Chapter Six. Series

We have seen sequences in chapter 2. Starting from a sequence we can form a new
sequence by taking its partial sums. Such a sequence is called a series and series are
important enough to gain a special place of interest. We shall study series of real
numbers and investigate criterion or tests for convergence or divergence. If a series
increases extremely slowly, some of the tests will fail to determine its convergence or
divergence and refined tests are required. We shall give some refined tests and other
special tests in a later chapter.

6.1 Definition and Convergence

Definition 1. Suppose (a. ) is a sequence. We can form the series
apt+ta+az+

More specifically, an (infinite) series consists of

(1) asequence (an),

n
(2) the sequence (s») of partial sums, where s, = kZ ak.
=1

The term a, is called the n-th term of the series and s, the n-th partial sum of the
series.

If (sn ) converges to a real number S, then we say the series converges to S and we
write

o0
a,=Sor Y a,=Sora;+az+-=S.
n=1

If (s, ) is divergent, then we say the series is divergent. If (s, ) is divergent and s,
tends to + oo , then we say the series is properly divergent.

We usually write > a, ora; +a,+as+ ... forthe series.
Example 2. Theseries c+c+c+ ... convergesifandonlyif c=0.

The seriesc+c+c+ ... is of course given by > a, with a, = ¢ for all integers n in P.
n

Therefore, the n-th partial sum s, = >, ax=nc. If ¢ =0, then (s,) is divergent. We
k=1

shall explain this below. If ¢ >0 and s, — a, we shall then deduce a contradiction.
Sinces,=nc>c>0,a>0. If s, > a, then by definition given any & > 0, there exists
positive integer N such that for all nin P,
Nn>N=|s,—al=|nc—-a|< e.

Take e =c¢ > 0. Then by the above argument, there is an integer N such that for all n
inP,

n>N=|s,—al=|nc—-a<c  -mmmmmmmmmmmeee (1)
Now by the Archimedean property of R, there exists an integer No such that
NoCc>a+c.
Take any integer n > max(N, No). Thennc>Noc>a+c. Hencel|s,—a|=|nc—a| =
nc—a>c.
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Chapter 6. Series.

But since n > N, by (1), we have that |s, — a] = |nc — a| < ¢ and this contradicts |s, — a|
> ¢. This means (s) is divergent. If c¢ < 0, then as shown above (-s,) = (n(—c)) is
divergent. Hence (sn) is divergent. We have thus shown that (s,) is divergent if ¢ = 0.
Plainly, when ¢ = 0, (s») is convergent since each s, is equal to 0.

The above argument is trivial. It is more instructive to use the fact that any
convergent sequence is bounded. (Reference: Theorem 11 of Chapter 2 Sequences.).
Let this result work for you. Note that if ¢ # 0, then the n-th partial sums {s, : n € P}
is not bounded. This is deduced by invoking the Archimedean property of R. Take
any real number K > 0. Then by the Archimedean property of R, there exists a
positive integer N such that |sn| =|Nc| = N|c| > K. Hence {s, : n € P} is not bounded.
It follows that if ¢ #0, then ( s, ) cannot be convergent for otherwise {s, : n € P} will
be bounded.

- 1
Example 3. The series nz=;L TGER

Here a, = m = % - }L 7- Thus the n-th partial sum,
Sh= artatast... +a,
-d-bed-Hetedoghpiegh o
Therefore, nz=:l m = 1.
Remark. "="sign here has meaning different from the usual equality as in" 2 + 2 =

4". It means the limit of the series is 1. Here is an example of a different use of the
equality sign.

Example 4. Geometric Series.

0

a'=1l+a+a’+-
n=0
1

converges to 1-a if |aj<1.

Here we deviate from the previous indexing convention, where the terms are indexed
starting from the number 1. We define here for a sequence ( a, ) indexed by
non-negative integers, starting with a, the n-th partial sum s, to be
n-1

> ax=ap+ay+--an1. This change in the starting or beginning of the index will
k=0

not alter the theory at all. We can in effect transform this series to the usual form by

n-1 n
letting bx = axs fork =1,2, ... . Then kZ ay = kZ by.
—0 1

We begin by lettingck=a“ and sh=Co+ C1+ ... + Cn1 .
(1+a+a%+--+a")(1-a)

Then sp,=1+a+a’?+--+a"!= T-a ,if a=l
~l-a l1-a 1-a 1l1l-a 1-a '
2
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Chapter 6. Series.

Now if |a] < 1, then the sequence ( Cn) T ( a") is convergent and ¢, = a" —0.
C

Therefore, if |a| <1, sy = 1-a 1 ”a 1o a—O:m. Thus, we conclude that
1

if |a| <1, the geometric series Z a" is convergent and converges to m—— 1-a
n=0

If |a| > 1, then the sequence ( ¢,) =(a") is divergent as it is unbounded. Therefore

(sn) = (1 1 1 a) is also divergent. Hence if |a| > 1, the geometric series Z an

is divergent. If a=1, then s, =n and so the sequence ( s, ) is divergent as agam |t is
unbounded. Consequently, Y, a" is divergent when a =1.
n=0

O0,neven,n>2
1, nodd,n>1
('sn) is not Cauchy. (For instance, for any positive integer N, just take any even n > N
and odd m > N, then |s, —Su| = 1 > 1/2. This shows that it is not Cauchy.) Therefore,
boél Cauchy Principle of Convergence, ( s, ) is divergent. Thus, the geometric series

Ifa= -1, thens,= { and (/s ) is divergent. It is easily seen that

> a" is convergent if and only if |a| < 1.
n=0

Remark 5. Series can start from any term of a sequence (a, ). For example,

atart ... ( Start with ap .)
atat... (Start with a;.)
atast ... (Start with a,. )

are three series with terms from the same sequence but starting with different terms.
We can write the above series in the summation notation, >, a,, 2, an, 2, an.
n=0 n=1 n=2

does not matter the series begins with which term of the sequence, it does not alter the
theory in anyway. We can make some convention by requiring that s, denotes the
partial sum of n terms only. Hence, the n-th partial sum for the above three series
will be given by

Sn = a.O + a.l + ...+ an-]_ y

Sn:al+a2+...+an,
and Sh=a+as+t ...+t an
I the series begins with the k-th term ac , then s, = a+ &1 + ...+ s Plainly, if k
and j are integers such that k < j, then Z an converges < Z an converges.

n=j
-1
Note that Z an=2. an +Z an. Thus, if s, is the n-th partial sum for Z a, and t,
n=k n=k n=k

is the n-th partial sum for Z an, for n>j—Kk,
n=j

k+n-1 j-1 jH(k+n—j-1)
Sh=akt a1t ...t Qs = Z aq—Ziaq Z dq
0= a=J
j-1 -1
= Z%( Aq +aj+aj + ... T Ajrn-(-k)-1 = Z:,( aq + th-gok). =mmmmmmmmmme- 1)
g= =

Note that the sequence ( s, ) converges < ( Swjk ) converges. But by (1)
J

Snijk = 2, @q +1tn , and so ( Sn+jx ) cONverges <> ( t, ) converges. Therefore, (s )
g=k

converges < ( t, ) converges. Thus, the behaviour regarding convergence does not
depend on the beginning term of the series.

