Lecture 15 Orthogonal Matrices

Discussion 15.1 Because coordinate systems built upon orthogonal bases
have a lot of advantages over coordinate systems using other bases, or-
thogonal bases are frequently used both in theoretical studies and also in
applications. On the other hand, in the study of vector spaces, it is quite
often that we need to shift between bases. Thus we would like to know
more about the transition matrices concerning orthonormal bases and see
what kind of properties they have.

Let S = {uy,uq,...,ur} and T = {vy,v3,..., v} be two bases for a
vector space V. Be reminded that the transition matrix from S to T is
the matrix

P = ([uilr fuslr - [ualr).

Note that [w|r = Plw]g for all w € V', see Discussion 10.7.

Example 15.2 Let S = {ey, ez, e3} be the standard basis for R3, i.e.

e1 = (1,0,0), e2=1(0,1,0) and ez = (0,0,1),
and let T = {uy, u2, ug} where
L L 1,0,-1) and L —2.1)
Uy = —(=\4L, L 1), w2 = —4=(1,U,— and Uz = —=(1, =4, 1).
1= 2= 75 3= 76

Note that both S and T are orthonormal basis for R3. Since
((uy = %61 + %62 + \/%63
§ U2 = %61 - %63

1, 2 1
| Us = €1 \/5324‘\/563’

the transition matrix from 7" to S is
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and the I natrix from S to T is

Note that Q@ = PT. [ Hy W 1010 Q = P! So
P—l _ PT

Also, by

we have

BN 15.3 A square matrix A is called [ i A= AT

BN 5.4 By I 5.3, o square matrix A is || I if and
only if AAT =T (or ATA =1).

Example 15.5 The [ 2 B of I S—

0
0

B 5.6 Let A be a square matrix of order n. The || GzB
I o [
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1. Ais [IIINENEGEGE
2. The rows of A form an I Hasis for R™.

3. The I of A form an I bHosis for R”.

B 5.7 Let S and T be two I bases for a vector space
and let P be the I matrix from S to T. Then P is | EGzGEG
and P? is the NEEEEEEE matrix from 7T to S.

Proof Let S = {uj,uo,..., ur} and T = {vq,vs,..., v }. Since

7 J

the I notrix from S to T is

PI:I I:I ) I:

I thc B atrix from 7 to S is

Since u; - vj = v; - u; for all 7, j, we have Q = PT. By HEEEEE 10.10,

Q = P '. Thus P! = P" and P is DD
I 15.8
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1. I of I [t S5 = {e1, ez} be the NN

basis for R?, i.e. e; = (1,0) and e = (0,1). Note that e; is in

Y

the same I 55 the r-axis and e; in the same I os the
I s - oo [ B S by
the | T N -bout the origin [N

an angle 6.

Let uwy; and us be unit vectors such that w; is in the NI of
the z’-axis and uo in the N of the [l 1t is obvious that
T = {uy, us} is an I basis for R2. Since

u2: = +

the I notrix from 7 to S is

Hence the I matrix from S to T is

Let v = (z,y) be a vector in R? and let ( . In here, (2/,y')
can be | 2s the NI of v using the new _
I
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Since
= [’U]S =
we have
el
l.e.

2. Let S = {uy,uz, us} and T' = {vy, vy, v3} where

Uuq :.1,1), U :.O,—l) and U3:.—2,1)
and
V1 = (0,0, 1), V2 = . —1,0) and Vg — . 1,0).

Both S and T are I bases for R?. By

i = (o - I+ (ot - I+ (o -
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fori=1,2,3,

_|_

the I 1 otrix from S to T is

and the I natrix from 7 to S is
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