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1. (a) Performing Gauss-Jordan elimination on A, we have the reduced row-echelon

form
10 1 0 1
01 -2 0 3
R= 00 0 1 -5
00 0 0 O

So a basis for the row space of A is
{(1,0,1,0,1),(0,1,-2,0,3),(0,0,0,1,—5)};

a basis for the column space of A is

-2 ) 0
1 3 1
ST I IS B I
1 7 )

To find a basis for the nullspace of A, consider the homogeneous linear system
Az = 0 where x = (x1, 72,23, 74,75)" . A general solution is

r, = —s—t
To = 25—3t
r3 = S

Ty = 5t

rs = t, s,teR,

So a basis for the nullspace of A is

(b) Since the reduced row-echelon form of A has 3 non-zero rows, rank(A) = 3.
The nullspace of A is of dimension 2, so nullity(A) = 2. So rank(A) +
nullity(A) = 3+ 2 = 5 = dim(R?).

(c) Since columns 3 and 5 of R has no leading entries, we add (0,0,1,0,0) and
(0,0,0,0,1) to the basis for the row space of A to obtain a basis for R.

2. Let v e L, thenv e HNK. Since v € H,

T 5) 1
v=|y|=al|3]+b[3 for some a,b € R.
z 8 4



3.

Similarly, v € K implies

x 2 0
v=\|y|=c|-1]+d|—-12 for some ¢, d € R.
z ) —28

So we need to find a,b, c,d € R such that

5% + b — 2c =0
3a. + 3b + ¢ + 12d = 0
8a + 4b — bc + 28d = 0

Performing Gauss-Jordan elimination

51 =2 0|0 100 -0
33 1 12/0]—(010 % |0
8 4 =5 28|0 001 —410
A general solution is
a =
? 96
b - —T
c = 4t

d = t, teR.
When t = 3, we have the particular solution a = 10, b = —26, ¢ = 12, d = 3 and

x 5 1 1
y|=1013] —-26[3 ] =24 -2
z 8 4 -1

So (1,-2,—1)" € L and a basis for L is {(1,—2,—1)"}.

(a) False, since rank(A) < 10, nullity(A) > 2. So the nullspace of A cannot be
of dimension 1.

(b) True, consider the following matrix

o O oo
o O O = O
OO = OO
O OO OO
O OO OO

(c) True, consider the following matrix

oSO oo
o O O = O
o O O OO
OO = OO
S OO OO



4. (a) We shall show that the column space of AB is a subspace of the column space
of A. If we can do this, then

rank(AB) = dim(column space of AB) < dim(column space of A) = rank(A).

First, note that both the column spaces of AB and A are subspaces of R™.
Consider the matrix (AB),xp-

where b; is the i-th column of B. Note that each Ab; (that is, each column
of Ab) is a linear combination of the columns of A. Since the column space
of AB is the space spanned by the columns of AB, each vector @ in the
column space of AB is also a linear combination of the columns of A. Thus,
x also belongs to the column space of A and we have (column space of AB)
C (column space of A), and we are done.

(b) If P is invertible, we can write P = E,,...E;. So PA = E,,..E;A and A
are row equivalent and so they have the same row space. Consequently, they
have the same rank.

5. Since |i — j| is odd if and only if |j — 1] is odd, the adjacency matrix defined in
the question is the same as the matrix S defined in Lecture 13. Considering the
(i,7)-entry of the matrix S,

n

53,4 — Z 52,ikS1,ki - (*)

k=1

Since sy 4; = 0 if |k — 7] is even, we only need to consider k in (%) where |k — 7| is
odd. Consider sy where |k — 7| is odd.

n
S2.ik = E S1,irS1,rk-
r=1

If r is such that |i — r| is odd, then |r — k| is even, implying sy, = 0. If r is such
that | — 7| is even, then sy, = 0. In either case s1-51,4 = 0, s0 s3; = 0 for all 4.
This implies that there are no vertices v; that belongs to a clique and thus G has
no cliques.



