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1. If A is invertible, then every vector in R? would be in the column space of A. So
we first find a such that A is singular.

1
det(A) =2a+1=det(A) =0« z = —3
Let us check for consistency of the linear system Aax = b when a = —%.
2 1 0|1 10 3|0
1 —% 1] 2 — 1 01 =110
0 -1 1|—3 00 01
So indeed, b is not in the column space of A when a = —%.
To find all least squares solutions to Az = b, we solve AT Ax = ATb.
ATAz = A"b
2 1 0 2 0 2 1 0 1
1 1 1
= (1 -5 - 1 —5 1 1 -5 —1 2
0 1 1 0 -1 1 0 1 1 —3
5 2 1 4
3 9 3 1
= o\ o1, T2 )
1 -5 2 5
1 1
1 12 2
= ) = —% +t 1
xIs3 0 1

2. (a) [w]sl = w, [u]sl = u. [w]52 = <_%7§)T7 [u]52 = (_170>T' [w]sl ' [u]Sl =
—1+4=3. [w]s, - [u]s, = . The products are not equal.

(b) Note that Ss is an orthonormal basis for R?. So,
(] _(w(l l)w(_l 1 5 3
VO RO V2 V2 V2 V2

1 1 1. .
= (0, ="

) = (0.2

e (-
V27 V2 V2
|ss - [u]s, = 3. We notice that this is the same

1
[’u’]53 = (u (7

Computing the dot product, [w
as [w]g, - [u]s,



(c) Let P be the transition matrix from S to 7. Note that P is orthogonal, since
S and T' are orthonormal bases. Now,

[wlr - [ulr = Plwls - Pluls
= (Plw]s)" Plu]s
[w]s P" Pluls = [w][u]s = [w]s - [u]s.
(a) Since A is symmetric, there is an orthogonal matrix P = [v1 v2 ... vy)

that orthogonally diagonalizes A. In this case, the set S = {vq,...,v,} is an
orthonormal set and each v; is an eigenvector of A corresponding to eigenvalue
i
(b) Since S is an orthonormal basis for R", for any & € R,
r = (x-v1)v1+ (T v2)V2+ ... + (T V,)V,
()s = (T v, v3,...,2 V)
Ax = (x-v1)Av + (- v2)Ave + ... + (T - v,)Av,
= M(x-v1)vr + Aa(x - v2)va + ... + A (T VR) U,
(Ax)s = (M(x-v1), (T v2),....; \p(x - vy))
(c) Note that
Nz|)? = (- -v)?+(x-v2)*+ ...+ (z-v,)> =1
2’ Ax = x- Ax
M(T - v1)? + Moz -v2)* + .+ (- vy,)?
M(T-v1)? + M (- v2)* 4 o+ A (T v,)?
= M(z-v1)? + (z-v2)* + ...+ (T v,)?)
= )\

IN

(d) The quadratic form can be written as

o]+ 15 +dvir, = 2T Az = (11 ) (; ?) (il) :
2

We find that the eigenvalues of ( 2) are 3 and —1. So the maximum value

2 1
of 2 4+ x3 + 4x174 subject to % + 23 =1 is 3.

11 12\ (=
2 2
12" + 24y + 4y =15 & (x y) (12 ) (y) 15.

Let A = (1; 142). Find the eigenvalues of A:
det(AI — A) =10
‘)\ —11 —12 ‘ 0
—-12 A—4
= (A=20)(A+5)=0
= A =20,-5.



Consider E_5:
~16 —12\ (z\ _ (0
12 -9 ) \y) " \o

An orthonormal basis for F_5 is

Consider Faq:

R

_3 4 ’
Let P = ( 40 g) and (aj) =P (x,) So
5 5 Yy Yy

and we see that it is a hyperbola.

1 2 3
.Let B= |2 9 3]|. By Gauss-Jordan elimination, we find that
1 0 4
-36 8 21
B'=|5 -1 -3
9 -2 -5
So, the solution to
1 2 3 a T
29 3 bl=1vy
1 0 4 c z
is
a -36 8 21 x —36x + 8y + 21z
= 5 -1 =3 y| = or —y — 3z
9 -2 -5 z 9x — 2y — 5z
So
T 1 2
y| =(-36x+8y+21z) 2] + Bz —y—32) | 9| + (92 — 2y — 52)
z 1 0

3

3
3
4



and

x
Tly|] = (—36x+8y+21z
z 0

5z —y — 32) (_11> + (92 — 2y — 52) ((1))

1

1 2 3
2| +Gr—y—32)T 9| + 9z —2y—52)T |3
1 4
0)+<

)T
— (=361 + 8y +212) (

[ —4lr + 9y + 24z
N 14z — 3y — 82

(-4 9 ) [T
~ \14 -3 -8)|Y
z

) . [(—41 9 24
So the standard matrix for 7T is < 14 _3 —8) and



