Chapter 3 Continuous Functions

Continuity is a very important concept in analysis. The tool that we shall use to study
continuity will be sequences. There are important results concerning the subsets of the real
numbers and the continuity of the function: the Extreme Value Theorem and the Intermediate
Value Theorem. The next equally important and useful result is the uniform continuity of
continuous function on a closed and bounded interval. We shall study also the properties of
monotone functions. We shall assume the familiarity with the definition of a function, its
domain, range and codomain and definition of injectivity, surjetivity and bijectivity of a
function.

Definition 1. Let D be a subset of R. A function f: D — R is said to be continuous at a in
D if for any € > 0, there exists & > 0 such that for all x in D,
X—a<d=|f(X)-f(a)]|<e.

We say f is continuous if f is continuous at every point in D.

Remark. Usually continuity of f at a point x is defined via limit. The function f is said to
be continuous at ain D if |jmf(x)=f(a). Notice that this definition is equivalent to

Definition 1 when a is a limit point of D.

We shall be using sequences to study continuity and so the following equivalent definition of
continuity is particularly useful.

Definition 2. A function f: D — R is said to be continuous at a in D if for any sequence
(an ) such that a, — a, we have that the sequence ( f (a,)) is convergent and converges to f (
a), i.e., f(a) —>f(a).

Definitions 1 and 2 are equivalent. Usually it is easier to use a sequence to investigate
continuity and Definition 2 is in the form that may be used readily. However, as in the proof
of the Intermediate VValue Theorem, Definition 1 is a better choice for effective use. We
shall prove the equivalence of these two definitions later (see Theorem 12).

Example 3.
1. The Dirichlet function f: R — R is defined by
1, if x is rational
oo = 0, if x is irrational

Then f is discontinuous everywhere, i.e., at every pointin R.

This is because, by the density of the rational numbers, at every point x in R, there is a
sequence of rational numbers (a, ) such that a, — x. We can produce this sequence as
follows. For each nin P, by the density of the rational numbers (Corollary 4.4.7, Chapter 1),
there exists a rational number a, in R such that x — 1/n <a, < x+ 1/n. Plainly, a, - x. Then
obviously f(a,) =1 foreachninP. Thus, f(a,) — 1. Also by the density of the irrational
numbers (Corollary 4.4.7 and Corollary 4.4.8, Chapter 1), there exists an irrational number b,
in R such that x — 1/n <b, <x+ 1/n. Then b, — x and f (b,) = 0 for each n in P. Plainly, f
(bn) > 0. Thus, we have two sequences (a, ) and (b,) both converging to x but ( f (a,) ) and
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Chapter 3 Continuous Functions

(f (bn) ) do not converge to the same value. Therefore, by Definition 2, f is not continuous at
X, for any x. Hence, f is discontinuous everywhere.

2. Any polynomial function is continuous. Here is a different proof using sequences. We
will just show an example. The function f (x) = x* + 3x +1 is continuous. Take any a in R.
We shall show that f is continuous at a. Take any sequence (a, ) converging to a. Then f(
an) = a.” + 3 a, +1 — a% + 3a +1 by properties of convergent sequences (Properties 7 Chapter
2). Hence, f is continuous at a. Plainly, the proof for the general polynomial function is
similar.

The properties of convergent sequences translate to the following:

Theorem 4. Suppose f: D — Rand g: D — Rare two functions, continuous at a in D.
Then

(1) the sum f +g: D — R is continuous at a ,

(2) the product f-g: D — R s continuous at a ,

(3) if g(a) = 0, then the quotient é IS continuous at a,

(4) for any real number A, A fis continuous at a.

Proof. Theorem 4 follows from Definition 2 and Properties 7 of Chapter 2.
Remark. Theorem 4 may be proved directly from Definition 1 using € - & argument.
An easy consequence of Theorem 4. is the following:

Corollary 5. Any rational function is continuous on its domain of definition.

Proof. A rational function is a function of the form % , Wwhere p and g are polynomial

functions. By theorem 4 part (3) % is continuous at a where g(a) = 0. Therefore, % is

continuous on its domain of definition, which is {x : q(x) =0 }.
The next question we ask is: Is composition of continuous function continuous?

Theorem 6. Supposef: D — Rand g: A— Rare two functions such that f (D) C A, i.e.,
range of f is contained in the domain of g. Hence the composite functiongof: D — R is
defined. If f is continuous at a and g is continuous at f (a) , then the composite gof is
continuous at a.

Proof. We shall show that for any sequence (a, ) such thata, —» a, gof(a,) > gef(a).
Since f is continuous ata, f(a,) — f(a). This means the sequence (f (a.))isa
convergent sequence converging to f (a) . Then, since g is continuous at f (a), g (f(a)) > g
(f(a)). Therefore,gof(a) =g (f(a:))—g(f(a)) =gof(a). Hence,gof iscontinuous at
a.

The next result is an important result and is an important tool in analysis. In its more general
situation it enunciated the following: any continuous function on a compact topological
spaces attains its maximum and minimum. We shall use the result from Chapter 2,
particularly Theorem 39. Chapter 2 gives criteria for completeness and connection of
completeness with compactness via the Bolzano Weierstrass Theorem. One can give a proof
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Chapter 3 Continuous Functions

using entirely the idea of (order) completeness. One may say the conclusion of the Extreme
Value Theorem for closed and bounded interval is equivalent to completeness for R.

First we shall consider the continuous image of sequentially compact subset of R. Now since
compactness is equivalent to sequential compactness, we shall state the results in terms of
sequentially compact subset. However, the results are true with 'sequential compact'
replaced by ‘compact'.

Theorem 7. Suppose f : K — R is a continuous function. Then, if K is sequentially
compact the image f (K) is also sequentially compact.

Proof. Suppose (yn) is a sequence in f (K). Then for each y, , there exists an element x, in
Ksuchthat f(x,)=y.. Thus, (x.) is asequence in K. Since K is sequentially compact, (X,
) has a convergent subsequence (xn,) such that x, — x for some x in K. Since f is
continuous and hence continuous at x, (by Definition 2) f (X, )—f(x). Then

(f (X)) = (yn,) is a subsequence of (y, ) which converges to f (x) in f (K). Thus, we
conclude that any sequence in f (K) has a convergent subsequence that converges to a point in
f (K). Therefore, f (K) is sequentially compact.

Theorem 8. Extreme value Theorem. Suppose f : K — R is a continuous function and K
is sequentially compact. Then f attains its maximum and minimum, i.e., there exists ¢, d in
K suchthat f (c) <f(x) <f(d) forall xin K.

Proof. By Theorem 7, f (K) is sequentially compact. By Theorem 39 Chapter 2 f (K) is
closed and bounded. Then, M =sup{ f (k): k € K} exists in R, since f (K) is bounded above.
We shall show that M e f (K). For each n in P, by the definition of sup{ f (k): k € K}, there
exists an element a, in f(K) suchthat M - 1/n <a, < M. Then plainly, ( a,) converges to
M. Butsince f (K) is closed, by Proposition 33 Chapter 2, M is in f (K). Therefore, there
exists an element d in K such that f(d) =M and f (x) <f(d) for all x in K. Similarly, since f
(K) is bounded below, m=inf{ f (k): k € K} exists in R. We can find a sequence in f (K)
which converges to m as follows.. For each n in P, by the definition of inf{f (k): k € K},
there exists an element b, in f (K) such that m <b, < m + 1/n. We deduce in the same way
for supremum, that m e f (K). Hence, there exists an element ¢ in K such that f (c) = inf{ f
(k): k e K}<f(x)forall x inK

Corollary 9. Let [a, b] be a closed and bounded interval. Then any continuous function f :
[a, b] — R attains its maximum and minimum.

Definition 10. Suppose f : A — R isa function. A maximizer for the function f isan
element d in A such that f (x) <f (d) for all x in A. A minimizer for the function f isan
element c in A such that f (c) <f (x) for all x in A.

Thus Theorem 8 says that if K is sequentially compact and if f : K — R is a continuous
function, then f has a maximizer and a minimizer.

The next property that we will be investigating is the so called intermediate value property
for a continuous function defined on an interval. Topologically, this is just the same as
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Chapter 3 Continuous Functions

saying the continuous image of a 'connected’ set is ‘connected’ . We will not bring in this
notion but instead we will use a characterization of an interval.

Definition 11. A subset | of R is an interval, if whenever a, b are in | and a < b, then the set
[a,b]={x e Ria<x<b}cl

Remark.

1. We have previously called [a, b], a closed interval. Plainly, it is an interval in the sense of
Definition 11. Obviously, it is also closed since its limit points are in [a, b]. (See Definition
32 Chapter 2). Note that all of the following are intervals in the sense of Definition 11: [a,
b], (a, b], [a, b), (a, b), [a, + »), (a, + ©), (o, b], (o, b), (w0, + ©) =R. Thus, what
we called an interval to be any one of the above type coincides with this definition.

2. If 1 isan interval, then it must be one of the above types depending first of all whether
the interval is bounded above or bounded below or unbounded and then on the existence of
supremum or infimum and whether they reside in I or not. It is an easy exercise to show this.
3. The notion of connected set is a more general notion that applies to metric spaces and
topological spaces and of course to R, since R is a metric space. The only connected subsets
of R are the intervals. For the proof of this statement, see for instance Theorem 17.7 K. G.
Binmore Foundation of Analysis: A straightforward Introduction Book 2 Topological Ideas.
4. Note that by definition for each a in R, [a] = {a} is an interval called the trivial interval.

We shall next use definition 1 for continuity instead of the sequence definition. Below we
furnish a proof that Definitions 1 and 2 are equivalent.

Theorem 12. Let D be a non-empty subset of R and aa pointinD. Let f:D —> R bea

function defined on D. The following two statements are equivalent.

(A) For any € > 0, there exists 6 > 0 such that for all x in D,
X—al<d=|f(X)-f(a)|<e.

(B) For any sequence (a, ) in D such that a, — a, f (a,) — f (a).

