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'HS DU WP HQ W RI 0DWK HP DWLFV� 1 DWLRQ DO 8 Q LY HU VLW\ RI 6 LQ JDS RU H�

6 LQ JDS RU H ������

$EVWUDFW� : H VWX G \ DV\ P S WRWLF E HK DY LRU RI VP RRWK S RVLWLY H VROX WLRQ V RI WK H FRQ IRU P DO

VFDODU FX U Y DWX U H HT X DWLRQ LQ ,5Q� LQ FRQ Q HFWLRQ Z LWK WK H JORE DO JHRP HWU \ RI FRQ IRU P DO P HW�

U LFV Z LWK S RVLWLY H VFDODU FX U Y DWX U H RX WVLG H D FRP S DFW VHW� : H VK RZ WK DW WK H VROX WLRQ K DV

VORZ G HFD\ LI WK H U DG LDO FK DQ JH LV FRQ WU ROOHG � )RU D VP RRWK S RVLWLY H VROX WLRQ Z LWK VORZ G HFD\ �

WK H FRU U HVS RQ G LQ J FRQ IRU P DO P HWU LF LV IRX Q G WR E H FRP S OHWH LI DQ G RQ O\ LI WK H WRWDO Y ROX P H

LV LQ p Q LWH� : H DOVR G HWHU P LQ H WK H VLJQ RI WK H 3 RK R]DHY Q X P E HU LQ VRP H VLWX DWLRQ V DQ G

LQ Y HVWLJDWH WK H FDVH Z K HQ LW LV HT X DO WR ]HU R�

�� ,QWURGXFWLRQ� :H FRQVLGHU VPRRWK SRVLWLYH VROXWLRQV X RI WKH FRQIRUPDO VFDODU

FXUYDWXUH HTXDWLRQ

cX�.X
Q��

Qb �  � LQ ,5Q� �����

ZKHUH Q y � LV DQ LQWHJHU� c WKH VWDQGDUG /DSODFLDQ RQ ,5Q� DQG . D VPRRWK IXQF�

WLRQ� (TXDWLRQ ����� LV VWXGLHG H[WHQVLYHO\ DQG UHPDUNDEOH UHVXOWV DUH REWDLQHG �FI�

UHFHQW SXEOLFDWLRQV >�� �� �� �� �� �� ��� ��@� DQG WKH UHIHUHQFHV ZLWKLQ IRU GHVFULS�

WLRQV RI WKH GHYHORSPHQW�� 2XU FRQFHUQ KHUH LV ZKHQ . LV ERXQGHG EHWZHHQ WZR

SRVLWLYH QXPEHUV RXWVLGH D FRPSDFW VXEVHW RI ,5Q� 7KLV PHDQV WKDW WKH FRQIRUPDO

PHWULF JF � X� �Qb��JR KDV ERXQGHG SRVLWLYH VFDODU FXUYDWXUH RXWVLGH D FRPSDFW

VXEVHW� ZKHUH JR LV (XFOLGHDQ PHWULF� )RU VPRRWK SRVLWLYH VROXWLRQV RI ������ WKH

EDVLF DV\PSWRWLF SURSHUWLHV ZH VHHN WR FRQVLGHU DUH WKH IROORZLQJ�

�D� )DVW GHFD\� X�[� x &M[Mb�Qb�� IRU M[M � � �

�E� 6ORZ GHFD\� X�[� x &M[Mb�Qb�� � IRU M[M � � �

�F� /RZHU ERXQG� X�[� y &M[Mb�Qb�� � IRU M[M � � �

:H DOVR FRQVLGHU WKH JOREDO JHRPHWU\ RI WKH FRQIRUPDO PHWULF JF� ZKLFK LV LQ�

WLPDWHO\ OLQNHG WR WKH DV\PSWRWLF EHKDYLRU� %DVLF JOREDO SURSHUWLHV RI �,5Q� JF�

LQFOXGH WKH WRWDO YROXPH DQG FRPSOHWHQHVV� 2QH FDQ FODVVLI\ VPRRWK SRVLWLYH VR�

OXWLRQV RI HTXDWLRQ ����� DFFRUGLQJ WR ZKHWKHU WKH WRWDO YROXPH LV pQLWH RU QRW� RU

DFFRUGLQJ WR ZKHWKHU JF LV FRPSOHWH RU QRW� 8VLQJ D UHVXOW RI %UH]LV DQG .DWR >�@� LW

LV VKRZQ LQ >��@ WKDW LI WKH WRWDO YROXPH RI �,5Q� JF� LV pQLWH� WKHQ X KDV IDVW GHFD\

�D�� ,W FDQ EH VHHQ WKDW LI ORZHU ERXQG �F� KROGV� WKHQ JF LV D FRPSOHWH PHWULF� 7KH

DV\PSWRWLF GLPHQVLRQ RI �,5Q� JF� � ZKLFK LV SURSRXQGHG E\ *URPRY �FI� >��@�� LV

SHUWDLQHG WR WKH DV\PSWRWLF EHKDYLRU RI X� )RU VORZ GHFD\ LQGLFDWHV WKDW WKH FRQ�

IRUPDO PHWULF JF LV DV\PSWRWLFDOO\ D ERXQGHG SHUWXUEDWLRQ RI WKH VWDQGDUG SURGXFW

PHWULF RQ ,5 � d 6Qb� �VHH >��@��

$ 06 ���� 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��- ��� 6 HFRQ G DU \ ��- ���

. H\ Z RU GV DQ G SKU DVHV� 3 RVLWLY H VROX WLRQ V� 3 RK R]DHY 
V LG HQ WLW\ � S RVLWLY H VFDODU FX U Y DWX U H�

7 \ S HVHW E \ $
0
6 �7 ( ;

�
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$ IXQGDPHQWDO UHVXOW RI &DoDUHOOL� *LGDV DQG 6SUXFN >�@ VKRZV WKDW LI . LV HTXDO

