Chapter 2 Sequences.

For most part of the discussion we shall confine to real sequences. However, most of the
definitions and results apply equally well to complex sequences, i.e., sequences taking values
in the complex numbers. Of course, we can have sequences whose values are lying in such
mathematical objects as R" , metric spaces, abstract topological spaces, set of all functions on
[0, 1], groups, etc. Sequences are used for very different purposes, presenting themselves as
charts of movement of share values, temperature, distances, blood pressure, etc. The purpose
can be to monitor movement or fluctuation of temperatures when extreme high or low can be
critical. In a patient the attention is called when temperature rises above 37.5 C for further
treatment or medical attention. This is an example of a sequence approaching a certain
‘critical’ value. Vibration problems can be approached via Fourier series, which is a sort of
sequence. Number theory problems such as primality testing may use Lucasian sequence,
which has its origin based on Fibonacci sequence. These sequences are used in the so called
N+1 primality testing, where the knowledge of the prime factors of N+1 are required to begin
a search for these sequences. The goal is to find a suitable Lucasian sequence such that its
N+1 term is congruent to 0 modulo N. However our concern will be with the behaviour of
the sequence at infinity, i.e., what happens to the values of the sequence (a»), a. as n gets
larger and larger.

We shall look at the convergence of sequences. Through special sequences, i.e., monotone
sequences, we shall study Cauchy sequences, formulate a convergence criterion (that
presupposes the existence of the irrational numbers) and derive the Bolzano-Weierstrass
Theorem. Although for R, completeness is equivalent to the convergence of any Cauchy
sequence, which is equivalent to that any bounded monotone sequence is convergent and
which is also equivalent to the conclusion of the Bolzano Weierstrass Theorem, only the
Cauchy principle of convergence is capable of generalization to R" and beyond and leads to a
definition of completeness for metric spaces.

Definition 1. Let P be the set of positive integers. A sequence is simply a function from P
into the set of real numbers R.
P is of course the set {1,2, ... }. Thus a function a: P — R is a sequence.

The image a(n) is called the n-th term of the sequence and is also written as an ,

We also write (a: , az, ... ) or simply (a,) for the sequence.

Here we use the round bracket for sequences. One should not confused the sequence (a; , az,
... ) with a row vector. Note that {a: , a,, ... } is a set and should not be confused with a
sequence, likewise {a.} is a singleton set and not a sequence.

We are interested in the behaviour of the values or points of the sequences. We want to
know if they are bunched together like a cluster or they become further and further
apart or oscillatory. We focus on whether the points are bunched together or not. We
have a technical term for this bunching together.

Remark. 1. More generally, if X is a set, a sequence in X is a function a: P — X. For
instance, X can be the complex numbers C or R or R", n > 3, etc.

2. We can replace P by any set Q with an ordering - a generalization of a sequence called a
net leading to the notion of Moore-Smith convergence of net.
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Chapter 2 Sequences

Definition 2. Let (a,) be a sequence in R. We say (a.) tends to a real number a in R if for
any € > 0, there exists a positive integer No such that for all nin P withn>No, |a, — a| <e.
That is,

n>No=|a.—al<e

Notation:

If (an) tends to a, we write
ah—a asn— o

or liman=a

Or just simply, a,— a.

Definition 3. We say (a.) converges if there exists a real number a such that a, — a,
otherwise (a,) diverges or is divergent.

Remark.

1. The number No in definition 2 depends on .

2. We may replace in definition 2 “n > No” by “n > No” without changing the sense of the
definition. That is, it gives rise to equivalent definition.

Example 4.
1. a,=c forall nin P. This is a constant sequence and obviously a,— ¢ .
Given any ¢ >0, take any positive integer N . Obviously for any n > N
lan—c|=|c-c|=0<e.
2. a,=(-1)". Then (a) is divergent. There is a quick way to see this. Observe that the
value changes from 1 to —1 and so there is no way it can get close to any value.
If you like the following is a proof of this fact.
For any a in R, by the triangle inequality,
[1-al+|(-1)-a| > [1-a-((-1)-a)| = 2
Hence, either |1-a| > 1 or |(-1)-a/> 1.
Take any positive integer No . If [a—1| > 1, then take any even n > N, and we have
|an—a] = |1—a|] > 1 and if |(-1)—al> 1, then take any odd n > N, and we have |a, — @]
=|(-1)-al> 1.
Thus (an) cannot converge to any a and so is divergent.

3.a,=1/n. Thena,— 0.
For any € > 0, there exists a positive integer No such that 0 < N%J < ¢ (by the archimedean

property of R). Thusfor n>N,, & <R <e and this means |5 —0| <& and so by definition
a,— 0.

We have already come across the notion of continuity and limit of a function, we shall use
this notion to derive the properties of the sequence.

Let P denotes the set {1/n; n € P}. ThatisP *={1, %, 1/3, ... }.
Thenlet K =P *uU {0} ={0, 1, %, 1/3, ....}.

Here is an easy result:

Proposition 5. Let (a,) be a sequence in R. Define a function
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Chapter 2 Sequences

f:K=P1TU{0}>R
by f (1/n) =a, forn>0and f(0) =a.
Then a,— a ifand only if f is continuous at 0.

Proof. First suppose that f is continuous at 0. Recall the definition of continuity at O:
Given any ¢ > 0, there exists 6 > 0 such that
forallx e K, x-0|<d=|f(x)-f(0)|<e. -----mmmmmmmmmmmmmmmv (1)
We want to show that a,— a. We want to find an integer No in P such that
nN>No=|f(X)—a|<e
Let N be the largest integer such that N < 1/5.
Then n > N implies that n > 1/6 > N. That means 1/n <§. Then by (1) , taking x to be 1/n,

lan—al=[f(x)—al =[f(x) -f(0)| <¢
LetNo=N+1, then n > M = 1/n<d = |a,—al <e. Therefore, a,— a.

Conversely suppose a,— a. Then given € > 0, there exists a positive integer Ny such that
N2>M =|an—a<e  —mmmmmmmemememem e (2

Then for any x in (-1/N,, /M) n K, xisin P U {0} and |x| < 1/No .

If x=0,then|f(x)-f(0)=0<es.

