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Abstract. We study asymptotic behavior of smooth positive solutions of the conformal
scalar curvature equation in IR"™, in connection with the global geometry of conformal met-
rics with positive scalar curvature outside a compact set. We show that the solution has
slow decay if the radial change is controlled. For a smooth positive solution with slow decay,
the corresponding conformal metric is found to be complete if and only if the total volume
is infinite. We also determine the sign of the Pohozaev number in some situations and
investigate the case when it is equal to zero.

1. Introduction. We consider smooth positive solutions u of the conformal scalar
curvature equation
n+2
Au+Ku2 =0 in R", (1.1)

where n > 3 is an integer, A the standard Laplacian on IR, and K a smooth func-
tion. Equation (1.1) is studied extensively and remarkable results are obtained (cf.
recent publications [1, 4, 5, 6, 8, 9, 10, 17], and the references within for descrip-
tions of the development). Our concern here is when K is bounded between two
positive numbers outside a compact subset of IR™. This means that the conformal
metric g, := u*/(" 2 g, has bounded positive scalar curvature outside a compact
subset, where g, is Euclidean metric. For smooth positive solutions of (1.1), the
basic asymptotic properties we seek to consider are the following.

(a) Fast decay: wu(z) < Clz|~ (™2 for |z| > 1.
(b) Slow decay: wu(z) < Clz|~("=2)/2 for |z| > 1.
(c) Lower bound: u(z) > Clz|~("=2)/2 for |z| > 1.

We also consider the global geometry of the conformal metric g., which is in-
timately linked to the asymptotic behavior. Basic global properties of (IR", g.)
include the total volume and completeness. One can classify smooth positive so-
lutions of equation (1.1) according to whether the total volume is finite or not, or
according to whether g, is complete or not. Using a result of Brezis and Kato [2], it
is shown in [14] that if the total volume of (IR", g.) is finite, then v has fast decay
(a). It can be seen that if lower bound (c) holds, then g, is a complete metric. The
asymptotic dimension of (IR", g.), which is propounded by Gromov (cf. [12]), is
pertained to the asymptotic behavior of u. For slow decay indicates that the con-
formal metric g. is asymptotically a bounded perturbation of the standard product
metric on IRT x S™~1 (see [14]).
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A fundamental result of Caffarelli, Gidas and Spruck [3] shows that if K is equal
to a positive constant outside a compact set of IR"™, then either g. has fast decay,
or

Chlz|~ =22 < y(z) < Colz|~"=2D/2 for |z| > 1,

that is, u satisfies both (b) and (c). A series of deep works by C.-C. Chen and C.-S.
Lin lead to the following, which we state by using the Kelvin transform and refer
to [19] for the details: u has slow decay (b) if, among other things, K approaches a
positive number at infinity and there exist positive constants «, ¢; and ¢y such that

clz'te < |y K(2)] < calz)' ™ for |z > 1. (1.2)

In [14], the second author shows that if K is bounded between two positive numbers
in IR", - vK(x) < 0 for large |z|, u is bounded from above and u is redially
dominating (see [14]), then u has slow decay.

Smooth positive solutions of equation (1.1) with K bounded between two positive
numbers may not have slow decay. Using a method of Taliaferro in [20], unbounded
positive solutions of equation (1.1) are constructed in [15] so that the conformal
metrics are complete. Furthermore, we can make the conformal metric to have
arbitrarily fast volume growth. In this paper we obtain slow decay (b) by imposing
a control on the growth in the radial direction.