WR D SRVLWLYH FRQVWDQW RXWVLGH D FRPSDFW VHW RI ,5Q� WKHQ HLWKHU JF KDV IDVW GHFD\�

RU

&�M[M
b�Qb�� � x X�[� x &�M[M

b�Qb�� � IRU M[M � � �

WKDW LV� X VDWLVpHV ERWK �E� DQG �F�� $ VHULHV RI GHHS ZRUNV E\ &��&� &KHQ DQG &��6�

/LQ OHDG WR WKH IROORZLQJ� ZKLFK ZH VWDWH E\ XVLQJ WKH .HOYLQ WUDQVIRUP DQG UHIHU

WR >��@ IRU WKH GHWDLOV� X KDV VORZ GHFD\ �E� LI� DPRQJ RWKHU WKLQJV� . DSSURDFKHV D

SRVLWLYH QXPEHU DW LQpQLW\ DQG WKHUH H[LVW SRVLWLYH FRQVWDQWV o� F� DQG F� VXFK WKDW

F�M[M
�� o x M �.�[�M x F�M[M

�� o IRU M[M � � � �����

,Q >��@� WKH VHFRQG DXWKRU VKRZV WKDW LI . LV ERXQGHG EHWZHHQ WZR SRVLWLYH QXPEHUV

LQ ,5Q� [ c �.�[� x � IRU ODUJH M[M� X LV ERXQGHG IURP DERYH DQG X LV UDGLDOO\

GRPLQDWLQJ �VHH >��@�� WKHQ X KDV VORZ GHFD\�

6PRRWK SRVLWLYH VROXWLRQV RI HTXDWLRQ ����� ZLWK. ERXQGHG EHWZHHQ WZR SRVLWLYH

QXPEHUV PD\ QRW KDYH VORZ GHFD\� 8VLQJ D PHWKRG RI 7DOLDIHUUR LQ >��@� XQERXQGHG

SRVLWLYH VROXWLRQV RI HTXDWLRQ ����� DUH FRQVWUXFWHG LQ >��@ VR WKDW WKH FRQIRUPDO

PHWULFV DUH FRPSOHWH� )XUWKHUPRUH� ZH FDQ PDNH WKH FRQIRUPDO PHWULF WR KDYH

DUELWUDULO\ IDVW YROXPH JURZWK� ,Q WKLV SDSHU ZH REWDLQ VORZ GHFD\ �E� E\ LPSRVLQJ

D FRQWURO RQ WKH JURZWK LQ WKH UDGLDO GLUHFWLRQ�

7KHRUHP $� $VVXPH WKDW . LV ERXQGHG EHWZHHQ WZR SRVLWLYH FRQVWDQWV RXWVLGH D

FRPSDFW VXEVHW RI ,5Q� $VVXPH DOVR WKDW WKHUH H[LVW SRVLWLYH FRQVWDQWV UR� F DQG &

VXFK WKDW
#.

#U
�U� v� y b&HbF U IRU v � 6Qb� DQG U y UR � �����

ZKHUH �U� v� LV WKH SRODU FRRUGLQDWHV RQ ,5Q� /HW X EH D VPRRWK SRVLWLYH VROXWLRQ RI

HTXDWLRQ ����� LQ ,5Q� 7KHQ X KDV VORZ GHFD\ �E� LI WKHUH H[LVW SRVLWLYH FRQVWDQWV & �

DQG U� VXFK WKDW

U

pppp#X#U �U� v�
pppp x & � X�U� v� IRU v � 6Qb� DQG U y U�� �����

)DVW GHFD\ �D� DQG ORZHU ERXQG �F� DUH UHODWHG WR WKH 3RKR]DHY QXPEHU RI X�

GHQRWHG E\ 3 �X� �VHH ����� LQ VHFWLRQ ��� )RU D VPRRWK SRVLWLYH VROXWLRQ X RI

HTXDWLRQ ����� ZLWK VORZ GHFD\� 3 �X� � � LPSOLHV ORZHU ERXQG �F�� 8VLQJ WKH UHVXOWV
RI .RUHYDDU� 0D]]HR� 3DFDUG DQG 6FKRHQ LQ >��@� LI . LV HTXDO WR D SRVLWLYH FRQVWDQW

RXWVLGH D FRPSDFW VHW DQG JF LV FRPSOHWH� WKHQ 3 �X� � � DQG ORZHU ERXQG �F� KROGV

�FI� DOVR >�@�� &KHQ DQG /LQ >�� �@ VKRZ WKDW� XQGHU VLPLODU FRQGLWLRQV RQ M � . M
DV LQ ����� �ZLWK KLJKHU H[SRQHQWV RQ M[M� VHH >�@ IRU WKH GHWDLOHG FRQGLWLRQV RQ .��

WKHQ WKH FRQIRUPDO PHWULF JF FDQ EH UHDOL]HG DV D VPRRWK PHWULF RQ 6Q LI DQG RQO\

LI 3 �X�  � � 0RUHRYHU� LW FDQ EH GHGXFHG WKDW ORZHU ERXQG �F� KROGV� DQG KHQFH JF
LV FRPSOHWH� LI DQG RQO\ LI 3 �X� � �� :H VKRZ WKDW WKH UHVXOWV FDQ EH JHQHUDOL]HG

DQG WKH VLJQ RI WKH 3RKR]DHY QXPEHU FDQ EH GHWHUPLQHG LQ WKH IROORZLQJ VLWXDWLRQ�

7KHRUHP %� $VVXPH WKDW OLP
M[M� �

.�[�  .� ! � DQG M � . M x &R LQ ,5Q IRU

D SRVLWLYH QXPEHU &R� /HW X EH D VPRRWK SRVLWLYH VROXWLRQ RI ����� LQ ,5Q ZLWK

VORZ GHFD\ �E�� $VVXPH DOVR WKDW . VDWLVpHV RQH RI WKH FRQGLWLRQV LQ OHPPD ��� VR

WKDW 3 �X� H[LVWV� 7KHQ ZH KDYH 3 �X� x �� ,Q DGGLWLRQ� LI LW LV DOVR DVVXPHG WKDW

[ c �.�[� x � IRU ODUJH M[M� WKHQ 3 �X�  � LPSOLHV WKDW X KDV IDVW GHFD\�
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,W FDQ EH VHHQ WKDW� XQGHU WKH FRQGLWLRQV LQ WKH pUVW SDUW RI WKHRUHP %� LI