Proof.
(A) =(B). Assume (A). Then suppose (a.) is a sequence in D such that a, — a. We shall
show that f (a,) — f (a). Givenany € > 0, then by (A) there exists & > 0 such that for all x in
D,

X—al<d=|f(X)-f(@)|<e  --m-mmmmmmmmmmmmme (1)
Since a, — a, there exists a positive integer N such that n > N implies that |a,— a| < .
Therefore, by (1), n>N=|f(a,)—f(a) | <e. Hence, f(a,) — f(a).
(B) =(A). Assume (B). Suppose on the contrary that (A) does not hold. Then there exists
an ¢ > 0 such that for each positive integer n, there exists an element a, in D such that |a, — a|
<1l/nbut||f(a))—f(a)|>¢. Plainly,a,—»>a. Since|f(a))—f(a)|>¢forallninP, the
sequence (f (an)) does not converge to f(a). But by assumption (B) (f (a,)) converges to f (
a). This contradiction shows that (A) holds.

We shall use either Definition 1 or 2 depending on which ever is more efficient.
Theorem 13. Intermediate Value Theorem. Suppose f: [a, b] - R is continuous. If y

is an intermediate value between f(a) and f (b), i.e. eitherf(@)<y< f(b)orf(b)<y< f
(a), then there exists cin [a, b] suchthat f(c)=vy.
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Proof. If a = b, we have nothing to prove. Assume a <b. Without loss of generality we
may assume that f (a) < f (b). If y= f(a) or f(b), we have nothing to prove. Now take any
y such thatf (a) <y < f(b). Thendefine g:[a,b] > R by g(x) = f(x) —y forxin [a, b].
Then g is a continuous function, g(a) <0 and g(b) > 0. We are going to find a point x in [a,
b] such that g(x) = 0. We do this by using the completeness property of the real numbers R.
LetF = {xe[ab]:g(x)<0}. ThenF = & sincea  F because g(a) <0. Obviously F
is bounded above by b. Hence by the completeness property of R, supremum of F exists.
Let k =sup F. Since g is continuous at a and g(a) < 0, there exists & > 0 such that for all x
witha<x<a+d<b,g(x)<0. (Takee= —g(a)/2. By continuity of g at a, there exists d:
> 0 such that for all x in [a, b witha <x <a + &1, |g(x) — g(a)| < —g(a)/2 or 3g(a)/2 < g(x) <
g(a)/2 < 0. Take 6 =min(d:, (b —a)/2).) Thismeansk >a+d'>aforany &' with0<g'
< dsince g(a+d") <0. Therefore, k >a. Thus a <k <h. Now by the continuity of g at b
and the fact that g(b) > 0O, there exists 3, > 0 such that for all xwitha<b -3, <x<b, g(x) >
0. Thismeans forany ginF, q< b -3, because forany kwithb -6, <k<b, k ¢ Fand
consequently b — &, is an upper bound for F. Thus k =sup F<b-08,<b. Hencea<xk <
b.

We now claim that g(x) =0. Thatis f (k) =y.

Suppose g(x) < 0. Then by the continuity of g at «, there exists &; > 0 such that [k — &3, k +
ds] is a proper subset of [a, b] and for any x with a <k — 83 <x <k + 83 < b, we have g(x) <
0. Thismeansk +8; € F. Thus«+ d; <sup F=«, and &; < 0 contradicting s > 0. Hence
g(x) > 0. Similarly if g(x) > 0, then by the continuity of g at , there exists 84 > 0 such that
forany x witha <k — 8, <x<x + 84 <b, we have g(x) >0. Note that for any x in [a, b], x>
k implies that g(x) > 0. Then any x in [a, b] and g(x) < 0 would imply that x < k — 84. Thus k
— 34 is an upper bound for F and hence k <k — 34 giving &4 < 0 contradicting 8, > 0. Hence
g(x) =0. We now takec =« and f (c) =.

If f(a)> f(b), then multiply by -1, we get —f (a) < —f (b). Replace fabove by —f ,y by
— v and the proof proceed exactly the same manner as above to obtain a ¢ in [a, b] such that
—f(c)= —yandthatisthe sameas f(c)=vy. This completes the proof.

4
f (b)

f(a)

v

Fig. 2

Theorem 13 is a very useful tool in analysis. It is used in the proof of the first and second
mean value theorems for integrals.

Continuity and intervals.
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Chapter 3 Continuous Functions

Some of the obvious questions we can ask is the following:

Is the continuous image of an interval, an interval?

Is a continuous and injective function defined on an interval, necessarily strictly monotone?
We shall answer these two and other similar questions.

Theorem 14. The continuous image of an interval is an interval.

Proof. Suppose Jis an interval and f is a continuous function defined on J. We shall show
that the image f (J) is an interval by Definition 11. Let y; andy, withy; <y, beiin f(J).
Then there exist x; and x» in J such that f(x1) =y1 and f(x2) =y2. Since f is continuous on
J, f iscontinuous on [X1,X2]. Thus by the Intermediate Value Theorem, for any y with

y1 <Y <YYo, there exists an element x in [x1, X2] such that f (x) =y, thatis,yisin f(J).
Hence [y1,y2] < f(J). Therefore, f(J) is an interval.

We can say more about the image of the interval if the function is also injective.

Theorem 15. If Iis an open interval and f is an injective continuous function defined on I,
then f (1) is also an open interval.

Proof. By Theorem 14, f (I ) is an interval. Suppose that it is not open. Then f (1) is of the
form [a, b], [a, b), (a, b], [a, =), or (—, b]. Suppose f (1) =[a, b) or [a, b], or [a, ©). Then
since f is injective, there exists a unique xo in I such that f (xo) = a, and for all xin I, x# Xo
= f(x) >f(x0). Since |l isopen, there exist elements cand d in | such that ¢ <x,< d and [c,
d] < I. Now by the Intermediate Value Theorem f ([c, Xo]) 2 [a, f(c)]and f ([xo, d]) 2 [a, f
(d)]. We may assume, without loss of generality, that f (c) < f (d). (Rename c and d if
necessary.) Then f([c,xo0]) Nf([X0,d]) =[a, f(c)] =(a, f(c)) #¢. But f being injective
implies that f ([c,xo]) Nf([Xo,d]) = {f(X0)} ={a} 2 (a, f(c)). This contradiction shows
that f (1) cannot be of the form [a, b) or [a, b] or [a, «) . By a similar argument we can
show that f (I ) cannot be of the form (a, b], or (-, b]. Thus f (1 ) must be an open interval.

The Intermediate Value Theorem is often used to demonstrate the existence of a root of a
polynomial equation and forms the basis of many algorithms to extract root.

Example.

1. Here is a round about way to show the existence of square root. For any positive number
C, there is a solution to the equation x? = C. The proof we shall give below is some what
different from the existence proof given in Lemma 6 of Chapter 5 in "Real Numbers?"

Let f be defined on the interval [0, C+1] by f(x) =x*. Then f is continuous on [0, C+1]
and f(C+1) = (C+1)*=C?*+2C+1>C>0=1f(0). Thus by the Intermediate Value
Theorem, there exists an element k in (0, C+1) such that f (k) = k? = C.

2. Suppose f is continuous on [a, b] and suppose either f(a) <0< f(b)orf(a)>0>f(b).
Then by the Intermediate VValue Theorem, there exists an element c in [a, b] such that f (¢) =
0. This is the usual method to locate root. An algorithm can be devised to narrow the
distance between a and b successively to obtain a nested sequence of intervals. For instance,
suppose f(a) >0 >f (b). Letc=(a+ b)/2. If f(c)=0, then we have found the root and we
are done. Iff(c) >0, thenleta;=c,b.=b. Iff(c)<O0,thenleta; =a, b =c. We then
have f (a1) > 0 > f (b,) and (b, —a1) = (b — a)/2. We then repeat the process with the interval
[ai, bi]. Inthis way, either we terminate when finding the root in a finite number of steps
or we get a sequence of nested intervals,
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[a,b]o[ar,bi] D ... o[a@n, bn]
whose end points are getting closer and closer to the actual root and hence approximate the
root better and better as (b, —a») = (b —a)/2" — 0.

Remark.
Theorems 13 and 14 are topological results. Theorem 14 is a special case of the following
result: a continuous image of a connected set is connected.

We now examine continuous function defined on an interval. Our next result considers when
a function is continuous by knowing if its image is an interval. First we formally define
monotone function.

Definition 16. Let f: D — R be a function defined on D.

(1) f issaid to be monotonically increasing or just simply increasing, if foralla, binD, a
<b =f(a)<f(b).

(2) f issaid to be strictly monotonically increasing or strictly increasing, if forall a, b in D,
a<b=f(a)<f(b).

(3) f issaid to be monotonically decreasing or just simply decreasing, if foralla, binD, a
<b=f(a)>f(b).

(4) f issaid to be strictly monotonically decreasing or strictly decreasing, if forall a, b in
D, a<b=f(a)>f(b).

(5) f issaid to be monotone if f is either increasing or decreasing.

(6) f issaid to be strictly monotone if f is either strictly increasing or strictly decreasing.

Recall the following definition of injectivity and surjectivity

Definition 17. Suppose f: A — B isafunction. f is said to be injective if for allaand b in
A f(a)= f(b)=>a=Db. f issaid to be surjective or onto if its image is B, i.e., f(A) =B.
Recall that A is called the domain of f and B is called the codomain of f and the range of f
isf (A). Thus, f issurjective if range of f = codomain of f.

To facilitate the study of continuous functions using sequences, it is useful to know what a
convergent sequence will possess as subsequences. First we recall the definition of peak
index and trough index.

Definition 18. Suppose (a. ) is a sequence in R. We say the sequence (a. ) has a peak at K if,
for all j>k, ax>a;. axis called the peak and k the peak index. Similarly we say the
sequence (a. ) has a trough at k if, for all j >k, ac<a;. axis called the trough and k the
trough index.

We are going to construct convergent subsequences of a bounded sequence using the peak
and the trough indices. But first we prove the following simple observation.

Proposition 19. Suppose (an ) is a sequence in R. If (a,) converges to a in R, then all
subsequences are convergent and converge to the same limit a.

Proof. Suppose a, — a. Then given any € > 0, there exists a positive integer N such that n
>N=|a,—a|<e. Suppose (an,) is a subsequence of (a,). Then, forallk>N, nc>k>N
and so |an, —a| <e. Thus, by definition of convergence, a,, — a.