3
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Chapter 6. Series.

Since series can be regarded as a sequence, more specifically, its n-th partial sums
form a sequence, properties for sequences can now be translated into properties for
series .

Properties 7.

(1) If X a, converges then its sum is unique.

(2) fXa,=a and 2 b,=b,then> (an+b,)=a+h.

(3) If X an=a,then X Aa,=Aa.

(4) For a complex series, 2. a, converges <> 2. Re a, and 2 Im a, converges.
(Here for a complex numberz,z=Rez+1ilmz)
If> a,=a,thenX Rea,=Rea and > Ima,=Ima.

(1) is just an assertion about uniqueness of limit.

(2) follows from (1) of Properties 7 page 4 Chapter 2 Sequences.

(3) follows from (2) of Properties 7 page 4 Chapter 2 Sequences.

(4) follows from the remark after the Squeeze Theorem for sequences , Theorem 13 of
Chapter 2 Sequences, page 6.

6.2 Cauchy Series.

We shall translate Cauchy principle of convergence for sequences to a principle of
convergence for series.

Definition 8. 2 a, is a Cauchy series if the partial sum ('s,) is a Cauchy sequence.
l.e., if given € > 0, there exists an integer N such that

m
m>n>N = [sp—sn|<e =| >, ax
k=n+1
This is equivalent to saying that there exists an integer N such that for alln > N and
n+p

for all positive integer p, | X ax| <¢
n+1

<e,

Then we have the principle of convergence for series.
Theorem 9. X a, is convergent if and only if X a, is Cauchy.

Proof. This theorem is just a restatement of the Cauchy principle of convergence for
the n-th partial sum sequence. This is also true of complex series, indeed for any
complete normed space such as R". The theorem for the real case follows from
Theorem 20 of Chapter 2. For the complex case, just observe that by Property 7 (4),
2. a, is convergent if and only if its real and imaginary parts are convergent if and
only if its real and imaginary parts are Cauchy if and only if X a, is Cauchy.

Remark. We use this theorem to prove most of the results about series. In practice,
we rarely know what the sum of the series is.
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Chapter 6. Series.

The next result is a useful means of deciding when a series does not converge,
specifically it gives a necessary condition for convergence in terms of the terms of the
series.

Proposition 10. If > a, converges, then a, — 0.

Proof. If X a, converges, then X a, is Cauchy. Then by definition 8, given ¢ > 0,

there exists an integer N such that for all n > N and for all positive integer p,
n+p

Y. a

n+1
a,— 0.

<e&. Taking p =1, we have then that for all n > N, |a.«1| < €. This means that

Remark. Thus if (a,) does not converge to 0, then 2. a, diverges.

Example
2. a" is divergent if |a] >1 since (a") does not converge to 0.

Remark.
1. By proposition 10, if ( a, ) does not converge to 0, then 2. a, diverges

2. The converse of Proposition 10 is false.
That is to say that if a, — 0, it need not follow that > a" is convergent.
The following is a counterexample,

2 % is divergent even though % >0.

n=1
The n-th partial sums, =1+ % +...+ % is obviously an increasing sequence. We

shall show that it is unbounded and so it is divergent. This is because if ('sn) is
convergent, then it is bounded (reference: Theorem 11 of Chapter 2 Sequences).
We shall look at a subsequence of (s, ) form by successively doubling the number
of terms. The first few terms of this subsequence are:

$1=1,5=1+1/2,8,=1+1/2+ (1/3+1/4) > 1+ 1/2 + 1/2
Ss= 1+ 1/2+ (1/3+1/4) + (1/5+1/6+1/7+1/8) > 1+ 1/2 + 1/2 + 1/2

This subsequence is (San). Sona is obtained from (s2+) by adding the next 2" terms.

Therefore, . . .
32n+1 :Szn+ 2h+1 +fn+2 + -+ 2n+2n

280 + 50T T oneg T T oner = S0 + 27 5y =Son +
Thus we have for each integer n > 0,
Soni1 > Son + %
Repeated use of this inequality yields,
Soni1 2> Son + 2

1 1

N

1

ZSzn—1+§+§2“'232+(n—1)§+§=1+ =

1. n_ 1
5+7 —1+(n+1)2.
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Hence, for any positive integer n, San > 1+%n. Take any real number K >0 .
By the Archimedean property of R, there exists a positive integer N such that

N % > K. Therefore, sy~ 21+%N >K. Hence takingM =2V n>M =
Sh>Sm=>1+ %N > K. Thus, (sn) is unbounded. Consequently, the series 2, %
n=1

is divergent.

6.3 Series of Non-Negative Terms

Now we shall investigate a few tests for convergence.

We next state two results about series of non-negative terms. For such series, the n-th
partial sums ( s, ) is an increasing sequence. The first result is a consequence of the
Monotone Convergence Theorem (Theorem 15 Chapter 2. Sequences).

Proposition 11. Suppose 2. a, is a series of real non-negative terms. Then X a, is
convergent if and only if (s, ) is bounded.

Proof. Since for each integern>1,8,>0,S+1= a1t @ + ...t ahtam>a +a + ...+
a, = s, for each positive integer n. Therefore, ( s, ) is an increasing sequence.
Therefore, by the Bounded Monotone Convergence Theorem (Theorem 15, Chapter
2. Sequences), if (' s» ) is bounded, ( s, ) is convergent and so the series X a, is
convergent. Conversely, if (s, ) is convergent, then ( s, ) is bounded (by Theorem 11
Chapter 2 Sequences) .

Proposition 12 (Comparison Test)

Let > a, and X b, be two series of real non-negative terms such that
an <A by,

for all positive integer n and for some positive real number A.

(1) If X by is convergent, then 3 a, converges.

(2) If 2 a, is divergent, then 2 b, diverges.

Proof.

(1) By proposition 11, > b, converges if and only if its n-th partial sums ( s, ) is
bounded. Thus if 2 b, is convergent, then its n-th partial sums ( s. ) is bounded, say
by K> 0. l.e., sn<K.

n n
Now, for each positive integern, > ax <A, ax=4Sn, since a, <A b,. Therefore,
k=1 k=1
n
if we lett, = a; + a; + ...+ a, = ), ax be the n-th partial sum for the series X a,,
k=1

n
th =2 ax < As, <K for all positive integer n. That means ( t, ) is bounded and so
k=1

by Proposition 11, . a, is convergent.
(2) If 2 anis divergent, then by Proposition 11, (t,) is unbounded. Note that, for

each positive integer n, s, > %tn. Thus since ( t, ) is unbounded, given any L > 0,

there exists an integer N suchthatn >N =t,>A L. Hence,n>N=s5,> %tn > L.

Thus ( sa ) is unbounded and so by Proposition 11, the series 2. b, is divergent.