3 �X�  �� WKHQ HLWKHU X KDV IDVW GHFD\� RU WKH FRQIRUPDO PHWULF JF LV FRPSOHWH

DQG OLP LQI
M[M� �

M[M
Q b �

� X�[�  � � 7KH H[DPSOHV LQ >�@ DQG >��@ VXJJHVW WKDW WKH VHFRQG

VLWXDWLRQ LQ WKH DERYH VWDWHPHQW PD\ RFFXU� 2XU pQDO UHVXOW UHODWHV FRPSOHWHQHVV

WR WKH WRWDO YROXPH�

7KHRUHP &� $VVXPH WKDW . LV ERXQGHG EHWZHHQ WZR SRVLWLYH QXPEHUV RXWVLGH

D FRPSDFW VXEVHW RI ,5Q� /HW X EH D VPRRWK SRVLWLYH VROXWLRQ RI HTXDWLRQ ����� LQ

,5Q ZLWK VORZ GHFD\� 7KHQ HLWKHU X KDV IDVW GHFD\ RU WKH FRQIRUPDO PHWULF JF LV

FRPSOHWH� )XUWKHUPRUH� WKH FRQIRUPDO PHWULF JF LV FRPSOHWH LI DQG RQO\ LI WKH WRWDO

YROXPH RI �,5Q� JF� LV LQpQLWH�

�� 3UHOLPLQDULHV� /HW X EH D VPRRWK SRVLWLYH VROXWLRQ RI HTXDWLRQ ����� LQ ,5Q

DQG

3 �X� U�  
Qb �

�Q

=
%R�U�

[ c �.�[�X
�Q
Qb � �[� G[ IRU U ! � � �����

ZKHUH %R�U� LV WKH RSHQ EDOO LQ ,5
Q ZLWK FHQWHU DW WKH RULJLQ DQG UDGLXV U ! �� 7KH

3RKR]DHY LGHQWLW\ �VHH� IRU H[DPSOHV� >�@ DQG >��@� VKRZV WKDW

3 �X� U�  

=
6U

�
U

v
#X

#U

w�

b
U

�
M � XM� �

Qb �

�Q
U.X

�Q
Qb � �

Qb �

�
X
#X

#U

�
G6 �����

IRU U ! �� ZKHUH 6U  #%R�U� LV WKH VSKHUH RI UDGLXV U� 7KH 3RKR]DHY QXPEHU RI X

LV JLYHQ E\

3 �X�  OLP
U � �

3 �X� U� �����

SURYLGHG WKH OLPLW H[LVWV�

/HPPD ���� /HW X EH D VPRRWK SRVLWLYH VROXWLRQ RI HTXDWLRQ ����� LQ ,5Q ZLWK

VORZ GHFD\ �E�� 7KHQ WKH OLPLW LQ ����� H[LVWV LI ZH DVVXPH DQ\RQH RI WKH IROORZLQJ

FRQGLWLRQV�

�,� 7KHUH H[LVWV D QXPEHU P ! � VXFK WKDW [ c �. � /P �,5Q Q%R���� �

�,,� 7KHUH H[LVW SRVLWLYH QXPEHUV &� � DQG UR VXFK WKDWpppp#.#U
pppp x &

U�OQ U��� �
IRU U y UR �

�,,,� [ c�.�[� GRHV QRW FKDQJH VLJQ IRU ODUJH M[M DQG WKHUH H[LVW SRVLWLYH FRQVWDQWV

o DQG p VXFK WKDW bo� x . x p� LQ ,5Q�

3URRI� /HW n5  ,5
Q Q%R�5� IRU 5 ! �� :H QRWH WKDW

pppp
=
n5

M[M
#.

#U
X

�Q
Qb � G[

pppp x &R

x=
n5

ppppU#.#U
pppp
P

G[

y �
P
x=

n5

M[MbQO G[

y �
O

DQG WKH ULJKW KDQG VLGH WHQGV WR ]HUR DV 5 � �� +HUH O ! � LV WKH QXPEHU VXFK

WKDW � P� � O  �� DQG &R LV D SRVLWLYH FRQVWDQW� /LNHZLVH�pppp
=
n5

M[M
#.

#U
X

�Q
Q b � G[

pppp x & �

= �

5

GU

U�OQ U��� �
� �

DV 5 � �� ZKHUH & � LV D SRVLWLYH FRQVWDQW� +HQFH WKH OLPLW LQ ����� H[LVWV LI ZH

DVVXPH HLWKHU �,� RU �,,�� $VVXPH WKDW [ c �.�[� x � IRU ODUJH M[M� 7KH LQWHJUDO LQ
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����� LV D QRQ�LQFUHDVLQJ IXQFWLRQ IRU ODUJH U� )RU 5 ! 5R ODUJH HQRXJK� WKHUH H[LVWV

D SRVLWLYH FRQVWDQW &� VXFK WKDW= 5

5R

=
6U

U
#.

#U
X

�Q
Qb � G6 GU y &�

= 5

5R

=
6Qb �

#.