If x =0, then x = 1/n for some positive integer n and 1/n < 1/No. Therefore, n > Ny and so by

(2) |an—a] <e. Hence |[f (x) —f(0)|=|f(1/n)—a] =|a.—a| <.

Therefore, f is continuous at x = 0.

Proposition 5 allows us to formulate results about continuous functions into results about
sequences.

Example 6.

1. ﬁ—»Oasn—mo forall k > 0.

Consider f:K=P*U{0}>R. f(ln)=a,=3 =" andf(0)=0,

Thus the function is given by f (x) = x* for x > 0. Recall that as a real valued function

definedon [0, ), f :[0, o )— Ris defined by f (x) = x* for x>0 and f (0) = 0.

This function is continuous at x = 0 since its limitat 0 is f (0).
i —lim ¥k —lim ekine i _0= ; i a—kin) _

Jim £(x) =lim x* =lim e =lim e = 0=1(0) since lim e™"® = coas
Xlirp+ —k In(x) = 0. Hence our original function is continuous at 0. Therefore, (a.)
converges to 0.

27n2+3n-1

15n2 -2n-13" -
) - 27n2+3n-1 27+n—%s
Then f: K=P*U{0}> R isgivenby f(1/n)=a,= =
"~ 15n2-2n-13 15-3-4
27 +3x—X2

Thus f(x) = 755, 73,2+ Thus since this function on R is a rational function whose

domain contains 0. Therefore, f is continuousatOand f(0)= % = % Therefore,

2. Let an =

an*%.
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Chapter 2 Sequences

Below we list the properties for sequences, which are easy consequences of continuity via
Proposition 5.

Properties 7.
1. If a,—>aandb,— b, thena,+b,— a+Db.
2. If a,— a, then Aa,— Aa for any real number A.

3. If an—> aandb,— b, thena,b,— ab

4, If a,—>a and a¢0,thenaina%

Thus,

5. If a,—> aand b,— bwith b =0, then E‘—ﬁ%
n

Proof. By proposition 5 the functions f: K=P?*uU{0}>Rand g: K=P*u {0}~
R defined by f(1/n) =a., g (1/n) =b,, f(0) =aand g(0) = b are continuous at 0.
Therefore, f+ g is continuous at x =0 and f (0) + g(0) =a +b. Thus, by Proposition 5,
(an + by) is convergent and a, + b, — a + b. This proves part 1. The remaining
statements follows similarly from the continuity at 0 of A f for part 2, of f -g for part 3,
of 1/f, ifa=0, foroart4andof f/g,ifb=0, for part 5.

Remark. The above proof makes use of Proposition 5 using continuity. It makes a
connection with the concept of limit of sequences to that of the continuity of a function. This
is the first time the connection is encounter. We shall see later a characterization of
continuity of a function at a point by sequences. But of course properties 1 to 5 can be
proved directly from Definition 2.

Next let (a, ) be a real sequence. Let a be a real number. We want to know if a,— a. We
consider the difference a,—aand if a, —a — 0, then we can conclude that a,— a. The
question is then when do we know a, —a — 0. The following furnishes a simple criterion by
way of another sequence.

Propositon 8. Comparison Test.

If there exists a sequence ( b, ) such that

(1) [on| =0,

(2) lan—a| < |by|

Then a,— a.

Proof. Given ¢ >0, by (1), there exists an integer N such that n> N = |b,| <e&. Therefore,
forall n>N, |a,—a| <|by <e. This meansa,— a.

Remark. Note that b,— 0 if and only if |b,| — 0. By the Squeeze Theorem, a, —a — 0 via
Proposition 5. So this result is trivial but it is very useful.

Example 9.

If |a| < 1, then the sequence (a") converges to 0.
Since |a| <1, 1/]a] > 1. Then we can write 1/ja] =1+ B and > 0.

4
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Chapter 2 Sequences

Hence [a"—0| = (1+15)n <n_1ﬁ

The last inequality is because (1+ /)" > 1+nf > np for positive integer n. (Use the binomial
expansion for (1 + B)" to deduce the above inequality.)
Since + -0, == —» 0. Thus by the Comparison Test, a" — 0.

np
Ifa=1,thena"=1landsoa” —» 1. If a=-1, thena"=(-1)" diverges (see (2) of Example
4).

Exercise. Complex sequence

If a = i, the imaginary complex number i = V(-1), then a" diverges. Suppose a is a complex
number. If |a| > 1, then (a" ) diverges, if |a|] < 1, then a" — 0. Note that the Comparison Test
applies equally well to complex sequences.

Definition 10. A sequence (a. ) is said to be bounded if its range is bounded, that is, there
exists a positive real number K such that |a, | < K for all nin P. It is said to be bounded
above if there exists a real number M such that a, <M forall nin P. M is called an upper
bound of (a, ). Itis said to be bounded below if there exists a real number L such that L < a,
forall nin P. The number L is called a lower bound of (a,). Plainly, (a,) is bounded if and
only if it is both bounded above and bounded below.

Theorem 11. If a sequence (a, ) converges, then (a, ) is bounded.

Proof.
(an ) converges means there exists an element a such that a,— a. Thus, by the definition of
convergence, taking € =1, there exists an integer N such that

n>N=l|a,—al<e=1.
Since ||a| — |al| < |an — a], we have then n > N = ||an| — |a|| < |a» — @] < 1 which implies that |a,
|<|a] + 1. Let M =max{|ad, |a2|, ..., |an1], |a]+1}. Then obviously |a. |< |a] + 1< M for all
positive integer n > N. Plainly, for 1 < j <N-1, |aj| < max{|ai, |az, ... , |an-1]} < M.
Therefore, |a.|< M for all positive integer n. This means (a, ) is bounded.

Remark. The converse of Theorem 11 is false. That is to say, if (a. ) is bounded, it does not
necessarily follow that (a, ) is convergent. For instance, take a, = (-1)". Then (a.) is
bounded but not convergent.

Proposition 12. If a,— aand b,— b and there exists an integer N such that a, < b, for all n
>N, thena <b.