7
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Suppose (a, ) is a sequence converging to ain R. Then (a, ) is bounded. Then (a,) has
either an infinite number of peak indices, say, ki, ko, ks, ... withk; <k, <ks<.... or(an)
has finite or no peak indices. Then by definition of the peak,

dk, = ak, = Ak = ...
Thus the subsequence (ax;) is a monotone decreasing sequence. Since (a. ) is bounded, (ax;)
is also bounded and so bounded below and by the Monotone Convergence Theorem,
ay, — inf{ay, : ke P}. By Proposition 19, inf{ay, : k € P} =a. That means ay, >a forall j in
P.

If there are only finite number of these peaks or no peak, then there is an index K, such that
there are no peak indices > K. Let n; = K. Then since n; is not a peak index , there exists an
index nz such that n, > n; but a,, > an,. Similarly since a, is not a peak, it means that it is
not true that for all j > n,, aj; <a,,. Hence there exists an index ns > n; such that a,, > an,.
Thus, in this way we recursively define ng.1 > ni such that that a,,, > an, . Therefore, (an,)
is a monotone increasing sequence. Moreover, for all n > K, a, <a. This is because if there
exists an integer no > K such that an, > a, we can deduce a contradiction as follows. Then,
there exists an integer N > K such that

n>N=|a,—al <(an, —a)/2 = an <a+(an, —a)/2 = (an, +a)/2 < an,.
Consider the maximum of the set {ax , ax+1, ..., an,an, }- Then max {ax , a+1, ..., an, any }
=an with h> K and obviously for all n > h, a, <a, and so we have a peak index h > K.
This contradicts that we have no peak index > K. Hence, forall n > K, a,<a.

We can examine the trough indices in the same way. If (a. ) has an infinite number of trough
indices, say, I, 2, 15, ... withly<l,<l3<.... | then by definition of the trough,

a, <aj, <ap, <.... and (ay;) is an increasing sequence. Plainly, (a);) is bounded above
and so by the Monotone Convergence Theorem, a), - sup{ay, : j € P}. Thus, since a, — a,
by Proposition 19, sup{ay; : je P} =a. Thus a; <aforall jinP.

Now if there are only finite number of these troughs or no trough, then there is an index L,
such that there are no trough indices > L. Letn, =L. Then since L is not a trough index ,
there exists an index n2 such that n, > n; but a,, < an,. Similarly since ay, is not a trough, it
means that it is not true that for all j > n,, a; > an,. Hence there exists an index ns > n, such
that an, <an,. Thus, in this way we recursively define nw.1 > n¢ such that that an,,, < an, .
Therefore, (an,) is a decreasing sequence. Moreover, forall n>L, a,>a. Suppose there
exists an integer no > L such that an, <a. Then, there exists an integer N > L such that
n>N=|a,—al<(@-an)2=an>a—(a—an,)/2=(an, +a)/2 > an,.
Then min{a., a+1, ..., av, an,} = @ with h > L and obviously, for alln > h, a,> a, and so
we have a trough index h > L. This contradicts that we have no trough index > L . Hence, for
alln>L, a,>a.

We have thus proved the following:
Proposition 20. Suppose (a. ) is a sequence in R converging to a in R. Then we have the

following possibilities.
Either
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(1) There is a monotonically decreasing subsequence (ay;) converging to a such that ay; > a
forall j in P and that for each j in P, n>kj = a, <ay;, and there is a monotonically
increasing sequence (a;) converging to a with a;; <aandn> Il = a, > ay;, forall jin P.

Or (2) There is a monotonically decreasing subsequence (a,) converging to a such that
ax, > a forall j in P and that for each j in P, n>k; = an <ay;, and there exists an integer L
such that foralln>L, a,>a.

Or (3) There is a monotonically increasing sequence (ay;) converging to a with a;, <aand
n>lj = an>ay, forall j in P and there exists an integer K such that for all n > K, a, <a.

Or (4) There exists a positive integer N such thatn >N = a, = a.

Proof. This is just a statement of the 4 possibilities depending on whether the sequence (a.)
has infinite peak or infinite trough indices or finite or none peak indices or trough indices.
The argument preceding the proposition proves part (1) to (3) of the proposition. Part (4) is
the remaining case when the sequence (a. ) have finite or no peak indices and finite or no
trough indices. Thus there exists a positive integer K such that n > K a, < a and a positive
integer L suchthatn>L = a,>a. LetN=max(K,L). Then n>N= a,=a.

Remark. Proposition 20 describes the possible behaviour of a converging sequence that may
be used.

We now investigate the behaviour of a monotone sequence under monotone function.

Theorem 21. Let A be a non-empty subset of R. Suppose f: A — R is a monotone function
such that the image f (A) is an interval. Let (a, ) be any monotone sequence in A converging
to an element a in A. Then the sequence ( f (an)) is convergent and converges to f (a).

Proof. Suppose f is an increasing function. Suppose (a ) is a monotone sequence in A
converging to an element a in A. If (a,) is increasing, then a, <aforall nin P. Since f is
increasing, it follows that f (a,) <f(a) for all nin P. Therefore, the sequence ( f (a.) ) is
bounded above and is increasing since i >k = ai > ar= f (ai)) > f (ax). Thus, by the
Monotone Convergence Theorem, f(a,) — sup {f (a): k eP} <f(a). Lety =sup {f (a): k
eP}. Now we claim thaty = f(a). Note that f (a;) <y < f(a). Since f (A) is an interval, [f
(a1), T(a)] < f(A). Suppose on the contrary thaty = f(a). Theny < f(a). Hence, the mid
point (y + f(a))/2 betweenyand f(a)isin [f(ay), f(a)] andsoisin f(A) and so there exists
an element b in A such that f (b) = (y + f(a))/2 <f(a). Since f isincreasing, b <a. Since
a=sup{a. : n eP), there exists a positive integer J such that b < a; <a. Therefore, f (b) <f
(as) < y. But this contradicts f (b) = (y + f(a))/2 >y. This contradiction shows thaty = f
(a) and so ( f (an)) converges to f (a).

If (an) is decreasing, then a, > a for all nin P. Since f is increasing, it follows that f (a.) >
f (a) for all nin P. Therefore, the sequence ( f (a,) ) is bounded below and is decreasing since
i>k=a<a= f(a)<f(a). Thus, by the Monotone Convergence Theorem, f (a,) —
inf{f (ax): k eP} >f (a). Lety=inf{f (ax): k eP}. Now we claim thaty = f (a). As before
we observe that f (a;) >y > f(a). Since f (A) is an interval, [f (a), f(ai)] < f(A). Suppose
on the contrary thaty = f(a). Theny > f(a). Hence, the mid point (y + f (a))/2 betweeny
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Chapter 3 Continuous Functions

andf (a)isin [f (a), f(ai)] < f(A)and so there exists an element b in A such that f (b) = (y
+ f(a))/2 >f(a). Since f isincreasing, b >a. Since a = inf{a,: n P}, there exists a
positive integer k such that b > ax > a. Therefore, f (b)>f (ax) > y. Butf(b)= (y + f(a))/2
<y. This contradiction shows that y = f (a) and so ( f (an)) converges to f (a).

If fisdecreasing, then —fis increasing. If f (A) isan interval, then (—f) (A) is also an
interval. Thus, by what we have just proved, if (a, ) is @ monotone sequence converging to a,
then —f(a,) > —f(a) andso f(a.) > f(a). This completes the proof.

Theorem 22. Let A be a non-empty subset of R. Suppose f: A — R isa monotone function
such that the image f (A) is an interval. Then f is a continuous function.

Proof. We shall assume that f is increasing. Take any element a in A. We shall show that f
is continuous at a by showing that if (a,) is any sequence in A converging to a, then f (a,) >
f (a). Thus, suppose a, — a. Then by Proposition 20 we have the four possible
consequences (1) to (4) as stated there.
For case (1), there is a decreasing subsequence (ay;) of (as) defined by the peaks of (a») and
an increasing subsequence (a;) of (a») defined by the troughs of (a.). Both subsequences
converge to a. By Theorem 21, f(ay)~ f(a)and f(a)) - f (a). Therefore, given any € > 0,
there exist positive integers N1 and N such that

jzNi=|[f(ag)-f(@)|<e  -m-mmmmmmmmmmmmmes 1)
and izN2=|fa)-f@l<e  --mmmmmmmmmmmeees (2
Let N =max{kn,,In,}. Then n>N = a, <ay,, and a, > a,, by definition of peak and
trough indices. Forany n>N, either a,>aora,<a. If a,>a, then a<a, <ax, . Since f
is increasing, f(a) <f(an) <f(ax,,) andso |f(an)—f (@) <|f (ax,,)—f (@) <eby (). If a,
<a, thena, <an<a. Hence, f(a,)<f(an)<f(a)and it follows that
|f(an) - f (@) <|f (an,,) —f (@) <& by (2). Therefore, n>N=|f(an)—f(a)| <& This means
f(a) > f(a).

For case (2) we have a decreasing subsequence (ay;) given by the peaks of (a») and there
exists a positive integer L such that n > L = a, >a. Then given any ¢ > 0, take

N =max{kn,,L}. Thenn>N=a<an<ay,,. Itfollowsthat f(a)<f(an)<f(ax,,)and
| f(an) —f (@] <|f (aky,) —f (@] <e by (1). Thus, f(a.) — f(a).

For case (3) we have an increasing subsequence (a;) of (an) defined by the troughs of (a.)

and there exists an integer K such that for all n > K, a,<a. Let N=max{ly,,K}. Then
n>N = ay,, <an <a by the definition of trough index since n > Iy,. It follows, as f is

increasing, that f(a,,) <f(an)<f(@)forn>N. Thus, n>N =
| f(an) —f @] <|f(an,,) - f (@) <e by (2). Hence, f (a)) - f(a).

Case (4) is trivial since there exists an integer Nsuchthatn>N = a,=a=f(a,) =f(a).

If f is decreasing, then —f is increasing and the image (- f)(A) = —f (A) is still an interval.
Hence, by what we have just proved, — f is continuous. Therefore, f is continuous.

This completes the proof.
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Chapter 3 Continuous Functions

Remark. A proof using the topological definition of continuity in terms of open sets is
shorter. We only need to show that the inverse image of an open set, in this case an open
interval, is (relatively) open.

Theorem 23. Suppose | is an interval and f: I — R is a strictly monotone function. Then
the inverse function f*:f (1) —I is continuous.

Proof. Since f is strictly monotone, its inverse f ™ is also strictly monotone. Since the
image of the inverse function f *is I, which is an interval, by Theorem 22, f*is
continuous.