#U
Gv GU

 &�

= 5

5R

G

GU

v=
6Qb �

.�U� v� Gv

w
GU y b&� �Q �o

� � p�� �

ZKHUH �Q LV WKH YROXPH RI WKH XQLW VSKHUH LQ ,5
Q� +HQFH WKH LQWHJUDO LQ ����� LV

ERXQGHG IURP EHORZ DQG WKH OLPLW LQ ����� H[LVWV� 7KH RWKHU FDVH WKDW [ c�.�[� y �
IRU ODUJH M[M LV VLPLODU� e

:H DVVXPH WKDW WKHUH H[LVW SRVLWLYH FRQVWDQWV D� E DQG UR VXFK WKDW

� � D� x .�[� x E� IRU [ � ,5Q ZLWK M[M y UR � �����

X LV VDLG WR VDWLVI\ D VSKHULFDO +DUQDFN LQHTXDOLW\ LI WKHUH H[LVWV D SRVLWLYH FRQVWDQW

&K VXFK WKDW WKH LQHTXDOLW\

VXS
6U

X x &K LQI
6U

X �����

KROGV IRU DOO U ! �� ,Q >��@� WKH IROORZLQJ UHODWLRQV DUH REVHUYHG �D YHUVLRQ RI WKH

UHVXOW LV SURYHG LQ >�@��

/HPPD ���� $VVXPH WKDW . VDWLVpHV ������ /HW X EH D VPRRWK SRVLWLYH VROXWLRQ

RI ����� LQ ,5Q� 7KHQ WKH IROORZLQJ VWDWHPHQWV DUH HTXLYDOHQW�

�L� X KDV VORZ GHFD\�

�LL� X VDWLVpHV D VSKHULFDO +DUQDFN LQHTXDOLW\�

�LLL� 7KHUH H[LVWV D SRVLWLYH FRQVWDQW &J VXFK WKDW UM � X�U� v�M x &J X�U� v� IRU

U ! � DQG v � 6Qb��

/HPPD ���� /HW . DQG X EH DV LQ OHPPD ���� $VVXPH WKDW . VDWLVpHV RQH RI WKH

FRQGLWLRQV LQ OHPPD ��� VR WKDW 3 �X� H[LVWV� ,I 3 �X� � �� WKHQ X�[� y &OM[M
b�Qb�� �

IRU ODUJH M[M DQG IRU D SRVLWLYH FRQVWDQW &O�

3URRI� 6XSSRVH WKDW WKH ORZHU ERXQG GRHV QRW KROG� ,W IROORZV WKDW WKHUH H[LVWV

D VHTXHQFH I[LJ ~ ,5
Q VXFK WKDW OLP

L � �
M[LM  � DQG X�[L�M[LM

�Qb�� � � � DV L� ��

DQG E\ VSKHULFDO +DUQDFN LQHTXDOLW\ ����� DQG WKH JUDGLHQW HVWLPDWH LQ OHPPD ����

U
�Qb�� �
L > PD[

6UL

X @� � DQG U
Q �
L > PD[

6UL

M � XM @� � DV L�� � �����

ZKHUH UL  M[LM IRU L  �� �� ��� +HQFH 3 �X�  � E\ ������ ZKLFK LV D FRQWUDGLFWLRQ� e

:LWKRXW WKH DVVXPSWLRQ RI VORZ GHFD\� ZH REWDLQ ZHDNHU HVWLPDWHV RQ YROXPH

JURZWK �FI� >�@ DQG >��@��

7KHRUHP ���� $VVXPH WKDW . VDWLVpHV ������ /HW X EH D VPRRWK SRVLWLYH VROXWLRQ

RI HTXDWLRQ ����� LQ ,5Q� ,I WKHUH H[LVWV D SRVLWLYH FRQVWDQW r VXFK WKDW M3 �X� U�M y r�

IRU ODUJH U� WKHQ WKHUH H[LVW SRVLWLYH FRQVWDQWV & � DQG & �� VXFK WKDW=
%R�U�

X
�Q
Q b � �[� G[ y & � OQ U DQG

=
%R�U�

M � XM� G[ y & �� OQ U �����

IRU ODUJH U� ,Q SDUWLFXODU� LI 3 �X� H[LVWV DQG LV QRQ�]HUR� WKHQ WKH WRWDO YROXPH RI

�,5Q� J� LV LQpQLWH�
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3URRI� $SSO\LQJ <RXQJ
V LQHTXDOLW\ ZH KDYH

=
6U

X
#X

#U
G6 x

=
6U

U

pppp#X#U
pppp
�

G6 �

=
6U

X�

U
G6

x

=
6U

UM � XM� G6 � &�

=
6U

U X
�Q
Q b � G6 �

r�

Qb �
�����

IRU ODUJH U� ZKHUH &� LV D SRVLWLYH FRQVWDQW GHSHQGLQJ RQ r DQG Q� )URP 3RKR]DHY

LGHQWLW\ ����� DQG ������ WKHUH H[LVW SRVLWLYH FRQVWDQW &� DQG &� VXFK WKDW

&�

=
6U

M � XM� G6 � &�

=
6U

X
�Q
Q b � G6 y

r�

�U

IRU ODUJH U� ,W IROORZV WKDW=
%R�U�

M � XM� G[�

=
%R�U�

X
�Q
Q b � G[ y &� OQ U �����

IRU ODUJH U DQG IRU D SRVLWLYH FRQVWDQW &�� :H FDQ PRGLI\ WKH DUJXPHQW LQ WKH SURRI

RI WKHRUHP ��� LQ >��@ IRU RXU FDVH VR DV WR REWDLQ SRVLWLYH FRQVWDQWV &� DQG '� VXFK

WKDW

&�

=
%R��5�

X
�Q
Q b � G[�'� y

=
%R�5�

M � XM� G[ ������

IRU DOO ODUJH 5� ����� DQG ������ LPSO\ WKDW=
%R�U�

X
�Q
Qb � G[ y & � OQ U

IRU ODUJH U DQG IRU D SRVLWLYH FRQVWDQW & �� 6LPLODUO\ ZH REWDLQ WKH RWKHU HVWLPDWH

LQ ������ e

/HW

Y�V� v�  U
Qb �

� X�U� v� � U  HV � U ! � � V � ,5 DQG v � 6Qb�� ������

7KHQ Y VDWLVpHV WKH HTXDWLRQ �VHH� IRU H[DPSOH� >��@�

#�Y

#V�
�cv Y b

v
Qb �

�

w�

Y �.Y
Q��

Qb �  � LQ ,5d 6Qb�� ������

ZKHUH cv LV WKH VWDQGDUG /DSODFLDQ RQ 6Qb�� 7KH 3RKR]DHY LGHQWLW\ ����� EHFRPHV

3 �Y� V� � 
Qb �

�Q

= V

b�

=
6Q b �

#.

