B 0 N

B 10.1 Let V be a vector space of I £ and S a subset
of V. The I >rc I

1. S is a basis for V.
2. S is linearly independent and [S| = k.
3. S spans V and |S| = k.

Example 10.2 Show that u; = (2,0, —1), ug = (4,0,7), ug = (—1,1,4)
form a basis for R3.

Solution Solving the equation
c1uy + cous + caug = 0,

we have

c1(2,0,—1) + ¢2(4,0,7) + c3(—1,1,4) = (0,0,0)
2c1+4cog— c3=0
= c3 =0
—c1+Tcg+4c3 =0

= ci1 =0, cg=0, cg=0.

So uy, ug, ug are linearly independent. As dim(R3) = 3, by Theorem 10.1,
{uy, w2, u3} is a basis for R.

B 10.3 Let A be an n x n matrices. The |l statements
are equivalent.

1. A is invertible.
2. The linear system Aa = 0 has only the trivial solution.
3. The reduced row-echelon form of A is an identity matrix.

4. A can be expressed as a product of elementary matrices.
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5. 1N # 0
6. The rows of A form a basis for R".

7. The I of A form a basis for R".

N 10.4 We have |l scen that I 1 to 5 are [ IIEIEGEGEG
B 5.1 ond [l Since the rows of A are the INEEEEE of A” and
Ais_ifandmifmis__-wemﬁ
to show either I 1 and 6 are | or TN | and 7

are [N
I 10.5

1. Let uy = (1,1,1), ug = (—1,1,2) and uz = (1,0, 1). Since

{uy, uz, uz} is a basis for R3.

2. Let uy = (1,1,1,1), ug = (1,—1,1,—-1), ug = (0,1,—1,0) and uy =

(2,1,1,0). Since

{uy, ua, us, uyg} is not a basis for R,

B 10.6 Let S = {uy,us,...,ur} be a basis for a vector space V'
and let v be a vector in V. Recall that if v = cquq + coug + - - - + crug,
then the vector

(v)s = (c1,¢2, .-+, Ck)
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is called the I vector of v relative to S. | it is more
I (0 write the ININEEEE vector in the form of a column vector.
Thus we define

[v]s =

and also call it the I vcctor of v relative to S.

I 0.7 Let S = {uy,us,...,ur}t and T = {vq,vs,..., v} be
two bases for a vector space V. For any vector w in V', we want to study
the IS N w|s and [w]7.

B v = ciug + couy + -+ cpug, ie.
(w]s =

Since T' is a basis for V, we can write each u; as a linear I of

U1, V2, ..., Vg, say

where aq1, aq9, . .., ap; are real | NN i<

[ul]TI. [’u,g]TI, ceey [’u,k,]TI.
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Then

w = ciuy + cous + -+ - + cpug
— e+
+ I - ov: + -+ R
+ -+ I + a2+ -+
=l + a2 + - + 1R
+ Il -+ c202 + -+ R
+ -+l -+ 2o+ -+ TR

II II T L

The matrix P = [ug]p - - is called the I motrix
from S to T. Note that [w]r = - for all w € V.

B 10. NN thc I tvwo bases S and T for R3: S =
{u1,uz, ug}, where uy = (1,0, —1), us = (0, —1,0) and ug = (1,0, 2), and
T = {vq,v2,v3}, where v; = (1,1,1), v = (1,1,0) and v3 = (—1,0,0).

1. Find the I matrix from S to 7.

2. Let w be a vector in R? such that (w)s = (2,—1,2). Find |}
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1. First, we need to find a1, as1, ..., ass such that

1 1

1 0

0 2
we have

(see I ©.1 for the I to find the linear |||} N So

is the I natrix from S to 7.

(w)r = (2,-1,-3).

B 10.9 Let S = {uq,u2}, where uy = (1,1) and uy = (1, -1),
and let T' = {vy, v2}, where v1 = (1,0) and va = (1,1). Note that S and
T are two bases for R?. Since

U =
U = 2’01 —

_ = =
o O =
o = O
—_ O O

IIII’

2. Since
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P = I I is the I natrix from S to T'. Also by

. N
V2 =
Q= I I is the I matrix from 7 to S.

Note that Q = P71,

BN 10.10 Let S and T be two bases of a vector space and let P
be the I matrix from S to 7. Then

1. Pis N and
2. P 'is the HEEEEEEE matrix from T to S.

B 10.11 In N 0.8, the I matrix from S to T is

P = I I I So the I natrix from 7T to S is
~1
Note that