Proof. We can use continuity and results about limit of function here. Let f:K=P U
{0}> Rand g: K=P *uU {0}~ R be defined by f(1/n)=a,, g (1/n)=h,, f(0)=aand
g(0) = b. Then by Proposition 5 both f and g are continuous at 0. Then for all x in K and
IX| <IN, f(x) <g(x) sincef(1/n) =a,< by,=g(1/n) for all n > N by the given condition.
Therefore, a= f(0) :lem f(X) slxilg g(X)=h.

This result involves ordering and is a result about real sequences.
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Chapter 2 Sequences

Remark. 1. The proof makes use of what we know about properties of continuous function
and limits and follows easily if familiarity with properties of continuous functions and limits
for function is assumed. We can give an alternative proof using Definition 2 as follows.
a,— a means that for any € > 0, there exists a positive integer K such thatn > K = |a, — a| <
/2 and similarly, since b, — b , there exists also a positive integer L such thatn > L = |b, —
b| <ef2. Now take M = max (N, K, L). We have thus,thatn>M = a—¢/2<a, <a+¢/2
and b — /2 <b, <b +¢/2.

Consequently, fixing an integern>M,wegeta<a,+e/l2<b,+e/2<b+¢e/2+el2=b+e.
Hence, a< b +e&. Since ¢ is arbitrary we have that a < b.

2. If a,— aand b,— b and there exists an integer N such that a, < b, for all n > N, then we
do not necessarily get a < b.

Example: Let a, = 1/n*and b, =1/n. Then a,= 1/n?> < b, =1/nforn>2. Butobviously
an—0=aandb,—»0=banda=nDh.

Theorem 13. Squeeze Theorem.
If a,— aand b,— a and there exists an integer N such that for all n > N, a, < ¢,< by, then ¢,
—a.

Theorem 13 follows easily from the Squeeze Theorem for functions. We shall give a proof
by the definition.

Proof. Since a,— a and b,— a, for any € > 0, there exists a positive integer K such that n >
K = |a, — a| < € and there exists also a positive integer L such thatn>L = |b,—a| <e. Let
M =max (N, K, L). We have thus,thatn>M = a-¢<a, <a+g anda—-e<b, <a+e.
Consequently, foranyn>M,wegeta—e<a,<c,<by<a+e Thus,n>M =|c,—a|<e.
This means c¢,— a.

Remark. Even though Squeeze Theorem is a Theorem for real sequences only, we can apply
it to deduce the following results about complex sequences.
For a complex sequence (an), (an) converges if and only if the real part ( Re a,) and the
imaginary part ( Im a,) converge, where a, = Re a, + i Im a, and Re a, and Im a, are
respectively the real and imaginary parts of a, .
Note that for any complex number z,
|Rez|, Imz|<|z| <|Rez|+ |Imz|

Thus for any complex number a,

|Rea,—Real|<|a,—a]
and Ima,—Ima|<|a,—a].
Therefore, if a, »> aandso |a,—a] — 0, then by the Squeeze Theorem, |Re a, — Re a | >0
and |Im a, — Im a| — 0 and consequently Re a, - Re aand Im a, — Im a. Conversely,
since

l|an—a] <|Rea,—Real +|Ima,—Imal,

by the Squeeze Theorem, if Re a, —» Re a and Im a, — Im a, then |a, — a]— 0 and so a, — a.

Of course, we may use the Comparison test as well.
We shall now describe an important class of real sequences.

Definition 14. A real sequence (a, ) is increasing if n>m = a, > an .
Itis decreasingifn>m=a,<an.

6
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Chapter 2 Sequences

It is strictly increasing ifn>m = a, > an .
It is strictly decreasing ifn>m = a, < an .
It is a monotone sequence if it is either increasing or decreasing.

Theorem 15. Monotone Convergence Theorem. Suppose (a. ) is a bounded monotone
(real) sequence. Then (a, ) is convergent. In particular, if (a. ) is increasing and bounded
above, then a, — sup {a.: n € P} and if (a,) is decreasing and bounded below, then a, — inf
{a.:n e P}

Proof . Actually the proposition is equivalent to the completeness of R.
Suppose (a» ) is a bounded monotone increasing sequence. Then the set S ={a.: n € P} is
bounded above and obviously non-empty. Therefore, by the completeness property of R, S
has a supremum or the least upper bound in R. Thus, leta =sup S. We claim that a, — a.
Now take any € > 0, then a — & < a. Hence a — ¢ is not an upper bound of S. Therefore, there
exists an integer N such that a — € < ay < a. Therefore, since (a, ) is increasing for all n > N,
a,> an and so we have

a—eg<an <an<a.
It follows that n > N = |a, — a| =a — a, < & . Therefore, by the definition of convergence, a,
— a.

The case when (a, ) is a bounded monotone decreasing sequence, is similar. This time the
limit is the infimum of S. We may also just consider the sequence (—a,) . This is an
increasing sequence and also bounded above. Therefore, by what we have just proved (-an )
is convergent and converges to sup {-a. : n € P}. Hence (a, ) is convergent and converges to
—sup {-a.:neP}= inf{a,:n e P}.

Example. (1— %) is a bounded increasing sequence and so is convergent.

Remark. Theorem 15 says that any real bounded monotone sequence is convergent. The
statement can be taken as the completeness axiom for R. Another equivalent definition for
completeness of R is : every Cauchy sequence in R is convergent. Note that the essential
step in the proof of Theorem 15 is the existence of supremum in the case of increasing
sequence and the existence of infimum in the case of decreasing sequence. The existence is
provided by the (order) completeness of R. We can use the property "that every bounded
monotone sequence in R has a limit” to prove the completeness of R.

The following theorems give different ways of thinking about completeness for R. Under
different conditions, it may be useful to know the different ways and to know which is the
more efficient way to use.

Theorem 16. Every Cauchy sequence in R is convergent if and only if every bounded
monotone sequence in R is convergent.

Theorem 17. Every bounded monotone sequence in R is convergent if and only if R is order
complete, i.e., every bounded above subset of R has a supremum in R.

We shall prove these two theorems later in the chapter.

7
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The notion of a Cauchy sequence expresses when a sequence is somehow "bunched"
together. Thus Theorem 16 and Theorem 15 says that a Cauchy sequence is convergent.
Now we shall find out what this notion is.

Definition 18. A sequence (a.) is a Cauchy sequence if and only if given any ¢ > 0, there
exists an integer N such that foralln,m>N, |a,—an|<¢.