Theorem 24. Suppose | isaninterval and f: | — R isa monotone function. Then f is
continuous if and only if the range of f, f (1) is an interval.

Proof. If f is continuous, then by Theorem 14, the image of | or the range of f is an
interval.
Conversely, if the image f (1) is an interval, then by Theorem 22, f is continuous.

The next result expresses that for a continuous function defined on an interval, injectivity is
equivalent to strict monotonicity. We present a technical result to begin with.

Proposition 25. Suppose | is an interval and f: 1 — R is continuous and injective.

Then forany x, y and z in I with x<y <z either f(x) < f(y)< f(2) or f(X)> f(y) > f(2).
Hence we have

@ Ff)<fyorf(x)< f@)orf(y)< f(z),then f(x)< f(y)< f(2).

@) I fx)>f(y)orf(x)> f(z)orf(y)> f(z), then f(x)> f(y)> f(2).

Proof. Suppose x <y <z. Then (x, y)n(y, z) = . Since f is injective, this implies that
f((x, Y)N T ((y, 2)) = . We have then the following possibilities regarding f (x), f(y) and
f(2):

Case (1) f(x)< f(y)and f(y) < f(2).

Case (2) f(x)< f(y)and f(y)> f(2).

Case (3) f(x)> f(y)and f(y) < f(2).

Case (4) f(x)> f(y)and f(y)> f(2).

Then by the Intermediate VValue Theorem, since | is an interval, we have the following
conclusions according to each case above:

(1) (fX), £(y)) =f(x y)and (f(y), f(2)) < Ty, 2);

) (1), T(y)) =f((x,y)and (f(2), f(y) = f((y. D)

Q) (f(y), 1)) =t y)and (f(y), f(2)) < Ty, 2);

@) (f(), () =f(x,y)and (), f(y) < f(y. D)

Case (2) implies that (f(x), f(y)) n (f(2), f(y)) = (max(f(x), f(2),f(y)=J. But
(FO), fM) N (F@. e Fx YN Ty 2))=Dandso (f(x), F(y))n(f(@) f(y)=
@ contradicting (f (x), T(y)) N (f(2), T(y)) #9. Thus, Case (2) is not possible.

Similarly, case (3) implies that (f (y), f (X))~ (f(y), f(2)=(f(y), min(f (x), f(2))= 3.
But (f(y), () (fy), f@)c F(x, YTy, 2)=Dandso (f(y), f(x))n(fy) f
(2)) = @ contradicting (f (y), (X))~ (f(y), f(2)) # . Thus, Case (3) is not possible.
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Chapter 3 Continuous Functions

Therefore, we are left with cases (1) and (4). Thatistosay,f(x)< f(y) < f(z2) or f(x)> f
(y) > f(2). This completes the proof of the proposition.

Theorem 26. If lisan interval and f: 1 — R is continuous. Then f is injective if and only
if f is strictly monotone.

Proof. If f is strictly monotone, then plainly it is injective.

Suppose now f is injective and continuous.

Suppose for some xi, X2 in | with x; <X, , we have that f (x;) < f (x2). We shall show that then
f is strictly increasing, i.e., foranyy, zin lwithy <z, f (y) <f (2).

If X, =yand x; =z, then we have nothing to show since f (x;) < f (x;). Ifonly one of yorzis
equal to either x; or x. , then by Proposition 25 part (i) f (y) <f (2). It remains to see the same
conclusion can be reached when y and z are distinct from both x, or x,. By the total ordering
on R, we have the following six possibilities:

Case (1) y<z<X1 <Xy

Case (2) y<X1<Z<Xg;

Case (3) y<X1 < X<

Case (4) x1 <Yy<z<Xp;

Case (5) X1 <y <x,<z;

Case (6) X1 <x<y<z,

For cases (1), (2) and (3), applying Proposition 25 Part (i), we obtained f (y) < f (x1)
using the inequality y < x1 < x, and the supposition f(xi) <f(xz). Applying Proposition 4
Part (i) again, we have then f(y) <f(z) since f(y) <f(x)) and eithery<xi<zor y<z<x.

For cases (4) and (5) since x; <y <X, and f (x1) < f (x2), applying Proposition 4 Part
(i), we get f(y) <f(x2). Then applying Proposition 25 Part (i) again we get f (y) <f (2)
since we now have f (y) <f(xz) and eithery <z <x, ory <x, <z.

For case (6) Applying Proposition 25 part (i) gives us f (x2) < f (y). Therefore,
applying again Proposition 25 Part (i) we get f (y) < f (z) since x. <y <z. Hence f is strictly
increasing.

Similarly, if f (x.) > f(x2), we can show that for any y, z in | with y <z, we have that f
(y) > f(z). We only have to reverse the inequality in the images in the above proceeding and
use Proposition 25 Part (ii) instead of Part (i). This means that f is strictly decreasing.
Therefore, f is strictly monotone. This completes the proof of Theorem 26.

Note that injectivity does not imply strict monotonicity as the following example will show.
The theorem simply says that any example of an injective function defined on an interval and
which is not monotone will have to be discontinuous.

Example
Define g : R —» R by g(x) =2x if x is rational and g(x) = —x if x is irrational. Then g is not
continuous and g is injective but not monotone.

Corollary 27. If lisaninterval and f: | — R is continuous and injective, then the inverse
function f ** is continuous.

Proof. If fis continuous and injective, then by Theorem 26 f is strictly monotone and so by
Theorem 23, its inverse f ™ is continuous.

Uniform continuity
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Chapter 3 Continuous Functions

Now we proceed to the idea of uniform continuity, which is often used in the development of
integration. For a function f: D — R, continuity at a point by Definition 1 requires a & to be
found so that for all x in D,

X-—a<d=|f(X)-f(a)|<e.
Thus, for different x, we may have different 5, i.e.,  depends on x. If we remove this
dependency on x, then we get the idea of uniform continuity.

Definition 28. Let D be a subset of R. A function f: D — R is said to be uniformly
continuous on D if for any € > 0, there exists 6 > 0 such that for all x, y in D,
X=yl<d=[f()-f(y)|<e

Remark. Plainly, it follows from Definition 1 that if f: D — R is uniformly continuous,
then f is continuous.

Theorem 29. A continuous function defined on a closed and bounded interval [a, b] is
uniformly continuous.

Remark. In part inspired by the ideas of George Cantor and Weierstrass, Heine enunciated
the notion of uniform continuity and proved the above Theorem using methods, which clearly
spelt out the principle of being able to choose a finite covering from a countably infinite
cover of [a, b], a theorem independently stated by Emile Borel (1871-1956). We now
recognize this as countable compactness. Heine used this principle in his proof of uniform
continuity and the theorem on countable compactness is known as Heine-Borel Theorem.
The extension of the Heine Borel Theorem to the case of uncountably infinite covering is
credited to Lebesgue but was first published by Pierre Cousin (1867-1933) in 1895. We have
proved the Heine Borel Theorem for countable compactness in Chapter 2 where we also
proved the equivalence of sequential compactness and countable compactness for subsets of
R. The proof for the case of compactness without using the equivalence of compactness and
countable compactness for metric spaces is given in my article "Closed and bounded sets,
Heine Borel Theorem, Bolzano-Weierstrass Theorem, Uniform continuity and Riemann
integrability".

Before we embark on the proof of Theorem 29, we shall show how a countable subfamily of
open sets can be extracted from an arbitrary open cover. We shall be using the density of the
rational numbers.

Any open set U is a countable union of intervals of the form (p, g) with p < gand p and q are
rational numbers. We deduce this as follows. For any a in U, there exists a 6 > 0 such that (a
-8, a+d) < U. Then, by the density of rational numbers, there exists rational numbers p and
gsuchthata-d <p<aanda<qg<atdandsoae (p,q) < (a—9, at+d) < U. Now the
family G = {(p, q): p < q, p and g are rational numbers} is a countable family of open sets.
This is because it is indexed by the ordered pairs (p, g) withp < g, pandq € Qandso G is
indexed by a subset of QxQ which is countable. Hence, G is countable. Therefore any
subset of G is countable. Consider the family H = {open interval (p, q): p, q rational and ( p,
q) < U}. Then H is a subset of G and so is countable. Obviously U {V: Ve H} = U. Thus,
any open set is a countable union of members from G, i.e., a countable union of open
intervals of the form (p, q) with p < g and p and q are rational numbers.
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Theorem 30. Suppose A is a subset of R and ¢ is any open cover of A by open subsets of R.
Then ¢ has a countable subcover.

Proof. Consider the family F={ B € G:Bc V, forsome V € ¢}. Then F is a cover for A.
This is deduced as follows. Take any x € A, then since ¢ is an open cover of A , there exists
amember Vin ¢@suchthat x € V. Thensince V is open, V is a union of members from G.
Hence, there exists B in G such that xe B < V. Hence, B € F. Thus, Ac u {B: Be F} and
so F is an open cover of A. F is countable since F is a subset of G and so F is a countable
open cover of A. We now use this cover to extract a countable subcover of @. Now for each
B in F choose a member Vg in @suchthatBc Ves. Letnow H={Vs:B € F}. Then
obviously H is a subfamily of @. H is countable because it is indexed by F and F is
countable. Note that U {B: Be F} c\{Vs:B € F} = U {U: U € H}. Hence, Acu {U: U
€ H} and so H is a cover for A. Therefore, H is a countable subcover of ¢ .

Remark.

The proof given above can be adapted to a proof that for a C, topological space, every open
cover has a countable subcover (Linde6f Theorem). A C, topological space is a topological
space having a countable base for its topology. For the real numbers, R, G is a countable
base for the usual metric topology on R. The density of the rational numbers plays an
important part in the proof of Theorem 30.