6
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Example 13. 2, n_12 is convergent.
1 < 1
(n+1)2 = n(n+1)

. 1 i <
Comparison Test, is convergent . Therefore, =1+
P nZl (n+1)2 g nZl n2 Z

Since and Y, m is convergent (see Example 3), so by the

C N+ 1)2 1S
convergent.

Proposition 14. Suppose 2. |a.| is convergent. Then > a, converges.

Proof. We shall use Cauchy Convergence Principle for Series.
Proof is just simply observing that if 2. |a,| is Cauchy, then sois X a.. If X |aq| is
convergent, then 2. |a.| is Cauchy by Theorem 9. That means given any n8p> 0, there

exists an integer N, such that for all n > N and for all positive integer p,ZIakI <e.
n+p
Y a

n+1
n+p
positive integer p, |2 ax
n+1

n+p

Therefore, since < 2 |ak|, by the triangle inequality, for all n > N and for all

n+p

<Y la <e. Hence Y a, is Cauchy. Therefore, by
n+1

Theorem 9, X a, is convergent.

Remark.
1. An useful equivalent statement for Proposition 14 is:
If X a, diverges, then X |a| is divergent.
2. The converse of Proposition 14 is not true (see Example 16 below).

Definition 15. We say the series 2. a, converges absolutely if X |an| is convergent.

_1\n+1
Example 16. Y, % =1-5+3 -7+ Is convergent but not absolutely. (We
n=1
shall show later that it converges by Alternating Series Test.)

Remark. Most tests are tests for absolute convergence. Plainly any test for
non-negative series gives a test for 2. [a.| . The next result illustrates this point.

Proposition 17. Suppose (a.) is a bounded sequence. Then Z 2 converges.

Proof. The sequence (a. ) is bounded implies that there eX|sts a real number M > 0
such that |an|< M for all positive integer n. Thus, we have for all positive integer n,

0<|— s% Therefore, since ), % is convergent (see Example 13), by the
n=1

—-| converges. It follows then by Proposition

14 that Z 12 Is convergent.

& sin(nx)
any x by Proposition 17.

Example 18. is absolutely convergent (and therefore convergent) for
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Definition 19. If the series 2. a, is such that 3. a, is convergent but X |a,| is divergent,
we say the series X a, is conditionally convergent.

.. z (-1t . .
Hence the series in Example 16 Y, (T =1-75+%5—++ is conditionally
n=1
) ) (_1)n+1 0 1. )
convergent since X |~—f—| = X 7 is divergent.
n=1 n=1

6.4 Alternating Series Test

Now we come to the alternating series test which can be apply to the series
0 (_1)n+1
2 h
n=1

Theorem 20 (Alternating Series Test, Leibnitz's Test)
If (an ) is a monotone decreasing, non-negative sequence and a, — 0, then X (-1)™"a,
is convergent.

Proof. We shall show that > (-1)""a, is Cauchy.

There is also a proof making use of the fact that Sz, = Szn1 — @20, both (S2n ) and (Szn-1)
are bounded and monotone and so are convergent and that az, — 0.

Suppose m and n are positive integers such that m > n.

m
kZ(—l)"”ak = (D)™ an + (-1)™ang + - + (-1)™ay|
=N

:|an—an+1+"'iam|

|an — ans1| +|@ns2 — @nss| + - +|@m-1 — am| if Mm—nis odd
| |an—ans| +lan2 —anss| + -+ |@m2 — @m-1| + [am| if m=nis even

(@n—ans1) + (Ans2 —ans3) + -+ (@m-1 —am) ifm—nis odd
Tl (@pn—ans)+ (@2 —ans3) + o +(@mez2 —a@m-1) +am ifm—nis even

_ ) an—(an1 —an2) — (@niz —ania) = — (@m2 —am-1) —am ifm-nis odd
an—(@ni1 —ans2) —(@niz —ansa) — - —(@m-1 —am) ifM—nis even

S an, ---------------------------------------------------------- (1)
since (a,) is a monotone decreasing and non-negative sequence.
Now since a, — 0, given ¢ > 0 there exists integer N in P such that n> N = |a,| = a,
<g. Therefore, by (1), forn>Nandanym>n,
m

k+1
— <ap .
Y(-1)*a| <an<¢
k=n

Thus the series X, (=1)™'a, is Cauchy and so is convergent by Theorem 9 (Cauchy
Principle of Convergence for Series). This completes the proof.

Alternatively, we may use the following technique: if the subsequence formed by the
terms of the sequence indexed by even integers is convergent and the subsequence
formed by the terms indexed by the odd integers is also convergent and both
subsequences converge to the same limit, then the sequence is convergent.
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Let s, denote the n-th partial sum of the series. So we shall look at the following
subsequences ( Sz, ) and ( Szn1). Now for each integer n > 1,

San+1 — San1 = —@zntazn+1 < 0.
Therefore, ('szn-1) is a decreasing sequence. Observe that for each integer n > 1,

Son-t = ai— a2 t Az — ... —Azn2 Tazn1
= (a— az) + (as — as)+ ... (Azn3 — @2n2) +azn1
> a1 >0,

since each of the bracketed terms are greater or equal to 0.
Hence ( szn1) IS a decreasing sequence bounded below by 0. Therefore, by the
Monotone Convergence Theorem (Theorem 15, Chapter 2 Sequences), ( Sz-1) IS
convergent. Similarly, for each integer n > 1,

San+2 — San = Azn+1 — Az2nez 2 0.
Thus, ('szn ) is an increasing sequence. Next we shall show that it is bounded above.
Note that

Son=a1—az+az— ... —aAz-2 tazn1— ann
= a;— (az - 3.3) - (3.4 - 3.5) — ...—(azn-2 —aZn-l)— aon
< dai ’

since each of the bracketed terms are greater or equal to 0. Therefore, ( Sz ) is an
increasing sequence bounded above by a;. Hence by the Monotone Convergence
Theorem (Theorem 15, Chapter 2 Sequences), ( Szn) iS convergent.
Now

Son = S2n-1 — Azn.
Therefore, |im szn =lim Szn-1 —]im azn =lim s2n-1 — 0 =]im s2n-1, since Jim a, = 0.
(If a, — 0, then all subsequence of (a, ) also converges to 0. This can be proved
easily. See Proposition 19 of Chapter 3.) Hence, both ('szn ) and ( sz2n1) converge to
the same limit and so ( s, ) is convergent and that means the series > (-1)™'a, is
convergent.

6.5 The Ratio Test

The next test we shall give is one of the most important test for series. D'Alembert
gave the absolute convergence part of the ratio test in 1768 in Opuscules
mathématiques, 5. But it was Edward Waring (1734-98) who gave in 1776 the now
well known ratio test for convergence and attributed to Cauchy. We shall give first a
simplified version.

Theorem 21 (Ratio Test, D'Alembert's Test)
Let > an be a series..

Then (i) If Jim | Sat
(i) 17 Jim |2+ = 0> Lor Jim | 5
(i) If lim a”—:l =o = 1, then 2 a, may converge or diverge. No inference can
be made. The convergence may be investigated by other methods.