#W
Y

�Q
Q b � Gv GW  

=
6Q b �

�
�

�

v
#Y

#V

w�

b
�

�
M �v YM

�

b
�

�

v
Qb �

�

w�

Y� �
Qb �

�Q
.Y

�Q
Qb �

�
Gv IRU V � ,5 � ������

�� 3URRI RI WKHRUHP $� %\ GLoHUHQWLDWLQJ ZLWK UHVSHFW WR U WKH IXQFWLRQ=
6U

X
�Q
Q b � G6  

=
6Qb �

X
�Q
Q b � �U� v� UQb�Gv IRU U ! UR
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DQG XVLQJ ������ WKHUH H[LVW SRVLWLYH FRQVWDQWV &R DQG P VXFK WKDW=
6U

X
�Q
Q b � G6 x &R U

P IRU U y UR � �����

)URP ����� DQG ����� ZH KDYH

Qb �

�Q

=
%R�5�

U
#.

#U
X

�Q
Qb � G[ y b&� b &�

= 5

U�

HbFUUP� � GU y b&� IRU 5 y U� �

ZKHUH &�� &� DQG &� DUH SRVLWLYH FRQVWDQWV DQG U� y PD[ IUR � U
�J� 7RJHWKHU ZLWK

����� DQG 3RKR]DHY LGHQWLW\ ����� ZH REWDLQ=
65

5M � XM� G6 x �&� � &�

=
65

X�

5
G6 �

Qb �

Q

=
65

5.X
�Q
Q b � G6 �����

IRU ODUJH 5� ZKHUH &� LV D SRVLWLYH FRQVWDQW� %\ FKRRVLQJ D ODUJHU &� LI QHFHVVDU\�

ZH PD\ DVVXPH WKDW ����� KROGV IRU DOO 5 ! �� 6LPLODUO\� DV X ! � LQ ,5Q� ZH PD\

DVVXPH WKDW ����� KROGV IRU DOO U ! �� ,QWHJUDWLQJ ERWK VLGHV RI ����� ZH REWDLQ=
%R�5�

UM � XM� G[ x �&� 5� &�

=
%R�5�

X�

U
G[ �

Qb �

Q

=
%R�5�

U.X
�Q
Qb � G[ �����

IRU 5 ! �� 8VLQJ HTXDWLRQ ����� DQG ����� ZH KDYH=
%R�5�

U.X
�Q
Q b � G[  

=
%R�5�

UX
t
.X

Q��

Qb �

u
G[  

=
%R�5�

�UX��bcX� G[

 