Theorem A. Assume that K is bounded between two positive constants outside a
compact subset of IR"™. Assume also that there exist positive constants r,, ¢ and C

such that oK
S 0)> —Ce™"  for b s~ and r>r,, (1.3)

where (r, 8) is the polar coordinates on IR". Let u be a smooth positive solution of

equation (1.1) in IR™. Then u has slow decay (b) if there exist positive constants C’
and v’ such that

?(7‘, 0)‘ <C'u(r,0) for 6€S™' and r>r. (1.4)
-

r

Fast decay (a) and lower bound (c) are related to the Pohozaev number of u,
denoted by P(u) (see (2.3) in section 2). For a smooth positive solution u of
equation (1.1) with slow decay, P(u) # 0 implies lower bound (c). Using the results
of Korevaar, Mazzeo, Pacard and Schoen in [13], if K is equal to a positive constant
outside a compact set and g, is complete, then P(u) < 0 and lower bound (c) holds
(cf. also [3]). Chen and Lin [4, 7] show that, under similar conditions on | 7 K|
as in (1.2) (with higher exponents on |z|; see [7] for the detailed conditions on K),
then the conformal metric g. can be realized as a smooth metric on S™ if and only
if P(u) = 0. Moreover, it can be deduced that lower bound (c¢) holds, and hence g,
is complete, if and only if P(u) < 0. We show that the results can be generalized
and the sign of the Pohozaev number can be determined in the following situation.

Theorem B. Assume that lim K(z) = Ko > 0 and | v K| < C, in R" for

|| —o0
a positive number C,. Let u be a smooth positive solution of (1.1) in IR™ with
slow decay (b). Assume also that K satisfies one of the conditions in lemma 2.1 so
that P(u) exists. Then we have P(u) < 0. In addition, if it is also assumed that
x - VK (x) <0 for large |x|, then P(u) = 0 implies that u has fast decay.



ASYMPTOTIC BEHAVIOR OF POSITIVE SOLUTIONS 3

It can be seen that, under the conditions in the first part of theorem B, if
P(u) = 0, then either u has fast decay, or the conformal metric g. is complete

and 1‘11‘11 inf \x\nT_zu(a;) = 0. The examples in [7] and [16] suggest that the second

situation in the above statement may occur. Our final result relates completeness
to the total volume.

Theorem C. Assume that K is bounded between two positive numbers outside
a compact subset of IR™. Let u be a smooth positive solution of equation (1.1) in
IR™ with slow decay. Then either u has fast decay or the conformal metric g. is
complete. Furthermore, the conformal metric g. is complete if and only if the total
volume of (IR", g.) is infinite.

2. Preliminaries. Let u be a smooth positive solution of equation (1.1) in IR™
and
n—2

P(u,r) = o

/ v UK(@)urz (z)de  for 7> 0, (2.1)
Bo(r)

where B, (r) is the open ball in IR™ with center at the origin and radius r > 0. The
Pohozaev identity (see, for examples, [9] and [14]) shows that

ou\? r n—2 n—2 Ou
p _ guy _r 2 Kuss —|ds (22
(wr) /5[(8) gt 2 s 1 12, % (2.2)

for r > 0, where S, = B,(r) is the sphere of radius r. The Pohozaev number of u
is given by
P(u) = lim P(u,r) (2.3)

T—00
provided the limit exists.
Lemma 2.1.  Let u be a smooth positive solution of equation (1.1) in IR"™ with
slow decay (b). Then the limit in (2.3) exists if we assume anyone of the following
conditions.
(I) There exists a number m > 1 such that v - 7K € L™ (IR"™ \ B,(1)) .
(II) There exist positive numbers C, € and r, such that

C

oK N
_W fO?” r-=To.

or

(IIT) =z 7K (x) does not change sign for large |x| and there exist positive constants
a and 3 such that —a? < K < 8% in IR".
Proof. Let Qr =R"\ B,(R) for R > 0. We note that

. mooq T
‘/ |x|0Kum dz| < C, {/ ra—K dx} {/ || ™ dx}
Qr 07" Qr 07‘ Qr

and the right hand side tends to zero as R — oco0. Here [ > 1 is the number such
that 1/m + 1/l =1, and C, is a positive constant. Likewise,