= a <1, then X a, is absolutely convergent (hence convergent).
‘ nat | _ o, then X an is divergent.

Proof.
(i) Suppose a < 1. Choose a real number ¢ such that a <c<1. Let e=c—a.

n+l

Since |im ‘ aan ‘ = a, there exists a positive integer N such that for all integer n,

a
nZN:>a—g<‘ angl

R *)

9
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Therefore, for all integer n > N,
[Anu| < an| €. mmmmmmmmmmmeeeee oo (1)
So let p be any positive integer. It then follows from (1) that
@] < C [aspa] < G2 fanspa] <... <CP fa].

Thus since Y, cP converges because 0 < ¢ < 1 (Example 4, Geometric Series) , by the
p=1

Comparison Test (Proposition 12), Z|aN+p|converges. Therefore, Y lanl is
p=1 n=1

convergent. It follows that 2. a, is absolutely convergent (Reference: Proposition 14).

(it) Suppose o > 1. Choose a real number c such that o > c¢ > 1. Then as before,

n+l

since |im ‘ aan ‘ =a , taking € = a — ¢, there exists a positive integer M such that for
all integer n,

nzM:'C:a—8<‘aa":1 <A+E. e (**)
It follows then that for all integer n > M,
|ansa| > € [@n|  mmmmmmmmmmmmmee oo (2)
Thus for all positive integer p, using (2) we get,
[amsp| > C |amsp-1] > C? |amsp2| >... > C° |am|.  -----mmmmmmmemee- (3)

Because ¢ > 1, the sequence ( c” |av| ) diverges since |av| = 0. In particular, c” |aw|
—oo. Therefore, by (3), |awsp| — o as p —c. Hence ap.p » 0 as p —oo. Therefore,

by Proposition 10, Y awm.p diverges and it follows then that Y. a, is divergent.
p=1 n=1

n+l

If lim aa_ = oo, then by definition, take any ¢ > 1, there exists a positive integer M
n

Nn—oo
ans

such that for all integer n, .n>M :>‘ ar

>C = |lan| >clanl.  We then proceed

o0

exactly as before using (2) to deduce that . a, is divergent.
n=1

(iii) If o =1, no inference can be made. The example below will illustrate this point.
> 1/nis divergent and X 1/n? is convergent. Ratio test for both series gives o as 1.

Remark. We have actually proved a more refined version of the test since we only

use one side of the inequality (*) or (**).

. Ana| . ‘ ani1
Note that |im ‘—an =a <lim sup | =

=lim inf ‘aa”—zl =a. (This is a special case
n—o0
of the result that [im b, = # <lim sup b, =lim inf b, = f. This result is proved in the
N—oo

proof for Theorem 20 (Cauchy Principle of Convergence) Chapter 2 Sequences.
We give the refined version of this test below.

Theorem 22 (Ratio Test, D'Alembert's Test, Refined Version)

Let D a, be a series.

n=1
. : An+1
(i) If lim sup [ 42

(ii) If lim jnf | 232

< 1, then X a, is absolutely convergent.

> 1, then X a, is divergent.

I i
1 - a]

Proof.
(i) so=18g

dn+2
| Anal,

:j:n,n+1,~-~}. Let X, =sup S, .

10
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GAn+l

Then lim sup‘ =limx,. ~ Thus lim sup ‘ anil

n—o0 n—o0
Hence, given any & > 0, there exists a positive integer N such that for all integer n,
N>2N=> a—eg<Xp<o+e = =mmmmmmmmmmmmmmmeeeeees (1)
As in the proof of Theorem 21, take any c such thata <c <1 and choosee=¢c—a .
Then for any integer n,

=a <1 means I|mxn=a

N>N= xs<a+eg=c.

Therefore, Xy = sup{‘ AN ‘ g,’j:f , } <c. It follows by the definition of xy that
for any integer n > N, aa“” < sup“aaN—:ll ,\SNN—jf : } <c. Hence,
N>N= |am| <|an| C  =mmmmmmmmmmmmmmmmmm oo (2)

Using this as in the proof of Theorem 21 part (i), we can show in exactly the same
way that 2. a, is absolutely convergent

(i) Let y, = infS,. Then lim mf‘ “a+| =lim yn. Therefore, Iirrnq;nf‘aa”—:l =p>1
means limyn=>1. Hence, given any € > 0, there exists a positive integer N such
that for all integer n,

N>2N= B-e<y<P+e  -—-mmmmmmmmmmmmmmoes 3)
Let c be any real number such that f >c>1. Choose e = —c>0. It follows from
(3) that for any integern,n>N = y, > —e=c> 1. Thus,
a a

yN—lnf{‘ St ‘% : --}>c.

Therefore, by the definition of infimum, for any integer n,
An+1 : an+1 | | 8n+2
n>N= ‘a”—: zlnf{‘ an "aN;, : ~}>c.

Hence, N>N= @] >]anC -m-mmmmmmmmmmemee- 4)
Then, using (4), in exactly the same way as in the proof of Theorem 21 part (ii), we
show that Z an is divergent.
If lim inf ‘ 2l ‘ = oo, then there exists a positive integer N such that for all integer n,
n> N = Yn > c > 1. We can now proceed in exactly the same way as above to show
that X_ a, is divergent.

Remark. Theorem 22 is a refined form of Theorem 21 in the sense that we do not
need the limit of Q nl ) to apply the test but just the I|m sup‘ L\ for absolute

convergence and lim mf‘ el

for divergence.

Example 23.
1. Z 7 isconvergent. Letan —%. Then
ans1 1/(n+1)! 1
Jim | 5| i vt a1 o 0<t

Therefore, by Theorem 21, the series is convergent.

2y n+1
i (DX

a
2, zn x" for x> 0. Leta,=n". Thenllm\ A =lim 5

n=1

=X

Thus by Theorem 21, Z n2x" is convergent for 0< x < 1 and is divergent for
n=1

x> 1. The series is divergent for x =1.

Example 24. Conditionally convergent Series.

11
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Chapter 6. Series.

( )n+l
1. The series Z

is convergent by Leibnitz's Alternating Series Test

(Theorem 20). We apply the test as follows. Write the series as ). (-1)"a,.
n=1

Then a, = % for each integer n > 1. Plainly the sequence (a,) = (%)is decreasing

o (_1\n+l
and a, — 0. Thus by Theorem 20, Z( 1)™a, Z % is convergent. But
( )n+1 n=

2T L s dlvergent and so Z

n=1 n=

is conditionally convergent.

n+1
2. The series Z ) is convergent by Leibnitz's Alternating Series Test
(Theorem 20) as the sequence (an) = (an_ 1jis decreasing and a, — 0. Now
. . . . 1 1
Z 2n 1 is divergent by the Comparison Test (Proposition 12) since >n—1> 7
n+1
and Z 21 is divergent. Hence Z ( n)—l converges conditionally. Note that
o0 (_1)n+1 o
r,Z::l 2n-1 4°
Remark.