Proof of Theorem 29.
Let f:[a, b]> R be acontinuous function. The most important fact here is that the interval
[a, b] is countably compact. Take any € > 0. Then for each x in [a, b], there exists 6x> 0
such that for all y in [a, b],

ly =X <o = |f(y)—f(X)| <e&l2. —-m-mmmmmmmmmmmmmm e (1)
Then the family F = {(x — 8x/2, x + 8x/2 ) : X € [a, b]} is an open cover for [a, b]. Then by
Theorem 30, F has a countable subcover. Then since [a, b] is countably compact, the
countable subcover has a finite subcover, i.e., it has n members for some positive integer n
for a subcover. Let the subcover be E = {I(X1,0x,/2), [(X2,0x,/2), ..., |(Xn,0x,/2) }, Where we
denote the open interval (xj —dx,/2, Xj +Jx,/2) by 1(xj,0x,/2) for L<j<n. Let
0 =Min{0x,/2,0x,12, ...,0x,12}.
Now take x, y in [a, b] such that [x —y| < 5. Since E covers [a, b], x € I(Xk,0x/2) for some k
suchthat 1 <k <n. Therefore, by (1) we have

| FO)—FT(XW)| <82 -mmmmmmmmmmmrm e (2)
Now |y — Xk| < |y —X| + [X = Xk| <0 +x /2 < Ox, /2 +Ix /2 = Ox,. Therefore, by (1),
FO)—F Q| <82 mmememmmmmmmeemememmeeee @3).
Hence, if [x —y| <&, [ f(X)—T ()| <| T (X)—F x|+ f (X)) —F ()| <el2+el2=¢ by (2) and

(3).

This means f is uniformly continuous.

Remark.

1. Note that the proof of Theorem 29 is easily adapted almost word for word to a proof of
the general result: Suppose f: D — R is a continuous function and D is a sequentially
compact or countably compact or compact subset of R. Then f is uniformly continuous.
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2. One can use the sequential compactness of [a, b] to prove Theorem 29. One proceeds by
contradiction. Suppose f is not uniformly continuous. Then there exists a € > 0 such that for
each positive integer n, there exist x» , y» in [a, b] such that |X, — ya| < 1/n but | f (X») — f (yn)]
>¢. Thensince [a, b] is sequentially compact, (x.) has a convergent subsequence (Xp,)
converging to a point x in [a, b]. Then since |x, — ya| < 1/n, we see that |yn, —Xn,| < 1/n¢ and
so, (Yn,) converges to the same limit x. Since f is continuous at x, both ( f (x,,)) and

(f(yn,)) converge to f (x) and so f (Xn,)—T(yn) = 0. But|f(xn)—T(yn)| = ¢ for all positive
integer k and so ( f (Xn,) —f (Yn,)) cannot converge to 0 and we have arrived at a contradiction.

We have used sequences to investigate if a function is continuous. We have the methods of
sequences to decide if a sequence is convergent. This is particularly useful to test continuity
by using various sequences to see if the corresponding image sequences under the function
converge. It affords some way to look for a non convergent image sequence if the function is
not continuous. The following is a similar criterion for uniform continuity using sequences.

Proposition 31. Suppose f: D — R isa function. The following two statements are
equivalent.
(1) f is uniformly continuous.
(2) For any two sequences (x») and (y») in [a, b],
[Xn — Y| = 0= | f (%0) = f (yn) | = O.

Proof. (1) = (2) is easy just use Definition 28 (definition of uniform continuity) as in the
proof of (A) = (B) of Theorem 12.

(2) = (1). We prove this by contradiction. Suppose on the contrary f is not uniformly
continuous. That means there exists a € > 0 such that for each positive integer n, there exist
Xn, Y in [a, b] such that |x, — ya| < 1/n but | f (X») — f (yn)| = €. Plainly |x. — ya| =0 but | f (xn)
—f(yn) | » 0. This contradicts the assumption (2) that | f (xa) — f (yn) | 0. Hence, f must be
uniformly continuous.

Example.

1. The following example is well known. The function f: (0, 1) ->R defined by f (x) = 1/x,
is not uniformly continuous. Let x, = 1/(n+1) and y, = 1/(n+2). Then plainly |x, — ys| —0.
But | f (X)) — f (yn)| = |(n+1) — (n+2)| = 1 and cannot converge to 0. Therefore, f is not
uniformly continuous by Proposition 31. This is an example of a non uniformly continuous
function defined on a bounded domain, which is not closed.

2. The function f : R —»R, defined by f (x) = x?, is not uniformly continuous.
Let X, =n andy,=n+ 1/n for each positive integer n. Then |x, — ya| = 1/n —0. But|f (Xn)
—f(yn)|=|n* =(NP+2+1/n%)|=2+1/n>?—>2=0. Thus, f is not uniformly continuous.

3. Plainly f: R —R, defined by f (x) = 3x, is uniformly continuous.
Limits.

In Chapter 2 we have discussed limit points of a subset S of R. The limit points may be or
may not be in S. However, by Proposition 31 of Chapter 2, if a is a limit point of S, then
there exists a sequence (x») in S — {a} such that x, — a. Soif f is a function defined on S,
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then we have the sequence ( f (x»)). Thus, this allows us to talk about the limit of a function f
at a point not in the domain but is a limit point of the domain S.

Definition 32. Suppose f:D — Risafunction. Let a be a limit point of D. If there exists
a number L such that for any sequence (x,) in D—{a}, with x, — a, we have f (x,) — L, then
we say the limit of f as x tends to a exists and equals L. We write [im f (x) = L.
Equivalently, lim f (x) = L. if given any ¢ > 0, there exists & > 0 such that

forallxinD, 0<|x—-a|<d=|f(X)-L|<e.

Remark.

1. It is an easy exercise to prove that if the limit exists, then it must be unique.

2 An examination of the definition of limit and the definition of continuity at a leads us to
the following: Suppose a is a limit point of D, it is clear that f is continuous at a if and only

if lim f (x) =f (a).
The following properties of limits are consequences of the properties of sequences.

Theorem 33. Suppose f:D — R and g:D — R are two functions and a isa limit point
of D. Suppose that [im f (x) and ljim g(x) exist. Then
(D) lm(fe)£9(x)) = Limf) £ Limg(x),
@) lim (f00-900) = (ljm f () - (i 90)) and
(3) if further ljm g(x) # 0, then there exists & > 0 such that g(x) = 0 for all x in
- fx mf®)

(D—{a})n(a-5, at+d) and lim 909 = T g(x) °
Proof. This follows from the convergence properties of sequences. For part 3, we need to
have the quotient f / g defined in a small punctured neighbourhood (D—{a})~(a—9d,a+9),
hence the requirement that g(x) = 0 there. The proof is left as an easy exercise.

Hence, we can compute limit of a function as we would compute the limit of a sequence.
The next result that is often used is the property of limit with respect to composition.

Theorem 34. Suppose f:D — R and g:V — R are two functions such that f (D -{a}) c
V. Thus, the composite go f :D —{a} — R is defined. Suppose a is a limit point of D and b
is a limit point of V.

(A) Suppose lim f(x)=band Iy'ﬂ] g(y) = c. Suppose thatforx e Dand x=a, f(x)=b

Then limgeof(x)=c.
(B) Suppose lim f (x) = b and Iylm g(y) = c. Suppose g is continuous at b, i.e., g(b) =c,

then limgof(x)=c.

Proof. Let &> 0 be given. Then since Iyirrb1 g(y) = c, there exists &, > 0 such that

forall yinV,0<|y-Db|<& =|g(y)—c|<e =------mmmmmmmmmmmmmmm- (1)
Since lim f(x) =b, there exists 6 >0 such that
forall xinD,0<|x—-a|<8d=|f(X)—b| <8 -----mmmmmmmmmmmmmmm- 2)

(A) Suppose f (x) = b for x=a. Then by (2) forall xinD,
0<|x-a<d=0<|f(X)=—b|<& =]|g(f(x))—c|<eby(1).
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Hence, limgof(x)=c.
(B) Suppose g is continuous at b, i.e., g(b) = c, then we have in place of (1), that there exists
&1 > 0 such that
forall yinV, |[y—b|<d& =|g(y)—g(b)|<e. -----mmmmmmmmmmmm- (3)
Therefore, by (2) for all x in D,
0<|x-al<d= [f(x)-b[<d& =]g(f(x))-g(b)l <eby(3).
Hence, limgof(x)=g(b)=c.

Remark

1. We can define left and right limits for functions defined on subset of R in a similar way.
Of course we would require a to be a limit point of (a, «)D for right limit and a limit point
of (-0, @)D for left limit. One often used criterion is that limit exists if both left and right
limits exist and are the same. It offers some technical help in computing limits.

2. The notion of limit is important for differentiation as derivative is a limit of a function.

To investigate further the behaviour of a function near a limit point, other refined forms of

limit, such as lim sup f (x) and lim jnf f (x) and the one sided versions of these two limits
X-a

are used. When applied to the difference quotient of a function at a point, they lead to the
four Dini derivatives and to the Denjoy-Saks-Young Theorem on a real valued function
defined on [a, b], which gives possibilities for the values of Dini derivatives in the extended
real numbers. We can use these derivatives to investigate the behaviour of function, which
may not be differentiable everywhere. This belongs to advanced area of analysis.

Definition 35.

Suppose a is a limit point of (a, ©)~D and f: D — R is a function. Then the limit of the
function f |@ «~0: (8, ©)ND— R is called the right limit of f ata. Itis denoted by

Xlim f (x). Similarly suppose a is a limit point of (oo, a)nD. Then the limit of the function
f |0, D : (o0, 8)ND— R is called the left limit of f ata. We denote this left limit by

lim f ().

X—a

Plainly, if a is a limit point of (a, «)nD, then a is a limit point of D. Likewise a limit point
of (o0, @)D is also a limit point of D.

Theorem 36. Suppose a is a limit point of (a, «©)"D and of (—w, a)"D and f :D— Risa
function defined on D.  Then [im f (x) exists if and only if both the left and right limits of f

at a exist and are the same.

Proof. Suppose |jim f (x) exists and equals L. This means for any sequence (x») in D —{a}
with x, »a, f(x,) = L. Therefore, for any sequence (x,) in (a, ©)nD < D —{a} with x,
—a we have that f (x,) - L. Hence X'LT f(x)=L. Similarly, it follows that Jimf(x)=L.
Conversely suppose lim £ (x) =lim f () = L. Take any sequence (x,) in D —{a}. Consider
thesubsetsS={n:x,>a} and T={n: x,<a}. If S isfinite, then T is infinite. LetM =
max S. Note that the limit of ( f (x,)) is the same as the limit of ( f (X.+m)) and that for all
counting number n, Xn+m < a. Thussince Jimf(x)=L, f(Xwm) — L. Therefore, f (x,) > L.
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Similarly, if T is finite, then S must be infinite and we can show in the same way that f (x,)
— L. Suppose now both Sand T are infinite. Let S={s:,S., ... },where s;<s; < ...
andlet T={t,,t,, ... }, where t; <t, < ....Thensince lim f ) =limf(x) =L,

f(xy) > L and f(xs)— L. This means given ¢ >0, there exists a positive integer N; such
that k> N; = | f (x ) —L| <& and there exists a positive integer N, such that k > N, =

| f(xs,) —L| <e. Let N=max{tn,,Sn,}. Thenn>N= n>ty, andn>sy,. Now n is either
equal to tx or s for some k. If nisequal to tc, then tx =n > ty,and consequently k > N, and
so | f(xh)—L|=|f(xy)—L|<e. Ifnisequal to s, then sy =n>sy,and consequently k > N,
and we have | f (xn) —L| = | f (xs,) —L| <& Hence, in either case we have | f (x,) —L| <e.
Therefore, f(x,) — L. Thus ljm f (x) exists.