Qr 87"

r r(lnr)lte
as R — oo, where C’ is a positive constant. Hence the limit in (2.3) exists if we
assume either (I) or (IT). Assume that z - 7K (z) < 0 for large |z|. The integral in
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(2.1) is a non-increasing function for large r. For R > R, large enough, there exists
a positive constant C7 such that

R R
/ / OK 2 isdr > ¢ / / 9K 1 ar
" 87" R, JSn—1 a'l"

r

R d

_ 01/ 4 ( K(r, 6) d9> dr > —Cyw, (o + 7).
R, dr gn—1

where wy, is the volume of the unit sphere in IR"™. Hence the integral in (2.1) is
bounded from below and the limit in (2.3) exists. The other case that z-\7K(x) > 0
for large |z| is similar. O

We assume that there exist positive constants @, b and r, such that
0<a?<K(z)<b for xcIR" with |z|>7,. (2.4)

u is said to satisfy a spherical Harnack inequality if there exists a positive constant
C}, such that the inequality
supu < C infu (2.5)
S, Sy
holds for all » > 0. In [18], the following relations are observed (a version of the
result is proved in [8]).

Lemma 2.2. Assume that K satisfies (2.4). Let u be a smooth positive solution
of (1.1) in IR". Then the following statements are equivalent.

(i) u has slow decay.

(ii) w satisfies a spherical Harnack inequality.

(itt)  There exists a positive constant Cy such that r| <7 u(r, 8)| < Cyu(r, 8) for
r>0and®c S"L,

Lemma 2.3. Let K andu be as in lemma 2.2. Assume that K satisfies one of the
conditions in lemma 2.1 so that P(u) exists. If P(u) # 0, then u(z) > Cjlz|~(»~2)/2
for large |z| and for a positive constant Ci.

Proof. Suppose that the lower bound does not hold. It follows that there exists

a sequence {x;} C IR™ such that lim |z;| = oo and u(z;)|z;|" 2/ — 0 as i — oo,
1—00

and by spherical Harnack inequality (2.5) and the gradient estimate in lemma 2.2,

T§n72)/2

[max u] -0 and r?/z[nslax|vu|]—>0 as i — 00, (2.6)

where r; = |z;| fori=1,2,... Hence P(u) = 0 by (2.2), which is a contradiction. [J
Without the assumption of slow decay, we obtain weaker estimates on volume

growth (cf. [9] and [14]).

Theorem 2.4. Assume that K satisfies (2.4). Let u be a smooth positive solution

of equation (1.1) in IR™. If there exists a positive constant § such that |P(u,r)| > §2

for large r, then there exist positive constants C' and C" such that

/ w3 (z)de > C'Inr  and / ‘v ulde>C"Inr (2.7)
B,(r) B, (r)

for large r. In particular, if P(u) exists and is non-zero, then the total volume of
(IR", g) is infinite.
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Proof. Applying Young’s inequality we have

ou 2 u?
u—dS < T dsS + —dSs
87‘ Sy

. T
g/ T\vu\2d5+01/ runz dS +
S

r [

ou

r

r 52

n—

(2.8)

for large r, where C} is a positive constant depending on ¢ and n. From Pohozaev
identity (2.2) and (2.8), there exist positive constant Cy and C5 such that

2m, 2
Cz/ \Vu\QdS—&-Cg/ umdSZ(s—
5, S 2

r

for large r. It follows that
/ \Vu\zda:—&—/ w7 dy > Cylnr (2.9)
Bo(r) Bo(r)

for large r and for a positive constant C;. We can modify the argument in the proof
of theorem 3.1 in [14] for our case so as to obtain positive constants Cs and D; such
that

05/ w7 dy + Dy > / v ul? dx (2.10)
Bo(2R) Bo(R)

for all large R. (2.9) and (2.10) imply that

/ w=z dr >C'Inr
B, (r)

for large r and for a positive constant C’. Similarly we obtain the other estimate

in (2.7). O
Let
v(s, 6) :TnTﬂu(r, 0), r=e¢, r>0, scR and § S (2.11)

Then v satisfies the equation (see, for example, [14])

&% A n—2\2 ntz . gn—1
@ﬁ- ov— | —5— v+ Kvr=2 =0 in Rx , (2.12)

where Ay is the standard TLaplacian on S"~!. The Pohozaev identity (2.2) becomes

n—2 [* OK 1/ov\* 1
P(v,s) == 3 49 dt — S (&) 2 2
(v:8) = =50 /,oo /5_ ot " /5_ [2 (a;) 3l Vel

L(n=2\ oy n 2 el 0 e (2.13)
5 5 v m v or s L. .