( )n+1
1. The series Z

n-th partial sum, mtroducing an Eulerin sequence (that converges to the Euler
constant vy ).

converges to In(2). This can be shown later by rewriting its

o0 c_l)n+1 ( )n+1
Z z“2n 1
)n+1

power series as expansion of In(1+x) via integration term by term for Z (—

( )n+1

2. Both series can be computed by an argument in infinite

and in the case of Z expansion of tan’(x) via integration term by term.

( See Chapter 9 Power Serles and Integration.)
6.6 The Integral Test

Our next test will make use of the Riemann integral. The test is phrased in terms of
continuous function, which is always Riemann integrable on any closed and bounded
interval, or in terms of monotone decreasing function (and hence is Riemann
integrable on any closed and bounded interval).

Theorem 25. (The Integral Test).
Suppose Y. a, is a series. Suppose the n-th term of the series a, can be expressed as
n=1

an =f(n), where f is a function defined at least on the interval [1, o ) such that
1. f is non-negative and

2. f is monotone decreasing

(hence (an) is non-negative and decreasing). Then

12
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(i) Y an, converges if the sequence U: f (x)dx) tends to a finite limit Lasn —oo . In
n=1

particular, the sum Y, a, lies between L and L + a; .
n=1

(i) X an divergesif [ f (x)dx o0 asn -,
n=1

Remark. The function f in Theorem 25 is usually continuous in pratice.
. . . . n . .
Note that f is non-negative implies that the sequence Ulf(x)dx) is monotonically

increasing. Hence G:f(x)dx) is convergent if and only if it is bounded (hence

bounded above). We could replace the condition in (i) by stating the equivalent
n

condition that Ul f (x)dx) be bounded and (i) and (ii) may be stated simply as

Y an converges < ([ f (x)dx) is bounded.
n=1

We have assumed that f is Riemann integrable on [1, n] for each positive integer n.
Note that if f is monotone on [1, n], then f is Riemann integrable on [1, n]. (See
Theorem 22 Chapter 5 Integration.)  Thus we do not really require f to be
continuous. However, in practice it is useful to know that f is continuous so that the
integral j f (x)dx may be computed readily by using any anti-derivative of f since

the Fundamental Theorem of Calculus can be applied.

Proof of Theorem 25. Since f : [1, ) — R is non-negative and decreasing, f is
bounded and Riemann integrable by Theorem 22 of Chapter 5 Integration. It follows
that f is Riemann integrable on [1, n] for each integer n > 1. Moreover for any
integer k > 1 and for any x in [k, k+1],

ac=f(k)> f(x)> f(k+1) = aw: .
Hence, for any integer k > 1, f (k+1) = a1 = infimum { f (x) : x € [k, k+1]}.
Therefore,

n+1 n+l n+1

2ac=2, fk=2 fkk-(k-1)]
k=2 k2 k=2

is a lower Darboux sum for the interval [1, n+1], with respect to the partition

P: 1<2<3<..<n<n+l. Thus,since f is Riemann integrable on [1, n+1], by
the definition of the Riemann integral (more specifically Darboux integral, see
Theorem 21 of Chapter 5),

Note that for any integer k >1, f(k) a = supremum{f(x) - X € [k, k+1]}. Hence,
Z a = Z f(k) = Z flortk+1) - k]

is an upper Darboux sum for the mterval [1 n+1] with respect to the partition P. By
the definition of the Riemann integral (more specifically Darboux integral),

[T < Z T — )

Now since f is non-negative, the sequence U )IS a monotonically increasing
sequence. Thereforf by the Monotone Convergence Theorem (Theorem 15 Chapter
2 Sequences), UT f) is convergent if and only if it is bounded above.

13
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(i) If G:ﬂf) is convergent and |im f:ﬂf =L, then Um ) is bounded above by

n+1

L. By the inequality (1), for each integer n > 1, Z ak<§ f+a; and so

n+1
Z ag < j f +a; <L+a;. Hence the partial sum { sn+1: n € P} is bounded above

by L + a; . Therefore by Proposition 11 or Monotone Convergence Theorem
(Theorem 15 Chapter 2 Sequences), Y. ax is convergent and
k=1

z ak<L+aj.
w k=1
Since 2, ax is convergent, it follows from (2), that
k=1
) n+l &
limf, f= L<Xa.
Hence, L< > ax<L+a.

k=1
(i) U:+lf) is divergent if and only if it is not bounded above. Hence if Uzﬂ f) is

. .. . . n+1
not bounded above, then since the sequence is increasing, lim 51 f =oo. It follows
by (2) that the sequence of n-th plartial sums ('S ) is not bounded above. This may be
deduced as follows. Since (fm ) is not bounded above, for any real number K,

there exists an integer N such that n>N:>§ f >K . Therefore, by (2),

n>N=s,= Z ak >§ f >K and so ( s, ) is not bounded above and hence not

bounded. Therefore, kZ ay is divergent and indeed kZ ag = oo
=1 =1

Example 26.
(1) The series Z 2 is convergent. We may show that it is convergent by using

Theorem 25
Let f(x):X%. Then f(n):n—l2 and f is non-negative and decreasing.

Moreover, f: X%dx = [—%]Z =1- % - 1. Therefore, by Theorem 25 (i), >, %
n=1
is convergent and Z % 1+1—12 =2. Actually Euler showed that

0 2
D n_12 = % in 1748 and the problem of the evaluation of this series is known as
n=1

the Basel problem. There are now numerous ways of showing this, from
complex variable theory, Fourier series method, double integral and elementary
method using trigonometric series, integration by parts to "purely” arithmetical
method.

(2) The series Z % is divergent. Here we give another proof of this fact. Let

f(x) =X then f is non-negative and decreasing on [1, oo) The integral
f de [In(x)]l =In(n) » o . Hence by Theorem 25 (ii), Z is divergent

and2ﬁ=oo.
n=1

14
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(3) More generally, the series . % (s > 0) converges if s > 1 and diverges if s<1.
n=1

The series converges if s> 1, divergesifs<1.
Let f(x) 1 for x in [1, «). If s =1 we know from example (2) above that the

series Z 7 Is divergent. We now assume that 0 <s <1 or s> 1. Then the

mtegral )
Nl (1 sal _ R T
1= et ] = ismte-n (1)
Note that the anti-derivative of % forO<s<lors>1forx>0is 1ESX1_5

even for irrational s. (This can be easily verified by using the definition of power
= exp(x In(a)) for positive a.)
If s>1,then1-s<0andso n'*—0asn-—w. Thus, by (1) j: %dx -
Note that the function f is plainly non-negative. Observe that
f (X) — % — e—sln(x) —

1
s—-1-

esink)
is decreasing since es'”(x) is increasing on [1, ) for s > 0 Therefore by
Theorem 25 (i), Z 75 Is convergent for s > 1 and = 1 < Z s < s—l + 1.