Definition 18 uses the distance function to express the "bunching” togetherness of a Cauchy
sequence. Here the distance between two terms a, and an is given by the modulus of the
difference a, — an. Hence, definition 18 says that a sequence is Cauchy if the distance
between two terms, a, and an is getting closer and closer as n and m get larger and larger.
We shall see later that for R, this "bunching togetherness™ produces a convergent sequence.

An easy consequence of the definition is:
Theorem 19. Any Cauchy sequence is bounded.

Proof. Suppose (a. ) is a Cauchy sequence. Then taking € = 1, there exists an integer N such
that foralln,m>N, |a,—am|<1. Hence, we have foralln>N, |a,—ax|<1. It follows
that foralln >N, |a. |<|an| + 1. Let M = max{|ai, [az], ..., |an-1, [an] + 1}. Then plainly |a,|
< M for all positive integer n. Hence (a, ) is a bounded sequence.

Theorem 20. Cauchy Principle of Convergence.
A sequence (an ) in R is convergent< it is Cauchy.

Note that Theorem 20 is a consequence of Theorem 16 and 17 assuming that R is order
complete.

We shall prove this by construction of two monotone sequences and invoking Theorem 15.

Proof.
(=) Suppose (a, ) in R is convergent and a, — a. Then given any ¢ > 0, there exists an
integer N such thatn >N = |a, — a|] <e&/2. Thus for all n, m> N, by the triangle inequality,
|an—am| <|an—a| + [a—am| <el2 +&/2 = &.

Therefore, by Definition 18, (a, ) is Cauchy.
(<) The converse is much harder. There are alternative proofs. One can use the Bolzano
Weierstrass Theorem to prove the converse as well. (See later)
We shall introduce the notion of limit superior and limit inferior for sequences. Suppose (an)
is Cauchy. Then by Theorem 19, (a,) is bounded. In general, for a bounded sequence, we
can perform the following construction for limit superior and limit inferior.
By boundedness, there exists a positive constant M such that |a, | <M for all nin P. We shll
invoke the (order) completeness property of R. For each n in P, define the set

Sh={an, an, ... y={ac:k>n}.
Then S, isasubset of { a:, az, ... } and is therefore also bounded and obviously non-empty.
Then by the (order) completeness of R, the supremum and infimum of S, exist. Let x, = sup
Srandy,=infS,. Then

forallk>n, y,<ax<Xy ----m-m-mmmmmmmmmmeoen (1).
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Now, since -M <a,<MforallninP, M is also an upper bound for S, and —-M a lower
bound for S, for each n in P. Therefore, =M < the least upper bound or supremum of S,
=sup Sy = Xn < M. This means the set { X1, X, ... } is bounded. Similarly, —M < greatest
lower bound of S, = inf S, =y, <M. Thismeans {y1, V>, ... } is also bounded. Therefore,
the sequence (x, ) is bounded below and the sequence (y. ) is bounded above. We shall next
show that (x, ) is decreasing and (y» ) is increasing.
Suppose m>n. Then Sn={an, an, ... Y= { @, @, ... } = Sy. Therefore, Xn = sup Sy <
Sup S =X, . Thus, (x») is decreasing. Similarly by the definition of infimum, y. =inf S, >
inf S, =y, . (We can deduce this as follows: by definition, y, = inf S, , a lower bound for S, ,
is also a lower bound for S, since Sm < S». Therefore, y, < the greatest lower bound or
infimum of Sy, = yn .) Hence (yn ) Is increasing.
It follows by Theorem 15 that (x, ) is convergent and x» — inf{X:, Xz, ... }. This limit when
it exists is defined to be the limit superior of (a,). Leta=inf{x:, X, ... }. Thatis,
Iirrpésgp an =lim sup{ax : k>n} =lim x, = a.
Now (Y ) is increasing and bounded above and so by Theorem 15, it is convergent and y, —
sup{y1, VY, ... }. Letb=sup{y:, V2 ... }. Similarly, the limit inferior of (a,) is defined to be
the limit of y.. Hence, lim inf a, =Jim inf{ax : k>n} =]imy, =b.
(Note that from the above argument the lim sup and lim inf of a bounded sequence always
exist.)
If (an ) is Cauchy, then a = b and subsequently (a, ) is convergent and converges to a. We
shall proceed to prove this statement. First note that by (1) above a :Lim Xn ZNIQ Yn =D.
Suppose on the contrary that a = b. Then a > b. We shall derive a contradiction. We shall
show that if a > b, then (a, ) is not Cauchy and hence the contradiction. How do we do this?
We shall show that we can find a € > 0 such that for any positive integer N we can find
integers n, m > N with |a, — an| > €.
Take ¢ = (a—Db)/3>0. Remember that a= inf{x. , Xz, ... }and so foreach NinP, xy>a>a
—¢e. Therefore, a —¢ is not an upper bound for Sy . Thus there exists n > N such that

a—-eg<an<Xn (FSup Sn) -----mmmmmmmmemememmoee- (2)
Similarly, since b = sup{y., ¥, ... }, b>ynforany N in P. Hence for any integer Nin P, b
+e>b>yy. Thusb + ¢ isnotalower bound for Sy . Therefore, we can find an integer m >
N such that

b+e>an > yn (=Inf Sy) ---------m-m-mmmmmm e (3)

Thus from (2) and (3), we get

ahn—an>a-¢e-(bt+te)=a-b-2¢=3c—-2e=¢>0 sincea—b=3e.
Therefore, |a, — an| = &, — an > €. Hence, for each integer N in P, we can find integers n, m
> N with |a, —am| > €. Thus (a, ) is not Cauchy. This is the required contradiction and so a =
b.
Therefore, by the inequality (1) and the Squeeze Theorem, (a,) is convergent and converges
to a.
This completes the proof.

This is the most important theorem. It expresses the most commonly stated result that every
Cauchy sequence is convergent is equivalent to (order) completeness of R. There are a few
characterization of completeness for R in terms that can be generalized to R". The next
Theorem which is a very useful tool in analysis is one that can be generalized to R". Itis
also equivalent to completeness for R.
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Theorem 21. Bolzano Weierstrass Theorem.
Every bounded sequence in R has a convergent subsequence.

