = 1, we have f(r) < Cr for

any positive number 7 close to zero. As

o dr © dr
(6.47) : W<OO and op =
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there exists a point 71 > 0 such that f(r;) > Cri. Hence there exists a point
ry < 71 such that f'(ry) = C; > C. As f” > 0in IRT, we have

f'(ry>Cy  for r>ry.
We obtain
(6.48) f(r) > Cir+ f(ry) — Ciry for r>ry.
Thus we have, for any C' > 1, there exists a number R, depending on C' such that
(6.49) f(r)>Cr for r> R..

Using (6.39) and by choosing ¢ close to M, there is a point 7, < 2(C, + 1) such
that

(6.50) al(r,) <1, that is, 6.(r,) <1.

Choose a positive number € such that

oo dr C,
6.51 — < =
(031 IO

If at » > 0 we have

(6.52) a.(r) < 5C,,

then there is a positive constant C5 such that

(n—1)? ¢*(ae(r)) g™ (ac(r))
0 f'(r)

By (6.49), there exists a number R, > 2(C, + 1) (that depends on f, € and C,
only) such that

(6.54) %Qc(ro) < %e2 and 6’5% < %e2 for R> R,.

Using (6.39), if we choose ¢ to be close to M, then we have

n—1)32
( . )gz

(6.53) < (ae(r))g*(ae(r)) < Cs.

(6.55) a.(R,) <2C,.

As a. is non-decreasing, we have

(6.56) ac(r) <2C, for re (0,R,).
Consider a positive number R; > R, such that

(6.57) a.(r) <5C, for re (0,R;).
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Using (6.46), (6.53) and (6.54) we have

f2(r,) (n—1) B g?(0e(r) g (owe(r))
(638)  0B) < pplilr) + - / o dr
f3(ry) . €2
< s—fB(R)HC( ro) + Cs [P (R)(R —1,) < R

for R € (r,, Ry). In particular, we have
(6.59) 0.(r) < f 2(r) for r € (R,,Ry), so far as a.(r) <5C, in (0,Ry).

Suppose that there exists a point R > R, such that a.(R') = 5C,. As o/, > 0 in
IR, we have a.(r) < 5C, on (0, R'). The above argument leading to (6.59) shows
that

R

(6.60)  au(R) =au(Ry)+ [ o(r)dr<2C,+e / Ty <30

Ro

which is a contradiction. Hence we conclude that a. < 5C, in R if ¢ € (M, o (1))
is close to M. That is, a, is bounded and hence ¢ € I. This contradicts that ¢ > M
and [ = [0, M]. Hence M > 0 and I = [0, M). 0

The case n = 2 is similar.

Theorem 6.61. In equation (1.1), assume that n =2, f"(0) = ¢"(0) = 0 and
g"(y) >0 fory > 0. Assume also that

< dr
1 f(r)

If there exists an unbounded positive solution o, € C*((0,00)) of equation (1.1) in
IR" with prescribed limit (1.2), then I is open on the right, that is, [ = [0, M) for
some positive number M.

< 0.

Proof. We follow the argument and notations as in the proof of theorem 6.34.
In the present situation equation (1.1) is equivalent to equation (2.12), that is,

gla(r))

6.62 o (r) = for 7> 0.
(6:62) r) =25
There exist positive constant C; and R, such that
(6.63) gly) <Cy  for 0 <y <5C,,
and

o dr
6.64 C —<C,.
(664) n, F0)
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Using lemma 6.20, if we choose ¢ € (M, a,(1)) to be close to M, then we have
(6.65) ac(R,) < 2C,.

Assume that there is a point R > R, such that a.(R) = 5C,. As . is non-
decreasing, we obtain

(6.66) a.(r) <5C, for r e (0,R].

Hence we have

(6.67) aL(r) < % for r € (0,R].
Integrating both sides of (6.76) from R to R, we have
(6.68) a(R) < auB)+ 0 [ <90y,
Ry [()
which is a contradiction. We may complete the proof as in the proof of theorem
6.34. O

Define

I, = {0/(0) | o € C*((0,00) N C'([0,00)) is a bounded non-negative
solution of equation (1.1) in IR™ with «(0) :O}.

and ¢, : &'(0) — a(o0).

Theorem 6.69. In equation (1.1), we assume that n > 2, f"(0) = ¢"(0) =0
and f"(r) >0, ¢"(y) >0 forr >0,y >0. Assume also that

oo dr
— < 0.

1 f(r)
If there exists an unbounded positive C?-solution o of equation (1.1) in IR* with
prescribed limit (1.2), then for every non-negative boundary value at infinity, the
Dirichlet problem at infinity has a unique non-negative solution in C*((0,00)) N
C([0,00)) with prescribed limit (1.2). Furthermore the maps ¢ : [ = [0, M) —
[0,00) and ¢, : [0,m,) — [0,00) are homeomorphisms, where m, = a/y;(0).

Proof. Using theorem 6.34 and theorem 6.61 we have I = [0, M), where 0 < M <
a-(1). Suppose that the Dirichlet problem at infinity is not solvable for a positive
number. Using lemma 6.1, remark 6.16 and remark 6.18, the map a(1) — «a(o0)
is continuous. Hence there exists a positive number C, such that the Dirichlet
problem at infinity has no solutions for any ¢ > C,. By theorem 3.45 and an
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extension, there is an oy € C?((0,00)) N C([0, 00)) which is a positive solution of
equation (1.1) in IR* such that

(6.70) apy(0)=0 and apy(l)=M <a-(1).

For b € I = [0, M), let ay, € C?((0,00)) N C(]0,00)) be a positive solution of
equation (1.1) in IR™ such that a3(0) = 0 and (1) = b < M . Tt follows that

(6.71) ap(r) < ay(r) <ar(r) and o(r) <C, for r>0.

This is because ap(00) < C, and o is increasing. Note that C, is independent on
b. In lemma 6.20, using o, as the function A, there is a non-negative continuous
function G defined on [1, 00) , such that

(6.72) ap(R) — ap(R) < G(R) [ap (1) —ap(1)]  for R>1.
Using the second inequality in (6.71) we obtain
(6.73) ay(R)—C, <GR)(M —0b) for R>1.

The points are that G is independent on b so far as b € (0, M), and «ayy is un-
bounded from above in IR™ (otherwise M € I). There exists a number R; > 1 such
that ap(Ry) > C,. When b — M~ (6.73) gives a contradiction. Hence the Dirich-
let problem at infinity has a unique non-negative solution in C?((0, 00))NC* ([0, 00))
with prescribed limit (1.2) for every non-negative boundary value at infinity. The
continuity and injectivity of the maps ¢; and ¢, and their inverses follow from
lemma 3.7, lemma 3.30, remark 3.43, lemma 6.1, remark 6.16 and remark 6.18. O

We observe that, if f = g, then the identity map is harmonic. Hence we
may take o, (r) = r for r > 0 in theorem 6.69.
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