The next result is a useful tool in computing limits.

Theorem 37 Squeeze Theorem.

Suppose a is a limit point of D. Suppose f , gand h are functions defined on D such that
g(x) <f (x) <h(x) forany x in D — {a}. Suppose the limits of g and h at a exist and are the
same, i.e., limg(x)=ljm h(x)=L. Then lim f (x) exists and is equal to L.

Proof. This follows immediately from the Squeeze Theorem for sequences. For any
sequence (xn) in D —{a} with x, —»a, g(x,) — L and h(x,) — L. Therefore, by the Squeeze
Theorem for sequence (Theorem 13 Chapter 2), f (x.) — L. This means lim f (x) exists and is
equal to L.

Recall what it means for a sequence (a» ) of real numbers to converge to either + oo or — o
(see Definition 28 Chapter 2). We have the corresponding notion of the limit of a function
tending to either + oo or — co. We shall be concerned mainly with this kind of behaviour
either at a point or at + oo or — 0. The definitions can be easily adapted from the definition of
a limit of a function (see Definition 32).

Example 38
( )

. sin(sin(x)) n( ) B
=1, lem Tsinx) - 1. Letg(x)= forx=0and f(x) =
sin (x). Then f (x) = sin(x) = 0 for x = 0 in the interval (—5, 7). Thus by Theorem 34
. sin(sin(x)) . B
8, lim i ~ima(f ) =1
2. IXLrQ sinz(l(x) =1. Leth(x)=sin? (x). Then h(x) = 0 for x = 0. Therefore, by Theorem

. CoosinsinThx) X
34 (A), limg(h (x)) =lim Tsinto 4 sint(x)

1. Given that I|m

=1, where g is as defined in

example 1 above

1 _e*r-1 _
3. =1, lem —In(l ) 1. Letg(x) == andf(x) = In(1+x)
Note that f (x) =0 for x # 0. Therefore, by Theorem 34 (A)
eln(l+x) -1 . X

Ixim g(f(x)) =lim =1.

I T+ 2% In@ %)
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4. Given that IXLrEl % =0, IX'IE' sin(%j =0. Let g(x)=sin(x) and

F(x) = cos(x)—1

lim sin[
x-0
H 1
5. .limx?2cos(;5) =0
For x =0, .—x? <x?cos(55) < x?. Since lim x 2 =lim —x 2=0, by the Squeeze Theorem
(Theorem 37), .lim x2cos(—=)=0.
x-0 X

for x #0. Then since g is continuous at x = 0, Theorem 34 (B),

X
-1y ..
=) i af ) =0

6. In Theorem 34 (A), if g is not continuous at b, then it is necessary that there is a small
interval | = (a— 6, a+ &) such that for x e Dnland x=a, f(x)=h.

sin(x) . 1 -
x—, ifx=0 _J xsin(x), ifx+0
andf(x)—{ 0. ifx=0 . Then

0, ifx=0
. . . sin(x)
IXLrQ f (x) = 0 by the Squeeze Theorem (Theorem 37) and IyLrQ aly) :IyLrQ v =1. But

lelg g(f(x)) = 1. Actually IXLrQ g( f(x)) does not exist. We deduce this as follows. For

For example let g(x) =

each integern> 1, let x, = % Then for all integer n> 1, x, # 0. The sequence ( X»)
converges to 0. But for each integern>1, g(f(xn)) =9(0)=0 andsog (f(x,)) > 0asn
— oo. Take the sequence (yn ) where y, = for each integer n > 1. Theny, =0 for

2N+ 5 _
each integern>1andy,—»>0asn—>o. Then g(f(yn)) =9(yn) = sw;/(g/n) —-lasn—
0. Thus we have two sequences ( X, ) and (yn» ) in R — {0} both converging to O but their
images ( g (f(x,)))and ( g (f(yn))) converge to distinct values. Therefore, by
Definition 32, IXLrQ g( f (x)) does not exist.

Infinity as limits

Definition 39.
Let D be a subset of R. Suppose f:D — Risafunction. Let a be a limit point of D.

If for any sequence (x») in D—{a}, with x, — a, we have f (x,) — + oo, then we say the limit
of f asxtendstoa is+oo. We write [im f (x) = +o0. Itisimportant to note that
lim f (X) = +oo implies that the limit at a does not exist in the ordinary sense (in the sense of
Definition 32 Chapter 3) as +o is not a real number. Equivalently, im f (x) = +oo if given
any K > 0, there exists 6 > 0 such that

forallxinD, 0<|x—a|<d= f(Xx) >K.

If for any sequence (x,) in D—{a}, with x, — a, we have f (x,) — — oo, then we say the limit
of f asxtendstoa is—oco. We write |im f (x) =—oo. Note again that ljm f (x) = —oo implies
that the limit at a does not exist in the ordinary sense (in the sense of Definition 32 Chapter
3) as —oo is not a real number. Equivalently, [im f (x) = —oo if given any K <0, there exists 3
> 0 such that

forallxinD, O0<|x—-a|<d= f(X) < K.
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Remark.

Although it may be convenient to work with functions into the extended real numbers which
include +o0 and — oo, the properties we seek concern largely with real numbers and it is best
to stick to just the real numbers. Thus the formalism [im f (x) = +o0 or [im f (x) = —co is just a

shorthand for the definition.
We can make similar definition for the left and right derivative.

Definition 40.
Suppose a is a limit point of (a, «)~D and f: D — R is a function. Then the limit of the
function f |@ «~o: (8, ©)ND— R is called the right limit of f at a.

It is denoted by lim f(x). We write lim f(x) = +0 if Im f|@wnp(X) = +o.
Equivalently, lim f(x) = +o0 if given any K > 0, there exists 6 > 0 such that
forallxinD, 0<x—a<d= f(x) >K.

We write Jim f (x) = —oo if [jm | (a0np(X) = .
Equivalently, Xlirég f (X) = —oo if given any K < 0, there exists 5 > 0 such that
forallxinD, 0<x—a<d= f(x)<K.

Similarly suppose a is a limit point of (—e, a)nD. Then the limit of the function f| s, a-o:
(—o0, 8)ND— Riis called the left limit of f ata. We denote this left limit by lim f (x).
We write Jim f (X) = +oo if im f | (a7 (X) = +o0.
Equivalently, Jim f (x) = +oo if given any K > 0, there exists & > 0 such that
forallxinD, 0<a-x<d6= f(x) >K

We write |im f (x) = —oo if [im f|(—a10(X) = —o0.
Equivalently, lim f (x) = —oo if given any K <0, there exists & > 0 such that
forallxinD, 0<a-x<d6= f(x)<K.

Definition 41.

Let D be asubset of Rand f: D — R is a function.

Suppose D is not bounded above. Suppose L is a real number.

If for any sequence (X,) in D, with x, — + oo, we have that f (x,) — L then we say the limit

of f asxtendsto+ooisL. We write Jim f(x)=L.

Equivalently, Jim f(x) =L if given any &> 0, there exists a real number K> 0 such that
forallxinD, x>K=|f(X)-L|< e.

If for any sequence (X,) in D, with x, — + o, we have that f (x,) — + oo then we say the

limit of f as x tends to + oo is +o0. We write Jim f (X) = +o.

Equivalently, lim f (x) = +oo if given any J > 0, there exists a real number K> 0 such that
forallxinD, x>K= f(x)>J.

Similarly, if for any sequence (x,) in D, with x, — + o, we have that f (X,) — — oo then we

say the limit of f as x tends to + o is —0. We write Jim f (x) = —o.

Equivalently, lim f (x) = —ooif given any J <0, there exists a real number K> 0 such that
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forallxinD, x>K= f(x)<J.

Definition 42.

Let D be asubset of Rand f: D — R is a function.

Suppose D is not bounded below. Suppose L is a real number.

If for any sequence (x,) in D, with x, — — o, we have that f (x,) — L then we say the limit

of f asxtendsto—ooisL. We write lim f(x)=L.

Equivalently, lim f(x) =L if given any &> 0, there exists a real number K < 0 such that
forallxinD, x<K=|f(X)-L|< e.

If for any sequence (x,) in D, with x, — —oo, we have that f (x,) — + o then we say the

limit of f as x tends to — oo is +oo. We write lim f (x) = +oo.

Equivalently, lim f(x) =+co if given any J > 0, there exists a real number K < 0 such that
forallxinD, x<K= f(x)>J.

Similarly, if for any sequence (x,) in D, with X, — — o, we have that f (x,) — — oo then we

say the limit of f as x tends to — oo is —0. We write lim f (X) = —o.

Equivalently, lim f(x)=—oo if given any J <0, there exists a real number X< 0 such that
forall xinD, x<K= f(x)<J.

Remark.

Although it may be convenient to work with functions into the extended real numbers which
include +oo and — oo, the properties we seek concern largely with real numbers and it is best
to stick to just the real numbers. Thus the formalism [im f (x) = +o0 or |im f (x) = —oo, where

a may be replaced by a*, a~, +oo or — o, is just a shorthand for the respective definition.
The next two theorems are the analogues of Theorem 33.

Theorem 43. Suppose f:D — R and g:D — R are two functions and D is not bounded
above. Suppose Jim f(x)and Jim g(x) both exist (as finite number). Then

(1) Jim (fe0£900) = Jim () + Jim g(x),
(2) Jim (f(x)-9(x)) =(Jim f(x)) - (Jim 9(x)) and
(3) if further Jim g(x) = 0,then Jim f) _ "I%[*T‘Lf(x)
00 ! x=>+0 ¢J(X) Xl_I)E_TC]0 a(x) -
Proof. This follows from the convergence properties of sequences.