Remark.

1. For R, every bounded sequence has a convergent subsequence is equivalent to every
Cauchy sequence is convergent.

2. The basic conclusion of the theorem generalizes to complete metric space, which is like R"
with a distance function and in which every Cauchy sequence is convergent, but we needed
to replace the notion of bounded sequence to the notion of a totally bounded sequence. It is
indeed true that boundedness implies totally boundedness for R" . Therefore, Theorem 21 is
true for R".

3. A simple extension to complex sequences. Suppose (a, ) is a complex sequence. Then (a,
) is a Cauchy sequence < (Re a, ) and (Im a, ) are (real) Cauchy sequences < (Re a, ) and
(Im a, ) are convergent (real) sequences< (a» ) is convergent.

4. We say a metric space is Cauchy complete if every Cauchy sequence is convergent. A
simple Cauchy sequence argument will show that R is Cauchy complete implies that R" is
Cauchy complete. Indeed product of Cauchy complete spaces is Cauchy complete.

5. If (an) is convergent then (a, ) is Cauchy. This is true in other situation when (a, ) is a
rational sequence a: P — Q, where Q is the set of rational numbers or a normed vector space
or a metric space. But the converse need not be true. (a,) Cauchy does not necessarily
imply that (a, ) is convergent. It is true if and only if Q is complete. For example, leta: P —
Q = rational numbers be the sequence (a,) = (3, 3.1, 3.14, ...), where a, = first n-digits of =.
Then (a, ) does not converge in Q for if it did, = would be rational.

6. Note that for R, order complete (every bounded subset has a supremum and an infimum in
R) is equivalent to Cauchy or metric complete (every cauchy sequence is convergent). The
notion of Cauchy completeness can be generalized to R" (and to metric spaces) but not order
completeness. For instance the complex number cannot be totally ordered: it cannot have a
positive cone. Indeed neither does R", n > 2 has a positive cone and so it cannot be order
complete.

We often need to use Theorem 15. But of course we need to obtain a monotone sequence.
The next result will extract a monotone subsequence from a bounded sequence. We now
formally define a subsequence of a sequence.

Definition 22. Suppose (a. ) is a sequence. Then a subsequence is given by (an,) , where n;
<n; <nsg<.... More generally, if a: P — Q is a sequence, then a subsequence of a is given
by the composite aon:P n P a Q, where n is a strictly increasing function n : P—P.

Then
aon(k)=a(n(k)) =ank =an,
using our convention for writing terms of a sequence (n(k) is written ny ).

Proposition 23. Every real bounded sequence has a monotone subsequence.

Proof. Let (a.) be a bounded sequence. It is sufficient to pick the so called "peak” in the
graph of the function giving the sequence. We say the sequence (a. ) has a peak at k if, for
all j>k, ax>a;. axis called the peak and k the peak index. Now we shall find our
subsequence by using these peaks. If there are infinite number of these peaks say having the
peak indices, ki , k2, ks, ... with ky <k, <ks <.... Then by definition of the peak,
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Ak, = Ak, = kg = ...
Thus the subsequence (ax;) is a monotone decreasing sequence. If there are only finite
number of these peaks or no peak, then there is an index k, beyond which there are no peaks.
Letn, =k +1. Then since n; is not a peak index , there exists an index n, such that n, > n; but
an, > an,. Similarly since a, is not a peak, it means that it is not true that for all j > n, ,
aj < an,. Hence there exists an index ns > nz such that an, > an,. Thus, in this way we
recursively define ne.1 > ni such that that an,,, > an, . Therefore, (an,) is a monotone
increasing sequence. We have thus constructed a monotone subsequence of (an).

24. Proof of Theorem 21 Bolzano Weierstrass Theorem

Suppose (a. ) is a bounded sequence. Then by Proposition 23 (a, ) has a monotone
subsequence (an,). Since (a. ) is bounded, (an,) is also bounded. Therefore, by Theorem 15,
(an,) is convergent. Hence (a, ) has a convergent subsequence.

To proof Theorem 16 and 17 we shall need the following general observation.

Proposition 25. If (a,) is a Cauchy sequence that has a convergent subsequence, then it is
convergent.

Proof. Suppose (a.) is Cauchy and (an,) is a convergent subsequence. Given any € > 0,
since (an ) is cauchy, there exists a positive integer M such that

NM>M=|an—an| <&/2.  mmmmmmmmmrmm (1)
Suppose an, — a. Then there exists a positive integer L such that
kK>L=an, —L| <2 mmmmmmmmmmmm e (2)

Let N=max (M,L). Thenk>N = k=>L and nc> k> M. Therefore, we have
n>N= l|a,—a <|an—an]+|an, —2a forany k>N
<él2+|an, —al by (1)since n,n>M
<el2+el2=¢ by (2)since k> L.
Thus, by definition, (a,) is convergent.

Remark. This is a result that applies to sequences in any metric space. The proof is exactly
the same. It provides a convergence criterion for non complete metric spaces. The result is
of course superfluous when the space is complete.

26. proof of Theorem 16.

Suppose that any bounded monotone sequence is convergent. We shall then show that any
Cauchy sequence is convergent. Let (a, ) be a Cauchy sequence. Then by Theorem 19 (a,)
is bounded. By Proposition 23 (a, ) has a bounded monotone subsequence (an,). By our
assumption (an, ) is convergent. Suppose an, — a. Then by Proposition 25 (a, ) is convergent
and converges to a.

