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Tutorial 5 Solutions

a 1 1
Putting the vectors as rows, we form a matrix A= |1 a 1
1 1 a

a 1 11 1 a

det(A) _ala_‘1a+‘1 1

= a-3a+2=(a—1)*a+2)

So {uy,uz, ug} forms a basis for R? if and only if a # —2, 1.

The solution space of Ax = 0 is the zero space if and only if A is invertible
(ie. @ # —2,1). So we only need to consider « = —2 and a = 1.

When a = 1, the augmented matrix of the linear system Ax = 0 is

1 1 10 e 1 1 110
11 10 Gauss—Jordi elimination 00 0lo
1 1 110 0 0 0]0
So a general solution is
ry = —s—1
T9 = S

r3 = t, s,teR,

and a basis for the solution space is {(—1,1,0)7,(=1,0,1)T. So in this case,
the solution space is a plane in R? containing the origin.

When a = —2, the augmented matrix of the linear system Ax = 0 is
-2 1 1|0 Gaussian eliminati -2 0 210
_2 1 0 a.llSSlanimlna 10n 0 1 _1 0
1 1 =20 0 0 010
So a general solution is
ry = t
To = t
r3 = t, teR,

and a basis for the solution space is {(1,1,1)?. So in this case, the solution
space is a line in R? passing through the origin.



2. (a) Consider the equation kyuy + kous + ksus = 0.

kiwg + koug + kauz =0

= kiay F ky(a; — az) ¥ k3(a; —az —az) =0
= (k1 + ko + k3)ar + (—ka — k3)az + (—ks)as = 0

kv ¥+ ko + k3 = 0
= ke + k3 = 0

ks = 0
= ki =ky=Fk3=0.
Thus {uq,us, us} is a linearly independent set. Since each wu; is a linear com-

bination of ay, as, as, u; belongs to V. We now have 3 linearly independent
vectors in V' which has dimension 3, so {u1, u2, us} is a basis for V.

(b) As us = u2 —uq, the vectors are linearly dependent and cannot form a basis.

aw + b1v + cqw = asu + byv + cow
= (a1 —ag)u+ (by —by)v+ (¢ —c2)w =0
= a1 —ays =0,y —by =0,¢; — ¢ =0 (since u, v, w are linearly independent)

= a1 = a,b; = by, c; = 0o.

(b) Suppose S is a subspace, then it must be closed under addition. Let @1, x5 €
S. Then
T =u+ s;v+tiyw for some s1,t; € R

Ty =W F Sov + tow  for some s9,19 € R

Then,
T1+ T2 — 2u + (81 + SQ)’U + (tl + t2)'w

must belong to S, which implies that &; + x5 can be written as
T1+ o =u+ s3v+t3w for some s3,t3 € R
But now, by part (a),
2u + (51 + s2)v + (t +t2)w = u + s3v + taw
is a contradiction since 2 # 1.
Alternatively, if S is a subspace, then 0 € S, that is
O0=u+sv+tw forsome s,teR.

But this implies kyu + ksv + k3w = 0 has non-trivial solutions, contradiction
the fact that w, v, w are linearly independent vectors.

4. (a) Putting the vectors in Sy as columns, form a matrix A. Computing the
determinant of A, we find that det(A) # 0, so Sy is a basis for R.
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(b) To obtain the transition matrix from S; to S,, we write each vector in S in
terms of the vectors in S,.

Solving three linear systems || N

1 00 1 00
010 |—101F@0
0 01 0 01

So. I = (2.1, 2)7. (2. o) = (~ %, ~ 2 BT, (g, s, )7 =

(—%7 —i i) and the transition matrix from S; to Sy is

27
4
s
8
3 23
8 8

—
e e I

=

(C) (w)Sl = (17273):

65 29 57
[w]SQ - P[w]Sl = (_Z'/ _§7 g)T

5. The standard form of the LP is

max z = 2x, — T9 + 823

such that
2%3 + 5 =1
2!1,’1 — 4[172 + 6333 + S = 3
-1 + 319 + 41‘3 + s3 = 2
€T; 2 0
S; 2 0

The starting basic feasible solution is s; = 1, s = 3, s3 = 2. The starting simplex
tableau is as follows:



We select x3 as the entering variable and s3 as the leaving variable, || ] in
the | simplex tableau:

We select x; as the entering variable and s, as the leaving variable, || ] in
the | simplex tableau:

We select x5 as the entering variable and z3 as the leaving variable, || j ] in
the | simplex tableau:



Thus. an optimal solution to the ILP is z = 13.5, &1 = 8.5, x5 = 3.5, 23 = 0.