Similar results for limits of functions as x tends to — o holds.

Theorem 44. Suppose f:D— R and g:D — R are two functions and D is not bounded
below. Suppose lim f(x)and Jim g(x) both exist (as finite number). Then

D) Jim (f()+g9(x) = Jim f(x) £ Jlim g(x),

(2) Jim, (f(x)-9(x)) = (Jim,f(x) - (Jlim, g(x)) and

foo im0

g — Jlim g(x) °

(3) if further lim g(x) # 0,then lim_

Similarly we have the Squeeze Theorem too.
Theorem 45 Squeeze Theorem.
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Suppose f, gand h are functions defined on D.

(1) Suppose D is not bounded above and there is a real number K such that g(x) <f (x) < h(x)
forall x>KinD. Suppose Jim g(x)=)im h(x)=L. Then Jim f (x) exists and is equal to L.
(2) Suppose D is not bounded below and there is a real number K such that g(x) < f (x) < h(x)
forallx <KinD. Suppose lim g(x)=lim h(x)=L. Then lim f(x) exists and is equal to
L.

Proof.

(1) This follows immediately from the Squeeze Theorem for sequences. For any sequence
(Xn) in D with x, >+, g(x,) > L and h(x,) - L. Since X, >+, there exists an integer
N such that for all n > N, x, > K. Consider the subsequence (X.+n ), Then by supposition
g(Xnsn) < T (Xnen) < h(Xnen) for all n> 1. Therefore, by the Squeeze Theorem for sequences
(Theorem 13 Chapter 2), f (x..n) — L. It follows that f (x,) — L. This means Jim f (x)
exists and is equal to L.

The proof of part (2) is similar.

The next result is a comparison theorem.

Theorem 46. Suppose f and g are functions defined on D.
(1) Suppose D is not bounded above and there is a real number K such that g(x) < f (x) for all
x>KinD. If Jim g(x)=+e0, then Jim f (x) =+oo. If Jim f(X)=—c0,then Jim g(x)=—oo

(2) Suppose D is not bounded below and there is a real number K such that g(x) <f (x) for all
x<KinD. If lim g(X)=-+oo, then lim f(X)=+o. If lim f(x)=—o0, then lim g(x)=—o0

Proof. We shall prove only part (1). The proof of part (2) is similar.

If Jim g(x) = +oo, then for any sequence (x») in D with X, —+00, g(X:) — + 0. Therefore,
for any real number J > 0, there exists a positive integer L such thatn > L = g(x.) > J.
Since x, —>+oo , there exists a positive integer N such that for all integern >N, x, > K. Let M
= max{L, N}> N. Therefore , by supposition, for all integer n>M , g(x») <f (x,). Hence n>
M = f (%) 2 g(X») > J. This means f (x.) — + . Therefore, by Definition 40 Jim f (x) = +o.

If Jim f(x) =—oo, then for any sequence (x») in D with x, —+o0, f (X)) — —oo. Therefore,
for any real number J < 0, there exists a positive integer L such thatn >L = f (x,) <J.
Since X, —»>+oo, there exists a positive integer N such that for all integern >N, x, > K. Let M
= max{L, N}> N. Therefore , by supposition, for all integer n>M , g(x,) <f (x,). Hencen>
M = g(xn) < f () <J. This means g(x,) = — c. Therefore, by Definition 40,

im g(x) = .

We next present the following useful results.

Theorem 47. Suppose f:D — R isa function a is a limit point of D.
. -1
(1) If limf(x)=+o00r — oo, then lim T =0.
(2) If limf(x)=0and for some 3 >0, f (x) > 0 for all x in D (a-3, a+3) except possibly at

im—— =
a, then lim fo =

22
©Ng Tze Beng 2006



Chapter 3 Continuous Functions

(3) If limf(x)=0and for some 5 >0, f (x) <0 on D (a-5, a+3) except possibly at a, then

'foQf(—X) = .

The statements are also true with x — a replacedby x >a‘*orx—»a .

Statement (1) is also true with x — a replaced by x — + .

Statement (2) is also true with x — a replaced by x — a" and the condition be replaced by
there exists 6 > 0, f (x) > 0 for all x in D (a, a+3) or with x — a replaced by x — a and the
condition be replaced by there exists & > 0, f (x) > 0 for all x in DN (a9, a) .

Statement (2) is also true with x — a replaced by x — a* and the condition be replaced by
there exists 6 > 0, f (x) <0 for all x in D (a, a+d) or with x — a replaced by x — a and the
condition be replaced by there exists 6 > 0, f (x) <0 for all x in Dn (a-9, a) .

Proof.
(1). Suppose imf(x)=+c. Givenany & >0. By the Archimedean property of R, there
exists a positive integer N such that 0 < + <¢. Since lim f (X) =+o0, there exists 5 > 0 such
that for all x in D,

0< |x-a|<d=f(x)>N.

Therefore, for all x in D,
1

0<|x—a|<5: m< <é&
Hence, lim W =0.
(2). Suppose lim f(x)=0. By assumption f (x) > 0 for all x in D (a—6 a+d) except
possibly at a. Note that a is a limit point of D (a-8, a+d). Thus —= is defined on

f(x
C =Dn (a-9, a+d) —{a}. ( )
Take any real number K> 0. Since lim f (x) = 0, there exists 5; > 0 such that for all x in D,
0<lx—al <o = [fXI<x
Now letn=min{5, 5: }. ThenO<|x—a/<y=0<|x—al<dand 0 < |x—a| <J.
Therefore, for all x in D,
0<|x—a|<;7:>0< [T (x)| = f(x)<%

f(_X)>K

This means I|m —— =400,

f(X)
(3) The proof is S|(m|Iar to part (2). By assumption f (x) < 0 for all x in D (a—9, a+d) except
possibly at a. Take any real number K < 0. Since lim f (x) = 0, there exists &; > 0 such that
for all x in D,

0<lx—a| <01 = [f(X)| <~
Letn=min{5,5: }. ThenO<|x—al<y=0<|x—al<dand0<|x—a| <d1. Therefore, for
all xinD,

0<|x—a|<;7:>0< [f)|=—F(X)<—z

f(_X)<K

This means|im f(x)
The statements with x — a replaced by x — a* or x — a~ may be proved similarly so is the
statement (3) with x — a may be replaced by x — + o0. The proof is left as an exercise.
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We have similar results for limits at infinity in the following theorem..

Theorem 48. Suppose f: D — R isa function.
(1) Suppose D is not bounded above and Jim f (x) = 0.

If for some real number K >0, f(x) >0 for all xin D and x > X, then Jii f% +00.

If for some real number K> 0, f(x) <0 forall xin D and x > X, then Jim % =—00,

(2) Suppose D is not bounded below and Jim f (x) =0.

If for some real number K <0, f(x) >0 forall xin D and x > X, then li ( y = +00.

If for some real number K <0, f(x) <0 forall xin D and x > X, then Jlim % = —o0,
Proof.

We shall prove only part (1). The proof of part (2) is similar.

Suppose Jim f(x)=0and f(x)>0forall xin D and x> K. Thus m is defined on C
=Dn (K, «).

Take any real number J > 0. Since Jlim f(x) =0, there exists a real number L > 0 such that
for all x in D,
X>L= |f(x)|<l
Now let M = max{K, L}. Then x>M = x> L and x>K. Therefore, for all x in D,
x>M= 0 < |f(x)|_ foo <+
_f ) > J.
1 _
This means lim 0T = +00,

Suppose f(x) <Oforall xinDand x> K. Thus f( ) is defined on C =Dn (K, o).

Take any real number J <0. Since Jlim f(x) =0, there exists a real number L > 0 such that
for all x in D,
x>L= |f(] <.
Now let M = max{K, L}. Then x>M = x> L and x>K. Therefore, for all x in D,
X>M=0< |f(X)|=-TX)<—F

—<J

i x)

This meansllm f(_x) = —0o0.

We next have the results for limits of sums and products involving infinity.

Theorem 49. Suppose f:D —> R and g:D — R are two functions. Suppose
lim g(x) =c.

(1) If lim f (x) = +o0and c is either finite or + oo, then LM [ f(X)+g(x)] =+o.
(2) If imf(x)=—coand c is either finite or — oo, then lim [ f(X)+g(X)] =—
Here x —a may be replacedby x —>a‘*orx—a or x — + .
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Proof. We shall prove part (1) only.
Suppose lim g(x) = c. If cis finite, then taking ¢ = ‘%‘ +1 >0, we have that there exists 5, >
0 such that for all x in D,
O<|x—al<d1=g(x)—c| < ‘2‘ +1
= gM0>c—|S[+1 e (1)
Take any real number K > 0. Since |im f (x) = +oo, there exists 5, > 0 such that for all x in D,
0<|x—a|<52:>f(x)>r<—c+\2\ -------------------------- @)
Now letd =min {6:,6.}. O<|x—al<d=0<|x— a| <01,02

= f0+900>K-c+|S| ~14c-|§ +1=K

by (1) and (2).
Hence lim [ f (X) +9(¥)] =

Now suppose |im g(x) =+. Then there exists 8; > 0 such that for all x in D,

O<|x—al <d3 =9g(X) > 1 ------mmmmmmmmmmmmmmmmeen (3)
Since |im f (x) = +oo, there exists 8, > 0 such that for all x in D,
O<x—al<ds=F(X)>K=1--m-mmmmmmmmmeomooeoo 4)

Let 3 = min {3z, . }.
Then forall xinD,0<|x—a|<d =0<|x—al <03,04
=fX)+gx)>K-1+1=K
by (1) and (2)..
Therefore, im [ f (X) +9(x)] =

Part (2) is proved similarly. The cases when x — ais be replaced by x —>a"orx—a or x
— + oo is proved similarly.

Theorem 50. Suppose Lim f (x) =+c0and lim g(x) =c 0.

(1) If c>0o0r c =+, then limf(X)g(x) = +oo.

(2) If c<0or c=-oo, then |imf(x)g(x) =—o0

Here x — a may be replaced by x —>a*orx—a or x — + oo,

Proof.
We shall prove part (2) only. The proof of part (1) is similar.