Conversely suppose any Cauchy sequence is convergent. We shall show then that any
bounded monotone sequence is convergent. This is a little harder to show. Let (a,) be a
bounded monotone sequence. Without loss of generality we may assume that it is increasing.
Suppose it is a finite sequence, that is, its image is finite. Then it has a constant subsequence
(@n,)- (Why? Consider the preimages of singleton subsets of the image of the sequence. One
of them must be infinite and gives the required constant subsequence.) Then forany n> n;
=N, a, = an,= ¢ for some constant c. We deduce this as follows. For any n > ny, there exists
a positive integer k such that nc>n > n; . Since (a,) is increasing a, =C>an>an, =C and
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S0, an=C. Thus (a,) is convergent and we have nothing to prove. Suppose that (a) is
infinite, i.e., its range is infinite. We shall show then that (a, ) is Cauchy. The idea below
uses the fact that any bounded subset in R is "totally bounded"”. Since (a. ) is increasing, for
allninP, a,>a; =c. Since (a,) is bounded there exists d such that ¢ <a, <d forall nin P.
Now given any ¢ > 0, there exists an integer | such that |d — c|/ 2' < &. We now divide or
partition the interval [c, d] into 2' subintervals each of length (d —c)/ 2'. Then one of these
subintervals must contain infinite number of the range of (a, ). Suppose it is the k-th
subinterval I of [c, d]. Then I, contains a subsequence (an,). In particular {a,, : ke P} < Ik
and so forany k, jin P, |an —an|<e. LetN=ni. Then foranyintegersm>=n>N=n, ,
there exists an integer L such that m < n.. Therefore, since (a, ) is increasing,

an =an, <ap<am<apn. Itfollowsthat |a, —am| <|an —an| <& Thus (an) is Cauchy.
Therefore, by assumption, (a. ) is convergent. Hence any bounded monotone increasing
sequence is convergent. If (a,) is bounded and decreasing, then (—a, ) is bounded and
increasing and so is convergent and it follows that (a. ) is convergent. Hence any bounded
monotone sequence is convergent.

27. Proof of Theorem 17.
Recall the statement of the theorem: Every bounded monotone sequence in R is

convergent if and only if R is order complete.

(if part) Suppose R is order complete. Then this is just Theorem 15. The proof is exactly
the same.

(only if) Suppose every bounded monotone sequence is convergent. Now take a non-empty
subset A of R which is bounded above. We shall show that it has a supremum. Since it is
bounded above, there exists a real number K such that for all ain A, a < K. If there exists an
element a in A such that a = K then K = supremum of A and we have nothing to prove. Thus
we assume that for all ain A, a< K. PickanelementL in A. Then L <K. Now we are
going to define two monotone bounded sequences in R inside the interval [L, K], one always
inside A and one always outside of A and they will both converge to the supremum of A. Let
a; =L and b, = K. Let ¢, be the mid point of [L, K], i.e., ¢c1 = (K +L)/2. We shall define the
sequence (a» ) and (bn ) as follows.
If ¢, is an upper bound of A, let b, =c;and a; =a; . Then |b, —a;] < (K -L)/2. If ¢, is notan
upper bound of A, then there exists an element a, in A such that c; <a, <K and leth, =K.
We have then |b, — a;| < |[K -c1| < (K —L)/2. In either cases, we have |b; — a,| < (K -L)/2. We
have also,
a1Sa2<b2Sb1.
If b, € A, then we are done because b, =sup A and the process of definition terminates. If b,
¢ A then we repeat the process using the interval [a;, b,]. Letc,= (b, + a,)/2 the mid point
of [a., bz ]. If czis an upper bound of A, let b; = ¢c; and a; = a,. If ¢, is not an upper bound
of A, then there exists an element az in A such that c; < as < b, and we let bs = b, . Again if bs
€ A, the process terminates with the supremum being bs; and we are done. In particular |b; —
a3 < (b2 — a2)/2 < (K-L)/ 2% and a, < as < bs < h,. If this process terminates in a finite steps,
then the set A has a supremum. If the process does not terminate, then we have a bounded
increasing sequence (a. ) and a bounded decreasing sequence (b, ) such that a, < b, for all n
in P. (an) is bounded above by K and (b, ) is bounded below by L. Furthermore,
[br—an < (K L)/ 2771, e (1)

Thus, by our assumption both (a, ) and (b, ) converges. Suppose a, —»a and b, > binR
then a<bsince a,<b,forall nin P. We now claima="b. Suppose a=b,thena<b.
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Note that for each nin P, a, g!(im ax = a since (a, ) is increasing and Lim by < b, because (b,

) is decreasing. Therefore, we have for each n in P,

an< a<b< by, --mmmmmmmmmmmmmoeoee- (2)
Let now ¢ = |b —a|/ 2. Choose a positive integer n such that (K -L)/ 2"~* < ¢. Then we have
from (2), b-a|<|b—an| < (K L)/ 2" *<e=|b—al/ 2. Thisisabsurd and so a="b. Now
we show that sup A =a. Since each b, is an upper bound for Aand b :IkLrQ bk, b is an upper
bound for A and so a = b is an upper bound for A. We shall show that a is the least upper
bound for A. We do this by showing that for any € >0, a — & cannot be an upper bound for
A. Since L'IE ax = afor any € > 0, there exists a positive integer N such that

n>N=<la—al<e=a-eg<a,<a+e
By the construction of the sequence (a ), each a, isin A. Therefore,a— e <ay anday € A
and so a— € cannot be an upper bound for A. Hence a = least upper bound of A =sup A.
This completes the proof.

Remark. Note that the statement of the Bolzano Weierstrass Theorem (Theorem 21) does
not involve ordering. Thus we can make the same statement for R" and for general metric
spaces. The theorem is true also in R". However, it is not true for general (Cauchy) complete
metric spaces. For R we can show that it is equivalent to the Monotone Convergence
Theorem for R. Thus completeness for R has many interpretations: we can find a convergent
subsequence for a bounded sequence, any Cauchy sequence is convergent, any bounded
monotone sequence is convergent, any bounded above subset of R has a supremum in R, any
bounded below subset of R has an infimum in R.

Definition 28. The notion of (a. ) tending to + oo means lim a(n) = regarding the limit
as a function on P. That is, given any real number K > 0, there exists an integer N such that
forallninP,n>N = a, > K. When this happens, we write a, — +o. Similarly, the
sequence (an ) is said to tend to — oo if given any real number L <0, there exists an integer N
such that for all nin P, n> N = a, < L and we write a, — — .

The rules for functions translate to the following useful results for computing limits involving
infinity. Of course the following rules can be proved directly using Definition 28.

Proposition 29.

Suppose (a. ), (bn ) are two sequences in R.

1. If a, »+wor a, - — o0, then aln - 0.

If a, -+ and b, —a, afinite, then a, +by,— +o0
If a, - —oand b, —a, afinite, then a, +bp—> —o0
If a, - +oand b, —a>0 afinite, then a, by— +o0
If a, »+oand b, »a<0 afinite, then a, by— —o0

s wn

These rules are particular useful when a, is a rational function of n.