=
%R�5�

UM � XM� G[�

=
%R�5�

X
#X

#U
G[b

=
65

5X
#X

#U
G6

x

=
%R�5�

UM � XM� G[� &�

=
%R�5�

X�

U
G[� &�

=
65

X� G6 �����

IRU ODUJH 5� ZKHUH &� DQG &� DUH SRVLWLYH FRQVWDQWV� ,W IROORZV IURP ����� DQG �����

WKDW

�

Q

=
%R�5�

U.X
�Q
Qb � G[ x �&�5� &�

=
%R�5�

X�

U
G[� &�

=
65

X� G6

x �&�5� &� �

=
65

U�X
�Q
Q b � G6 � &� �

=
%R�5�

UX
�Q
Q b � G[� &�s

b�Qb�� �5 �����

IRU ODUJH 5� ZKHUH ZH XVH <RXQJ
V LQHTXDOLW\ DQG &�� &� DQG &� DUH SRVLWLYH FRQ�

VWDQWV� )URP ����� ZH KDYH

G

GU

v=
6U

U�X
�Q
Qb � G6

w
x &��

=
6U

UX
�Q
Q b � G6 IRU U y UR �

ZKHUH &�� LV D SRVLWLYH FRQVWDQW� +HQFH=
6U

U�X
�Q
Q b � G6  

= U

�

v=
6V

V�X
�Q
Qb � G6

w�

GV x &�� �

= U

UR

v=
6V

V�X
�Q
Qb � G6

w�

GV

x &�� � &��

= U

UR

=
6V

VX
�Q
Q b � G6GV x &��

=
%R�U�

UX
�Q
Qb � G[ IRU U y � UR � �����

ZKHUH &�� DQG &�� DUH SRVLWLYH FRQVWDQWV WKDW GHSHQGV RQ UR DQG X�



$6<03727,& %(+$9,25 2) 326,7,9( 62/87,216 �

,I OLP
5� �

5
%R�5�

X
�Q
Qb � G[ � � � WKHQ E\ XVLQJ WKHRUHP ��� LQ >��@� ZKLFK FDQ EH

PRGLpHG IRU . VDWLVI\LQJ ����� E\ PDNLQJ WKH FRQVWDQWV WKHUH ODUJHU LI QHFHVVDU\�

WRJHWKHU ZLWK D UHVXOW RI %UH]LV DQG .DWR LQ >�@� ZH KDYH

X�[� x &��M[M
b�Qb��

IRU ODUJH M[M DQG IRU D SRVLWLYH FRQVWDQW &�� �FI� WKH SURRI RI WKHRUHP ���� LQ >��@��

,Q SDUWLFXODU� X KDV VORZ GHFD\� 6R ZH PD\ DVVXPH WKDW

OLP
5� �

=
%R�5�

X
�Q
Q b � G[  � � �����

$V .�[� y D� IRU ODUJH M[M� LW IROORZV IURP ����� WKDW

=
%R�5�

U.X
�Q
Q b � G[ y

D�

�

=
%R�5�

UX
�Q
Q b � G[ �����

IRU ODUJH 5� ,I ZH FKRRVH � WR EH VPDOO� WKHQ ������ ����� DQG ����� LPSO\ WKDW=
%R�5�

UX
�Q
Q b � G[ x &��5 IRU 5 y UR

IRU ODUJH 5 DQG =
65

5�X
�Q
Qb � G6 x &��5

IRU ODUJH 5� ZKHUH &�� DQG &�� DUH SRVLWLYH FRQVWDQWV� 7KH ODVW LQHTXDOLW\ FDQ DOVR

EH ZULWWHQ DV =
6Qb �

X
�Q
Q b � �U� v� Gv x &��U

bQ �����

IRU ODUJH U� ,W IROORZV IURP OHPPD ���� DQG ���� LQ >��@ WKDW GHFD\ HVWLPDWH ������

LPSOLHV VSKHULFDO +DUQDFN LQHTXDOLW\ ����� IRU VSKHUHV RI ODUJH UDGLXV� 7RJHWKHU ZLWK

������ RU E\ OHPPD ���� ZH FRQFOXGH WKDW X KDV VORZ GHFD\� e

5HPDUN ���� &RQGLWLRQ ����� LQ WKHRUHP $ LV XVHG RQO\ WR REWDLQ D ORZHU ERXQG

RQ 3 �X� U�� 7KHUHIRUH WKHRUHP $ UHPDLQV YDOLG LI ZH UHSODFH ����� E\ WKH DVVXPSWLRQ

WKDW 3 �X� U� y br� IRU ODUJH U DQG IRU D FRQVWDQW r�

�� $V\PSWRWLF EHKDYLRU� :H FRQVLGHU WKH VLJQ RI WKH 3RKR]DHY QXPEHU�

7KHRUHP ���� $VVXPH WKDW OLP
M[M� �

.�[�  .� ! � DQG M �.M x &R LQ ,5Q IRU

D SRVLWLYH QXPEHU &R� /HW X EH D VPRRWK SRVLWLYH VROXWLRQ RI HTXDWLRQ ����� LQ ,5Q

ZLWK VORZ GHFD\� $VVXPH DOVR WKDW . VDWLVpHV RQH RI WKH FRQGLWLRQV LQ OHPPD ���

VR WKDW 3 �X� H[LVWV� 7KHQ ZH KDYH 3 �X� x � � ,I 3 �X�  �� WKHQ HLWKHU X KDV IDVW

GHFD\� RU WKH FRQIRUPDO PHWULF JF  X� �Qb��JR LV FRPSOHWH DQG

OLP LQI
M[M� �

M[M
Q b �

� X�[�  �

DQG WKHUH H[LVWV D VHTXHQFH IVOJ ~ ,5� VO � �� DV O � �� � VXFK WKDW WKH VHTXHQFH

IYOJ GHpQHG E\ YO�V� v�  Y�VO � V� v� IRU V � ,5 � v � 6Qb� DQG O  �� �� ���

FRQYHUJHV XQLIRUPO\ LQ &��QRUP RQ FRPSDFW VXEVHWV RI ,5 d 6Qb� WR D VWDQGDUG

VSKHULFDO VROXWLRQ� +HUH Y LV GHpQHG LQ �������
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5HPDUN ���� 6WDQGDUG VSKHULFDO VROXWLRQV RQ ,5 d 6Qb� DUH WKH WUDQVIRUPV RI

IXQFWLRQV RI WKH IRUP v
y

y� � M[M�

wQ b �
�

E\ ������� ZKHUH y LV D SRVLWLYH QXPEHU�

3URRI� 6XSSRVH WKDW 3 �X� ! �� /HPPD ��� LPSOLHV WKDW WKHUH H[LVW SRVLWLYH

FRQVWDQWV F� � F� DQG VR VXFK WKDW

F� x Y�V� v� x F� IRU V y VR DQG v � 6Qb�� �����

:H KDYH 3 �X�  3 �Y� � OLP
V � � �

3 �Y� V�� ZKHUH 3 �Y� V� LV JLYHQ E\ ������� )RU W ! ��

OHW YW�V� v�  Y�V� W� v� IRU v � 6Qb� DQG V y VR b W � 8VLQJ WKH HTXDWLRQ

#�YW

#V�
�cv YW  )W IRU V y VR b W �

ZKHUH

)W�V� v�  

v
Qb �

�

w�

YW�V� v�b.�V� W� v�Y
Q��

Q b �

W �V� v�

IRU V � ,5 DQG v � 6Qb�� ������ WKH ERXQGHGQHVV RI M � .M� DQG HOOLSWLF HVWLPDWHV
�FI� >��@�� WKHUH H[LVWV D VHTXHQFH RI SRVLWLYH QXPEHUV WL �� DV L�� DQG D &��

IXQFWLRQ Y � GHpQHG RQ ,5d 6Qb� VXFK WKDW YWL FRQYHUJHV LQ &��QRUP RQ FRPSDFW

VXEVHWV RI ,5d 6Qb� WR Y� DV L��� )XUWKHUPRUH� Y � VDWLVpHV WKH HTXDWLRQ

#�Y�

#V�
�cv Y� b

v
Qb �

�

w�

Y� �.� Y
Q��

Qb �

�  � LQ ,5d 6Qb� �

DQG F� x Y � x F� LQ ,5d 6Qb�� %\ D UHVXOW RI &DoDUHOOL� *LGDV� 6SUXFN LQ >�@� Y �
LV LQGHSHQGHQW RQ v� ,W IROORZV WKDW WKH 3RKR]DHY QXPEHU 3 �Y� � LV QHJDWLYH �FI�

VHFWLRQ ��� LQ >��@ �� +HQFH 3 �Y� � V� � � IRU ODUJH V� )L[HG D ODUJH QXPEHU VR VR

WKDW 3 �Y � � VR� � �� $V YWL FRQYHUJHV LQ &��QRUP WR Y � LQ D FRPSDFW QHLJKERUKRRG

RI VR d 6Qb�� ZH KDYH 3 �YWL � VR� � � IRU L ODUJH� %XW 3 �YWL � VR�  3 �Y� WL � VR� �
3 �Y� ! � DV L�� � 7KHUHIRUH ZH KDYH D FRQWUDGLFWLRQ� +HQFH 3 �X� x � � $VVXPH
WKDW 3 �X�  �� ,W IROORZV IURP WKH DERYH DUJXPHQW WKDW Y FDQQRW EH ERXQGHG DZD\