Suppose lim g(x)=c. Ifc <0, then taking ¢ = ‘ ‘ > 0, we have that there exists 6; > 0 such
that for all x in D,

O<|x—al<o1=|g(x) c|<‘ ‘

:>9(X)<C+‘%T=c—%=%<0 ------------------- 1)

Take any real number K < 0. Then since lim f (x) = + oo, there exists &, > 0 such that for all x

in D,

2|K
O<|x—al<d2=f(x)> ||C||—2'é(>0) ------------------------ 2)
Let 3 =min {83,64 }
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Thenforall xinD,0< |x—a|<d =0<|x—a| <d1,02
= F(09(X) < 25900 and 28900 < K
by (1) and (2)
= f(X)gx) < K.
Therefore, |im f (x)g(x) = —o0
The cases when x — a is replaced by x — a*orx — a or x — + oo are proved similarly.

Theorem 51. Suppose |im f (X) = —oo and lim g(x) = ¢ 0.

(1) If c>00r c=+oo,then lim f(X)g(X)=—o0

(2) If c<0or c=—oo, then|im f(X)g(x) = +oo.

Here x — a may be replacedby x —>a‘orx—a or x — + .

The proof of Theorem 51 is similar to that of Theorem 50.
Examples 52.

1 1 o1
QD I|m N = +00 , I|m % = +oo and )!Lr(Jn X =—0

We can deduce that IXLrB] Iil = +oo by using the Definition 38. Take any sequence (x,) in R—

{0} with x, —0. Take any real number K > 0. Since x, —0, there exists a positive integer &
suchthatn >N = 0 <| x,| < 1/K. Therefore, n>N = |x1 | > K. This shows that |x1 |
n n

— 00,

Hence by Definition 38, I|m Ill =400 .
We may also use Theorem 46 (2) as follows. Since Ixim [X| =0and |x| >0 for all x # 0, by
Theorem 46 (2) I|m Ml | = o0,

We deduce similarly that )!LF()Q % =+oo. Take any sequence (X») in (0, «) with x, —0. Then

for any real number K >0, there exists a positive integer Nsuchthatn>N = 0 <| X, |= Xa <
1/K. Therefore, n>N = Xi > K. This means Xl - oo, Hence by Definition 39,

XI|rr1 % =+o0. In almost exactly the same way, we shall show that I|m % =—o0. Take any

sequence (xn) in (= oo, 0) with x, 0. Then for any real number K < 0, there exists a positive

integer Nsuch thatn >N = 0 <| X, |= =X, <-1/K. Therefore, n>N = X—ln < K. This means
% — —co. Hence by Definition 39, lim % =—00.
We may use Theorem 46 (1) to deduce that )!ir(n % = +o0 Since xIiroq x =0 and in the interval (0,

), X > 0. Likewise Theorem 46 (3) applies to give )!Lron % = —o0,

: 1
(&) lim g =+

Since lim [x—3/=0 and |x - 3/ >0 for x # 3, by Theorem 46 (2) lim 13| = +o0 .
3) )!Lr7n+ x—7 1

Since Iim X—7=0 and x—7| >0 for xin (7, ), by Theorem 46 (2) I|m X_7 =T,
4) Jim W =0. This is immediate by Theorem 46 (1) since XIir+r(]ox—3—+oo.
(5) I|m N x—1)2 = —00
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By Theorem 46 (2) I|m =+, By Theorem 59 (2), I|m 5 = +00

1 (X- 1)2 -
(6)I|m[( 7)2+2+5x] +00.

(X 1)

I)(l@ x 17)2 +o0 by Theorem 46 (2) and Iim [2 +5x] = 37 is finite. Therefore, by
Theorem 498 1) I|m [(x 7)2 +2+45X] =+
(™ lim =7z ===
1 1 _
We can write I|m =lim -—= - (x—9). Because len;l x=T7)2 = +o0 and

" x —7)2 M x=7)2

I|m(x 9) =-2 <0, by Theorem 49 (2), Ilm ()2( 79)2 = —o0,
(8) Jim 5 cos(sE) =
For x#0, ‘1‘ < Xcos( 2)<‘1‘ Since |ir ‘% =lim ‘%‘:O,bytheSqueeze

Theorem (Theorem 45), .lim )1(005( 5)=0.

We have extended the notion of limits to include formally + «o . We now describe how this
behaves with composition. The next result is an analogue of Theorem 34.

Theorem 53.

Suppose f:D—>R and g:V — R are two functions such that f (D -{a}) < V. Thus, the
composite go f:D —{a} — R is defined. Suppose a is a limit point of D and b is a limit
point of V. Let c be a finite real number or the symbol +o or — o

(1) Suppose lim f (x) = +oo and Jiggo g(y)=c. Then limgof(x)=c.

(2) Suppose lim f (x) = -0 and yljr_go g(y)=c. Then limgof(x)=c.

(1) and (2) hold when x— a is replaced by x—>a*or x > a".

(1) and (2) also holds when we require that f (D ) c V and x— ais replaced by x— + o or x
—> — 00,

Proof. We shall prove part (1) only. The proof of part (2) is similar.
Suppose c is finite. Since ngo g(y)=c, givenany € > 0, there exists a real number L >0

such that for all y in V, y>L=|gy)—cl<e. mmmmmmmmmeeeeeee- (1)
Because im f (x) = +oo, there exists a & > 0 such that for all x in D,
limg(y)=cf()>L.  -rormrmmommrmmmeoemoeees (2)

Therefore, for all x in D,
O<x—al<d=f(X)>L=|g(f(x)-c|<e
by (2) and (1).
Thismeans limgof(x)=c.
If cis+ oo, then because )]jmo g(y) = +o0, given any real number K > 0, there exists a real
number L > 0 such that for all y in V,

y>L=g(y)>K. e ®)
It then follows from (2) and (3) that for all x in D,

O<px—-a<d=f(X)>L= g(f(x)>K.
Hence |im g o f (x) =+o0.
If ¢ is— oo, we proceed in exactly the same manner. ﬂ% g(y) = —o implies that given any
real number K < 0, there exists a real number L > 0 such that forall y in V,

27
©Ng Tze Beng 2006



Chapter 3 Continuous Functions

y>L= g(y)<K. W - 3)
Therefore, it follows from (4) and (2) that for all x in D,
O<lx—-a<d=f(X)>L= g(f(x)<K.
Thus ljm gof (X) =—o.
The other cases when x— a is replaced by x— a*or x — a or Xx— + o 0or X — —oo are
proved similarly.

Remark. Note that the proof is just a careful handling with the definition 39 and Definition
41,

Theorem 54.

Suppose f:D—>R and g:V — R are two functions such that f (D) < V. Thus, the
composite go f:D — R is defined. Suppose b is a limit point of V. Let ¢ be a finite real
number or the symbol +o or — .

(1) Suppose Jim f(x) =b and IinE' g(y) =c. If there exists a real number K > 0 such that

forall xinDand x> K, f(x)=b. Then Jim gof(x)=c.

(2) Suppose lim f(x)=band )I/ert} g(y) =c. |If there exists a real number K < 0 such that
forall xinDand x <K, f(x)#b. Then lim gof(x)=c.

(3) If cisfinite, Jim f(x) =D, Iy'ﬂ,' g(y) = c and g is continuous at b, then  Jim g f (x) =c.
(4) If cisfinite, Jlim f(x)=Db, l,'[[} g(y) = c and g is continuous at b, then  lim gof(x) =c.

Proof. We shall prove parts (1) and (3) only. The proof of parts (2) and (4) is similar.

(1) Suppose c is a finite real number. Then since Iyirp g(y) = c, for any & > 0, there exists & >

0 such that forall y in V,
O<|y-b|<d =|g(y)—cl<e. W —mmmmmmmmmmmmmmme (1)
Since Jim f(x) = b, there exists a real number L > 0 such that for all x in D,
X>L=|f(X)-Db|<3.
Now let M = max{K, L}. Then by assumption forall xinD,x>M = x> K= f(x) #b.
Hence we have that for all x in D,
X>M=0<|f(X)—Db|<d. W --mmmmmmmmmmmmmmemee (2
Therefore, combining (1) and (2) we obtain that for all x in D,
Xx>M=0<|g(f(x))—c|l<e.
This means Jim gof(x)=c.
Now for the case ¢ = +oo. Iyim g(y) = +oo implies that given any real number J > 0, there

exists & > 0 such that forall y in V,
O<ly-b|<d = g(y)>J.  -mmmmmmmmmmmee- (3)
Therefore, it follows from (2) and (3) that for all x in D,
X>M=0<|f(X)—b|<d= g(f(x)>J.
This means Jim g o f (x) =+.
The case when ¢ = —o is similar. We note that IyI_I:Tb] g(y) = —oo implies that given any real

number J < 0, there exists 6 > 0 such that for all y in V,

O<|y—-Db|<d = g(y)<J. = =mm-memmmmmmmmmmeooeees (4)
It follows then by (2) and (4) that for all x in D,
28
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X>M=0<|f(X)-b|<d= g(f(x)<J.
This means Jim g o f (x) =—oo.
(3). If cis finite and g is continuous at b, for any € > 0, there exists & > 0 such that for all y in
vV,

ly—bl<8d =]gy)—cl<e.  smmmmemmeeeneee (5)
Since Jim f(x) = b, there exists a real number L > 0 such that for all x in D,
X>L=[f(X)=b[<d. e (6)

Thus combining (5) and (6) we get that for all x in D,
x>L=|f(X)-b|<d=]|g(f(X))-c|<ke.
This means Jim gof(x)=c.

Example 55. .
sin
1. Jim xsin(%) :Jim (x )—1 Let f(x)= and g(x) = ()forx;to Since

1
X
=1and Jim f (x)=)im
1
sin(x)

1
X

(X) 1
X

I|m g(x) _lerg =0, by Theorem 54 (1),

im g(f (x)) =)im =1

eX—l=1’ Ji%XZ(ex%_l)zll Letg(x):e 1 al’]df(X):—

Note that f (x) = 0 for x 7 0. Therefore, by Theorem 54 (1)
Jim g(f ) =limx3ex ~1)=1.

3. Note that in Theorem 54 (1) the condition that f (x) = b for large x, cannot be removed.
( )for X # O and g(0) = 0 and let f (x) = 0 the constant
function. Obviously, I|m g(x) _I|m ( ) =1and Jim f(x)=0. But Jim g(f(x)) #1.

For instance, let g(x) =
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