Example

1. (n+1/n) tendsto + o

2. 5-n+1/2" tends to — o
1,1

3. n+1 Nt e 50

n2+1"— 1+n—12
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1
n2+1 __1+5r
" 2n2+n+1 2+%+n—12

1
2

Subset of the real numbers

There is a class of subsets of R that is important in analysis. For example we know by
Proposition 12 that if (a,) is a sequence in the closed interval [a, b] and ifa, — c,thena<c
< b. That is to say the limit stays in the interval [a, b]. There is also an important covering
property of [a, b] that is used in the proof of the uniform continuity of continuous function
on [a, b] and is also the essence of the Extreme Value Theorem.

Definition 30. Let S be a subset of R. Then an element a in R is said to be a limit point of S
if for every € > 0, the open interval (a — ¢, a + €) contains a point of S different from a.
Hence, (a—¢ a+e)n(S—{a}) = J.

Example. 0 is a limit point of the open interval (0, 1). Itis also a limit point of the set {1/n:
n eP}

There are equivalent definitions of a limit point.

Proposition 31. Let S be a subset of R and a an element in R. . The following statements
are equivalent:

(1) ais a limit point of S.

(2) There is a sequence (a,) in S — {a} such that a, — a.

(3) Any open interval I containing a has infinite intersection with S.

Proof. (1) = (2). For each positive integer n, take a, in (a—1/n,a + 1/n) n (S — {a}).
Plainly a, — a.

(2) = (3). Take an open interval | containing a. Then, there exists € > 0 such that (a—¢, a +
g) < |. By (2) there is a sequence (a, ) in S — {a} such that a, — a. Therefore, there exists a
positive integer Nsuchthatn>N = |a,—a|] <& =a-e< an<ate=a, e (a—¢g a+eg).

Note that {a,: n > N } is infinite. If it were finite, then (a, ) would have a constant
subsequence, which obviously converge to a point b in S — {a}. Therefore, since (a.) is
convergent, it has the same limit as any subsequence and hence b=aandso a € S — {a}.
Buta ¢ S—{a}. This contradiction shows that {a,: n >N } is infinite and hence (a—¢, a +
€) N S is infinite. Therefore, since (a—¢,a+&)NSc IS, I Sisinfinite.

(3)=(1). Foranye>0, (a—¢,a+¢€) S isinfinite and so it must contain a point in S
different from a.

For aset S of R, let S' be the set of limit points of S.
Definition 32. A subset S of R is said to be closed if S' < S.

Example. 1. Any singleton set {a} in R is closed since S' is empty.
2. [0, 1] is closed, [0, « ) is also closed.
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3. The rational numbers Q in R is not closed in R. This is because taking an
irrational number like V2, we can find a sequence of rational numbers converging to it and so
V2 is a limit point of Q but V2 is not in Q as it is not rational.

The following property of closed set is very useful.

Proposition 33. A subset A of R is closed if and only if any convergent sequence in A
converges to an element in A.

Proof. (Only if part) Suppose A is closed. Suppose on the contrary that there is a sequence in
A which converges to an element a not in A. Then by proposition 31, a is a limit point of A.
Since A is closed, a €A. This contradicts a ¢ A. Therefore, any convergent sequence in A
must converge to an element in A.

(If part) Let a be a limit point of A. Then by Proposition 31, there is a sequence (a, ) in S —
{a} such that a, — a. By assumption, the limit of this sequence is in A. Hence a € A.
Therefore, the set of limit points A' < A. Hence A is closed.

Let S be a subset of R. Thenthe set H=S U S"is aclosed set in R. This is seen as follows.
Let a be a limit point of H. Then take any open interval | containing a. Then by Proposition
31, | has infinite intersection with H. Since InH=(1nS) U (I S"), (I nS) must be
infinite. This is because if (I » S) were finite, then (I nS") would be infinite and so | would
contain a limit point of S and so | would have an infinite intersection with S by Proposition
31 thus contradicting the assumption of finiteness for (I ' S). Therefore, a is a limit point of
S. Hence H' = S' < H. Therefore, H is closed. H is also the smallest closed subset
containing S. We deduce this in the following way. Suppose there exists a smaller closed
subset A containing S, i.e., Sc A H=Su S". We shall then derive a contradiction. Thus,
there is an element hin S' such thath ¢ A. Since S'c A", h € A". Since, Ais closed, A' c A
and so h € A contradicting h ¢ A. Therefore, there does not exist a closed subset containing
S smaller than H.

Definition 34. We define the closure of S to be CI(S) =S U S

Example. The closure of (a, b) is [a, b]. The closure of Q is R.

Definition 35. A subset U of R is said to be open if it is an arbitrary union of open intervals.
Example. (0, 1) v (2,3) is open but (0,1) v [2, 3) is not.
The following characterization of open set is particularly useful.

Proposition 36. A subset U is open in R if and only if for each x in U there exists an open
interval | such that x € | < U.

Proof. If Uisopen in R, then by definition, U is an arbitrary union of open intervals. Take
any x in U, x must belong to one of these open interval | which is obviously a subset of U.
Conversely suppose for each x in U, there exists an open interval I, such thatx € Iy < U.
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Then, U =u {lx: x € U} and so U is an arbitrary union of open intervals. Therefore, U is
open.

Our next definition is one of several equivalent meaning of compactness for subsets of R.

Definition 37. A subset S of R is said to be sequentially compact if any sequence in S has a
convergent subsequence converging to a point in S.

Hence we have

Proposition 38. The closed interval [a, b], where a < b are real numbers, is sequentially
compact.

Proof. Any sequence in [a, b] is bounded above by b and bounded below by a and so is
bounded. Therefore, by the Bolzano Weierstrass Theorem (Theorem 21), it has a convergent
subsequence. By Proposition 12, the subsequence converges to a point in [a, b].

More generally we have:

Theorem 39. Suppose S is a subset of R. Then S is sequentially compact < S is closed and
bounded.

Proof.