3. Proof of theorem A. By differentiating with respect to r the function

/ W dS — w3 (r, §) P19 for v > 1,

- Sn—1
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and using (1.4), there exist positive constants C, and m such that

/ iz dS < Cor™  for v >71,. (3.1)
s

,

From (1.3) and (3.1) we have

—2 OK 2 R
i / r uns da >—C7 — 02/ e~rrmtldr > —Cy  for R>r,
2n Bo(R) 07"

T1

where C1, Cy and Cj are positive constants and ry > max {r, ,r'}. Together with
(1.9) and Pohozaev identity (2.2) we obtain

2 —_— 2n
Rlvu2dS <2Cs+ 04/ UE ds+ =2 / REKu= dS (3.2)
Sr

SR SR n

for large R, where C} is a positive constant. By choosing a larger Cs5 if necessary,
we may assume that (3.2) holds for all R > 0. Similarly, as v > 0 in R", we may
assume that (1.4) holds for all r > 0. Integrating both sides of (3.2) we obtain

n—2

2
/ r|vu\2dx§203R+c4/ iz +
Bo(R) B

/ rKun=? dx (3.3)
o(R) T n o(R)

for R > 0. Using equation (1.1) and (1.4) we have

/ rKuns dz = / ru (Ku%) dxr = / (ru)(—Au) dx
Bo(R) Bo(R) Bs(R)

7] 7]
:/ r\Vu|2dx+/ u" dzx — Ru— dS
Bo(R) B.(r) Or Sp Or
2
g/ r\vu|2dx+05/ u—dw+06/ w2 dS (3.4)
Bo(R) Bo(R) T Sr

for large R, where Cs and Cg are positive constants. It follows from (3.3) and (3.4)
that

2

2/ rKu%dxg203R+c7/ u—d:z:+08/ u?dS
7 JB,(R) Bo(R) T Sr

SQC3B+C7€/

runts dS + Cy E/ rut? dz + Coe™ (22 (3.5)
Sr

Bo(R)

for large R, where we use Young’s inequality and C7, Cg and Cg are positive con-
stants. From (1.9) we have

i </ rQu%dS> §C’10/ run=z S for r>T,,
dT S

.

where C1g is a positive constant. Hence

r 4 r ’
/ r2unss 4s :/ (/ s2unes d5> ds < Cyy +/ (/ s2yn dS> ds
S, 0 S o s
<Ci + 010/ / su=z dSds < 012/ ruv2de  for r >27r,, (3.6)
To v Ss Bo("')

where C7; and C44 are positive constants that depends on r, and .
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If lim [, (R)ur%2 dx < oo, then by using theorem 3.1 in [14], which can be
R—o00 °

modified for K satisfying (2.4) by making the constants there larger if necessary,
together with a result of Brezis and Kato in [2], we have

u(z) < Cyglz|~"=2)

for large |z| and for a positive constant Ci3 (cf. the proof of theorem 3.16 in [14]).
In particular, v has slow decay. So we may assume that

lim un—2 dr = 0. (3.7)
R—oo Bo(R)

As K(x) > a? for large |x|, it follows from (3.7) that
2n CL2 2n
/ rKu=—2dz > —/ run—2 dz (3.8)
B, (R) 2 Jbo(r)
for large R. If we choose ¢ to be small, then (3.5), (3.6) and (3.8) imply that
/ run% de < CuR  for R>r,
B, (R)

for large R and

2

/ R?um-2dS < Cy5R
Sr

for large R, where C14 and Ci5 are positive constants. The last inequality can also
be written as