If 0<s<1, then 1 -s>0andso n'* - as n—oo. It foIIows from (1) that the
sequence U Sdx) § dlvergent and j S,dx — o0, Hence by Theorem 25 (ii)

Z 1 s divergent and Z T =

ns n=1
Example 27. e—nn IS convergent .
n=1
This is because forn>0, e">1+n+n?/2+n®/6>n%/6 and so
nh _6
em <z

Therefore, by the Comparison Test (Proposition 12), Z Ln is convergent because

> % is convergent by Example 26 (3) above.
n=1

6.7 The Cauchy Root Test

The next test is called the root test for obvious reason. It is also a consequence of the
Comparison Test.

We shall state two versions, a simpler looking version and a slightly weaker version
involving lim sup.

Theorem 28 (Cauchy Root Test)

Let X a, be a series.
n=1

(i) Suppose there is a umber r with 0 < r < 1 and there exists an integer N such that
1
n>N=la|" <r.

Then the series Y, a, is absolutely convergent.
n=1

15
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1 N
(ii) If there exists an integer N such that n>N=|a,|™ > 1 or there exists infinite
1 . . .
number of n for which |an|™ > 1, then the series is divergent.

Proof. The proof is similar to that of the D'Alembert Ratio Test.

0

: : 1 . :
(i) By assumption, n>N=l|an|™ <r=la,/ <r". Since, 0 <r<1, Xr" is
n=1

convergent and so by the Comparison Test (Proposition 12), >la,!| is convergent and
n=1

o0
so Y, a, is absolutely convergent.
n=1

1
(ii) If there exists an integer N such that n>N=lan|™ > 1, thenn>N=la,| >1

and so |a,| » 0, which meansa, - 0. It follows then by Proposition 10 that . a is
n=1

divergent. Similarly if there exists infinite number of n for which Ianl% > 1, then
there are infinite number of n, for which |a,l >1. Therefore, |a,l »0 and

consequently a, - 0. We then deduce similarly that Y a, is divergent.
n=1

We state next a slightly weaker version of Theorem 28.

Theorem 29 (Cauchy Root Test, lim sup version.)
Let X a, be a series.

n=1

(i) Suppose lim sup Ianl% <1. Then 2, a, is absolutely convergent.
N—oo

n=1

(i) If lim sup Ianl% > 1, then 2, a, is divergent.
N—00 n=1

1 i . . <
(iii) If lim sup |an|™ =1, then the test gives no information. Y a, may converge
n—o0 n=1

or diverge.

Proof.

(1) If limsup Ianl% =r <1, then taking & = (1-r)/2, there exists an integer N such
N—oo

that

nzN:>r—s<xn<r+e=%<1,

1 1 i
where X, =sup{la| ™, lan:1| ™, -} =sup{|a| 7 :j>n}. Therefore, for all n > N,
o0

1+r
= <1

convergent. (Note that the condition in Theorem 28 (i) states that there is a umber r
1
with 0 < r < 1 and that there exists an integer N such that n>N = |a,|™ <r implies
1 . . .
that lim sup la,| ™ <r < 1. Hence Theorem 28 (i) and Theorem 29 (i) are equivalent.)

nN—oo

Ianl% <Xn<R= It then follows by Theorem 28 (i), 2. a, is absolutely
n=1

(i) If lim sup lan| ™ =1 > 1, then take ¢ = (r—1)/2. Since ( X ) is decreasing, X, > r.
Nn—o0

1
Since xn=sup{|an|%,|an+1|Til,---}:sup{|aj|J :j>n}, by the definition of

supremum, for each positive integer n, there exists an integer k, > n such that

lag, | >Xp—e>r—¢e= % > 1. Hence there are infinite number of n such that

16
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lan| ™ > 1 since {k, : n > 1 } is infinite. Therefore, by Theorem 28 (ii), 2 an is
n=1

divergent. Alternatively just observe that for each integer n > 1, there exists k, > n
1 .
such that |ay,|*™ >1, i.e., lak,| >1. Therefore, lanl » 0 and consequently a, » 0.

Hence, by Proposition 10, Z an is divergent.

: N :
If lim suplanl = oo, then each X = co0. This means Sn—{lan Jana ™, ) s

n—oo

unbounded and so, there exists k, > n such that Iaknl T > 1,i.e., lak|>1. We then

proceed in exactly the same way to show that Z an is divergent.
n=1

(i) If Z an = Z % then I|m suplanl — 1 because n™ - 1. We know Y, %
n=1 n=1

divergent. If Z an=, % then lim sup lan|* = 1. But Y % is convergent. (See
n=1 n=1 N N—00 n=1 N

Example 26 (3).) Thus the test gives no information when lim sup Ianl% =1
n—o0

Remark.

1. Theorem 29 is a slightly weaker form of Theorem 28. In terms of Iirp sup Ianl%,
it allows the technique of finding limit to be readily used. For iﬁgotance if
lim lan| ™ exists, then lim sup la,| ™ =lim lan| ™. Indeed, we may state another

nN—oo

weaker form of Theorem 29 with lim sup lan] T replaced by |im Ianl%. Observe
n—o0

1
that if there exists infinite number of n for which |a,|™ >1, then
1 1 i .
Xn =Sup{lanl ™, lan| ™, -} =sup{|a;| " :j=n}>1 for each positive integer n,
1 .
if any one of x, exists. Thus lim sup |a,| "need not necessary be strictly greater

n—oo

than 1. So in this respect Theorem 28 (ii) isl a little stronger than Theorem 2? (ii).
If x, does not exist, then the sequence (Ianlﬁjis unbounded and lim sup lan|™ =0
n—o0

2. Neither the Ratio Test nor the Cauchy Root Test says anything about the
convergence or divergence of series like Y, % and 2, n_12 Thus we need more
n=1 n=1

delicate test for this kind of series. We shall deal with this in Chapter 13.

Example 30.
n
(1) The series 2(n+1) :
nZ
For each integern > 1, let a, = (n 2 1) . Then

n
L n Y\ (.1 _ 1 1
This uses knowledge of
lim 1+1)"=e. Thus, I|m suplanln _Ilmlanln =%<1.

n
Therefore, by Theorem 29 (i), Z(n 1) is absolutely convergent. Actually,

Theorem 28 (i) may be used. But we use an estimate of |ay| ¥ . By a binomial
expansion of (1+%4)", we deduce easily that (1++)">2 for any integer n > 1.

17
© Ng Tze Beng



Chapter 6. Series.

Therefore, for any integer n > 1, Ianl% = )< % 1 and so by Theorem

" - n n?
28 (|),nZl(—n n 1) is absolutely convergent.