(«=) Suppose S is closed and bounded. Take a sequence (a,) in'S. Then (a,) is bounded
since S is. It then follows by the Bolzano Weierstrass Theorem that (a, ) has a convergent
subsequence convergingtoain R. Ifaisin S, then we are done. Ifa ¢ S,thenae S'. But
Sisclosed so that S' — Sand so ae S. Hence we have arrived at a contradiction. Therefore,
a € S. Thus, S is sequentially compact.

(=) Suppose S is sequentially compact. Let s be a limit point of S. By Proposition 31, there
is a sequence (a, ) in S — {s} such that a, — s. Since S is sequentially compact, (a,) has a
subsequence converging to a point ain S. Since (a, ) is already convergent both the sequence
and any subsequence must have the same limit. Therefore,s=aandsos € S. Hence all the
limit points of S are in S. Therefore, S is closed. S must be bounded for other wise there
exists a sequence in S that does not converge in R.

Now we proceed to investigate the covering property of a sequentially compact sets. We
shall describe a simpler form of compactness or what is called countable compactness.

Definition 40. A family F of subsets of R is said to cover Sif Scuw {U: U € F}. Fis said
to be a cover for S. If F is countable, then F is a countable cover for S. If each member of F
is open, then we say the cover is an open cover. A subcover of F is a subset G < F which is
also a cover.

Example. {(n-1, n+1): n € Z} is a countable open cover of R.

Definition 41. A subset S of R is said to be (countably) compact if any open cover of S has
a finite subcover. More precisely, if {U,: neP} is a countable cover for S, then there exist a
finite number of members of {U.: neP}, {Un,, Un,..., Uy} for some integer k, such that
ScUp UUp, U...UUp,.
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Theorem 42. A subset S in R is (countably) compact < S is sequentially compact.

Proof. (=) Suppose S is (countably) compact. If S is finite, then any sequence in S has
finite image and so has a constant subsequence and we are done. Suppose S is infinite and
suppose on the contrary that S is not sequentially compact. Then there exists a sequence (a» )
in S that does not have a convergent subsequence converging to a point in S. Then the set A
= {an : n € P} must be infinite, for otherwise it would have a convergent constant
subsequence. Then the set A cannot have a limit point in S. This is because if A has a limit
point a in S, then we can construct a subsequence of (a, ) converging to a as follows. (a—1,
a+1) N A has a point in A different from a. Then there exists a positive integer n, such that
an,e(@—1,a+1)NAand a,, +a. Then by Proposition 31(3) (a-1/2, a+1/2) n (A-{a}) is
infinite. Therefore, there exists an integer n, > n, such that an,e(a—1/2,a+1/2)N(A—{a}).
In this way, we define a,, + a recursively. If we have already defined a,,_ +a, then since
(a=1/(k+1), a+1/(k+1)) n (A-{a}) is infinite, there exists N1 > Ny such that
an., €(@—U(k+1),a+1/(k+1)) N(A—{a}).

Plainly the subsequence (an,) converges to a. This contradicts that (a, ) has no convergent
subsequence converging to a point in S. Therefore, A has no limit points in S. Thus, for each
xinSandx ¢ A, there exists an open interval U, containing x such that Uy N A = . Then
the set U = U{Uy : x € S — A} is open, being arbitrary union of open intervals. Also, we have
for each x € A, there exists an open interval V, such that Vx n A = {x}. Thus the family F =
{Vi: x € A}U{U} is an open cover for S since Ac U{Vx:x € A}andS—A c U. Now
since A is countably infinite, the family is a countably infinite open cover of S. Plainly it
cannot have a finite subcover. This is because if it did say, S < Vx, UVy, U...UVyx, UU for
some positive integer N, then A= AnS =
AN(Vx, UV, U...UVx ) =(ANVx ) UANVx,)U...UANVy) ={X1, X, ..., Xn} since
ANU = . Therefore, A is finite, thus contradicting that A is countably infinite. Hence, S is
sequentially compact.
(«<=) Conversely suppose S is sequentially compact. Suppose on the contrary that S is not
countably compact. Then there exists an open cover of S by countably infinite number of
open sets, say F = {U; : i € P} such that no finite subsets of F covers S. We shall derive a
contradiction. Since no finite subset covers S, for each k, S N(U; U U u...0uU) #S. We
shall now construct a sequence (a,) in S as follows. We can find a; in S such that a; ¢ S
NU; since S nU; #S. For each integer k >1 in P, we can find an element ax in S such that ax
¢ SN(Uru Uzu...uUy) since S n(Ur u Uu...uUy) =S . Then we claim that the sequence
(an ) cannot have a convergent subsequence that converges to a point in S.  Wre deduce this
as follows. Suppose on the contrary that (a, ) has a convergent subsequence (an,) that
converges to a pointsinS. Thens € S m Uy for some positive integer N since S U {U; : i
e P}. Then, forany k> N, by definition of the sequence (a. ), ax ¢ S N(U1 w Uy U...uUy)
implies that ax ¢ S N(U; u U2 U...0Uy ) and hence that ax ¢ S nUn . Thus, forany € >0
such that (s - €, s + €) < Un, there dose not exist an integer L such that k > L implies that ax €
(s-&,s+¢). Thisisbecause ake (S-¢,5+¢)=>ae (S-¢5+e)NScSNUy butace S
MUy for k> N. Therefore, there does not exist an integer K such that

k>K=ane(s—¢,S+¢) = lan —95|<e
Hence (an, ) cannot be convergent. But this contradicts our assumption that S is sequentially
compact. Therefore, S is (countably) compact.

Remark. The proof of Theorem 42 can be easily adapted to R" and metric spaces.
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Theorem 43. (Heine Borel). A subset S of R is (countably) compact if and only if S is closed
and bounded.

Proof. By Theorem 42, S is (countably) compact < S is sequentially compact. By Theorem
39 S is sequentially compact < S is closed and bounded.

Remark.

The usual definition of compactness for a subset S of R is: any open cover has a finite
subcover. In general, for subset of a topological space, this is the definition. However, for
metric spaces like R or R", any open cover has a countable subcover (a result attributed to
Lindelof). Therefore, for subsets of R or for that matter of R", countably compactness is
equivalent to compactness. Thus, for subsets of R, the following statements are equivalent.
1. S is compact.

2. S is sequentially compact.

3. S is (countably) compact.

4. S is closed and bounded.
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