/ w3 (r, 0)do < Cysr ™ (3.9)
Sn—l

for large r. It follows from lemma 4.39 and 4.40 in [14] that decay estimate (3.10)
implies spherical Harnack inequality (2.5) for spheres of large radius. Together with
(3.9), or by lemma 2.2, we conclude that « has slow decay. O

Remark 3.1. Condition (1.3) in theorem A is used only to obtain a lower bound
on P(u,r). Therefore theorem A remains valid if we replace (1.3) by the assumption
that P(u,r) > —42 for large r and for a constant 4.

4, Asymptotic behavior. We consider the sign of the Pohozaev number.
Theorem 4.1. Assume that lim K(z) = Ko > 0 and |7 K| < C, in IR" for

|| —o00
a positive number C,. Let u be a smooth positive solution of equation (1.1) in IR"
with slow decay. Assume also that K satisfies one of the conditions in lemma 2.1
so that P(u) exists. Then we have P(u) < 0. If P(u) = 0, then either v has fast

decay, or the conformal metric g. = u*/("2g, is complete and

n—=2
liminf |z|77 u(z) =0
|z —o0

and there exists a sequence {s;} C IR, s; — 400 asl — 400, such that the sequence
{v;} defined by vi(s,0) = v(s; +s,0) fors € R, § € S ' and | = 1, 2,..,
converges uniformly in C2-norm on compact subsets of IR x S™~! to a standard
spherical solution. Here v is defined in (2.11).
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Remark 4.1. Standard spherical solutions on IR x S™~! are the transforms of

functions of the form Y

_A T
N+ [2]?

by (2.11), where X is a positive number.

Proof.  Suppose that P(u) > 0. Lemma 2.3 implies that there exist positive
constants c¢1 , co and s, such that

c1 <v(s,0)<cy for s>s, and §€ S, (4.1)

We have P(u) = P(v) := liIJP P(v,s), where P(v,s) is given by (2.13). For ¢t > 0,
§—100
let v(s, 8) = v(s +t,0) for § € S* 1 and s > s, — t. Using the equation
821)t

@—s—Agvt:Ft for s >s, —t,

where
n—2

Fis, 9):( - )2%(5, 8) — K(s+t,0)0, " (s, )

for s € IR and § € S™!, (4.1), the boundedness of | 57 K|, and elliptic estimates
(cf. [11]), there exists a sequence of positive numbers t; — oo as i — oo and a C?-
function v, defined on IR x S™~! such that v;, converges in C?-norm on compact
subsets of IR x S™ ! to v as §# — 0o. Furthermore, vy, satisfies the equation

H? — 2 2 nt2
0;];0 +A9voo<nT> Voo F Kovas? =0 in RxS"!,

and ¢; < Vo < ¢y in IR x S™71. By a result of Caffarelli, Gidas, Spruck in [3], v
is independent on . Tt follows that the Pohozaev number P(vy,) is negative (cf.
section 2.1 in [13] ). Hence P(veo,s) < 0 for large s. Fixed a large number s, so
that P(veo, 80) < 0. As vy, converges in C%-norm to v, in a compact neighborhood
of 8, x S"~! we have P(v,,s,) < 0 for i large. But P(vy,,s,) = P(v,t; + 5,) —
P(v) >0 as ¢ — oo. Therefore we have a contradiction. Hence P(u) < 0. Assume
that P(u) = 0. It follows from the above argument that v cannot be bounded away
from zero in R x S»~'. Hence lim inf \x|anu(x) = 0. Define

|z|— 00
o(s) = / v(s, 0)do for s€R. (4.2)
Sn—1

Then @ is bounded from above in TR. Either 2'(s) > 0 or ¥/(s) < 0 for all large s,
or ¥ keeps on changing sign near positive infinity. In the first two cases we have

