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-2 1 —6

(a) det(2I — A) =|—2 1 —6| = 0 since it has two identical rows. Thus, 2 is an

-2 1 —6
eigenvalue of A.

2 1 6|0\ Re—Ry (=2 1 —6[0\ , (1 -1 310
-2 1 =60 — 00 00]) 2%[0 0 00
-2 1 —6]0 /) R3— Ry 0 0 010 0 0 00
A general solution is
T, = %s — 3t
To = S
rs = t, s,teR
/-3
Ey = span 11,10
0 1
So a basis for Ej is
z -3
2
11,10
0 1

(c) Let E5 be the eigenspace associated with A = 3. Note that Ej is a subspace

of R? and dim(Fj3) = 2. Also E, is a subspace of R* and dim(F,) = 2. By
Test 1 (version 1) Question 9(c), E3 N Ey contains a non-zero vector . That
is

Ax =2x and Bx = 3x.

This implies
(A+ B)x = Ax + Bx = 2x + 3z = bx.

Thus 5 is an eigenvalue of (A + B) and x is an eigenvector associated with 5.

(a) True. Since A and B are orthogonal, A~' = A" and B~! = B”.

(AB)T(AB) = (BTA")(AB)
= B!'!A'AB=1

Therefore AB is orthogonal. Similarly

(BA)"(BA) = A"B"(BA)
A''B'BA=1
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(b) False. Consider A = (1 0), B = < V3 ‘{5)

V2 V2

(¢) Let A and B be orthogonal matrices of order n. In this case, AT is also an

()
(b)

orthogonal matrix. Let S; = {a,...,a,} be the set of columns of A”. Then
Sy is an orthonormal basis for R". Let Sy = {e, ..., en} be the standard basis
for R™. Note that S5 is also an orthonormal basis for R"™. Then,

[01]52 = aa, [CL2]52 = asz,..., [an]SQ = Qn

= Pg g, = A’ is the transition matrix from S; to S,

Likewise, B is an orthogonal matrix, let S3 = {by, ..., b, } where b; is the i-th
column of B. So S5 is an orthonormal basis for R™. Similar to above,

Pg, .5, = B is the transition matrix from S5 to S,

= Pg, .5, = BT is the transition matrix from S, to S5

So
(AB)" = B"A" = Ps, .5, Ps, s,

and for any w € R”,

(AB)T[w]S1 - P52—>S3PS1—>32 [w]sl
- P52—>S3 [w]52
= [w]ss

So (AB)7 is a transition matrix from S; (columns of A”) to S3 (rows of BT
= columns of B).

Cx = \x = C(kx) = k(Cx) = k(Ax) = A(kx). Therefore, kx is also an
eigenvector of C' associated with .
No. C does not have to be singular. To satisfy the conditions that all eigen-

vectors of C are multiples of & = (1,0,0)7, we just need to find a C such
that

(i) C has only one eigenvalue A;
(i) A #0
(iii) Ey = span{(1,0,0)T}. This is equivalent to
* nullspace of (A\I — C) = span{(1,0,0)7};
* rank(A\ — C) = 2.

Since (1,0,0)7 is an eigenvector associated with ),

o O >

1 1
ClO]=X][0] =
0 0



A
So the first column of C'is [ 0 | and

0
0 —ci2 —C13
M —-C = 0 X— C99 —C23
0 —cz A—cs3

We choose A = 1 and values of ¢1a, €13, €29, o3, €39, 33 such that

(i’) C has only A =1 as its only eigenvalue;
(ii") columns 2 and 3 of (AI — C) are linearly independent.

For example,

1 1 0 A—1 -1 0
cC=10 3 -2 , M —-C = 0 X—3 2
0 2 —1 0 -2 A+1
In this case,

det(\[ — C) = ()\I—C)‘)‘_?) 2 ‘

-2 A+1

= (A—1)>%.
So C has only A =1 as its only eigenvalue. It can now be easily verified that
E; = span{(1,0,0)"} and det(C) # 0 as required.

(c) Let C = [e1 ¢a cs3] where ¢; is the i-th column of C.

—1 —1 —1 1
cl|-1 = 1|-1]=-c1—-c=|-1|=cr+cz= 1|1
0 0 0 0
1 1 0
Cl1 = 0l1l]=ci+ca+c3=1]0
0 1 0
1 1 —1
C|O0 = —1[(0)=c1=10
0 0 0
Solving, we have
—1 2 —1
C1 = 0 Co — 1 C3 — —1
0 0 0
So
-1 2 -1
c=|0 1 -1
0 0 O



(d) Using the same method as (c), we obtain

1 1

o i
C=19% 3 3
0 35 3

4. (a) Since T is a tournament, in the adjacency matrix of A,
a;j =1&a; =0foralli,j=1,..,n,1#j.

So there are precisely 3(n* —n) ones in A. This implis

n

n(n —1
DI

k=1 r=1

(b) We claim that 7" is transitive if and only if 7' contains no cycles.

(=) Suppose T contains at least one cycle. Let C' = vgv;...uxvg be a smallest
cycle in 7. Since C' is a smallest cycle, we must have vy — v, vg —
V3,...,Ug — Up—1 in T. But now vg — vp_1, vp—1 — v and vy — vy in T
implies that 7" is not transitive.

(<) If T has no cycles, whenever v — v and v — w in T implies © — w. So
T is transitive.

Hence T is transitive < T has no cycles < (I — A) is invertible (by result in
Lecture 13).

(c¢) For any team i, the number of wins it has is equal to the outdegree of vertex
1 in T. Since every vertex has outdegree > 1 and < n — 1, the outdegrees are
integers from the set {1,...,n — 1}. Since there are n — 1 integers in the set
and n teams in total, there exists two teams with exactly the same outdegree.

(d) No it is not possible. Suppose that such an occurrence is possible, let

n

outdegree of vertex i = E a;r =r for some integers r and all t = 1,...,n
k=1

So by (a),

SN e == "D

i=1 k=1

Substitute n = 26 into the expression above, we have
26r = 13(25) = r =125

which is a contradiction as r is an integer.