We can use the ratio test too but it involves some manipulation such as seen

below: ) 2
(n+1) n
=) (Y
(DT (D (+ DA™ (0412
= (n + 2)n2+2n+1 nnZ ((n n 2)n)n (n + 2)2n+1
_(n?+2n+ 1) (n+1)2m
(nz +2n)n (n+2)2n+l
(2+2n+1)""? (n2+2n)* (n+1)>!
T (n2+2n)™ (n2+2n+1) (N+2)2
_(?+2n+ D" g (n+1)
(N2 +2n)"*?" (n+1)* (n+2)
:(1+ n J”*Z” LBt e d
} (n2 +2n) 1+ (n+2)
(2) Let Z%) an be series where the term a, is defined by
o

azc1=(E)*"fork>1and ay =(3)*
Then for each integer n > 1,

@

any Gy if nis odd _{ %(%)”ifnisodd
“an | (™ =) Lo\ i :
n (<21)>n if 1 is even 5(2)" if nis even
Plainly, for each mteger 2 >1, a a
inf{ L, agﬁ,. =0 and sup{L, 22, ...} =0

and so

”*1 =0 and lim inf 3= ”*1 =0.

lim sup

n—oo

Thus lim 5= a”” does not eX|st We cannot apply the two ratio tests (Theorem 21

5 ifnisodd

Tifniseven
1 1 1 . L 1

sup{(an)™, (@ns1) ™, ...} = 5. Therefore, lim sup (an)™ = 5 <1. Hence by

N—o0

Theorem 29, the series is absolutely convergent.

and Theorem 22). However, (an)”:{ Thus

n+1
(3) The series Z EOR

For each mteger n=>2, let a, = nQ,;(ln) Then it can be shown that
im ag“ =1 and Ilmlanln =1.

Hence we cannot infer anything from both the Ratio test and Cauchy Root Test.

However, note that for n > 2, In(n) > 1 and so for integer n > 2,

18
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n+1 1 1

=13y “nz e
Therefore, by the Comparison Test (Theorem 12), since we know Z n12 + n_13 is
n=2
n+1

convergent, the series z is convergent.

n3in(n)

6.8 The Euler Constant y .

Though the series Y. % is divergent, the difference of the n-th partial sum of the
n=1

series and In(n) actually converges. We shall use integral estimation to show the

convergence. Firstly note that % and % are respectively the maximum and minimum

of the function f (t) = % on the interval [a, b] for1 <a<b.

Thus, for each mteger n>1,
n+1 n+2 n+1 n+% 1 n+1 1 1
j f‘f f+ f 1f fn n+%+jn+; n+1_ 2
S 1 1.1 1 *)
“2n+172n+1 " n+l

and

11 1
< iﬁ + fﬁ =N
Hence, for each integer n > 1,
1 n+1 1
e N o

Therefore, using (1) We get for integer n > 2,

Z <§f+§f+ 4+ f<Z
n—- 1

Thus, Zk+1<§ f—In(n)<Z& -------------------------- )

n
Now lets, = Y, % for integer n > 1. Then from (2) we obtain for integer n > 2,

k=1

n-1
~Inm =1+, Fll—ln(n)<1+0:1

and —In(n) = +Z 1 —In(n) > n +0 —%.

For integer n > 1, let d, = s, — In(n). Then for integer n > 2,
O<<dn<1
and d; =s:—1In(1) =1 > 0. Hence, we have that 0 < d, < 1 for all integer n > 1.
Therefore, the sequence (d, ) is a bounded sequence. We shall show that it is a
decreasing sequence.
For any integer n > 1,
dns1—dn = Spea — IN(N+1) — (So — In(N)) = Spe1 — So — (IN(N+1) — In(n))

1 n+1
:m_jn f <0by (*).
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Hence dn1 < dn for any integer n > 1. This means the sequence (d. ) is a decreasing
sequence bounded below by 0. Therefore, by the Monotone Convergence Theorem
(Theorem 15 Chapter 2 Sequences ), (d») is convergent and converges to the Euler
constant y .

Example 31.
Now we shall use this constant to evaluate the series Z(—l)n+1l

Letan = (- 1)“+1 and t, = Z ax = Z( 1)k+1 Lhe the n-th partial sum of the series.

By Leibnitz's Alternating Serles Test (Theorem 20), this series is convergent. Hence
(t. ) is a convergent sequence and so any subsequence of it should converge to the
same limit.

2n
e ot B R
1.4 1 1 .L_ 1 1,..,.1
=l 3yt 2(2*4+ +2n)'
Thus, for each integern > 1,
_q.41,1 .1 L
t2n_1+2+3+4+ ( +n)

=Son —Sn=don + In(2n) (dy In(n))

= dan —dn +In(2n) — In(n)

= In(2) + d2n -
Since (dn ) is convergent and converges to the Euler constant y, |im dan =lim dn =y,
Hence, to — In(2) +y—y=1In(2). Therefore, since (t,) is convergent, t, — In(2).
This means Z( 1Hmis L =In(2). We shall see in a later chapter another proof of this

using Abel's Theorem
6.9 Dirichlet's Test

In order to deal with series such as trigonometric series we may use the following test
due to Dirichlet which is a specialization of the Dirichlet's Test for uniform
convergence of a series of functions.

Theorem 32 (Dirichlet's Test for Series).
Suppose (a») and ( b,) are two sequences satisfying

(1) the n-th partial sums, s, = >, by, are bounded. i.e., there exists some real number
k=1

K >0 suchthat |s,|<K;
(2) (an) isdecreasing and

(3) a» »0.
Then the series Y, anby is convergent.
n=1
Proof. We shall show that the series Y, a,b, is a Cauchy series.
n=1
Note that for each k > 2,
bk = Sk — Sk

and b; =s; .
Hence we have for each integer n > 1 and any integer p > 1,
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n+p n+p n+p n+p

Y akbk= D ak(sk—sSk1)= D akSk— 2. akSka

k=n+1 k=n+1 k=n+1 k=n+1
n+p n+p-1 n+p-1 n+p-1

= D, akSk— 2, akiSk= X, akSk— 2, Aks1Sk +AnspSnip — Ant1Sn
k:n+% k=n k=n+1 k=n+1
n+p—

R G D — (1)
=n+1

Then from (1) by the triangle inequality, for each integer n > 1 and any integer p > 1,
n+p n+p-1

kZl kb < 2 ax—awallsid +|anip| [snip| +lansallsnl.
N+
Thus, by condition (1), for each integer n > 1 and any integer p > 1,
n+p n+p-1

kZlakbk < 2 |ak—ak+1|K+(|an+p| +lanal)K
=N+

n+p 1

<K Z (ak_ak+1)+(|an+p| +|an+1|)K ---------------------- (2)

k=n+1

because (an) is decreasing by condition (2) of the theorem so thatlay — ax.1| = ak — ak:a

for each k> 1.
n+p-1
It then follows from (2) since Y. (ax —a.1) is a telescopic sum,
k=n+1
n+p

> akbk‘ <K(an1— an+p) + K(|an+p| +langg|) —=mmmmmeeee- 3

k=n+1

for each integer n > 1 and any integer p > 1.

Note that condition (2) and (3) of the theorem says that (a,) is decreasing and a, — O.
Therefore, a, > 0. (This is because if some integer j, a; < 0, then for all n > j,

an < @; <0 and so a, » 0, contradicting a, — 0.)