liIJP ¥(s) = v, exists, as ¥(s) is bounded positive for large s. If v, > 0, then
§— 100

using spherical Harnack inequality (2.5), there exists a positive constant ¢z such
that v(s, ) > ¢ for large s and for § € S™"~!. Hence we may apply the above
argument to show that P(u) < 0, which is a contradiction. Assume that v, = 0.
Spherical Harnack inequality (2.5) implies that

lim max v(s, §)=0.
s—+00 gesn—1
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Tt is standard to conclude that u has fast decay (a) (cf. [13]). Therefore we need

only to consider the case when o’ keeps on changing sign near positive infinity. If

this is the case, then there exists a sequence of numbers {s; } such that lim s; = +oo
71— 00

and 7 achieves local maximum at s; for i = 1,2,... Tt follows from equation (2.12)
and spherical Harnack inequality (2.5) that

n—2 n42

17”(3)( : >za(s)+czan—fz(s)zo (4.3)

for a positive constant Cy and for large positive s (cf. [7]). Using (4.3) and the fact
that ©”(s;) < 0 we have
2] T
1 (n—2
— 4.4
Cy ( 2 > ] -

for large ¢. It follows from spherical Harnack inequality (2.5) that there exists a
positive constant ¢4 such that

v(s;,0) > c2  for § € S (4.5)

and for large . Define v;(s, 6) = v(s+s;, 0) fors € IR, § € S* L andi=1,2,... As
above, a subsequence of {v;} converges in C2-norm on compact subsets of IR x ™!
to a non-negative C? function vs, on IR x $™~! which satisfies the equation

82v4
052

n—2\° -
+ Ao = Vo (T) — Ko v in R xS™ 1.

Furthermore, from (4.5) we have v, (0,60) > ¢2 > 0 for € S™~1. Let
Uoo () = Uoo (1, 0) =+~ (224 (5, 0) for |z >0,

where x = (r, ) and r = e°. Then u satisfies the equation

.

42
Atoo = —Koouds®  in R™\ {0}. (4.6)

In addition, ue(x) > 0 for |z] > 0 and us(x) > ¢ > 0 for |z| = 1. Tt follows from
equation (4.6) and the maximum principle that u(z) > 0 for |z| > 0. Hence vy
is positive in IR x S™~!. Because vo, may not be bounded away from zero, we can
only concluded that P(vs) < 0. The above argument shows that if P(ve) < 0,
then P(u) < 0. Hence P(vs) = 0. By a result of Caffarelli, Gidas and Spruck in
[3] (see also [13]), v is a standard spherical solution. It remains to show that the
conformal metric corresponding to w is complete in this case. From (4.3) and the
fact that v is bounded from above, there exists a positive constant c¢s such that

v'(s) > —c2 for scR. (4.7)

At s; we have ¥/(s;) = 0, therefore #'(s) is not too negative for s close to s; for
i = 1,2,... By using (4.4) and (4.7), there exists a positive number ¢ independent
on ¢ such that

n—2
1 (n=2\*"
_(n > ] for s€[s;, 85+¢, i=1,2,..
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Using spherical Harnack inequality (2.5) there exists a positive constant ¢g such
that
v(s, 0) >ca  for s€[si, s +€, S} (4.8)

and ¢ = 1,2, ... Without loss of generality, we may assume that s; > 0 and s;,1 > s;
for i = 1,2, ... For any fixed # € S"~1, the length of the curve r +— (r, 8), r € (1, 00),
in the conformal metric g, = u*("=2)g, is given by

[e%e) N [e%e) N S S;+e N
/ un==(r, G)dr:/ v7=2 (s, H)dSZZ/ v7=2(s, 0)ds = .
1 0 i—17Si
Hence the conformal metric is complete. O
Proof of Theorem C. Consider # as defined in (4.2) and lim %(s). If the limit