IURP ]HUR LQ ,5� d 6Qb�� +HQFH OLP LQI
M[M� �

M[M
Qb �

� X�[�  � � 'HpQH

zY�V�  

=
6Qb �

Y�V� v� Gv IRU V � ,5 � �����

7KHQ zY LV ERXQGHG IURP DERYH LQ ,5� (LWKHU zY��V� y � RU zY��V� x � IRU DOO ODUJH V�
RU zY� NHHSV RQ FKDQJLQJ VLJQ QHDU SRVLWLYH LQpQLW\� ,Q WKH pUVW WZR FDVHV ZH KDYH

OLP
V� � �

zY�V�  {R H[LVWV� DV zY�V� LV ERXQGHG SRVLWLYH IRU ODUJH V� ,I {R ! �� WKHQ

XVLQJ VSKHULFDO +DUQDFN LQHTXDOLW\ ������ WKHUH H[LVWV D SRVLWLYH FRQVWDQW F� VXFK

WKDW Y�V� v� y F�
�
IRU ODUJH V DQG IRU v � 6Qb�� +HQFH ZH PD\ DSSO\ WKH DERYH

DUJXPHQW WR VKRZ WKDW 3 �X� � �� ZKLFK LV D FRQWUDGLFWLRQ� $VVXPH WKDW {R  ��

6SKHULFDO +DUQDFN LQHTXDOLW\ ����� LPSOLHV WKDW

OLP
V� � �

PD[
v � 6Qb �

Y�V� v�  � �
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,W LV VWDQGDUG WR FRQFOXGH WKDW X KDV IDVW GHFD\ �D� �FI� >��@�� 7KHUHIRUH ZH QHHG

RQO\ WR FRQVLGHU WKH FDVH ZKHQ zY� NHHSV RQ FKDQJLQJ VLJQ QHDU SRVLWLYH LQpQLW\� ,I

WKLV LV WKH FDVH� WKHQ WKHUH H[LVWV D VHTXHQFH RI QXPEHUV IVLJ VXFK WKDW OLP
L � �

VL  ��

DQG zY DFKLHYHV ORFDO PD[LPXP DW VL IRU L  �� �� ��� ,W IROORZV IURP HTXDWLRQ ������

DQG VSKHULFDO +DUQDFN LQHTXDOLW\ ����� WKDW

zY���V�b

v
Qb �

�

w�

zY�V� � &� zY
Q��

Q b � �V� y � �����

IRU D SRVLWLYH FRQVWDQW &� DQG IRU ODUJH SRVLWLYH V �FI� >�@�� 8VLQJ ����� DQG WKH IDFW

WKDW zY���VL� x � ZH KDYH

zY�VL� y

�
�

&�

v
Qb �

�

w�
�Q b �

�

�����

IRU ODUJH L� ,W IROORZV IURP VSKHULFDO +DUQDFN LQHTXDOLW\ ����� WKDW WKHUH H[LVWV D

SRVLWLYH FRQVWDQW F� VXFK WKDW

Y�VL� v� y F�
�

IRU v � 6Qb� �����

DQG IRU ODUJH L� 'HpQH YL�V� v�  Y�V�VL � v� IRU V � ,5 � v � 6Qb� DQG L  �� �� ��� $V

DERYH� D VXEVHTXHQFH RI IYLJ FRQYHUJHV LQ &
��QRUP RQ FRPSDFW VXEVHWV RI ,5d6Qb�

WR D QRQ�QHJDWLYH &� IXQFWLRQ Y� RQ ,5d 6Qb� ZKLFK VDWLVpHV WKH HTXDWLRQ

#�Y�

#V�
�cvY�  Y �

�v
Qb �

�

w�

b.� Y
�

Qb �

�

�
LQ ,5d 6Qb��

)XUWKHUPRUH� IURP ����� ZH KDYH Y � ��� v� y F�
�
! � IRU v � 6Qb�� /HW

X � �[�  X� �U� v�  Ub�Qb�� � Y� �V� v� IRU M[M ! � �

ZKHUH [  �U� v� DQG U  HV� 7KHQ X � VDWLVpHV WKH HTXDWLRQ

cX �  b. � X
Q��

Qb �

� LQ ,5Q Q I�J � �����

,Q DGGLWLRQ� X� �[� y � IRU M[M ! � DQG X � �[� y F�
�
! � IRU M[M  �� ,W IROORZV IURP

HTXDWLRQ ����� DQG WKH PD[LPXP SULQFLSOH WKDW X � �[� ! � IRU M[M ! �� +HQFH Y �
LV SRVLWLYH LQ ,5d 6Qb�� %HFDXVH Y � PD\ QRW EH ERXQGHG DZD\ IURP ]HUR� ZH FDQ

RQO\ FRQFOXGHG WKDW 3 �Y� � x �� 7KH DERYH DUJXPHQW VKRZV WKDW LI 3 �Y� � � ��

WKHQ 3 �X� � �� +HQFH 3 �Y � �  � � %\ D UHVXOW RI &DoDUHOOL� *LGDV DQG 6SUXFN LQ

>�@ �VHH DOVR >��@�� Y� LV D VWDQGDUG VSKHULFDO VROXWLRQ� ,W UHPDLQV WR VKRZ WKDW WKH

FRQIRUPDO PHWULF FRUUHVSRQGLQJ WR X LV FRPSOHWH LQ WKLV FDVH� )URP ����� DQG WKH

IDFW WKDW Y LV ERXQGHG IURP DERYH� WKHUH H[LVWV D SRVLWLYH FRQVWDQW F� VXFK WKDW

zY���V� y bF�
�

IRU V � ,5 � �����

$W VL ZH KDYH zY
��VL�  �� WKHUHIRUH zY��V� LV QRW WRR QHJDWLYH IRU V FORVH WR VL IRU

L  �� �� ��� %\ XVLQJ ����� DQG ������ WKHUH H[LVWV D SRVLWLYH QXPEHU � LQGHSHQGHQW

RQ L VXFK WKDW

zY�V� y
�

�

�
�

&�

v
Qb �

�

w�
�Q b �

�

IRU V � >VL� VL � s@ � L  �� �� ���
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8VLQJ VSKHULFDO +DUQDFN LQHTXDOLW\ ����� WKHUH H[LVWV D SRVLWLYH FRQVWDQW F� VXFK