Thus, we obtain from (3), that for each integer n > 1 and any integer p > 1.
n+p

kzl akby| < K(an+1 - an+p) + K(an+p + an+1) 2Kapyg — ---------- (4)
=N+

Now, since a, — 0, given any ¢ > 0, there exists a positive integer N such that for all n
inP,

nzN:>|an|=an<§. --------------------------------- (5)

Therefore, from (4) and (5), we have that for any integer p > 1,
n>N= Z akbi| < 2Kan < 2K~

w k=n+1 2K

Hence, Y. asb, is a Cauchy series and by Theorem 9, Z anby is convergent.
n=1

Example 33

The series Z an sin(nx) and Z an cos(nx).
Note the foIIowmg cosine formulae

cos(kx — % X) = cos(kx) cos(%x) + sin(kx) sin(%x) ------------------ (1)
and cos(kx +%X) = COS(KX) COS(55X) = Sin(KX) SiN(5X).  ====---wmmmemeees )

Subtracting (2) from (1), we get for any integer n and any X,
2 sin(kx) sin(lx) = cos(kx — lx) — cos(kx + lx)
2 2 1 2 1
= cos((k -Dx+ fx) - cos(kx + §x). -------------------- (3)
Similarly using the sine formulae,

21
© Ng Tze Beng



Chapter 6. Series.

sin(kx — lx) = sin(kx) cos(lx) — cos(kx) sin(lx) ------------------- 4)
and sin(kx + gx) = sin(kx) cos(éx) + cos(kx) sin(%x). ------------------- (5)
Then, subtracting (4) from (5), we get
2 cos(kx) sin(ix) = sin(kx + ix) —sin(kx — %x)
= sin(kx + %x) - sin((k - 1D)x+ %x) ----------------- (6)

Thus, for any integer n > 1, usmg (6), we get
23|n(2x) Z sin(kx) = cos(zx) cos(nx + % x)
cos(zx) cos(NX + 2X)
2sin(3X)

and so kZ sin(kx) =
=1

if xis nota multiple of 2x.

n cos(:X) — cos(nx + +x
3, i) - | CO2EX) = costrx +
k=1 2sin(3X)

1
= |sin(3x)|

Hence if xis nota multiple of

2m.
n

Thus the partial sum )’ sin(kx) is bounded. Therefore, if (a,) is decreasing and
k=1

a,» — 0, then by the Dirichlet's Test, Y, a,sin(nx) is convergent for any x not a
n=1

multiple of 2x.

However, if x is a multiple of 2x, the series Z an sin(nx) = 0. Therefore, Z an sin(nx)

is convergent for any x which is a multiple of Zn
Now summing over (6), we obtaln

23|n(2x)Zcos(kx)—sm(nx+ SX) — S|n(2x)

and if x is not a multiple of 2x,

En’, cos(kx) =

sin(nx + $x) —sin(x3)
2sin($X)

and

| | . Therefore, if x is not a multiple of 2=, the n-th partial

sum Z cos(kx) is bounded. Consequently, if (a, ) is a decreasing sequence tending to
k=1
0, then the series Y, a, cos(nx) is convergent. If x is a multiple of 2z, then the series
n=1

becomes 2’ a, and this may or may not converge.
n=1

Thus, X, %sin(nx) is always convergent and Y, %cos(nx) converges only for x not a
n=1 n=1

multiple of 27 .

Exercises 34.

1. Suppose 2 a, and 2 b, are two series of positive terms. Suppose a./b, — k
and k> 0. Prove that X a, is convergent if and only >_ b, is convergent.
Suppose a,/ by — oo . Prove that if X b, is divergent, then 2 a, is divergent.
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2. Suppose 2. a, and X b, are absolutely convergent, then X a, by, is also absolutely
convergent. Hence deduce that X a, converges absolutely implies that > a.?
convergent. Is the converse true?

3. Using questlon 1 or otherwise, test the convergence of the followmg series:
(i) Z 1+n2 (ii) Z n(nnJ:le) (iii) Z % sm(n)
: n+1 = _In(n)
(V) ;2n+5' v) 2(n2+1) ' (V1) 21: n+1

4. Test the foIIowing series for convergence.

0) Z(Zn), @) S 25 I8 @3

n In(n)

5. Determine the convergence of the following series, say whether the convergence
is absolute or conditional.

() SCDM RS i) B (D PYE Y

(iv) Zl:(—l)”“(z)r(]%l)!, any x.

6. Investigate the convergence of . smn(rnx) for p > 0.
1
7. Test the following series for convergence
(|)Z2+n (||) J— ( ) preal p>0.
In(n+1)-— In(n)
() 21: tan-1(%)

8. Determine the conditional convergence, absolute convergence or divergence of
the following series.
) 0 (_1)n

(i) ;(—1)%—"2. (ii) ;W (iii) 2( 1)n2+nz :

n
. . n _ T
9. (i) Prove that Lim gi TTLKE= 4
(if) Let Sy (n> 1) be the n-th partial sum of the series 1-2+31 - 24+ -24--
Show by induction that S, = Z — 1 K Use integral calculus to deduce that
k=1

Z( ™4 = In2).

10. Prove thatif > a,> and > b,® are absolutely convergent, then X a, b, is also
absolutely convergent. [Hint: | a, by | <(an + ba?)/2 ]. Hence deduce that if >

a’ is absolutely convergent, then so is Z
n=1

4

11. Given that Z%:” show that (|)Z
1

—0 and

(2n 1)4 =
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(i) D1y =755

n+1
n

12. Suppose X a, is convergent. Show that Y, anis also convergent.

2n+1
n(2n 1) n(n+1)

14. Show that tan(3) = cot(3) —2cot(x). Using this relation find the sum of the
series

13. Prove that Z =2In(2) and that X (-1)"*! =1.
1

¥ Fren()

15. Suppose the series of positive terms Z B, is divergent, i.e., its limit is oo,
n=1

Suppose (a.) is a sequence such that a, — A. Show that
lim Bia; +Bjoas + -+ Bpay A
n-oo B;i+Ba+--+Bj T

Hence or otherwise, show that

() +sin( D)5+ 1 sinf 2
0 Jim TT%} . N fm(n) =0
2 n

(i) {125m(0)+225m(g) -+nzsin(%)}—>g.

16. If a;= cos(0), 0< 0 <2m, by =1and am =(an + bn)/2, b = V (@1 bn) for
integers n > 1, show that (a,) and (b, ) are both convergent and converges to the
common limit sin(6)/6 .

17. Follow the methods of 6.8, prove that the sequence

1 1
(yn) = (ZIn(Z) 23 T Iinm) —In(In(n))J N2,

is convergent. Hence, or otherwise, show that if p is a positive integer,

nP

im Z klr}(k) In(p) .

18. By using a partial fraction decomposition, or otherwise show that

1
n2=)1 h@nz 1) =2In(2)- 1.
T SRR § n 13"
19. Let sp=1+%++7. Show that 1+Zssnsn+ 5 ) - Hence deduce that
(Sn)lln_)
1n
20. Show that () firy )m _e (i) fim QDO+t 4
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