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(a) There are many such A, for example A= [0 0 0
0 00

(b) (i) If A is invertible, then det(A) # 0 which implies det(A*) # 0 for all k.

This contradicts the fact that A is nilpotent. Hence A must be singular.

(ii) Recall that A is an eigenvalue of A if and only if A" is an eigenvalue

of A" for all positive integers r. Since AF is the zero matrix, all the

eigenvalues of A* are zero, which implies that all the eigenvalues of A

are zero (because if A has a non-zero eigenvalue, then A* will have a
non-zero eigenvalue).

(a) A has two eigenvalues 1 and —1.

Considering Fj:

0 -2 1 T 0 T 1
0o 2 =3 yl=10]=\|y|l=t|0],teR
0 0 0 z 0 z 0

Considering E_:

-2 =2 1
0 0 =3
0 0 =2
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Since A has only two linearly independent eigenvectors, it is not diagonaliz-
able.

A—2 =2 —2
—2 A=2 =2 =X -6)=)()-6).
—2 -2 A=2
So 0 and 6 are the eigenvalues of A.
Considering Fjy:

-2 =2 =2 x 0 x —1 -1
-2 -2 =2 yl=10]l=1{y|l=s|1]|+t| 0 |],s,teR
-2 =2 =2 z 0 z 0 1
Considering Fjg:
4 -2 =2 T 0 T 1
-2 4 =2 yl=10]=|y|=s|1],seR
-2 =2 4 z 0 z 1



A is diagonalizable since it has three linearly independent eigenvectors. Let

1 -1 1
P = 1 0O 1. Then
0 1 1
1 =1 1\ /0 0 0\ /=1 —1 1\ !
A=|1 o 1]llo o0 o0 1 0 1
o 1 1/ \o 0 6 0 1 1
A—8 2 —9

So 0 and 9 are the eigenvalues of B. Consider Fjy:

-8 2 =2\ [z 0 T -1
2 -5 —4 yl=10]=1y|=t]| -1
-2 —4 =5 Z 0 z 1
So,
—1
1
3 -2
2
is an orthonormal basis for Ej.
Consider Fy:
1 2 =2 T 0 T —2 2
2 4 -4 yl=1(0]l=1yl=s| 1 ]|+t|0],stelR
-2 —4 4 z 0 Z 0 1
—2 2
So 11,10 is a basis for Fy. To obtain an orthogonal basis for Fg, we
0 1
apply Gram-Schmidt process.
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w; = 1
0
2 —2
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4.

is an orthonormal basis for Ejq.

Thus we have

(a)

1 2 2 1 2 2 \ T
3 VB 35 000 3 VB 3B
B=-|-2 L 4 09 0 ~2 1 4
3 V5 3y5 3 V5 3vh
2 0 =2/\009 20 =
3v5 3 3v5
The line y = —2x can be represented as
V = span { <_12) } .
Then

()]

is an orthonormal basis for V. The point on the line closest to (4, —1) can be
1

) onto V.
(4)-(8)](5)- (%)

Thus, the point on the line y = —2x closest to (4, —1) is (£, —1).

obtained be projecting (_4

Similar to (a), we first need to find an orthonormal basis for V' = {(x,y, )|z +
y+ 2z =0}. A basis for V is

1\ /-2
1],]o0
0 1

Applying Gram-Schmidt process, we find that
—1 —1
1], (=1
0 1

is an orthogonal basis for V. Normalizing,



5.
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1
is an orthonormal basis for V. Computing the projection of | 1 | onto V', we

1
have
1
A e 1 AR i T T IR B R e DY
1\/50\/50 1\/51\/51 —5%

So the point on V' closest to (1,1,1) is (1/3,1/3,—1/3).

(c) Since y = —2x + 1 is not a subspace, we cannot apply the method in (a)
directly. If we move the line y = —2z + 1 and the point (4, —1) down by 1
in the y-direction, the resultants are the line y = —2z and the point (4, —2).
By the method in (a), (8/5,—16/5) is the point on y = —2x that is closest to
(4,—2), so (8/5,—11/5) is the point on y = —2x + 1 that is closest to (4, —1).

Let P = [p1 p2 ... pPn)] where p; is the i-th column of P. Let Aj, Ag,..., A\x be the
non-zero eigenvalues of A while A\y;1 = ... = A\, = 0 are the remaining eigenvalues
of A. Since P diagonalizes A, we know that each p; is an eigenvector of A
corresponding to A;. That is,

Since A is diagonalizable, we know that P is invertible and {p1,...,pn} forms a
basis for R™. So for any « € R",
T=cp1+cp2+..+cpn ¢ ER
= Ax =c1(Ap1) + c2(Ap2) + ... + ¢ (Apy)
= ACB = (01/\1)p1 + (CQ)\Q)pz + ...+ (Ck/\k)pk
This implies that every vector in the column space of A, (given by Ax) is a linear
combination of pi,...,pk. So {p1,..., P} spans the column space of A. On the

other hand {pq, ..., pr} is a linearly independent set, so {p1, ..., px} forms a basis
for the column space of A.

(a) No. Consider A =

(1] 1 . In this case, all eigenvectors of A are of the form
k (é) while all eigenvectors of AT are of the form k (?)
(b) If A is diagonalizable, there exists an invertible matrix P such that
A =PDP' where D is a diagonal matrix.
Now this implies
AT = (PDP YT
— (P—I)TDTPT
(Pfl)TDPT
(PT)lePT



Thus A” is diagonalizable and a matrix that diagonalizes A” is (PT)~'.