§—00

exists and is equal to zero, then w has fast decay (a) (cf. [13]). If the limit is
non-zero, then u(x) > clz|?="/2 for large |x| and for a positive constant ¢, and
hence the conformal metric g. is complete. In case the limit does not exists, then ¥’
keeps on changing signs near positive infinity. The argument in the last part of the
proof of theorem 4.1 shows that the conformal metric is also complete in this case.
Finally, if the total volume of (IR", g) is infinite, then u does not have fast decay (a)
and hence by above g. is complete. If g. is complete, then either SEIEOO@(S) exists

and is positive, or (4.8) holds. In either cases we have

IR™\B,(1) 0 Jent

That is, the total volume of (IR", g) is infinite. O

Theorem 4.2.  Assume that K satisfies the conditions in theorem 4.1 and x -
VE(xz) <0 for large |x|. Let u be a smooth positive solution of equation (1.1) in
IR™ with slow decay. If P(u) =0, then u has fast decay.

Proof. Let ¢ be defined as in (4.2). Suppose that P(u) = 0 and u does not have
fast decay. It follows from the argument in the proof of theorem 4.1 that there
exists a sequence {s;} C IR such that s; — 400 as j — oo and each s; is a local
minimum for o and jlinolof)(sj) =0. Let

v(s+ 55, 0)

wy (s 6) = v(s;)

for seR, #cS" ! and j=1,2,..

Given S > 0, we claim that there exist positive numbers C, and k, such that
w;(s,0)<C, for s€[-5,5], 68" and j>k,. (4.9)

Using Holder’s inequality, equation (2.12) and (4.3) we have

(52 56 a0 > 0 = (22 000 - as e

for large s and for some positive constants C; and Cs. It follows that there exists
a positive constant g, such that

1 /n—9\2
0<d"(s) < 3 (n 5 2) o(s) for ©(s) <e, and large s. (4.10)
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Choose the number k, such that

n_9\2
@(sj)eﬂ%) §* <e, for J>ks.

We may also assume that for j > k;, s; is large. For j > k, and s close to s;, 9"/(s)
satisfies (4.10). Hence we obtain

V<t (”22)2/:@<t>dts ! (”22)217(5)(33»

7

for s > s; close to s;, as v'(s) > 0 for s > s; close to s;. Therefore we have

2
< 6%(T> (s—54)° for s € [sj, 55 +5].

Likewise, we obtain a similar inequality on [s; — S, s;]. By using spherical Harnack
inequality (2.5), we obtain the desired constant C; and the bound in (4.9). It follows
from (4.9) that there exists a subsequence of {w;} which converges in C2-norm on
compact subsets of IR x S™~! to a solution w of the equation

o2 —2\?
8_512U+A9w<n7) w=0 in RxS* 1

The associated function h related to w as in (1.11) is, by the maximum principle
and the above equation, a positive harmonic function on IR™\ {0}. Therefore h(z) =
alz|>=" + b and

w(s, 0) =ae "7 +be™* for s€R and € S,

where a and b are positive constants. As w has a critical point at s = 0, we have
a=b>0. As in [13] we obtain

Jj—o0

. 1 (0w, 1 | /e 9\ 2
lim - [5 (8_5]> (0,9>—§V9wj|2(0,9)—§< 5 > w]?(ove)

4 n—2

L aT(s)) 7f(w;T“Q (o,e)} do

:/Sn,l E (88—1;))2((),9)_%(”22>2w2<o,9)1 d

n—2\?
= —wp 5 ab<0. (4.11)

Using the assumption that (9K /8s)(s, #) < 0 for large s and 6 € S"~!, Pohozaev
identity (2.13) and lir+n P(v,s) = 0, we see that P(v,s) > 0 for large s. On the

other hand, by (4.11), P(v, s;)/9%(s;) is strictly less that a negative number for all
large j. We obtain a contradiction. Therefore if P(u) = 0, then v has fast decay.
One can also prove theorem 4.3 by modifying the argument of Chen and Lin in
section 3 of [7]. O
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