WKDW

Y�V� v� y F�
�

IRU V � >VL� VL � s@ � v � 6Qb� �����

DQG L  �� �� ���:LWKRXW ORVV RI JHQHUDOLW\� ZH PD\ DVVXPH WKDW V� ! � DQG VL � � ! VL
IRU L  �� �� ��� )RU DQ\ p[HG v � 6Qb�� WKH OHQJWK RI WKH FXUYH U �� �U� v�� U � ������

LQ WKH FRQIRUPDO PHWULF JF  X� �Qb��JR LV JLYHQ E\= �

�

X
�

Q b � �U� v� GU  

= �

�

Y
�

Q b � �V� v� GV y

�;
L  �

= VL � s

VL

Y
�

Q b � �V� v� GV  � �

+HQFH WKH FRQIRUPDO PHWULF LV FRPSOHWH� e

3URRI RI 7KHRUHP &� &RQVLGHU zY DV GHpQHG LQ ����� DQG OLP
V� �

zY�V�� ,I WKH OLPLW

H[LVWV DQG LV HTXDO WR ]HUR� WKHQ X KDV IDVW GHFD\ �D� �FI� >��@�� ,I WKH OLPLW LV

QRQ�]HUR� WKHQ X�[� y FM[M��bQ� � IRU ODUJH M[M DQG IRU D SRVLWLYH FRQVWDQW F� DQG
KHQFH WKH FRQIRUPDO PHWULF JF LV FRPSOHWH� ,Q FDVH WKH OLPLW GRHV QRW H[LVWV� WKHQ zY

�

NHHSV RQ FKDQJLQJ VLJQV QHDU SRVLWLYH LQpQLW\� 7KH DUJXPHQW LQ WKH ODVW SDUW RI WKH

SURRI RI WKHRUHP ��� VKRZV WKDW WKH FRQIRUPDO PHWULF LV DOVR FRPSOHWH LQ WKLV FDVH�

)LQDOO\� LI WKH WRWDO YROXPH RI �,5Q� J� LV LQpQLWH� WKHQ X GRHV QRW KDYH IDVW GHFD\ �D�

DQG KHQFH E\ DERYH JF LV FRPSOHWH� ,I JF LV FRPSOHWH� WKHQ HLWKHU OLP
V � � �

zY�V� H[LVWV

DQG LV SRVLWLYH� RU ����� KROGV� ,Q HLWKHU FDVHV ZH KDYH=
,5Q

Q%R���

X
�Q
Qb � �[� G[  

= �

�

=
6Q b �

Y
�Q
Q b � Gv GV  � �

7KDW LV� WKH WRWDO YROXPH RI �,5Q� J� LV LQpQLWH� e

7KHRUHP ���� $VVXPH WKDW . VDWLVpHV WKH FRQGLWLRQV LQ WKHRUHP ��� DQG [ c
�.�[� x � IRU ODUJH M[M� /HW X EH D VPRRWK SRVLWLYH VROXWLRQ RI HTXDWLRQ ����� LQ

,5Q ZLWK VORZ GHFD\� ,I 3 �X�  �� WKHQ X KDV IDVW GHFD\�

3URRI� /HW zY EH GHpQHG DV LQ ������ 6XSSRVH WKDW 3 �X�  � DQG X GRHV QRW KDYH

IDVW GHFD\� ,W IROORZV IURP WKH DUJXPHQW LQ WKH SURRI RI WKHRUHP ��� WKDW WKHUH

H[LVWV D VHTXHQFH IVMJ ~ ,5 VXFK WKDW VM � �� DV M � � DQG HDFK VM LV D ORFDO

PLQLPXP IRU zY DQG OLP
M � �

zY�VM�  �� /HW

ZM �V� v�  
Y�V� VM � v�

zY�VM�
IRU V � 5 � v � 6Qb� DQG M  �� �� ���

*LYHQ 6 ! �� ZH FODLP WKDW WKHUH H[LVW SRVLWLYH QXPEHUV &V DQG NV VXFK WKDW

ZM �V� v� x &V IRU V � >b6� 6@ � v � 6Qb� DQG M y NV � �����

8VLQJ +�ROGHU
V LQHTXDOLW\� HTXDWLRQ ������ DQG ����� ZH KDYH

v
Qb �

�

w�

zY�V�b &� zY
Q��

Qb � �V� y zY���V� y

v
Qb �

�

w�

zY�V�b &� zY
Q��

Qb � �V�

IRU ODUJH V DQG IRU VRPH SRVLWLYH FRQVWDQWV &� DQG &�� ,W IROORZV WKDW WKHUH H[LVWV

D SRVLWLYH FRQVWDQW �R VXFK WKDW

� x zY���V� x
�

�

v
Qb �

�

w�

zY�V� IRU zY�V� x �R DQG ODUJH V � ������
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&KRRVH WKH QXPEHU NV VXFK WKDW

zY�VM� H
�
��

Q b �
� �

�
6� � �R IRU M y NV �

:H PD\ DOVR DVVXPH WKDW IRU M y NV� VM LV ODUJH� )RU M y NV DQG V FORVH WR VM � zY
���V�

VDWLVpHV ������� +HQFH ZH REWDLQ

zY��V� x
�

�

v
Qb �

�

w� = V

VM

zY�W� GW x
�

�

v
Qb �

�

w�

zY�V��Vb VM�

IRU V ! VM FORVH WR VM � DV Y
��V� y � IRU V y VM FORVH WR VM � 7KHUHIRUH ZH KDYH

zY�V�

zY�VM�
x H

�
��

Qb �

� �
�
�VbVM�

�

IRU V � >VM � VM � 6@ �

/LNHZLVH� ZH REWDLQ D VLPLODU LQHTXDOLW\ RQ >VM b6� VM @� %\ XVLQJ VSKHULFDO +DUQDFN

LQHTXDOLW\ ������ ZH REWDLQ WKH GHVLUHG FRQVWDQW &V DQG WKH ERXQG LQ ������ ,W IROORZV
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